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Introduction

The term Spectral Theory was coined by David Hilbert in his studies of qua-
dratic forms in infinitely-many variables. This theory evolved into a beautiful blend
of Linear Algebra and Analysis, with striking applications in different fields of sci-
ence. For example, the formulation of the calculus of Quantum Mechanics (e.g.,
POVM) would not have been possible without such a (Linear) Spectral Theory at
hand. With such a successful beginning, the obvious question is, if it is possible
to extend Spectral Theory to the study of nonlinear operators. One reason is that
the macroscopic world is definitely not linear. A famous example is the dynamics
of fluids, modeled by the nonlinear Navier-Stokes equations. This work is meant as
an introduction to such a Nonlinear Spectral Theory.

In contrast to the linear theory, there is not a single spectrum, which does the
job in all situations. A plethora of spectra have been defined in the last decades,
tailored to the solution of specific (nonlinear) problems. We present a biased se-
lection with the Rhodius, Neuberger, Kacurovskii, Dorfner, Furi-Martelli-Vignoli
(FMV), and the Feng spectrum, respectively.

The linear spectrum enjoys a couple of favorable properties, like nonemptiness,
closedness, boundedness, and hence compactness. It is also upper semicontinuous,
meaning that it cannot expand suddenly, when the parameterized underlying oper-
ator changes continuously. In Chapter Bl we study such properties for the spectra
mentioned above. The content has been mainly taken from [ADPV04], but is pre-
sented differently. As main tools for analysis, deep results from Fixed-Point Theory
have been used. We present the necessary material in Chapter [2, with the proof of
the Theorem of Schauder-Tychonoff for locally-convex spaces as a highlight.

Chapter M is devoted to applications, where we apply Nonlinear Spectral The-
ory to the p-Laplace operator, a nonlinear generalization of the ordinary Laplacian.
We derive discreteness results for its spectrum and a nonlinear Fredholm Alterna-
tive. As a prerequisite for the proofs of these results, we need to develop the Theory
of Monotonic Operators, presented in Chapter This material is generalized to
locally-convex spaces. Another object of study in Chapter [ are the (stationary)
Navier-Stokes equations. We present the existence and smoothness of strong solu-
tions in bounded domains. The main insight for this proof is the above-mentioned
generalization of the Theory of Monotonic Operators beyond Banach spaces. By
construction, the theory traditionally only yields weak solutions, but with the right
function space plugged into this generalized theory, it is possible to obtain a strong
solution from a weak one.

As locally-convex spaces come with a lot of abstract and arguably difficult
overhead, both in definitions and in insights, when compared to Banach spaces, we
devote whole Chapter [Il to recap important results used in the sequel.

Coming back to Nonlinear Spectral Theory, one could argue that it is still an
infant theory, at the very beginning of its existence. It borrows heavily from other
theories, in particular Fixed-Point Theory, Selection Theory, Theory of Monotonic
Operators, and one could argue that everything could also be proven without the



6 INTRODUCTION

terminology of Nonlinear Spectral Theory. But we think that — like with Category
Theory — this different angle in viewing on the subject matter is very fruitful.

Still, one of the major drawbacks of the current state of affairs is that the theory
has been developed mostly in the setting of Banach spaces, and not been extended
properly to arbitrary locally-convex spaces. Banach spaces are often too narrow
for applications, especially for partial differential equations. We think that going
in this more general direction of locally-convex spaces would be very promising.
Needless to say, it is even difficult to find textbooks presenting Linear Spectral
Theory in such a general setting.

Foremost due to limited time and space, and also due to our arguably biased
selection of topics, we do not cover important topics like

e Spectral aspects of Distribution Theory and, more general, of nuclear
spaces and operators, up to Schwartz’s kernel theorem for linear, nuclear
operatorsﬁl This result is the most general form of a spectral theorem
possible.

e Leray-Schauder-Degree Theory for locally-convex spaces as a quantitative
extension of fixed-point theoremsf There are similarities between the
properties of some of the solvability measures and such degreesﬁ

e Other important spectra defined in the literature, like the Vith phantoms
and their associated theory, the Weber, the Singhof-Weyer, or the Infante-
Webb spectrum, respectively.

e The study of numerical ranges for nonlinear problemsE In the linear
case, they provide a powerful instrument to locate the spectrum of the
operator under consideration.

The mentioned topics easily fill, and in our opinion deserve, whole books on their
own to do them justice.

Nevertheless, despite all the shortcomings, we hope that you, the reader, enjoy
reading this work as much as we had pleasure in writing it!

Please note that this version of the thesis differs from the submitted one in the
correction of an error in Theorem [47, and in corresponding adapations of all results
based on this. In particular, this applies to Chapter @, Section [l We mark these
changes in more detail at the respective places. We also corrected few typographical
erTors.

1 [SW99| Chapter III, Section 7.1]

2 [GD03, §8-§17]

3 [ADPVO04] Chapter 7, Properties 7.1-7.5]
4 [ADPV04, Chapter 11]



CHAPTER 1

Spaces

To set the stage for the next chapters, we systematically recap well-known basic
definitions and statements, all circling around the intuitive notion of space. Here,
we use notation, definitions, and results from the excellent textbooks of Schaefer
[SW99], Querenburg [vQO1], Shirali [SV06], and Bourbaki [Bou98al, [Bou98b],
respectively. Everything presented is known, except three highlights, interwoven in
this chapter, which are due to the author of this thesis: (i) A characterization of
two historically-relevant classes of barreled spaces, defined in the 1960’s by Ptak
and connected with questions on the limits of Functional Analysis. (ii) A separation
of these classes, revisiting and solving a long-standing open problem in this part of
Functional Analysis. (iii) The definition of a new class of locally-convex spaces (W
spaces), which will play an important role in the generalization of the Theory of
Monotonic Operators, presented in Chapter 2. We also derive that relatives of the
Schwartz spaces are contained in this class.

1. Topological Spaces

1.1. Open Sets, Closed Sets, and Filters. A topological space is a set X,
together with a topology defined over X. The elements of X are called points.
The topology can be defined in three equivalent ways, via a system of open sets, a
system of closed sets, and a neighborhood system.

A system of open sets is defined as a set of subsets of X, closed under arbitrary
unions and finite intersections.

A system of closed sets is defined as a set of subsets of X, closed under finite
unions and arbitrary intersections.

Clearly, given a set of open sets, the complements of these sets form a system
of closed sets, and vice versa. Given a set system of open or closed sets, a subset
of X is called open or closed set, if it is contained in the respective set system.
Furthermore, by definition of union and intersection, sets ) and X are contained in
every system of open or closed sets, and thus are both open and closed.

A filter F is a set of subsets of X such that § ¢ F, X € F, F is closed under
finite intersections, and F is closed under supersets, i.e., every F’ D F is in F for
an F in F. We say that F is a filter on point z, if z € (| F.

A neighborhood system is defined as a map N': X — P(X), v — N, = N(x),
such that each N, is a filter on z, and for each N € N, there exists an M € N,
such that for all y € M, we have N € N,,.

For each z, the filter N, called the neighborhood filter of z, and its sets are
called neighborhoods of x.

On the one hand, a given neighborhood system defines a set of open sets]
Here, a set is open iff it is a neighborhood of each of its points. On the other hand,
a given set of open sets defines a neighborhood system!q1 Here, each neighborhood
filter of a point x is defined as the set of all supersets of open sets containing x.

lvQot], 2.9]
2[vQo1], 2.8]
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A filter base B is a set of nonempty subsets of X such that with every By, By €
B, there exists Bs € B with B3 C B; N By. We say that B is a filter base on point
z, if x € N B.

Clearly, a filter base defines a filter. Here, the filter contains all supersets of
sets in the filter base.

A neighborhood-system base is defined as amap B: X — P(X), xz — B, = B(x),
such that each B, is a filter base on x, and for each D € B,, there exists B € B,
such that for all y € B, there exists C' € B, with C C D.

A given neighborhood-system base defines a neighborhood system. Here, the
neighborhood filters are defined via the filter bases.

Let X be a topological space, V' C X a subset. Set N C X is called a neigh-
borhood of V', if N is a neighborhood for each point of V. Equivalently, there is an
open set O C X such that V C O C N.

1.2. Interior, Exterior, and Boundary. Fix a subset V C X. Point z is
called inner point of V if V' is a neighborhood of z. It is called outer point of V,
if X\V is a neighborhood of . It is a boundary point of V| if it is neither an inner
nor an outer point of V. A contact point (adherent point) of V is an inner or a
boundary point of V.

Let the interior of V be defined as the set V° of inner points of V, let the
closure of V be the set V of contact points of V, and let the boundary of V be the
set OV of boundary points of V', respectively.

Equivalently, V° is the largest open set contained in V, and V is the smallest
closed set containing vH

For the interior, we have (1° = (), A° C A, (A°)° = A°, (AN B)° = A° N B°.

For the closure, we have ) =), ACA, A=A AUB=AUB.

For the boundary, we have 00 = (), 00A = 0.

Let X be a topological space. A subset V C X is dense in X, if V = X.

1.3. Baire Spaces. Let X be a topological space. A subset A of X is called
nowhere dense (rare), if the interior of its closed hull is empty, i.e., (Z)o = 0.
Otherwise, it is called somewhere dense. A subset B of X is called meager (of first
category), if B is a countable union of nowhere-dense sets, i.e., B C J,, Ay, with
BN A, nowhere dense. Otherwise, it is called non-meager (of second category).

A topological space is called a Baire space, if every nonempty and open subset
is non-meager.

1.4. Open and Closed Maps. A map f: X — Y between topological spaces
X and Y is called open, if for every open set O C X, the image f(O) is open in Y.
It is called closed, if for every closed set A C X, the image f(A) is closed in Y.

Clearly, the identity idx: X — X,  + x, is open / closed, and if f: X — Y
and g: Y — Z are open / closed, their composition f o g is open / closed.

1.5. Convergence and Continuity. A filter F of space X converges to point
x, written F — z, if F contains the neighborhood filter NV, of x.

Map f: X — Y produces an image filter f(F) with filter base {f(M) | M € F}.
Map f is (locally) continuous at point z, if for every filter F converging to z, the
image filter f(F) converges to f(x). This is equivalent to the property that for
every neighborhood V of f(x), set f~(V) is a neighborhood of 2

Map f is (globally) continuous, if it is continuous at every point] This is
equivalent to the property that for every open set V of Y, set f~1(V) is open in X.

3[vQo1, 2.15]
4[vQo1] 2.24(b), 5.17(b)]
5[vQo1] 2.24(a)]
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Clearly, the composition go f: X — Z of two continuous maps f: X — Y and
g: Y — Z is continuous at point x € X, if f is continuous at z and g is continuous
at f(x).

In addition, the identity idx is (globally) continuous, and if f: X — Y and
g: Y — Z are (globally) continuous, their composition go f is (globally) continuous

Let X and Y be topological spaces, let f: X — Y be a map, and let A, B C X
be two closed subsets of X with AUB = X. Then f is continuous iff its restrictions
f]A and f|B are continuous]

A map f: X — Z is a homeomorphism, if f is bijective, and if both f and f~!
are continuous. Two topological spaces X and Y are homeomorphic, if there exists
a homeomorphism between them.

The identity map idx is a homeomorphism. Being homeomorphic is an equiv-
alence relation on the class of topological spaces.

A family F of maps between spaces X and Y is equicontinuous, if for all
neighborhoods V' of F, the set (), »u (V) is a neighborhood in X.

A map i: X — Y is called embedding, if i: X — ¢(X) is a homeomorphism.
This is exactly the case if i is injective, continuous, and image-open

A sequence (), defines an associated filter F via filter base B := { By, }, with
By, i={zy |n> m}ﬂ Sequence (x,,)n converges to a point x, written x,, — x, if
for all neighborhoods U of x, there exists an ng such that x,, € U for all n > ny.
Clearly, x,, — z iff 7 — «x.

1.6. Initial and Final Topologies. Let S and 7 be two topologies over set
X. We call § coarser than 7 and 7 finer than S, if S C 7.

The set of topologies on a fixed set X is partially ordered by inclusion. The
coarsest topology on X is the indiscrete topology, {0, X'}, the finest is the discrete
topology, 2.

Given a fixed set X, for every family (7,),es, of topologies on X, there exists
a uniquely-determined coarsest topology inf,c; 7,, which is coarser then every 7,.
Analogously, there exists a uniquely-determined finest topology sup,c; 7,, which is
finer then every 7,. Hence, the set of topologies over set X is a complete lattice.

Given a set X and a family of maps (fo: X — Xa),ca, the initial topology is
defined as the unique coarsest topology on X such that each map f, is continuous/T

As special cases of initial topologies, we mention subsets and products of topo-
logical spaces. A subset X of a topological space Y is given a topology, the subset
topology, by the initial topology via the inclusion map i: X — Y. A cartesian prod-
uct [[,c 4 Xa of topological spaces X, is given a topology, the product topology, by
the initial topology via the projection maps pg: [[,c s Xa — Xp, (Ta)a — 25.

Duallyl, given a set X and a family of maps (fo: Xa — X),ca, the final
topology is defined as the unique finest topology on X such that each map f, is
continuous

In addition, as special cases of final topologies, we mention quotients and sums.
A quotient of a topological space X is a set Y together with a quotient map q¢: X —
Y such that Y is given a topology, the quotient topology, by the final topology via

6[vQo1] 2.20]

"vQO1], 3.4]

8[vQo1], 3.5]

IvQo1], 5.11(c)]

10vQo1], 3.12, 3.13]

H\We do not introduce Category Theory, and we do not discuss categorical aspects of these
topological constructions, because this would digress too much from the main topic of this thesis.

12yQo1], 3.15, 3.16]
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map ¢q. A (disjoint) sum ) _, X, is given a topology via the final topology
determined by the inclusion maps ig: X5 — > c 4 Xa-

Map f: X — Y between topological spaces X and Y is called image-open, if
for every open set O C X the image f(O) is open in f(X), the latter with the
subset topology

Clearly, the identity idx is image-open.

1.7. Countability and Separation Axioms. A topological space X is 1st-
countable (satisfies the first countability axiom), if there exists a neighborhood-
system base B for X such that B(z) is countable for each point z € X. Space X
is called 2nd-countable (satisfies the second countability axiom), if there exists a
neighborhood-system base B for X such that (J, .y B(z) is countable. Space X is
separable, if it contains a countable and dense subset.

A topological space X is Ty, if for each pair of points of X, one of them possesses
a neighborhood, not containing the other point. It is 77, if for each pair of points
of X, each point possesses a neighborhood, not containing the other point. It is 75
(Hausdorff), if every two points possess disjoint neighborhoods. It is T3, if every
nonempty and closed subset A C X and point 2 ¢ A possess disjoint neighborhoods.
It is T3, if for every closed subset A C X and point x ¢ A, there exists a continuous
function f: X — [0,1] such that f(A) = {0} and f(x) = 1. It is Ty, if every two
disjoint and closed subsets possess disjoint neighborhoods. It is Ty,, if for every
two disjoint, nonempty, and closed subsets A, B C X, there exists a continuous
function f: X — [0,1] such that f(A) = {0} and f(B) = {1}.

Space X is called regular, if it is 11 and T3. It is fully regular, if it is T7 and
Ts,. Finally, it is normal, if it is 77 and Ty.

A space X is T; iff every one-point set is closed[™ Hence, every T1 and Ty,
space is T3, and thus fully regular.

It is T5 iff one of the following statements is truel

(i) Every one-point set is the closure of its neighborhoods.
(ii) Every convergent filter has exactly one limit point.
(iii) The diagonal A := {(z,z) | X} is closed in X x X.

LEMMA 1 (Urysohn). Every T, space is T M

Every normal space is fully regular, every fully-regular space is regular, every
regular space is Ts, every 15 space is T, and finally, every T space is Tp. In
addition, every Ty, space is Ty, and every T3, space is T5;.

THEOREM 2 (Tietze). Let X be a Ty space. Then for every closed subset A C X
and continuous function f: A — R, there exists a continuous extension g: X — R

of f, i.e., glx) = f(x) for all x € Al
We will prove a generalization of this theorem in Chapter

1.8. Permanence Properties. The 1lst-countable spaces are closed under
initial and final topologies. In particular, arbitrary products and subsets of 1st-
countable spaces are 1st-countable. The 2nd-countable spaces are closed under
final topologies. In general, they are not closed under initial topologies. At least,
they are closed under countable products and arbitrary subsets.

L31n [SW99| image-open maps are called open. This may lead to confusion and wrong
results. Hence, we do not follow this deviation from standard terminology [Bou98a) 1.85].

1yQot] 6.3]

15y Qot], 6.4]

16yQo1], 7.1, 7.2]

17vQot], 7.7]
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Spaces, which are T;, i € {0,1,2,3,3a}, are closed under initial topologies
T, spaces are not closed under subsets or arbitrary products/ But T} (normal)
spaces are closed under closed subsets 2

In general, T; spaces, i € {1,2,3,3a,4}, are not closed under final topologies

2. Uniform Spaces

2.1. Uniformities. For subsets 4,B C X x X, let A~! := {(y,2) | (z,y) €
A}. Let BA:={(z,2) |y € C: (y,2) € B, (z,y) € A} In particular, A2 = AA.
Given set X, a uniformity on X is a filter 4 on X x X with the following
properties:
Reflexivity: A := {(z,2) |z € X} CU for all U € Y.
Symmetry: U~! €U for all U € U.
Triangle Inequality: There exists V € I with V2 C U for all U € .

The pair (X,U) is called a uniform space. Each set U € U is called a uniform
neighborhood.
A uniformity base on X is a filter base B on X x X with the following properties:

Reflexivity: A := {(z,z) |z € X} C B for all B € B.
Symmetry: There exists C' € B with C C B~! for all B € B.
Triangle Inequality: There exists C' € B with C? C B for all B € B.

Then U := {U | 3B € B: B C U} is the unique uniformity defined by the
uniformity base B3

A uniformity uniquely induces a topolog: Uniformity & on X induces the
neighborhood system N, := {U, | U € U}, where U, :={y € X | (z,y) € U}. A
topological space is uniformizable, if there exists a uniformity on this space inducing
its topology.

A topological space is uniformizable iff it is a T3, space In particular, a T
space is uniformizable iff it is fully regular.

2.2. Uniform Continuity and Convergence. A map f: X — Y between
uniform spaces X and Y is uniformly continuous, if for each uniform neighborhood
W of Y, there exists a uniform neighborhood V' of X such that (f(z), f(y)) € W
for all (x,y) € V.

The identity idx is uniformly continuous, and the composition of uniformly-
continuous maps is uniformly continuous.

2.3. Completeness. Let (X,U) be a uniform space, let A C X, andlet U € Y
be a uniform neighborhood. Subset A is small of order U, if Ax A CU. A filter F
on X is called Cauchy filter, if for every uniform neighborhood U € U there exists
a set F' € F small of order U.

In a uniform space, every convergent filter is a Cauchy filter P

For a uniformly-continuous map, the image filter of a Cauchy filter is a Cauchy

filter

A uniform space X is complete, if every Cauchy filter is a convergent filter in
X.

185ee [vQOT] 6.11] for subsets, and [vQOT]} 6.14] for products
95ee [vQOT] 6.12] for subsets and [vQOT] 6.15] for products
2 vQo1], 6.13]

2l v Qo1 6.17]

22[yQoT] 11.4]

23[vQoT] 11.5]

24[vQo1], 11.22, 11.30]

25[vQo1] 12.4]

26[vQo1] 12.6]



12 1. SPACES

For every uniform space X, there exists a complete, uniform, and T5 space
X and a uniformly-continuous map i: X — X such that the following universal
property holds: for every complete, uniform, and 75 space Y and every uniformly-
continuous map f: X — Y, there exists a uniquely-defined uniformly-continuous
mapf:X%YWitthi:f

In case X is a uniform T3 space, X is isomorphic to a dense subset of X

2.4. (Para-)Compactness. As the definition of a compact space does not
make explicit reference to uniformities, the reader may wonder, why compact spaces
are introduced here as part of uniform spaces, and not as part of general topological
spaces. But this is correct, see e.g., [Bou98al II.54].

Let X be a topological space, A a subset of X, and C a set of subsets of X. Set
C is called a covering of A, if its union contains A. Covering C is open, if it only
contains open subsets of X. A subcovering of covering C is just a subset of C. A
refinement D of covering C is a covering of A such that for each V' € D there exists
an U € C with V C U.

A covering is called finite / countable, if it only contains a finite / countable
number of sets.

A covering C of space X is called locally finite, if for every = € X there exists
a neighborhood V of x such that only finitely-many sets U € C intersect with V,
e, UNV #£0.

Given an open covering C = {U,, | « € A}, a family {f, | « € A} of continuous
functions f,: X — R is called partition of unity subordinate to C, if it has the
following properties:

(i) falx) >0forall a € A and x € X.

(ii) U, C supp(fy) for all a € A.
(iii) Covering {supp(fa) | @ € A} is locally finite.
(iv) Ypea falr) =1forallz € X.

We say that a topological space X allows for a partition of unity, if for every
open and locally-finite covering of X there exists a partition of unity.

Every normal space allows for a partition of unity

A uniform T5 space X is compact, if every open covering of X contains a finite
subcovering of X. A uniform T space is called precompact, if its completion is
compact.

For a uniform 75 space X, the following statements are equivalent.

(i) Space X is compact.
(ii) Each family of closed subsets of X has nonempty intersection, if every
finite subfamily has nonempty intersection.
(iii) Every filter has a cluster point.

A compact space is normal P Tts topology is induced by a unique uniformity
Let f: X — Y be a continuous map between a uniform and compact space X
and a uniform space Y. Then f is uniformly continuous

27[vQoi], 12.15]
28[vQo1], 12.16]
29 [vQOT1] 7.16]
30 [vQoT1] 8.9]
31 [vQo1] 11.A6]
32 [vQoO1] 11.14]
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Let X be a compact space, and let f: X — Y be continuous. Then f(X)
is compact If Y is a T space, then f is closedP1 In particular, a continuous
function f: X — R attains its minimum and maximum on compact space X

Let X and Y be topological Ty spaces. A map f: X — Y has precompact
image, if f(X) is compact

A T space is locally compact, if every point has a compact neighborhood. By
definition, every compact space is locally compact.

Every locally compact space is fully regular Hence, it is uniformizable.

A continuous map f: X — Y between topological spaces X and Y is called
proper, if for every compact subset C' C Y, its preimage f~'(C) is compact.

Clearly, the identity idx is proper, and the composition of proper maps is
proper.

Let f: X — Y be a proper map between locally-compact spaces X and Y.
Then f is closed and f(X) is locally compact P

A T, space X is paracompact, if every open covering of X possesses a locally-
finite open refinement.

Every paracompact space is normal Hence, it allows for a partition of unity.

2.5. Compactification. Let X be a topological space, let Y be a compact
space, and let f: X — Y be an embedding onto a dense subset of Y. Then
pair (f,Y) is called a compactification of X. A Stone-Cech compactification is a
compactification (3, 5X) such that the following universal property holds: for every
T space Y and every continuous map f: X — Y, there exists a uniquely-defined
continuous map Bf: X — Y such that f = Gf o .

THEOREM 3. For every fully-regular space X, there exists a uniquely-determined
Stone-Cech compactification (3, BX)

Hence, 5X\(3(X) denotes all the “c0”-elements, added to X by the compacti-
fication 1]

Let X and Y be fully-regular topological spaces, and let f: X — Y be continu-
ous. Then there exists an extension 8f: 6X — Y of f such that Gfo 3 =0 f

2.6. Permanence Properties. Given a fixed set X, for every family (U4, ),cs
of uniformities on X, then there exists a uniquely-determined coarsest uniformity
inf,c;U,, which is coarser then every U,. Analogously, there exists a uniquely-
determined finest uniformity sup,c;,, which is finer then every ¢,. Hence, the set
of uniformities over set X is a complete lattice.

Uniform spaces are closed under initial and final topologies. More precisely,
given a family of uniform spaces, their topologies lead to an initial (respectively,
final) topology, which is induced by a unique uniformity

Complete uniform spaces are closed under initial topologies: Given a family of
uniform spaces, these spaces are complete iff the uniformity of the initial topology is

33 [vQoT1] 8.10]

34 [vQo1] 8.11]

35 [vQO1] 8.A3]

36 Such maps are also sometimes called compact, e.g., compare [GD03] and [SW99|. This
may lead to serious confusion.

37 [vQO1] 8.15, 8.A20]

38 [vQoT1] 8.21]

39 [vQOT1] 10.2]

VQoT] 12.18]

LThis remark has been added after thesis submission.
42 [vQOT] 12.A12]
43 [vQOT] 11.17, 11.18]
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complete In particular, closed subsets and arbitrary products of complete spaces
are complete

Every compact subset of a T5 space is closed 4 Every closed subset of a compact
set is compact

Precompact spaces are closed under subspaces and arbitary products.

THEOREM 4 (Tychonoff). An arbitrary product of compact spaces is compact

3. Metric Spaces

3.1. Definition. A pair (M,d) is called a metric space, if M is a set, and if
for d: M x M — R the following statements hold:

Positive Definite: d(z,y) > 0, and d(z,y) =0 iff v =y for all z,y € M.
Symmetry: d(z,y) = d(y,z) for all z,y € M.
Triangle Inequality: d(z,z) < d(x,y) + d(y, z) for all z,y,z € M.

Function d is then called a metric on M.

For x € M and r > 0, set B(z,r) := {y € M | d(x,y) < r} is called open ball
around x of radius r. Set S(z,r) :={y € M | d(z,y) = r} is called sphere around
x of radius 7.

A metric d on M induces a topology on M with the set (s q4) := {B(z,r) |
x € M,r > 0} of its open balls £

It even induces a uniformity via its uniformity base By q) := {U(r) | r > 0},
where U(r) := {(z,y) | d(z,y) < r} Y

A uniform space (X,U) is metrizable, if there exists a metric d on M, inducing
the uniformity U.

A topological space X is metrizable, if there exists a metric on X, inducing the
topology on X.

A topological space M is called completely metrizable, if there exists a metric
d, inducing the topology of M, and if (M, d) is complete.

For every metric d we have the reverse triangle inequality, |d(x,y) — d(z,2)| <
d(y,z) for all x,y,z € M. Hence, d is continuous as seen as a map between topo-
logical spaces M x M and R.

Every metrizable space is first countableF]

A metrizable space is T and T4 Hence, a metrizable space is normal.

THEOREM 5 (M.H. Stone). Fwvery metrizable space is paracompact.

3.2. Isometries. Let (M,d) and (N, e) be two metric spaces. A map f: M —
N is called isometric, if for all x,y € M we have e(f(z), f(y)) = d(z,y). If f is
bijective and isometric, f is called an isometric isomorphism. Then f~! is also an
isometric isomorphism.

The identity map idps is an isometric isomorphism, and the composition of
isometric isomorphisms is an isometric isomorphism.

44 Qo] 12.12]
45 [vQOT] 12.13]
46 [vQOT] 8.6(b)]
47 vQo1] 8.6(a)]
48 [vQOT1] 8.12]
YFQoT] 1.4]

50 Qo1] 11.6(a)]
51y Qo] 2.13(a)]
52[vQo1] 1.25]
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3.3. Compactness. Let (M, d) be a metric space, let € > 0, and let V C E. A
finite e-net for V' is a finite set {z1,...,2,} € M such that V C Uie[n] z; + B(0,¢€).
For a metrizable space X, the following statements are equivalent:
(i) X is compact.
(ii) X is sequentially compact.
(iii) For every e > 0, there exists a finite e-net for X.

3.4. Permanence Properties. In general, metric spaces are not closed under
initial and final topologies.

Countable products of metric spaces are metric spaces Every subset A C M
of a metric space (M, d) is a metric space with the induced metric d|4: Ax A — R.

4. Vector Spaces

4.1. Definition. A group is a tuple (G, o, e), consisting of a set G, the neutral
element e € G and the group operation o: GxG — G, fulfilling the following axioms
for all x,y,z € G:

Associativity: (zoy)oz=uz0(yo2),

Neutrality: ecoz =zoe =z,

Existence of Inverse: There exists w € G such that row =wox =e.
Group G is commutative, if xoy = yoy for all z,y € G. In such a case, a group is
often written additively, i.e., with notation (G, -+, 0).

As usual, let K denote the field R or C, respectively. A vector space is a set F,
together with an addition +: E x F — FE and a scalar multiplication-: Kx E — E
such that (E,+,0) is a commutative group and the following axioms hold for all
z,y € Fand \,u e K:

Distributivity: A\- (z+y) =A-x+ Xy,
Associativity: A\ (u-x)=(\-p) -z,
Neutrality: 1-z = z.

4.2. Basis. Let E be a vector space. A linear combination is an element
AMx1+ -+ AT, where A\q,..., )\, € Kand z1,...,2,, € E. Aset I C FE and
its elements are called independent, if for all linear combinations A\y-x1+- -+ Ay T
with elements {z1,...,2,} C I we have that Ay - 1 + -+ + Ay, - T, = 0 implies
Ayeoos A = 0 for all Aq,..., A\, € K. Otherwise, the set and its elements are
called dependent.

For I C E, the span of I, span([), is the set of all linear combinations of
elements in I. Set I generates E, if E = span(I).

A basis of E is a generating and independent subset of . By Zorn’s lemma,
every vector space has a basis. In addition, all bases of £ have the same cardinality
/ number of elements. Hence, the dimension of E, defined as the cardinality of a
basis of F, is well-defined.

4.3. Linear Operators. A map u: E — F between vector spaces E and F
is called linear (linear operator), if u(x +y) = u(z) + u(y) and u(A - x) = A - u(x)
for all ,y € E and A € K.

The identity idg is linear. The composition of linear operators is linear.

A bijective linear operator is called a linear isomorphism. It has a linear inverse.

Given linear operator u: F — F, the kernel of u, keru, is defined as the set
u~1(0). The sets graph of u, graphu := {(z,u(z)) | * € E} and image of u,
imu := u(E), are defined as for general maps.

53[SV086), 6.3.1]
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Given basis B for vector space FE and basis C' for vector space F', a linear
operator h: E — F has a representation via a matriz M := (mp ¢)veB,ccc, Where
my, is defined via u(b) = > .o mpc - c

In case FE is finite-dimensional, a linear operator u: E — F is injective iff it is
surjective.

The space of linear operators, L(E, F), contains all linear operators u: £ — F
between vector spaces F and F'. It is itself a vector space, with addition and scalar
multiplication defined pointwise.

4.4. Permanence Properties. Given a family £ := (FE,),.; of vector spaces
and a vector space E, a family P := (p,),.; of linear operators p,: &/ — E, is called
projections for E and &, if for all vector spaces D and linear operators f,g: D — E,
we have that f = g in case that p,o f =p,og for all v € I.

Vector space E is called projective for £, if there exists a family P := (p,),¢;
of projections p,: F — E, for E and £ such that the following universal property
holds: For every vector space F' and family Q := (q,),.; of projections ¢,: F' — E,
for F and &, there exists a linear operator q: F' — F with p, oq =g, for all c € I.

For every family £ := (E,),.; of vector spaces, there exists a projective vector
space. To see this, take the product E := [],.; E., together with the projections
Pa: B — E,, defined by (z,),c; +— Za-

A projective vector space is uniquely-determined up to linear isomorphism.

Dually, Given a family £ := (E,),c; of vector spaces and a vector space E, a
family 7 := (jL)Lel of linear operators j,: E, — FE is called inclusions for E and &,
if for all vector spaces D and linear operators f,g: E — D, we have that f = ¢ in
case that foj, =goyj forall. el

Vector space E is called inductive for £, if there exists a family J := (j.),¢;
of inclusions j,: F, — FE for E and &£ such that the following universal property
holds: For every vector space F' and family K := (k,),; of inclusions k,: E, — F
for F and &, there exists a linear operator k: £ — F with ko j, =k, for all ¢ € I.

For every family £ := (E,),; of vector spaces, there exists an inductive vector
space. To see this, take the coproduct (algebraic direct sum) E := [],.; E,, consist-
ing of all elements (x,),.; in [[,c; £, with only finitely-many nonzero z,. Take as
inclusions j,: E, — E, defined by x + (v,),.; with z, := 2 for v = and x, := 0
otherwise.

An inductive vector space is uniquely-determined up to linear isomorphism.

A subset S C E of a vector space (E,+,-,0) is called subspace of E, if addition
+ and scalar multiplication - are closed under S, i.e., if we have +: S xS — S
and -: K x § — S, respectively. Then S is a vector space. The inclusion operator
is: S — FE, x +— x, is injective and linear.

Every subspace S of E can be complemented with a subspace T' of F such that
E is inductive for family {S,T} with {ig,ir} taken as inclusions.

Given a vector space F and a subspace S of F, one can define the quotient space
of E and S, denoted by E/S. Here, E/S :={z+ S|z € E}, (x+S)+(y+5) :=
(x+y)+S,and A (z+5):=(A-z)+ Sforall z,y € E and A € K. Then E/S is
a vector space. The quotient operator qs: E — E/S, z — x + S, is surjective and
linear.

For every subspace S of vector space E, the exists a surjective and linear
operator pg: E — S such that vector space E is projective for family {S,E/S}
with {pg, gs} taken as projections.

Let u: E — F be a linear operator between vector spaces E and F. Then the
kernel, keru, is a subspace of E, and the image, u(F), is a subspace of F.
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Operator u has a canonical decomposition into u = j o ug o p, with projec-
tion p: E — FE/keru, linear isomorphism wug: E/keru — wu(FE), and inclusion

4.5. Algebraic Dual, Hyperplanes. A linear form is a linear operator
u: E — K between a vector space E and its field of scalars K. The space of
linear forms, L(E,K), is called algebraic dual, and denoted by E*. Tt is itself a
vector space, with addition and scalar multiplication defined pointwise.

An affine subspace of vector space F is a set  + S, where z € F and S is
a subspace of E. A hyperplane is an affine subspace z + S of F, where S is a
maximally proper subspace of E.

Every linear form v € E* defines a hyperplane H := kerw, and for every
hyperplane H of E, there exists a linear form v € E* and ¢ € K such that H =
{zr € E|u(z) =c}.

4.6. Circledness, Convexity. A subset A of vector space E is circled, if
w-ACAforall peK, |pl <1.

Trivially, § and E are circled. Kernel and image of a linear operator are circled.
Circled sets are closed under arbitrary unions and intersections. If A, B C E are
circled, then A+ B and X - A are circled, A € K.

A circled hull of A is defined as a smallest circled set containing A. For ev-
ery subset A, a circled hull exists and is uniquely-determined. It equals ci(A) :=
ﬂAeK,M\Zl A-A

A subset A of a vector space E is convez, if for all z,y € A and real A € [0,1]
we have Az + (1 —X) -y € A.

Trivially, # and E are convex. Kernel and image of a linear operator are convex.
In general, convex sets are not closed under unions. Convex sets are closed under
arbitrary intersections. If A, B C E are convex, then A 4+ B and X - A are convex,
rek

A convex hull of A is defined as a smallest convex set containing A. For every
subset A, a convex hull exists and is uniquely-determined. It is denoted by co(A).
The convex hull of a circled set is circled. The circled hull of a convex set is convex.

A subset A of a vector space E is absolutely convex, if for all z,y € A and
A€ K with |[A] <1 we have -2+ (1 — \) -y € A. Then A is absolutely convex iff
it is circled and convex.

Trivially, ) and E are absolutely convex. Kernel and image of a linear operator
are absolutely convex. In general, absolutely-convex sets are not closed under
unions. Absolutely-convex sets are closed under arbitrary intersections. If A, B C FE
are absolutely convex, then A 4+ B and A - A are absolutely convex, A € K.

An absolutely-convexr hull of A is defined as a smallest absolutely-convex set
containing A. For every subset A, an absolutely-convex hull exists and is uniquely-
determined. It is denoted by aco(A4). We have aco(A) = co(ci(A4)) = ci(co(A)).

A function f: E — Ris called convez, if f(A-z+(1=N)-y) < Af(x)+(1—=N)-f(y)
for all z,y € E and X € [0,1].

By induction on n, one can prove Jensen’s inequality. We have

(1) FLodimi| <D N flw)
i€ [n]

1€[n]

for all z1,...,2, € E, and A\y,..., A, € [0,1] with Zie[n] A =1,
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5. Topological Vector Spaces

5.1. Definition. A topological vector space (t.v.s.) is a vector space (E, +, -, 0)
over a field K, together with a topology on F such that addition +: £ x £ — FE
and scalar multiplication -: F x F — E are continuous.

Let F be a linear space together with a topology, not necessarily a t.v.s.. A
neighborhood-system base B is called locally additive, if for each neighborhood
N € B,, there exists M € B, such that M + M C N, xz € F.

Let F be a t.v.s., let A € K, and let A, B C E. If A is open, then A+ B and
A- A are open. If A is closed, then \- A is closed. Furthermore, if B is closed, then
A+ B is closed.

If E is a t.v.s. that is not Tj, then one can use the quotient t.v.s. E//N instead,
where N = [N consists of all points being in all neighborhoods of zero. Hence,
in the sequel, we can assume E to be Tj.

Every t.v.s. is a uniform space And every Ty t.v.s. is a Ty t.v.s.. Hence, a
Ty t.v.s. is fully regular. In particular, it is T5.

As every T, t.v.s. E is uniform, there exists a uniquely-defined completion E
of E, with E dense in E. The extensions +: Ex E — E, -: Kx E — E of addition
and scalar multiplication make E a t.v.s.

5.2. Linear and Continuous Operators. Addition and multiplication are
homeomorphisms. More precisely, for every fixed y € E, map * — x + y is a
homeomorphism, analogously for the second argument of +. For fixed A # 0,
x +— A -z is a homeomorphism.

Not every bijective, linear, and continuous operator has a continuous inverse.

Let u: £ — Y be a linear operator between Ty t.v.s.. If u is continuous, then
ker f is closed. If E is finite-dimensional, then u is continuous.

PRrOPOSITION 6 (Folklore). If a linear operator between Ty t.v.s. is continuous,
then it is graph-closed.

PrROOF. Let E and F be Ty t.v.s.. Then both are T5. Let u: £ — F be
a linear and continuous operator. Define linear operator v: E X F — E X F by
v(e,g) := (e,u(e)). Then v is continuous and v(E x F') = graphu. Consider an
arbitrary point (e, f) in the closure graph u. Then there exists a filter C' containing
graph u and converging to (e, f). By continuity of v, the image filter v(C) converges
to v(e, f) = (e,u(e)). As E x F'is in C, we have graphu in v(C). The set of
intersections of sets from C and v(C), i.e., CNov(C)={ANB|Ae C,Becv(C)},
constitutes a filter base for a finer filter D D C, v(C). Filter D contains graph u and
converges both to (e, f) and (e, u(e)), respectively. As E x F' is Ty as the product of
two Ty spaces, we have the uniqueness of the limit (e, f) = (e, u(e)). Hence, (e, f)
is in graphu, showing closedness of graph u. O

5.3. Circledness, Convexity. If A is circled, then A is circled. If 0 € A°,
then A° is circled, too

If A is convex, then A° and A are convex 1 Hence, if A is absolutely convex,
then A° and A are absolutely convex [

54 W99 1.1.4]

55 W99 1.1.5]

56 [SW99) 1.1.1]

57 [SW99, 11.1.2]

58Here, we do not need the assumption 0 € A°. Either A° is empty and we are done, or
there exists * € E and a circled neighborhood U of 0 such that x + (% U+ % -U) C A. Then
—z4+U = —z + (=U) C A, because A and U are circled. By convexity of A, we finally obtain
0+UC (x+ 5 -U)+(—z+ 4 -U) C A Hence, 0 € A°.
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5.4. Topological Dual, Hyperplanes. The set of continuous linear forms
u: E — K is called topological dual of E, and is denoted with E’. It is a vector
subspace of the algebraic dual E*.

A linear form u defines a hyperplane H and vice versal?] Hyperplane H is
closed iff u is continuous, and it is dense in E iff u is not continuous

The topological dual may be the trivial space. Take E := LP[0,1], 0 < p < 1,
as an example@

THEOREM 7 (Hahn-Banach, Geometrical Form). Let E be a t.v.s., let M be a
linear subspace of E, and let C be a nonempty, convez, and open subset of E, not
intersecting M. Then there exists a closed hyperplane H, containing M and not
intersecting c3

5.5. Projective and Inductive Topologies. Initial and final topologies are
too general in the context of linear spaces. Their counterparts are projective and
inductive topologies. These are just their restrictions to linear operators.

Given a vector space E and a family of linear operators (uq: £ — Eq),¢ 4 into
t.v.s. Ey, the projective topology is defined as the initial topology of this family,
i.e., the coarsest topology on E such that all linear operators u, are continuous.
The projective topology is a translation-invariant topology on F, and FE becomes
a t.v.s., equipped with the projective topology.

Analogously to initial topologies, as special cases of projective topologies, we
mention subspaces and products of t.v.s.. A subspace L of a t.v.s. F is given a
topology, the subspace topology, by the projective topology via the linear inclusion
operator i: L — E. A cartesian product [] .4 Eo of t.v.s. E, is given a topology,
the product topology (t.v.s.), by the projective topology via the linear projection
operators pg: [[,ca Ea — Ep.

Dually, given a t.v.s. £ and a family of linear operators (ua: Eo — E) ¢4,
the inductive topology is defined as the final topology of this family, i.e., the finest
topology such that all linear operators u,, are continuous. The inductive topology
is a translation-invariant topology on F, and E becomes a t.v.s., equipped with the
inductive topology.

Again, analogously to final topologies, as special cases of inductive topologies,
we mention quotients and sums. A quotient of a t.v.s. F is a t.v.s. F' together with
a linear quotient operator q: E — F such that F' is given a topology, the quotient
topology (t.v.s.), by the inductive topology via g.

A cartesian coproduct [, ., Eo of t.v.s. E, is given a topology, the coprod-
uct topology (t.v.s.), by the inductive topology via the linear inclusion operators
Jg: Eg — [laca Ea- The coproduct, equipped with the coproduct topology, is also
called topological direct sum and denoted with @ 4 Ea.

5.6. Projective and Inductive Limits. Projective and inductive limits are
special cases of projective and inductive topologies, respectively. In the sequel, let
A be an index set, directed under a partial order <, and let (E,),., be a family
of t.v.s..

Let linear and continuous operators g g: g — E, be given for all a < (.
The projective limit of (Ea),ca and (9a,8) 4 gea,a<pr denoted with limgo sEg,
is defined as the subspace of [],. 4 Ea, whose elements (z,) satisfy the relation
ZTa = ga,8(xg), whenever a < §. By construction, the topology of the projective
limit is the subspace topology of the projective topology.

59 [SW99, 1.4.1]
60 W99 1.4.2]
61 [SW99, 1.Ex.6]
62 W99, 11.3.1]
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Dually, let linear and continuous operators hg o: Eo — E3 be given for all a <
B. The inductive limit of (Ey),c 4 and (hﬁ,a)a,ﬁeA,aggv denoted with h_n>1hﬁ7aEa,
is defined as the quotient space of [],c 4 Fo with the subspace, generated by the
ranges of all linear and continuous operators j, — jg o hgo for all a, 3 € A with
a < . By construction, the topology of the inductive limit is the quotient topology
of the inductive topology.

5.7. Baire Vector Spaces. A subset A of a linear space F is called absorbent
(radial absorbing), if for every x € E, there exists r > 0 such that z € A - A for all
A€ K with |A] > 7.

Let A € K. If sets A and B are absorbent, then A + B, X - A, A, circled hull
ci(4), and convex hull co(A) are also absorbent, respectively.

We call a closed and circled subset disk-like, and an absorbent and disk-like
subset a vessel[53

THEOREM 8. A wector space together with a topology is a t.v.s. exactly if it
possesses a locally-additive neighborhood-system base of vessels

This motivates the following definition. A t.v.s. is called vesseled, if every vessel
is a neighborhood.

If a closed set is not rare, then it is a neighborhood of some point. Consequently,
if a vessel is not a neighborhood, then it is rare.

If a set V is absorbent, then the whole t.v.s. E is a countable union of translates
of V,ie, E=J,>,n-V. Hence, if a closed and absorbent set is rare, then the
t.v.s. E is meager. Consequently, if a vessel is not a neighborhood, then the t.v.s.
is meager.

The above considerations give one direction of the theorem below. For the
other direction, see Kunzinger [Kun93, Thm. 4.1.5].

THEOREM 9. Baire t.v.s. are exactly the vesseled t.v.s..

5.8. Compactness. For a t.v.s., its compact subspaces are exactly the finite-
dimensional onesf] A finite-dimensional t.v.s. is topologically isomorphic to a
K" [

Let A,B C E. If A and B are compact subsets, then A+ B, A- A for A € K,
closure A = A, and circled hull ci(A) are compact sets, respectively@

A t.v.s. E has the Heine-Borel property, if the compact subsets of E are exactly
the closed and bounded subsets.

The convex hull of a compact set is not necessarily compact@

5.9. Boundedness. Subset A absorbs B, if there exists a positive real number
A such that B C A\ A. A is bounded, if it is absorbed by every neighborhood.

A set A C F is totally bounded, if for every neighborhood U in E, there exists
a finite subset Ag C A such that A C Ag + U.

Let A,B C E. If A and B are (totally) bounded sets, then AN B, AU B,
A+ B, \- A for A € K, interior A°, closure A, circled hull ci(A4), and convex hull
co(A) are (totally-)bounded sets, respectively. More generally, every subset of a
(totally-)bounded set is (totally) bounded [

63 The terms disk-like and vessel are not standard notions. We introduce them here to make
more explicit the analogy between Baire and barreled spaces.

64 [SW99| 1.1.2, 1.1.3]

65 [SW99] 1.3.6]

66 [SW99, 1.3.1, 1.3.2]

67 [SW99, 1.5.2]

68 [SW99, 11.Ex.27]

69 W99 1.5.1]
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Every totally-bounded set is bounded. Every relatively-compact set is totally
bounded.

A subset A C FE is bounded iff for every sequence (z,), in A and every zero
sequence (\,), in K, sequence (A, - z,), is a zero sequence in EM

A map f: E — F is called bounded, if it maps bounded sets into bounded sets,
i.e., f(B) is bounded for every bounded set B.

The identity idg is bounded, and the composition of bounded maps is bounded.
Every linear and continuous operator is bounded[]

A map f: E — F is called compact, if it maps bounded sets into relatively-
compact sets, i.e., f(B) is relatively compact for every bounded set B.

The composition of compact maps is compact. The identity idg is compact iff
t.v.s. F is finite-dimensional.

A family F of linear maps between t.v.s. E and F' is equibounded, if for all
bounded sets B in E, the set |, u(B) is bounded in F'. Every equicontinuous
family is equibounded

5.10. Permanence Properties. A t.v.s. F, equipped with the inductive to-
pology of family (ua: Eo — E),c4, is a Tp t.v.s. iff all £, are Ty t.v.s.. Conse-
quently, this holds for properties T5 and being fully regular.

A t.v.s. E, equipped with the projective topology of family (ua: E — Ea),ca;
is a Ty t.v.s. iff all E,, are T t.v.s.. Consequently, this holds for properties T and
being fully regular.

A subset B of a topological product ]
for all projections p,, a € A

Projective limits of complete Tj t.v.s. are complete

aca Eo is bounded iff p, (B) is bounded

6. Locally-Convex Spaces

6.1. Definition. A t.v.s. has a locally-convex topology, if it possess a neigh-
borhood-system base of convex sets.

A Ty t.v.s. with locally-convex topology is called a locally-convex space (l.c.s.).

A seminorm is a map p: F — K, which is homogeneous, positive-semidefinite,
and satisfies the triangle inequality. Homogeneous means that p(A-x) = |A|-p(x) for
all vectors x and scalars A\. Map p is positive semidefinite, if p(x) is real and non-
negative for all vectors z. It satisfies the triangle inequality, if p(z+vy) < p(z)+p(y)
for all z,y € E.

A disk is a closed and absolutely-convex subset of E. By definition, a disk is
disk-like. A disk D defines a subspace Ep of E by Ep := span(D), together with
its gauge functional pp. The latter is defined by pp(x) := inf{\A > 0|z € A\- D}.
Here, D absorbs every point in Ep, and the gauge functional pp is a seminorm on
space Ep.

Hence, a topology on a t.v.s. is locally convex iff it is the initial topology of a
family of seminorms.

70 [SW99, 1.5.3]

71 [SW99, 1.5.4]

"2Let F be an equicontinuous family of linear maps between t.v.s. £ and F. Let V be an
arbitrary neighborhood in F, and let B be an arbitrary bounded set in E. Then U =, czu "1 (V)
is a neighborhood in E. As U absorbs B, there exists a positive real number A > 0 such that
B C XU, implying w(B) C AV for all u € F. Hence J,cu(B) is absorbed by V and thus
bounded, proving F to be equibounded.

73 [SW99] 1.5.5]

74 Gee [SW99| 11.5.3] for a proof formulated for l.c.s.. The local convexity of the spaces is
not used in proof.
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6.2. Topological Dual, Hyperplanes.

THEOREM 10 (Hahn-Banach, Analytical Form). Let E be a t.v.s., let M be a
subspace of E, and let f: M — K be a linear form on M. If there is a seminorm
p: E — R with |f(x)] < p(x) for all x € M, then there exists a linear form
g: E — K, extending f to all of E with |g(x)| < p(z) for all x € e[

THEOREM 11. Let E be an l.c.s., let M be a subspace of E, and let f: M — K
be a continuous linear form on M. Then there exists a continuous linear form
g: E — K, extending f to all of E[M

Let (-,-) denote the duality between E and E’, defined by (f,z) := f(x) for
rze€ FEand f e E.

A sequence (x,,), weakly converges to z, denoted by x,, — x in E (n — o), if
for all f € E' we have (f,x,) — (f,z) (n — 00). A sequence (f,), in E' x-weakly
converges to f, denoted by f, — f, if it converges pointwise, i.e., if for all z € F
we have (f,z,) — (f,z) (n — o0). Clearly, convergence x,, — x implies weak
convergence T, — x, because each f € E’ is continuous.

In addition, weak convergence f,, — f in E' (n — oo) implies x-weak conver-
gence f, — fin E' (n — o0). In case E is reflexive, the opposite is also true,
i.e., weak and #-weak convergence are equivalent. This can be seen by applying the
topological isomorphism j: E — (Ej)j, (7(2), fa) = (f,2).

6.3. Compactness. The convex hull of a compact set is compact

6.4. Permanence Properties. The class of l.c.s. is closed under arbitrary
projective topoloies In particular, it is closed under arbitrary products@ and
closed subspaces In addition, it is closed under arbitrary projective limits ]

The class of 1.c.s. is closed under arbitrary inductive topologies In particular,
it is closed under coproducts (topological direct sums 1 and quotients under closed
subspaces

It seems to be an open problem, if the class of l.c.s. is closed under arbitrary
inductive limitsPd For a special case, one can prove more: Given a family (Ba)aca
of l.c.s., each E, a subspace of a vector space £/ = J,c 4 Ao, and directed under
inclusion, i.e., Eq C Eg for @ < . Then the inductive limit lim £, exists and is
locally convex P Tt is called strict, if the topology of Eg induces the topology on
FE, for all a < .

In particular, let (E,, )., be an increasing sequence of l.c.s. with topologies Zp,.
If each (Eymt1, Zm+1) induces the topology 7, on E,,, then the inductive limit
exists on E :=J,, Er, and induces the topology 7, on Em
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A subset B of the coproduct [],. 4 Eo of a family of l.c.s. E, is bounded iff
there exists a finite subset A9 C A such that p,(B) = 0 for all a ¢ Ay and p,(B)
is bounded for all &« € Ag. Again, p, denotes the projection into Fq

A subset B of a strict inductive limit E := lii>n(Em,Tm) is bounded in E iff
there exists a natural m such that B C E,, is bounded in (E,,, Tm)

The coproduct of a family of l.c.s. is complete iff each summand is complete

The strict inductive limit of a sequence of complete l.c.s. is complete@ In
particular, LB and LF spaces are complete, respectively.

7. Bornological Spaces

7.1. Definition. An l.c.s. E is bornological, if every absolutely-convex subset
of F, absorbing every bounded subset of F, is a 0-neighborhood.

7.2. Operators. Let E be bornological, let F' be an l.c.s., and let u: £ — F
be a linear operator. Then the following statements are equivalent@

(i) Operator u is continuous.
(ii) Operator u is bounded, i.e., u(B) is bounded in F for every bounded set
B of E.
(iii) Operator u maps zero sequences to zero sequences.

7.3. Permanence Properties. Bornological spaces are closed under arbi-
trary inductive topologies@ In particular, they are closed under Ty quotients,
topological direct sums, and inductive limits

In general, bornological spaces are not closed under arbitrary projective topolo-
gies. In particular, there exists a bornological space, which is not closed under closed
subspaces

8. Barreled Spaces

In our opinion, the class of barreled spaces is the class of spaces suitable for
Functional Analysis. They define the limits of certain constructions in Functional
Analysis like Banach-Steinhaus, Closed-Graph, Open-Mapping, and Continuous-
Inverse properties. In contrast to the narrow class of Banach spaces, they are also
broad enough to cover all relevant function spaces, including distributions.

For more information on barreledness and related properties, see, e.g., [Ada70),
Val7lal, Val71b, [Val72a, [Val72b, VD72, [Val73), Val79, [VC81] and also
[Sax74], [Hol77, [PC87].

8.1. Definition. A barrel is an absorbent disk.

THEOREM 12. A wector space, together with a topology stemming from a family
of seminorms, is an l.c.s. exactly if it possesses a locally-additive neighborhood-
system base of barrelsPd
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This motivates the following definition. An l.c.s. is called barreled, if every
barrel is a neighborhood.

Every Baire l.c.s. is barreled ]

Important classes of l.c.s., analyzed in connection with the closed-graph prop-
erty, were defined by Ptak. Recall that an l.c.s. E is a Ptdk space (B-complete), if
every subspace Q C F’ is o(E’, E)-closed iff QNC'is o(E’, E)-closed for all equicon-
tinuous subsets C' C E’. Furthermore, F is an infra-Ptdk space (B,.-complete), if
this holds for all dense subspaces (). For the notions of Ptak and infra-Ptdk space,
see also [SW99] I1.4, I1.7, IV 8], respectively.

8.2. Reflexive Spaces. The bidual E” of l.c.s. E is defined as the vector
space (a priori without a topology) (E})". The strong bidual is defined as (E})j,
i.e., the bidual together with the strong topology.

Linear operator j: E — E”| defined by (jz, f) := (jz)(f) = f(z), z € E,
f € E', is called the (canonical) embedding or evaluation map.

An le.s. E is semireflezive iff the (canonical) embedding j is a surjective linear
operator onto the bidual E”. Space E is called reflexive iff j is a topological
isomorphism onto the strong bidual.

An Lc.s. is reflexive iff it is semireflexive and barreled ’§

The strong dual Eé of a reflexive space E is reflexive [’

A Montel space is a Ty, complete, and reflexive l.c.s. with the Heine-Borel
property. Hence, every bounded subset is relatively compact.

8.3. Banach-Steinhaus. We say that l.c.s. E has the Banach-Steinhaus prop-
erty, if for all lL.c.s. F' and all families F of linear, continuous maps between F
and F holds that if F is pointwise bounded on A, i.e., for all x € E the set
F(x) = {u(z) | v € F} is bounded, family F is equicontinuous. We say that
E has the Banach-Steinhaus property for functionals, if every family F C E’ of
continuous functionals pointwise-bounded on FE is equicontinuous.

THEOREM 13. An l.c.s. has the Banach-Steinhaus property iff it is barreled.

Instead of Banach-Steinhaus property, one often uses the term uniform bound-
edness.

8.4. Permanence Properties. In general, barreled spaces are not closed un-
der arbitrary projective topologies. In particular, a closed subspace of a barreled
space does not need to be barreled [ At least, they are closed under finite prod-
ucts.

Barreled spaces are closed under arbitrary inductive topologies Hence, they
are closed under arbitrary inductive limits, topological direct sums, and quotients
with closed subspaces. In addition, LB and LF spaces are barreled.

8.5. Operators. Theorems on open mappings, continuous inverses, and closed
graphs have a long history, with many applications in different branches of Func-
tional Analysis [Wer00, [Mat98, [AIt06, [AV05)]. Initially only formulated for
Banach spaces, one line of research was to extend these theorems to very general
classes of spaces [Pta58], [Pta59), [Pta60), [Pta62, Pta65, Pta66l, Pti69, [Pti74),
HM62, Hus62, | Hus64a, Hus64b, Kri71, SW99, Val78, |[Ada83), |IAda86)
SR89, [Rod91]. While this research states such theorems for linear mappings
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u: F — F with E taken from one class A of t.v.s. and F' taken from a possibly
different class B, we approach the topic differently. We only allow E and F' to come
from the very same class of t.v.s. C, and we ask, under which conditions on C the
open-mapping theorem, the continuous-inverse theorem, and the closed-graph the-
orem are actually equivalent and hold. For the equivalence of these theorems for a
class C, the crucial insight is that C needs closure properties weaker than expected.
Besides closure under quotients with closed subspaces, additionally, only closure
under closed graphs is needed, not closure under closed finite products or closed
subspaces. This insight leads to a characterization result, showing that the class of
barreled Ptak spaces is a natural habitat of these theorems, and that at least for
locally-convex spaces, the barrier of being barreled and Ptdk cannot be overcome
without losing important closure properties. As research in the 1960s considered
Ptak and barreled spaces already, this may explain, why research on these topics
faded out in the 1970s.

Recall that a map u: F — F is called graph-closed, if the set graphu =
{(e,u(e)) | e € E} is a closed subset of E x F.

We define three properties for a class C of t.v.s..

(0O) Open-Mapping Property: For every pair of t.v.s. E and F in C, it
holds that every surjective, linear, continuous map u: £ — F' is open.
(C) Continuous-Inverse Property: For every pair of t.v.s. F and F in
C, it holds that every bijective, linear map u: £ — F' is continuous iff its
inverse u~! is continuous.

(G) Closed-Graph Property: For every pair of t.v.s. E and F in C, it
holds that every linear map u: E — F' is graph-closed iff it is continuous.

We say that a class C of t.v.s. is closed under closed graphs, if for every E and
F in C and every linear, graph-closed map u: E — F' its graph, graphu, is in C.
A class C of t.v.s. is closed under quotients with closed subspaces, if for every E in
C and S a closed subspace of E, the quotient space E/S is in C. Furthermore, we
say that a class C of t.v.s. has the OCG-equivalence property, if it is closed under
quotients with closed subspaces, and if it is closed under closed graphs.

THEOREM 14. Let C be a class of (Tp) t.v.s. satisfying the OCG-equivalence
property. Then properties (0), (C), and (G) are equivalent for C.

The following arguments in the proof of the above theorem are well-known and
thus not new. We present them for three reasons: (1) emphasis on where exactly the
closure-properties of the class C are needed, (2) first-time crystal-clear presentation
of these equivalences in this general setting, not found in textbooks in Functional
Analysis, and (3) for the sake of completeness.

PRrOOF. (0O) implies (C): Let E and F be t.v.s. in C, and let u: E — F be
bijective, linear, and continuous. By (O), u is open. Hence, u~! is continuous.
Analogously, argue for v~ ".

(C) implies (O): Let E and F be t.v.s. in C, and let u: E — F be surjective,
linear, and continuous. Subspace N := kerw is closed by continuity of u. As
C is closed by quotients with closed subspaces, E/N is in C. The induced map
uo: E/N — F is bijective and continuous. By (C), uy ' is continuous. Hence, uj is
open. Then finally, the map u = powug is open as composition of open maps, where
p: E — E/N denotes the linear, continuous, and open projection.

(C) implies (G): Let E and F be t.v.s.in C, and let u: E — F be linear. Define
the bijective, linear map v: E — graphu by v(e) := (e, u(e)). Let pg and pr denote
the linear, continuous projections from F x F', respectively. If u is continuous, then
by Proposition [6] graphw is closed. And if graphwu is closed, then it is in C by
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closure under closed graphs. As v~! = pg: graphu — F is bijective, linear, and
continuous, the map v is continuous by application of (C).

(G) implies (C): Let E and F be t.v.s. in C. Define s: E X F — F x E
by s(x,y) := (y,x). Clearly, s is a topological isomorphism. Let u: E — F be
bijective and linear. By (G), the map w is continuous iff graphu is closed. This
holds iff graphu~! = s(graphu) is closed. Again by (G), the former holds iff u~!
is continuous. U

Note that a class C of t.v.s. is closed under closed graphs, if it is closed under
finite products, i.e., with E and F in C, we have E'x F in C, and closed under closed
subspaces, i.e., with E in C, every closed subspace of E is in C. Main insight of
above theorem is that the weaker property of closure under closed graphs suffices.
Closure under finite products or closure under closed subspaces is not necessary.

It is well-known that the classes of complete Ty l.c.s., Fréchet spaces, and
Banach spaces all satisfy the OCG-equivalence property.

In contrast, it is unclear if subclasses of barreled spaces, Ptédk spaces, or Baire
spaces satisfy the property of OCG-equivalence, because in general, barreled spaces
and Baire spaces are not closed under closed subspaces, and Ptdk spaces are not
closed under finite products. At least, barreled spaces are closed under finite prod-
ucts and quotients with closed subspaces, and Ptak spaces are closed under closed
subspaces and quotients with closed subspaces, respectively, see [SW99, IV.8.2,
IV.8.3 Cor. 3].

8.6. Characterization. Recall that a linear map u: E' — F' is called nearly-
open, if for each 0-neighborhood U C E, u(U) is dense in some 0-neighborhood in

We say that a class C of t.v.s. is closed under continuous images, if for every
E in C, every l.c.s. I, and every injective, linear, continuous, and nearly-open map
u: E — F, its image u(F) is in C.

PrOPOSITION 15. The classes of Banach spaces, barreled Ptdk spaces, and
barreled infra-Ptak spaces are closed under continuous images.

PROOF. Let F' be an arbitrary l.c.s., and let u: F — F be an arbitrary injective,
linear, continuous, and nearly-open map. Space u(E) is l.c.s. as a subspace of F'.

If F is an (infra-)Ptdk space, then map w is a topological homomorphism by
[SW99, 1V.8.3, Thm.]. Hence, u(E) is isomorphic to E and thus an (infra-)Ptdk
space.

If E is a Banach space, then it is a Fréchet space, and thus a Ptédk space by
the theorem of Krein—émuhan, see [SW99, IV.6.4, Thm.]. By the above argument,
u(E) is isomorphic to F and thus a Banach space.

We show that u(FE) is barreled, if E is a barreled (infra)-Pték space. By [SW99|
IvV.8.3, Thm.|, map u: E — u(F) is an isomorphism. Let B be an arbitrary Banach
space, and let v: u(F) — B be an arbitrary linear and graph-closed map. Then the
composition map vowu: E — B is linear and graph-closed, the latter because map
(u,id): E x B — u(F) x B is an isomorphism with (u,id) (graphv o u) = graphwv.
As FE is barreled, B is infra-Pték, and vou is graph-closed, map vou is continuous by
the Thm. of Robertson-Robertson, [SW99, IV.8.5, Thm.]. Hence, v = (vou)ou~!
is continuous. Finally, space u(F) is barreled by the Thm. of Mahowald, [SW99|
Iv.8.6]. O

PRrROPOSITION 16. The classes of Banach spaces, barreled Ptdk spaces, and
barreled infra-Ptdk spaces are closed under closed graphs.

PROOF. The statement holds for Banach spaces, because Banach spaces are
closed under finite products and closed subspaces.
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Let E and F be arbitrary barreled (infra-)Ptdk spaces, and let u: E — F
be an arbitrary linear and graph-closed map. By the theorem of Robertson-
Robertson, [SW99, IV.8.5, Thm.], u is continuous. Note that the space graphu
is an l.c.s. as a closed subset of l.c.s. E x F. Define the bijective and continuous
map v: E — graphu by v(e) = (e,u(e)). The map v is open and thus nearly-open,
because its inverse v™! = pg: graphu — E is continuous. Now, graphw is the
continuous image of the barreled (infra-)Pték space E. The statement then follows
from Prop.[I5l O

THEOREM 17 (Barreled Ptak Characterization). The class of barreled Ptdk
spaces is exactly the largest class of (Tp) l.c.s., which contains all Banach spaces,
is closed under quotients with closed subspaces, is closed under closed graphs, is
closed under continuous images, and for which an open-mapping theorem (0), a

continuous-inverse theorem (C), or a closed-graph theorem (G) holds (and thus all
of them).

PROOF. The classes of Banach spaces and of barreled Ptéak spaces both have
the mentioned closure properties: they contain all Banach spaces, are closed under
quotients with closed subspaces, are closed under closed graphs (Prop.[I6l), and are
closed under continuous images (Prop.[IH)). It is well-known that property (O) holds
for Banach spaces, and it also holds for barreled Pték spaces by [SW99] IV.8.3,
Cor.1]. Consequently, for both of these classes, properties (O), (C) and (G) are
equivalent (Thm.[I4]) and hold.

Let C be a maximal class of l.c.s. satisfying the assumed closure properties of
the theorem. First of all, C satisfies all properties (O), (C), and (G), because it
satisfies OCG-equivalence.

Let E be an arbitrary l.c.s. in C. We want to show that E is barreled. Let B be
an arbitrary Banach space. We have B in C. Let u: E — B be an arbitrary linear,
graph-closed map. By (G), u is continuous. Then by the theorem of Mahowald,
[SW99, IV.8.6], E is barreled.

We want to show that F is a Ptak space. Let F' be an arbitrary l.c.s., and
let u: £ — F be an arbitrary linear, continuous, and nearly-open map. Subspace
N := keru is closed, because u is continuous. Hence, E/N is in C by closure
under quotients with closed subspaces. The map ug: E/N — F, associated with
u, is injective, linear, continuous, and nearly-open. Thus, image u(FE) is in C by
closure under continuous images. Applying (C) to bijective and continuous map
ug: E/N — u(E) yields that ug is open. Hence, ug is an isomorphism and thus u
a topological homomorphism by [SW99| III, 1.2]. By [SW99| IV.8.3, Thm.], F is
a Pték space.

Consequently, every space in C is a barreled Pték space. Finally, C must equal
the class of barreled Ptdk spaces by maximality. O

Valdivia [Val77] showed that the space of test functions D(€2) and the space
of distributions D’(2) are not even infra-Ptdk. Hence, they fall out of the above
framework. Nevertheless, for these classes, a closed-graph theorem, open-mapping
theorem, and continuous-inverse theorem hold. Maybe surprisingly, in sharp con-
trast, for the space of Schwartz functions & and the space of tempered distributions
S’ the story is different.

PROPOSITION 18 (Maybe folklore). The Schwartz space S and the space of
tempered distributions S’ are both barreled Ptdk spaces.

PROOF. As space S is a Montel space, [SW99| IV.5.8], the strong dual (S’, 5(
&', S)) is a Montel space, [SW99] IV.5.9]. As the strong topology 3(S’,S) coincides
with the topology of compact convergence T,., S’ is a Montel space. Montel spaces
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are reflexive (by definition) and thus barreled, [SW99, IV.5.6, Thm.]. Hence, S
and & are barreled.

Space S is clearly a Fréchet space, [SW99| III.8]. Then by [SW99, IV.8,
Examples], both § and S’ are Pték spaces. O

In the same vein as above, we prove a characterization theorem for barreled
infra-Pték spaces. For more information on infra-Pték spaces, see [Val75]. These
spaces are more general then barreled Ptdk spaces. The missing closure under
quotients with closed subspaces is exactly the differentiating property.

THEOREM 19 (Barreled infra-Ptak Characterization). The class of barreled
infra-Ptdk spaces is exactly the largest class of (Tp) l.c.s., which contains all Ba-
nach spaces, is closed under closed graphs, is closed under continuous images, and
for which an open-mapping theorem (0), a continuous-inverse theorem (C), or a
closed-graph theorem (G) holds (and thus all of them,).

PROOF. The classes of Banach spaces and of barreled infra-Ptak spaces both
have the mentioned closure properties: they contain all Banach spaces, are closed
under closed graphs (Prop.[I6), and are closed under continuous images (Prop.[IH).
It is well-known that properties (O), (C), and (G) hold for Banach spaces. Property
(G) also holds for barreled infra-Ptdk spaces by [SW99| IV.8.5, Thm.]. Property
(G) implies (C) directly. We need to show (O). For this, let w: E — F be a
surjective, linear, and continuous mapping between two barreled infra-Ptak spaces
E and F. As u is a surjective, linear map onto a barreled space, it is nearly open
[SW99| TV.8.2]. As u is continuous and linear, its graph is closed. By Ptak’s
general open mapping theorem [SW99 IV.8.4], u is open. Hence, (O) holds.
Consequently, for both of these classes, all properties (O), (C), and (G) hold (and
thus are equivalent).

Let C be a maximal class of l.c.s. satisfying the assumed closure properties of
the theorem. First of all, C always satisfies property (C), because (O) and (G)
imply (C) directly. As C is closed under closed graphs, (G) always holds for C, too.

Let E be an arbitrary l.c.s. in C. We want to show that E is barreled. Let B be
an arbitrary Banach space. We have B in C. Let u: E — B be an arbitrary linear,
graph-closed map. By (G), u is continuous. Then by the theorem of Mahowald,
[SW99| 1V.8.6], E is barreled.

We want to show that E is an infra-Ptak space. Let F' be an arbitrary l.c.s.,
and let u: E — F be an arbitrary injective, linear, continuous, and nearly-open
map. Then image u(E) is in C by closure under continuous images. Applying
(C) to bijective and continuous map u: E — u(F) yields that u is a topological
homomorphism. By [SW99| IV.8.3, Thm.], F is an infra-Ptdk space.

Consequently, every space in C is a barreled infra-Ptak space. Finally, C must
equal the class of barreled infra-Ptdk spaces by maximality. O

Valdivia [Val84] was apparently the first, who gave an example of a space,
which is infra-Ptdk but not Ptdak. Separating these classes was a long-standing
open problem in the theory of l.c.s.. Unfortunately, it is a priori unclear, if this
example space is barreled or not. We give a much simpler example below, showing
that the above class of barreled infra-Ptak spaces is strictly larger than the class
of barreled Ptak spaces. Surprisingly, for this we make use of considerations by
Husain [Hus62], published twenty years earlier than Valdivia’s.

THEOREM 20. The dual space (RN)I is barreled infra-Ptdk but not Ptdk.

PROOF. For Ptdk space E := R its dual (E’,t.) is reflexive and thus barreled.
Here, strong topology ( and topology of uniform convergence on compact, convex
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sets t. coincide. It is not Ptdk [Hus62| Prop.5]. As E is a complete and metrizable
l.c.s. (i.e., Fréchet), it is an S-space with CP property [Hus62, Remark after Thm. 1
and remark after Def.2]. Hence, by [Hus62, Thm. 10] its dual (E’,¢.) is infra-
Ptak. O

9. Metric Vector Spaces

A metric vector space (E,d) is a vector space E and a metric space (E,d),
equipped with a translation-invariant metric d, i.e., d(z,y) = d(z + z,y + z) for all
z,y,2 € E.

The translation-invariant metric d of a metric vector space (E,d) induces a
uniform topology on F, which makes E a t.v.s.. A t.v.s. E is called metrizable, if
there exists a translation-invariant metric d on F inducing the topology of E.

A T} t.v.s.is metrizable iff it is first countable[13

A complete and metrizable l.c.s. is called Fréchet space.

The differentiating property between complete and metrizable t.v.s. and l.c.s.
is exactly the following.

THEOREM 21 (Characterization Fréchet). Let E be a complete and metrizable
t.v.s.. Then E is a Fréchet space iff there exists a translation-invariant metric d
on E such that for all x,y € E and X € [0,1] we have

ProOF. We modify the proof in [SW99] 1.6.1]. There, a pseudonorm |z| is
constructed by a base of 0-neighborhoods V;,. The metric is then obtained via
d(z,y) = |y — z| and vice versa. As E is an l.c.s., we can assume that these V,,
are not only circled but absolutely-convex, and that 2 -V,.; = V,,. We prove
|27% . x| < 27% . |2| for arbitrary # € E and k > 1. Then by dyadic expansion
and the triangle inequality, we obtain |A - x| < A - |z| for all real A € [0,1]. Set
Vi =3 ,cp Vo for finite H C N. Then Vigry = Y, cpy Vidn = Dopen 2 Vo =
28 (3, e V) =27 V. Hence, 27% -z € Vg iff z € 2% - Vi iff 2 € Vi . For the
numbers py =Y, 27", We get pryg =27F - pp.

Given arbitrary € > 0, let H be such that |z| < py —e. Then 27% .2 € Vi
implies * € Viy g, and hence [27% - 2| < prog =277 -pg < 27F - (Jz| — ¢). O

The LP spaces give nice examples to show, when this stronger inequality (2]
holds and when it does not. Let A € [0,1]. For 1 < p < oo, space LP is a normed
and thus a Fréchet space, and we have d(A -z, A -y) == [|A- (y — 2)||, = A - d(z,y).
In contrast, for 0 < p < 1, space LP is only a complete and metrizable t.v.s., and
not an lLc.s.. Here, we have d(A -z, A-y) = [ A (y — )P = N -d(z,y) > X d(z,y)
for X €]0,1].

Define a Limit-Fréchet space (LF space) as the strict inductive limit of Fréchet
spaces.

Every Fréchet space is barreled [ Hence, Baire’s category theorem holds.
Every LF space is barreled [

Every Fréchet space is bornological In addition, every LF space is bornolog-
ical[l%q

102 [SW99] 1.6.1]
103 [SW99] 11.7.1]
104 [SW99] 11.7.2,Cor.2]
105 [SW99] 11.8.1]
106 [SW99] 11.8.2, Cor.2]
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9.1. Permanence Properties. In general, Fréchet spaces are not closed un-
der inductive and projective topologies. In particular, in general, they are not
closed under uncountable products and topological sums.

Nevertheless, they are closed under finite and countable product, closed
subspace, finite topological Sum, and quotients under closed Subspace,
respectively.

10. Normed Vector Spaces

10.1. Definition. A normed (vector) space is a vector space E, equipped with
anorm, ||-||: E — K, which is a positive-definite seminorm. Positive definite means
that it is positive semidefinite and ||z|| = 0 iff x = 0.

A normed space (E, || -||) induces a metric space (E, d) by translation-invariant
metric d(z,y) := ||y — z||. Hence, a normed vector space is also an l.c.s.. A t.v.s. E
is mormable, if there exists a norm on F inducing its topology. A normable space
is metrizable.

A Tj t.v.s. is normable iff it possesses a convex and bounded zero neighbor-
hood ]

If a metric vector space (F,d) has a homogeneous metric d, i.e., d(\-x, \-y) =
A-d(z,y) for all z,y € E and A € K, then F is actually a normed vector space with
norm ||z|| := d(0, x).

A Banach space is a complete and normed vector space.

In addition, define a Limit-Banach space (LB space) as the strict inductive
limit of Banach spaces.

A Banach space is also a Fréchet space. Hence, it is barreled. Every LB space
is barreled ]

A disk D in an l.c.s. E is called a Banach disk, if (Ep,|-|p) is a Banach space.

Every complete l.c.s. is topologically isomorphic to a projective limit of a family
of Banach spaces

10.2. Operators. Let E and F' be normed spaces. A norm homomorphism
is a linear operator u: E — F such that |u(z)||r = ||z||g for all z € E. A
norm isomorphism is a bijective norm homomorphism. Its inverse is also a norm
isomorphism.

The identity idg is a norm isomomorphism. The composition of norm homo-
morphisms is a norm homomorphism.

A linear operator u: E — F'is bounded iff there exists a constant ¢ > 0 such
that ||u(z)||r < ¢ ||z||g for all x € E. For such a bounded operator, define

full—r = sup { 1N | )
]|
Then the vector space of bounded operators (B(E, F), || - ||g—r) is a normed space.
It is a Banach space in case F is complete. In particular, the dual E’ is a Banach
space.
Of course, B(E, F') = C(E, F), because every Banach space E is bornological.

10.3. Compactness. In a normed space E, a ball is compact iff F is finite-
dimensional. Hence, a Banach space is a Montel space iff it is finite-dimensional.

107 [SW99] 1.2, Ex.1(b)], [Bou98al 1I, §3.5, §3.9]
108 [SW99] 1.2.1], [Bou98ad, II, §3.4, §3.9]

109 [SW99] I.Ex.10]

110 [SW99] 1.2.3, 1.6.3]

1 [SW99] 11.2.1]

12 [SW99] 11.7.2,Cor.2]

113 [SW99] 11.5.4]
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10.4. Permanence Properties. In general, Banach spaces are not closed
under arbitrary projective topologies. They are closed under finite products In
general, they are not closed under countably-infinite products. Banach spaces are
closed under quotients with closed subspaces

In general, Banach spaces are not closed under arbitrary inductive topologies.
They are closed under finite sums, which are equivalent to finite products. In
general, they are not closed under countably-infinite sums. Banach spaces are
closed under closed subspaces, by restricting the norm to the subspace.

11. Inner-Product Vector Spaces

An inner-product (vector) space is a linear space E, equipped with an inner
product, {-,-): E x E — K, which is a conjugate-symmetric map, a linear map
in its second argument, and positive definite, respectively. Conjugate symmetry
means (x,y) = (y, x) for all vectors z and y. Linear in the second argument means
(z,ax + By) = alz,z) + B(z,y) for all vectors x, y, and z, and scalars a and S.
Map (-, -) is positive semidefinite, if (x,x) is real and non-negative for all vectors z.
Finally, it is positive definite, if it is positive semidefinite and if (z,z) = 0 iff x = 0.

An inner-product space (F, (-,-)) induces a normed space (F, | - ||) with the
induced norm ||z|| = v/{x, ).

A Hilbert space is a complete inner-product space.

In addition, define a Limit-Hilbert space (LH space) as the strict inductive limit
of Hilbert spaces.

A set A C FE of elements in E is orthogonal, if for all z,y € A, x # y, we have
(x,y) = 0. We write L y in case {x,y} is orthogonal. Set A is orthonormal, if
we have (z,y) =[x = y] for all z,y € A.

In an inner-product space, we have the famous Cauchy-Schwarz inequality,

(@,y) <l - lyl
for all x,y € E. This implies the Theorem of Pythagoras: For x 1 y we have
Iz +ylI* = [l[* + [yl

By the Theorem of Jordan—Neuman, a normed space is an inner-product
space iff the parallelogram law holds:

lz+yl* + e = yl* = 2- (l=* + y*)

11.1. Permanence Properties. In general, Hilbert spaces are not closed
under arbitrary projective topologies. Nevertheless, they are closed under finite
products and under closed subspaces.

In general, Hilbert spaces are not closed under arbitrary inductive topologies.
Nevertheless, they are closed under finite sums and under quotients with closed
subspaces.

12. Examples

12.1. Sequence Spaces. In the examples in Chapter [3] we will make use of
sequence spaces. While these spaces are all subspaces of K algebraically, their
topologies differ due to different norms used in their definitions. We define the

supremum norm ||(zn)n oo := sup, |Zn|, and the p-norm ||(zp)n|p == />, [onlP,
1 < p < o0, respectively.

114 [5WWo99] 11.2.2], [Bou98H, IX, §3.4]
115 [SW99] 1.2.3, 11.2.3], [Bou98H, IX, §3.4]
116 [Fyr01] Theorem J-N]
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The space of convergent sequences (¢, || - ||o) is defined as the set of sequences,
converging to a limit in K. Analogously, the space of zero sequences (co, || - ||o) is
defined as the set of sequences, converging to zero.

The spaces £, 1 < p < 0o, are defined as the set of sequences bounded by ||- ||,

The spaces (¢, || - [|) (co, || - |loo), and (€7, - ||) are all Banach spaces.

12.2. Space of Radon Measures. For a nonempty and compact subset G C
R?, d > 1, denote with C(G) the space of continuous, K-valued functions f: R — K
with support in G. It is a Banach space with supremum norm | f|| on C(G).

For a nonempty and open subset  C R? let G,, be a sequence of compact
sets such that Gy, is in the interior of Gy,41 and Q = J,,, Gy Define C(Q2) as the
strict inductive limit of the spaces C(Gp,).

The space of Radon measures is defined as the topological dual C'().

As R? is a countable union of compact subspaces, C'(£2) is an example of an
LB space We will use Radon spaces as an example to justify an extension of a
measure of noncompactness in Chapter

12.3. Lebesgue Spaces. Lebesgue spaces are an important part of the foun-
dations of (Functional) Analysis, see e.g., [Wer00]. Their study is closely related
to (abstract) Measure Theory and Harmonic Analysis, see e.g., [Rou05), [Kat04].
In this thesis, Lebesgue spaces will play an important role in Chapter dl when we
study Nemyckij operators. They are also fundamental to the definition and study
of Sobolev space, see below.

Let (X, 0, 1) be a measure space, where measure (4 is a countably-additive and
nonnegative function, defined on the o-algebra 3 of X. For 0 < p < oo, denote
with LP(X) the set of equivalence classes of ¥-measurable, K-valued functions f
such that |f|P is p-integrable, modulo functions of y-measure zero. By the Holder
inequality, see below, £P(X) is a vector space with p-norm || f||, := ([ |f|pdu)1/p.

A Y-measurable, K-valued function f is called essentially p-bounded, if there
exists a p-bounded function in the equivalence class of f. The set of equivalence
classes of essentially p-bounded functions is a vector space. Denote with £°(X)
the set of equivalence classes of Y-measurable, K-valued functions, and essentially
p-bounded functions. Space £>°(X) is a vector space with (essential) supremum
norm || f|eo, defined by
3) 1Floci= o inf sup{lf(@)] | @ € X\D)

The Lebesque spaces LP(X) are Banach spaces for 1 < p < oo. Spaces £2(X)
are even Hilbert spaces.

In the context of Lebesgue spaces, we note some integration-theory results,
which can be virtually found in any introductory textbook on Analysis, and in the
references given above.

THEOREM 22 (Majorized Convergence). Let (fn)n be a sequence of measurable
functions on a measure space X with Lebesque measure A\, converging to f pointwise
almost everywhere, i.c., fo(x) — f(x) for almost all . Let h € LY(X) be a
magjorant, i.e., | fn(x)| < h(x) almost everywhere. Then f € LY(X) and

n—oo

lim [ fod\ — /fd)\ (n — o0)

A slight generalization is the following theorem.

117 [SW99] 11.6.3]
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THEOREM 23. Let (fn)n and (hy)n be sequences of measurable functions in
LY(X), defined on a measure space X with Lebesque measure \. Let h € £}(X),
and let f,(x) — f(x) and hy,(z) — h(x) almost everywhere (n — oo). Furthermore,
| fn(2)] < hy(x) almost everywhere, and
lim hnd)\—>/hd)\ (n — )

n—oo

Then
lim [ |fp—f|dA—0 (n— o0)

We will also need a certain reverse statement.

THEOREM 24. Let f,, f € L1(X) such that

lim /|fn—f|d/\—>0 (n — o)
n—oo
Then there exists a subsequence (fn, )i converging to f almost everywhere.

For 1 < p < oo, denote with p’ its dual parameter, defined by p’ := 1, if p = oo,
p i=o0,if p=1,and p' :=p/(p—1),if 1 < p < co. We note Hélder’s inequality,

(4) / gl A< 1l gl

as a generalization of the Cauchy-Schwartz inequality in £P(X) spaces.

12.4. Sobolev Spaces. Sobolev spaces are vector spaces of functions, whose
derivatives satisfy certain integrability conditions. They have been studied exten-
sively since the 1930’s. One reason is that they provide a technical foundation for
spaces of weak solutions of partial differential equations. We can only give a glimpse
of this theory and refer the reader to the now classical book of Adams [Ada03] for
a thorough introduction to this topic.

Sobolev spaces will be needed in Chapter @, when we study the nonlinear partial
differential equation of the p-Laplacian.

Let © C R? be a domain, d > 1. Let f,g: Q@ — K be locally integrable
functions. Let o = (a1,...,aq) be a multiindex. We call g the weak a-partial
derivative of f, denoted by 0% f := g, if for all smooth functions ¢ € C§°(Q2) with

compact support we have
/f-@o‘qbdA:/g-qu)\
Q Q

As usual, || = a1 + - + aq.

The space of Sobolev functions W*P () is defined as the set of all functions
f € LP(Q) such that their weak a-derivatives 0% f exist up to |a| < k and belong
to LP(Q). For such f, we define

1l = I wesey = | 32 10 1% e
la| <k
Space (WEP(Q), || - ||r.p) is a Banach space[™§
We denote with Wé“p(Q) the closure of C5°(92) in WkP(Q).
Sobolev space W*P(Q) is separable for 1 < p < oo and reflexive for 1 < p <
00 ™ The same holds for the closed subspace Wg Q).

118 [Ada03] 3.3]
119 [Ada03] 3.6]
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If © is a bounded domain with Lipschitz-continuous boundary 02, then the
Poincaré inequality
[fllep < - IV Fllere
holds for all functions f € ng P(2). Here, for the mentioned constant we have
c = c(p,d, Q) > 0. This implies that norms || f||x,, and ||V f|| zr(q) are equivalent 2
With the same conditions (bounded, Lipschitz boundary) on Q as above, one
can also prove that the embedding

W (9) = L7(9)
is compact, to our knowledge this holds only for p < a™]

12.5. Distributions. Generalized functions are an enabler to define solutions
to ordinary or partial differential equations, which in a classical sense would not
be sufficiently differentiable or even not be defined. In some physical models, this
may be necessary. For example, modelling point masses naturally leads to Dirac’s
delta-distribution 0,, with properties like d,(z) = 0 for « # p, and [ 8,0 = ¢(p),
which cannot be fulfilled by ordinary functions. There exist several approaches to
this topic. Arguably the most important one is Distribution Theory, systematically
developed by Laurent Schwartz in the 1950’s, see [Sch57), [Sch58]. In addition, see
Treves [Tre06] and Friedman [Fri63| for the application of this theory in Partial
Differential Equations. From the many flavors of possible distribution spaces, we
only need D’ and S’ for our purposes.

For a nonempty and compact subset G C R?, denote with D(G) the space of test
functions, consisting of all infinitely-differentiable, K-valued functions f: R — K

with support in G. For any multiindex « := (a1, ..., aq), define
80&1 [ %]
Dof=S_o6...
f 8x1 © © axdf(xlv axd)
Define a countable set of seminorms po(f) := ||[D*f]|| on D(G), making it into a

Fréchet space.

For a nonempty and open subset  C R? let G,, be a sequence of compact
sets such that Gy, is in the interior of G,,11 and Q = J,,, G- Define D(€2) as the
strict inductive limit of the spaces D(G,,). It is an LF space.

The space of distributions is defined as the strong topological dual D’ﬁ (Q).

The Schwartz space S is defined as the set of smooth and rapidly-decaying
functions. More precisely, a function f: R? — R is in the Schwartz space iff it
is smooth, i.e., in C*°(R%), and if f and all its derivatives decay faster than any
polynomial, i.e.,

pesf) = sup |(1+ Jof2)" - Df(a)] = (L +1af)" - D f(2) | ems) < o0

xTE
for all numbers o and multiindices 8. As the topology of S is generated by a
countable number of seminorms, it is a Fréchet space.

We note that S = S(R?) C LP(R?) for 1 < p < 0.

The tempered distributions are defined as the strong topological dual S’ﬁ.

Spaces S and S’ are both examples of Montel spaces

In Chapter Ml we study the Navier-Stokes equation. We need certain delicate
properties at our disposal of distributions. We derive these properties in this section.

A countably normed space is a t.v.s. E' such that there exists a (countable)
sequence (|| - ||)n of norms on E™

120 [Ada03] 4.31]

1215ee inside of the proof of the Theorem of Rellich-Kondrachov in [Ada03| 6.3], part L.
122 [SW99] 111.8]

123 [Fri63] Chapter I, Section 3]
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For a complete countably normed space E, every weakly bounded set of E’ is
strongly bounde, the topological dual E’ is complete with respect to the weak
topolog, and a set in E is (strongly) bounded iff it is weakly bounded 2]

A perfect space is defined as a complete countably normed space E having the
property that every bounded set of F is relatively sequentially compact.

Perfect spaces are separable

In a perfect space, weak convergence implies strong convergence Is Fis a
perfect space, then in E’ weak convergence implies strong convergence

If F is a perfect space, then bounded sets in E’ are relatively sequentially
compact in both the weak and strong topologies

The Schwartz space S is a perfect space. First of all, it is countably normed.
Secondly, every bounded set is relatively compact, because S is a Montel space. And
a relatively-compact set is relatively sequentially compact, because S is a Fréchet
space.

Finite products 8™ of Schwartz spaces are also perfect spaces due to the per-
manence properties of countably normed, Fréchet, and Montel spaces.

We introduce the definition of a W space. A Tj, complete l.c.s. is a (weak /
strong) W space, if it is reflexive, and if every bounded subset is relatively (weakly
/ strongly) sequentially compact. By definition, every strong W space is a weak
W space. In our opinion, the W spaces draw a fine line along the border of those
spaces, where we can apply the generalized Theory of Monotonic Operators, which
we develop in Chapter 2L

For example, every reflexive Banach space is a weak W space by the Theorem
of Eberlein and Smuljan.

THEOREM 25. Every closed subspace of a finite product of Schwartz spaces,
E C (S(R™))", is a strong W space, and the same holds for its strong topological
dual EY, the tempered distributions over E. In addition, E is separable.

PROOF. Space S is separable. As separable spaces are closed under countable
and thus finite products and under closed subspaces, space F is separable, too.

Space S is reflexive. As reflexive spaces are closed under finite products and
under closed subspaces, space F is reflexive, too. Then its strong dual Eg is reflex-
ive.

Let B C FE be an abritrary bounded subset. Then B = Hie[n] B; N E, where
each B; is bounded in §. As S is a Montel space, each B; is relatively compact.
As § is a Fréchet space, then each B; is relatively sequentially compact. Then
the finite product Hie[n] B; is relatively sequentially compact. Finally, then B is
relatively sequentially compact in E. Hence, E is a strong W space.

Space S is a countably normed space. As countable normed spaces are closed
under finite products and under closed subspaces, space E is a countably normed
space, too.

As F is a perfect space, every bounded subset of Eg is relatively sequentially
compact. Thus, Eé is a strong W space. U

124 [Fri63] Chapter 1, Theorem 15]
125 [Fri63] Chapter 1, Theorem 16]
126 [Fri63] Chapter 1, Theorem 19]
127 [Fri63] Chapter 1, Theorem 26]
128 [Fri63] Chapter 1, Theorem 21]
129 [Eri63] Chapter 1, Theorem 22]
130 [Eri63] Chapter 1, Theorem 27]
131This theorem has been given a more detailed proof after thesis submission.
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THEOREM 26. Let Q C R™ be a domain. Every closed subspace of a finite
product of test-function spaces, E C (D(Q))™, is a strong W space, and the same
holds for its strong topological dual E’ﬁ, the distributions over E. In addition, E is
separable.

PRrROOF. Space D is the strict inductive limit lii>nDn of separable, countably
normed spaces D,, = D(K,,), where UK,, = ) are increasing compacta.

As separable spaces are closed under countable and thus finite products and
under closed subspaces, space E is separable, too.

Space S is reflexive. As reflexive spaces are closed under finite products and
under closed subspaces, space F is reflexive, too. Then its strong dual Eé is reflex-
ive.

Define E,, := E N D,,. Then either (case 1) there exists a strictly increasing
sequence Ey, of spaces, and E is the strict inductive limit lim B, , or (case 2)
space E is fully contained in a single F,,. Let B be an arbitrary bounded subset
of E, and let B’ be an arbitrary bounded subset of E/B’ respectively.

Case 1: There exists Dy, such that B C Dy, - Then B is bounded in Eny,
and is thus relatively sequentially compact. Furthermore, space Eé is isomorphic to
a closed subspace of [[,(Dy)j3, see [SW99, 4.1, and p.173]. Then B" =[], B, NE’
with bounded sets B;, in (D). Consequently, as each D, is perfect, they are all
relatively sequentially compact and thus [], Bj, as a countable product. Finally,
this holds for B'.

Case 2: Then B is bounded in F,, and is thus relatively sequentially compact.
As D,, is perfect, bounded subset B’ is relatively sequentially compact.

In both cases, every bounded subset B of E is relatively sequentially compact,
same for B’ and Ej;. Hence, both E and Ej are strong W spaces. O

A common definition of the Schwartz space uses a family of norms, defined via a
supremum. The same applies to our definition, where we used the norms p, g(f) :=
[(1 + |z[>)* - DP f()|| go(ra). For applications, this is not always favorable. In
Chapter B we rather need norms, based on the £ norm, in order to prove the
coercivity of an operator associated with the Navier-Stokes equations.

Recall that a norm p is weaker than a norm ¢, if there exists a constant ¢ > 0
such that p(z) < c-q(z) for all points x. An increasing family P = {p;} of norms py,
has the property pg < p1 < p2 < .... Given two countable and increasing families
P = {pr} and Q = {qi} of norms, we say that P is weaker than @Q, if for every
norm p in P, there exists a norm ¢ in @ such that p is weaker than q. We say that
P and @ are equivalent iff P is weaker than @) and @ is weaker than P.

We define countable families P := {p, g}, P = {pr}, @ := {qap}, and Q=
{qx} of norms

(5) Pas(f) =11+ [2)* - DPf ()]l coo ey
(6) lf) = > paslf) .

o, |BI<k

(7) =11+ [2l*)* - D?f (@)l g1 may
(8) @)= D daplf)

o, |BI<k

IS

2

=

—~

-

~—
|

THEOREM 27. The norms in QQ generate the topology of the Schwartz space S.

132This theorem has been added after thesis submission.
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PROOF. First of all, families P and P generate the same topology, because
the norms p, g and Py are sequentially continuous. Just consider an arbitrary
sequence, converging to zero. The same argument applies to @ nd Q We show
that the countable and increasing families P and Q are equivalent. Thus, all families
generate the same topology.

Family Q is weaker than P: For arbitrary ¢, s we have

wslf) = [+ 1aR) - Do)

- /Rﬂ F) (Ut ) D? ()

T P
<@+ |2 DP f(@)|| oo may '/R A< c pat1,5(f)

Then we can bound

W)= > tsf)< D> cpasrs(f)<c > paslf) < prpalf) -

o, |BI<k o, |BI<k o, |B|<k+1

—d
d1—|—|x|2

Family P is weaker than Q: This is the arguably more difficult part. We use
Theorem 9.2] For arbitrary p.,g with «,|8] < k, we have

Pas(f) = sup |1+ |z[*)*- DPf(a)| < sup | (L +]a)* > |D"f(x)|
z€R4 z€R4 0<|n|<k

<eo 30 /1+|m| D@ A< e Y gun(f)
0<|n|<k+d 0<|n|<k+d

Then we can bound

()= D papH< D e D an(f)
a,|B|<k a,|B|<k 0<|n|<k+d
<lec- Z 1] - Z Gan(f) | <d- Greva(f)

0<|8|<k o, |n|<k+d

133 |https: //math.stackexchange.com /questions /485178 /inequality-in-schwartz-space|







CHAPTER 2

Fixed Points

Fixed-point theorems are existence results of equations of the form f(z) = z
for certain classes of operators f. In such a case, point x is called a fized point of f.
Prominent examples of elementary fixed-point theorems are based on completeness
(Banach), order (Knaster-Tarski), and convexity (Kakutani).

For example, the Banach fixed-point theorem, which can be found in every
Analysis textbook, states the following.

THEOREM 28 (Banach). Let (E,d) be a complete metric space, and let f: E —
E be contractive, i.e., there exists a constant ¢ < 1 such that d(f(x), f(y)) <
c-d(z,y) for allxz,y € E. Then [ has a unique fized-point.

Non-elementary ones are based on the topological KKM principle (Schauder-
Tychonoff), topological transversality (Brouwer, Borsuk), or homology theories
(Lefschetz-Hopf). Historically, these theorems have been formulated for subsets
of Euclidean space. Often, overcoming the difficulties in proving these theorems
in general, infinite-dimensional Banach spaces (compact # bounded and closed!)
has later led to versions extending to l.c.s., or even beyond. Fixed-point theorems
play an important role in Analysis in general, and in Nonlinear Spectral Theory in
particular. For our purposes it suffices to prove the fixed-point theorems of Fan-
Browder, Schauder-Tychonoff, Brouwer, and Darbo. In addition, we introduce the
Theory of Monotonic Operators as an application of Fixed-Point Theory.

1. Schauder-Tychonoff

Main result of this section is the proof of the Theorem of Schauder-Tychonoff,
a fixed-point theorem in the setting of a general l.c.s.. Its proof is based on the
geometric KKM principle for KKM maps, and the Theorem of Fan-Browder on set-
valued maps. The Theorem of Schauder-Tychonoff is used in Nonlinear Spectral
Theory on several occasions. First of all, it helps to show that a linear surjective
operator is stably solvable. Secondly, it is a main tool in the proof of the closedness
of the FMV and Feng spectra.

None of the results in this section are new. They can be found e.g., in the
excellent textbooks of Appell and Vath [AV05], Fuéik et al. [FNSS73], and of
course in the opus magnum of Fixed-Point Theory [GDO03|, and the references
therein.

Let X and Y be two subsets of a t.v.s., and let s: X — 2V be a set-valued
map. The sets s(x) are called its values.

Its inverse s~1: Y — 2% is defined by s~ !(y) := {z € X | y € s(z)}. Each set
s71(y) is called fiber.

Given s, its dual s*: Y — 2% is defined by s*(y) := X\s~!(y).

We say that s has a fized point, if there exists an x € C such that x € s(z).

Let F be a vector space, and let X C E be a subset. A set-valued map
s: X — 2F is called a Knaster-Kuratowski-Mazurkiewicz map (KKM map), if for
all finite subsets A = {z1,...2n} C X we have co(A) C s(A) = U,ey, 5(@i)-

39
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We can only give a glimpse of the theory based on such KKM maps without
deviating too much from our topic of Nonlinear Spectral Theory. We refer the
reader to [GDO3| for more information.

PROPOSITION 29. Let E be a vector space, C C E a nonempty and convex set.
Let s: C' — 2€ be a set-valued map such that its dual s* is not a KKM map. Then
there exists a point x € C such that x € co(s(x)). In particular, if s has convex
values, then s has a fixed point.

PROOF. As s* is not a KKM map, there exists a finite set A = {21, ... 2, } C
such that co(A) Z s*(A). Hence, there exists a point z € C with x € C\s(A)
C\ Uie[m](c\s_l(xi)) = Niem) s71(x;). Consequently, z; € s(z) for each i € [m
implying z € co(s(z)). In case that s has convex values, we have x € co(s(x))
s(z), i.e., a fixed point.

I Q

3

Ol

Let E be a vector space. A flat of E is the translate of a subspace of E. A subset
A C F is called finitely closed, if its intersection with every finite-dimensional flat
L of F is closed in the euclidean topology of L.

A family {A, | ¢ € I} of subsets of some set has the finite-intersection property,
if the intersection ﬂbelo A, of each finite subfamily {A, | ¢ € Iy}, In C I finite, is
nonempty. We say that a set-valued map s: X — 2¥ has the finite-intersection
property, if the family {s(x) | x € X} of its values has this property.

LEMMA 30. Let E be a vector space, X C E a subset, and s: X — 2F o KKM
map with finitely-closed values. Then s has the finite-intersection property.

PrOOF. We show by induction on the number of elements m that for every
finite subset A = {x1,...,2m} € X we have

(9) co(A) N () sla:) #0

i€[m]

For the induction base, we note that = € s(z) for each x € X, because of {z} =
co({z}) C s(z) by the KKM property of s. Assume that the statement is true for
m elements. For the induction step, choose (m + 1) elements y; from

(10) o {zhn () sy

jElm+1],i%j
Such elements exist, because these sets are nonempty by induction hypothesis.
Define convex and compact set Y := co({y1,...,Ym+1}) C co(A). To establish the
statement, it suffices to show that ﬂie[m+1] s(z;) NY # 0. For a contradiction,
assume the opposite.

Let L be the finite-dimensional subspace spanned by the elements of A. Denote
with d the Euclidean metric in L. For each ¢ € [m + 1], define distance functions
;Y — R by 4;(y) == d(y,Y N s(z;)). These functions are convex, because the
metric d is induced by the euclidean norm. Each Y N s(x;) is closed, because the
values of s are finitely-closed. Hence, ¢;(y) = 0 iff y € Y N s(x;). Furthermore,
define £: Y — R by £(y) := max{¢;(y) | i € [m + 1]}.

Let Z € Y be a point at which d attains its minimum. Such a point exists,
because d is continuous and Y is compact. By assumption, (;c(,,4q; 8(zi) NY =0,
implying d(2) > 0. As sisa KKM map, Y C co(A) C s(A) = U1y $(xi). Thus,
point Z must belong to one of the sets s(z;). W.lo.g. assume that 2 € s(zpm41).
Then ¢p,+1(2) = 0.

Define points z; :=t- 2+ (1 — t) - Ym+1, t € [0,1]. First of all, we have

(A1) lpya(ze) <t - L1 (2) + (1= 1) L1 (Yms1) < (L—1) - L1 (Y1)
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Then ¢,,+1(2¢) — 0 for ¢ — 1. We find a ty close to 1 such that £p,41(2¢,) < €(2).
Secondly, for every i € [m], £;(Ym+1) = 0 and thus

(12)  li(2y) <to-Li(2) + (L —=to) - Li(Ym+1) < (L —to) - li(Ym+1) < £(2)

Combining above estimates, we obtain £(z;,) < ¢(Z), a contradiction to the property
of Z being a minimum of /. O

The requirement in [GDO03] I. §3. Thms. 1.4 and 1.5] that the values of s be
convex is unnecessary, and it even creates a gap in the proof of the Fan-Browder
Theorem [GDO03] II. §7. Thm. 1.2].

Finally, as a consequence of the above theorem, we obtain

THEOREM 31 (Geometric KKM Principle). Let E be a t.v.s., X C E a subset,
and s: X — 2F a KKM map with finitely-closed values such that s(z) is compact
for some x € X. Then the intersection (\{s(x) | x € X} is nonempty.

Map s is called Fan map, if s has nonempty and convex values, and if it has
open fibers.

THEOREM 32 (Fan-Browder). Let C be a nonempty, convez, and compact subset
of a t.v.s., and let s: C — 2% be a Fan map. Then s has a fized point.

PRrROOF. Consider the dual map s* of s. We show that s* is not a KKM map.
First of all, all its values s*(z) = C\s~!(z) are compact, because C is compact,
each fiber s~!(x) is open, and closed subsets of compact sets are compact. Hence,
the values of s* are finitely-closed.

If s* were a KKM map, then by Theorem Bl (Geometric KKM Principle), the
intersection ({s*(z) | € X} would not be empty. We prove the opposite. First
of all, note that the fibers of s~! are all nonempty, because (s~!)~!(x) = s(x) and
s(x) # 0 for Fan map s. Secondly, all fibers being nonempty is equivalent to s~!
being surjective, i.e., s71(C) = C. Hence, we obtain

s @) v € €=U\ @) |z e C} =\ Jis™ (@) [w € C)
= C\{y e C () £0} = C\C =0

As s has convex values and s* is not a KKM map, map s has a fixed point by
Proposition O

Given a set X, subset U C X, and map f: X — X, we say that f has a U-fized
point, if there exists a point x € X with f(x) € x + U.

LEMMA 33. Let E be a t.v.s., C C E a nonempty and compact subset, U an
open and absolutely-convex neighborhood of 0, and let map f: C' — E be continuous
such that f(C) C C+U. then f has a U-fized point.

PROOF. Define set-valued map s: C' — 2¢ by s(z) :={y € C |y € f(z)+U} =
(f(x)+U)NC, z € C. Each value s(x) is convex as the intersection of convex sets,
and nonempty, because f(C) C C + U. In addition, each fiber s71(y) = {z € C'|
f(x) €ey—U} = f~1(y—U) is open by continuity of f. Hence, s is a Fan map. By
Theorem [32] (Fan-Browder), s has a fixed point, i.e., x € s(z) C f(x) 4+ U. Thus, f
has a U-fixed point. O

LEMMA 34. Let E be an l.c.s., A C E be an arbitrary subset, and let f: A — A
be compact. Let f have a U-fixed point for all absolutely-convexr neighborhoods U
of 0, then f has a fixed point.
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PRrROOF. Suppose for a contradiction that f does not have a fixed point. Then
for each € A we can find open and absolutely-convex neighborhoods V., W, of 0
such that (x+ V)N (f(z)+W,) =0 and f((x+V;)NA) C f(x)+ W,, respectively.
As f(A) is compact, there exists a finite open covering {z; + %Vzi}ie[n]. Define set
U :={3Vs, | i € [n]}. By construction, U is open and absolutely-convex as a finite
intersection of open and absolutely-convex sets. Now, for an arbitrary « € A, there
exists some index i € [n] such that f(z) C z; + $V,,. If © € 2; + V,,, then f(z) €
f(x;) + Wy,. By definition of V,,,, Wy, then f(z) ¢ x; + Vj,, a contradiction. Thus,
T ¢ x4+ Ve, As f(2)+3Ve, = fla)—2i+ 2+ 1Ve, C 3Vo, + 2+ 1V, C 2+ Vi,
we have z ¢ f(z) + 3V,,. This implies f(z) ¢ « + U for all z € A by definition of
U. Hence, f has no U-fixed point in contradiction to the assumption. O

Now, we have everything prepared to prove the main result.

THEOREM 35 (Schauder-Tychonoff). Let E be an l.c.s., C C E be a nonempty
and conver subset, and let map f: C — C be compact. Then f has a fixed point.

PrROOF. By Lemma [34] it suffices to show that f has a U-fixed point for every

open and absolutely-convex neighborhood U of 0. As f(C) is compact by assump-
tion on f, there exists a finite open covering {z; + U};cpn of f(C). Define set
K := co({z1,...,2n}). Then f(K) C K + U. Hence, by Lemma B3] f has a

U-fixed point. O

We derive a couple of theorems as consequences of the above result. The
following generalizes the well-known Theorem of Schauder, who proved his fixed-
point theorem for Banach spaces.

THEOREM 36 (Tychonoff). Let E be an l.c.s., C C E a nonempty, convex, and
compact subset, and let map f: C — C be continuous. Then f has a fired point.

PRrROOF. As f is continuous, f maps compact sets to compact sets. In partic-
ular, image f(C) is compact. Hence, f is compact. Then f has a fixed point by
Theorem [B5] (Schauder-Tychonoff). O

As every Banach space is an l.c.s., we have

THEOREM 37 (Schauder). Let E be a Banach space, C C E a nonempty,
conver, and compact subset, and let map f: C — C be continuous. Then f has a
fixed point.

As a closed ball is compact in finite-dimensional spaces, we obtain

THEOREM 38 (Brouwer). Every continuous map f: B — B from a closed ball
B CR"™ in itself has a fized point.

For a purely-analytical proof of Brouwer’s theorem using Lagrange-zero func-
tions, see [R1z04, Thm.2.7]. As an application of Brouwer’s fixed-point theorem,
we obtain

THEOREM 39. Given a system of (nonlinear) equations
(13) g'(x)=0 , xR | icn] ,

for continuous functions g': R™ — R. If there exists a radius R > 0 such that for
all z € R™ of length |x| = R we have

(14) > gl >0,

then (I3) has a solution & € R™ of length |Z| < R.
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PROOF. Let g := (g',...,g"), and define f: € R — R by

ey = =R

Assume that ([I3]) does not have a solution z with |z| < R. Then |g(z)| > 0 for
all such x, and f := (f1,..., f*) maps closed ball Br(0) in itself. By Theorem

(Brouwer), map f has a fixed point Z in Br(0). Then |Z| = |f(Z)| = ‘—ngggl =R.

By assumption, we have (I4)), and thus

i€[n] i€[n]

1€[n]

This contradiction shows that (I3]) must have a solution z with |z| < R. O

2. Monotonic Operators

The Theory of Monotonic Operators is an established theory, which provides
very useful tools to obtain weak solutions to important classes of PDEs. Its develop-
ment roughly begins in the 1960’s, starting with contributions by Brezis, Browder,
and Minty, to name a few of the pioneers. The theory has been mostly developed
in the realm of Banach spaces. In this thesis, without claiming originality, we sys-
tematically lift some of these results to the more general setting of reflexive l.c.s.
and subclasses. In the chapter on applications, the reader will see surprising results
of this generalized theory. While this generalized theory also only yields weak solu-
tions in a first step, the increased freedom, we have in choosing the right underlying
space, namely all smooth functions, is used to even obtain strong(!) solutions.

The remaining part of this section is devoted to the (generalized) Theorems
of Browder & Minty and Brezis, [Ruz04, Thms. 1.5, 2.10]. We roughly follow
the reasoning as laid out in [R0z04], with appropriate modifications to obtain the
generalizations, and also with minor modifications and corrections.

In the following, we consider operators A of the form A: E — E’, where E is
an l.c.s. or a Banach space.

Operator A is called strongly (sequentially) continuous iff for every weakly-
convergent series x, — x we have A(x,) — A(z). It is called (sequentially) demi-
continuous iff x, — x implies A(z,) — A(x). More general notions are obtained
by replacing in the definitions sequences converging to x with filters converging to
x. Operator A is hemicontinuous iff for all z,y, z € E, the map t — (A(x +t-y), 2)
is continuous in the interval [0, 1].

By the above definitions, operator A being strongly (sequentially) continuous
implies A being (sequentially) continuous, and A being (sequentially) continuous
implies A being (sequentially) demicontinuous, and A being (sequentially) demi-
continuous implies A being hemicontinuous. One step towards the Theorem of
Browder and Minty is a to reverse the latter implication: if f is hemicontinuous
and monotonic, then f is demicontinuous. We need a couple of propositions to
prepare for the proof of this statement.

Operator A: E — E' is bounded, if A: E — E'ﬁ is bounded, i.e., when consid-
ering the strong dual. It is sequentially bounded, if it maps bounded sequences to
bounded sequences. Operator A is locally (sequentially) bounded, if it maps conver-
gent sequences to bounded sequences, i.e., if for every convergent sequence z,, — x
in E' (n — oo), sequence (Az,), is bounded in the strong dual Ej.
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An operator is bounded iff it is sequentially bounded[] If an operator is se-
quentially bounded, then it is locally (sequentially) bounded.

Operator A: E — E’ is monotonic iff (A(x) — A(y),z—y) > 0forall z,y € E.
It is strictly monotonic iff (A(x) — A(y),z—y) > 0for allz,y € E, x # y. Operator
A is called mazimally monotonic iff for all x € E and b€ E', (b— A(y),x —y) >0
for all y € E implies A(z) = b. Operator A: E — E' is pseudomonotonic, if from
Tn =z in E (n — o0) and limsup,,_, . (A(zy), z, — x) < 0, it follows that for all
y € E we have (A(z),x — y) < liminf, o {A(zy), 2z, —y). Operator A: E — E’
has property (M), if from z,, = z in E (n — o0), A(x,,) = bin E' (n — o0), and
limsup,, . (A(xn), z,) < (b,z), it follows that A(xz) = b. In case E is a Banach
space, we call f strongly monotonic iff there exists a constant ¢ > 0 such that
(A(x) — Ay),z —y) > ¢ ||z — y||% for all z,y € E.

By the above definitions, operator A being strongly monotonic implies A being
strictly monotonic, and A being strictly monotonic implies A being monotonic.

LEMMA 40 (Convergence Principles). Let E be a real, (Ty), and complete l.c.s..
Then it holds.

(i) In addition, let E be reflexive. Then every weakly-convergent sequence is
bounded.

(ii) In addition, let E be reflexive. From x, = x in E (n — o) and f, — f
in Ej (n — 00) it follows that (fn,zn) — (f,x) (n — o0).

(iii) In addition, let E be reflevive. From x, — x in E (n — o0) and f, — f
in B! (n — o0) it follows that (fn,xn) — (f,z) (n — o).

(iv) In addition, let E be a weak W space. Let (xn,)n be a bounded sequence. If
all weakly-convergent subsequences of (xy,), weakly converge to the same
limit x, then the sequence itself weakly converges to z, x, — x in E
(n — o0).

(v) If every subsequene (xn, )i of a sequence (), contains a subsequence
(Tny, 1, converging to the same limit z, then the whole sequence (xy)n
converges to x.

(vi) In addition, let E be a strong W space. Then weak convergence implies
strong convergence.

Proor. Ad (i): Let ,, = z in FE (n — o) and f € E’ be arbitrary. Then
(f,zn) — (f,z) (n — o0). Hence, (f,zy,) is bounded by a constant ¢(f). This
means that family (j(x,))n is simply bounded in the strong bidual, where j is the
topological isomorphism, existing due to reflexivity of F. As E is barreled due to
reflexivity of E, family (j(x,,))n is equicontinuous and thus bounded in the topology
of bounded convergencel] As j~! is linear and continuous, it maps bounded sets
to bounded sets. Hence, sequence (x,,)n, = (57 1(j(zn)))n is bounded.

Ad (ii): The set B := {x, z,, | n} is bounded by (i), because the sequence (z,,),
is weakly convergent. We have f,, — f — 0 uniformly on bounded sets. Hence,
[(F = fun)] < 50Dz [(F — fur 8)] = 0 (0 — o0). Furthermore, |(f,, — )| — 0
(n — o), because f € E' and (z,,), is weakly convergent. Combined, we obtain

)
|<f’mxn> - <f,$>| = |<f’mxn> - <f7xn> + <f7xn> - <f,$>|
= (f = fo, @)+ [{f; 20 —2)[ = 0

1Proof. Let A: E — F be an operator. = If sequence (z,) is bounded, then set B :=
{zn | n € N} is bounded. By assumption, A(B) = {A(zn) | n € N}. Hence, sequence (A(xn))
is bounded. <= Assume for a contradiction that operator A is not bounded. Then there exists
a bounded set B such that A(B) is unbounded. Hence, there exist elements y, € A(B)\B(0,n)
with y = A(zn), zn € B. Then bounded sequence (z) is mapped to the unbounded sequence
(yn), in contradiction to the assumption.

2 [SW99) 111.4.2, 111.4.1 Cor.]
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Ad (iii): The set C := {z,z, | n} is totally bounded, because the sequence
(zn)n is convergent. HAs Eis barreled, by the principle of uniform boundednessﬁ,
(fn)n does not only converge pointwise to f but also uniformly on precompact
sets. Hence, |(f — fn,Zn)| < supzec {f — fn,Z)| — 0 (n — o0). Furthermore,
{f,zn —x)] = 0 (n — 0), because f is continuous. Combined, we obtain

[(fryzn) = (f2) = [(f = fo, @) + [{f, 20 —2)] = 0

Ad (iv): Assume for a contradiction that (), does not weakly converge to z.
Then there exist f € E’, ¢ > 0, and a subsequence (z,, ), such that for all k we
have

|<f7x>_<f;$nk>| >e>0

Subsequence (x,, )r is bounded, because (z, )y is bounded by assumption. As E
is a weak W space, (zp, )i is relatively weakly sequentially compact. Hence, there
exists a weakly-convergent subsequence (xnkl )1, weakly converging to a limit, which
must be x by assumption. But this is impossible by above inequality for f.

Ad (v): Assume the opposite for a contradiction. Then there exists a 0-
neighborhood U, and a subsequence (z,, )i such that z,, ¢ «+ U for all k. But
this subsequence has a subsequence (a:nkl )i, converging to x, a contradiction.

Ad (vi): Let x,, — z be an arbitrary, weakly-convergent sequence in E (n —
o0). As FE is reflexive, by item (i), sequence (zy,), is bounded. Let (z,,)r be an
arbitrary subsequence, also bounded. As every bounded set in F is sequentially
compact, there exists a subsequence (a:nkl )i, converging to a limit y € E. We must
have x = y, because for arbitrary f € E’, we have limj_. f(2n, ) = f(z) by
assumption, and lim;_, f(xnkl) = f(y), implying f(y —z) =0 for all f € E'. As
every subsequence of (z,), has a subsequence, converging to the same limit x, the
whole sequence converges to z, by item (v). |

LEMMA 41 (Minty Trick). Let E be a real, (Ty), complete, and reflexive l.c.s..
Let operator A: E — E% be monotonic and hemicontinuous. Then it holds:

(i) Operator A is mazimally monotonic.
(i) If &, =z (in E), A(zp,) = b (in E'), and (A(zy),x,) — (b,x), then
A(z) =b.
(iii) If either x, — x (in E) and A(xz,) — b (in E'), or x,, — x (in E) and
A(xy) = b (in E'), then A(z) =b.

PRrOOF. Ad (i): Let z € E and b € E’ be given such that (b— A(y),z—y) >0
forally e E. Set y:=x—t-z,¢t>0. Then (b— A(x —t-2),z) > 0 by assumption
and linearity. As A is hemicontinuous, we can let t — 0, obtaining (b— A(z), z) > 0.
Analogously, but replacing z with —z, we obtain (b — A(z), 2z) < 0. Consequently,
(b— A(z),2z) =0 for all z € E. As E is an l.c.s., we obtain A(z) = b.

Ad (ii): As A is monotonic, we have 0 < (A(z,) — A(y),z, —y) for all y € E.
By linearity, we have

(A(zn), 2n) — (Ay), 2n) — (Alzn),y) + (Ay),y) 2 0
By assumption, <A(x77«)7$77«> - <b,$>, <A(y),a:n> - <A(y)a$>a and <A(x77«)7y> -
(b, y), respectively. Hence, for all y € E we have
By (i), operator A is maximally monotonic. Hence, A(x) = b.
3 For every O-neighborhood U, there exists ng such that z, €  + U for all n > ng. Set

B:={z,z1,...,%ny—1}. Then C C B+ U, showing that C' is totally bounded.
4 [SW99) 111.4.6]
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Ad (iii): We have (A(z,),x,) — (b,z), in the first case by Lemma [0 item
(ii), in the second case by the same Proposition, item (iii). By (ii), we obtain
A(z) =b. O

For the following two properties it is not totally clear, how they can be lifted
to general l.c.s.. Hence, we state them for the Banach space setting only. We con-
jecture that these statements hold in a much more general situation, e.g., barreled
lcs..

LEMMA 42. Let E be a Banach space, and let A: E — Eé be an operator. Then
it holds:

(i) If A is strongly (sequentially) continuous, then A is compact.
(ii) If A is monotonic, then A is locally (sequentially) bounded.

PRrROOF. Ad (i): Let B be an arbitrary bounded set. We have to show that
A(B) is relatively compact. As compactness and sequential compactness coincide
in Banach spaces (actually, in all Fréchet spaces), it suffices to show that every
sequence (A(zy))n in A(B) contains a convergent subsequence, where z,, € B. As
B is bounded, there exists a weakly-convergent subsequence x,, — x. As A is
strongly (sequentially) continuous, then A(z,,) — A(z) in E' (k — o0).

Ad (ii): Assume for a contradiction that A is not locally bounded. Then there
exists a convergent sequence x,, — x with ||A(z,)||g — oo for n — oo.

As A is monotonic, for all y € F we have

0 < (A(zn) — A(y), zn —y) = (A(zn) — A(y), (Tn — 2) + (z —y))
By linearity, we have
0 < (A(zn), 2n — 7) + (A(zn), 7 —y) + (- A(Y), 20 — ) + (A(Y), 20 —Y)
Rearranging yields
(A(zn),y — ) < (A(zn), 2n — 2) = (A(y), 20 —y)
Set ¢ := (14 ||A(zp)| 5 - ||#n — 2||g) " Define

AWz - (lznlle + 1yl =)
c(x,y) := sup < 00
n 14| A(zn)ller - [lzn — 2l e

Then
en - (A@n),y — o) < cn - (|A(n)ll e - 2 — 2lle + 1AW e - (2]l + llylle)
<14 efz,y)
Again, as A is monotonic, for all y € F we have
0 < (A(y) — Alzn),y — 2n) = (A(y) — A(2n), (y — ) + (& — 2p))
By linearity, we have
0<({A(y),y — 2) + (A(zn),y — 2) + (A(y), x — 2p) + (—A(zn), © — zn)
Rearranging yields
—(A(zn),y —x) < (Azn),z — 20) + (A(y),y — 2n)
Hence, we also have
—cn - (Alzn),y —x) < en - ([A(@n) e - 120 — 2lle + [|AW) e - (lzalle + llylle)
< 1+ce(z,y)

As z =y — x is arbitrary, sup,, |(cy, - A(zy), 2)| < é(z, z) < 0. We have shown
that the family of linear forms (¢,,- A(x,,)) is pointwise bounded. By the principle of
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uniform boundedness, we obtain ||c, - A(z,)||pr < c(z) < 0o. Set dy, := || f(xn)] &
Then
dy, < @ =c(2) - (1+dy-[|zn —2||E)

Rearranging yields
)
T ltc@) flen —2le
Let ||z, — x|z — 0. Then there exists no such that for all n > ng we have
|A(z ) ||Er = dn < 2-¢(x). But this is a contradiction to the assumption that
||A(zn) ||z is unbounded. O

We remark that the argument in the proof of [R11z04l p.62, Lemma 1.4] to
repeat the reasoning, by replacing variable v with 2u — v, seems to be flawed.
Note that operator A is not linear. The above proof corrects this, making use of
monotonicity again.

LEMMA 43. Let E be a real, (Tp), complete, and reflexive l.c.s.. Let A: E — E;;
be an operator. Then it holds:

(i) If A is (sequentially) demicontinuous, then A is locally (sequentially)
bounded.

(ii) In addition, let Eé be a weak W space. If A is locally (sequentially)
bounded, hemicontinuous, and monotonic, then A is (sequentially) demi-
continuous.

PRrOOF. Ad (i): Assume for a contradiction that A is not locally (sequentially)
bounded. Then there exists a convergent sequence x, — = (n — o00) such that
(A(zn))n is unbounded. As A is demicontinuous, A(x,) — A(z) in Ej (n — oo).
But then by Lemma [0 (i), (A(zy)), is bounded, a contradiction.

Ad (ii): Let z,, — z a convergent sequence in E. As A is locally (sequentially)
bounded by assumption, (A(zy))n is bounded in the strong dual E. By assump-
tion, Ej is a weak W space. Hence, (A(z,)), is relatively sequentially compact.
Thus, there exists a convergent subsequence A(z,,) — b (k — o0) for a b € E'.
As FE is reflexive and A is monotonic and hemicontinuous, by Lemma [] (iii), we
have A(z) = b. In addition, all weakly-convergent subsequences of (A(x,)), weakly
converge to b. Otherwise, again by Lemma [T] (iii), we would have A(x) = ¢ for a
¢ # b. Then, by Lemma H0 (iv), the whole sequence (A(x,)), weakly converges to
b = A(x). This shows that A is (sequentially) demicontinuous. O

LEMMA 44. Let E be a real, (Tp), and complete l.c.s., and let A,g: E — E’ be
operators. Then it holds:

(i) If A is monotonic and hemicontinuous, then A is pseudomonotonic.

(ii) In addition, let E be reflexive. If A is strongly (sequentially) continuous,
then A is pseudomonotonic.

(iii) If A and B are pseudomonotonic, then A + B is pseudomonotonic.

(iv) If A is pseudomonotonic, then A has property (M).

(v) In addition, let E be reflexive and Eé be a weak W space. If A is pseu-
domonotonic and locally (sequentially) bounded, then A is demicontinu-
ous.

PrOOF. Ad (i): Let x, — x be an arbitrary sequence in E (n — oo) with
limsup,, oo (A(xn), 2n — ) < 0. We have (A(zy,) — A(z),z, — x) > 0, because
A is monotonic. Hence, liminf, o (A(zy),zn, — z) > (A(x),z, —x) = 0. Here,
we used weak convergence of x,, — z. Combined with the assumption, we obtain
limy, o0 (A(2r), 2 — ) = 0.
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Let y € E and ¢ > 0 be arbitrary. Set z :=x +¢- (y — ). By monotonicity of
A, (A(zn) — A(z),2n — (z + - (y — x))) > 0, implying

t-(Alzn), 2 —y) = —(Alzn), o0 — ) + (A(2), 20 — ) + - (A(2),2 — y)

Hence, liminf, . {(A(z,),z — y) > (A(2), 2 — y), where we have used ¢t > 0, weak
convergence of x,, — x, and lim,, _, o (A(xy, ), , —2) = 0. Using the latter limit again
and the hemicontinuity of A for ¢ — 07, we obtain liminf,, o (A(xy), 2n — y) >
(A(u),z — y). This shows A to be pseudomonotonic.

Ad (ii): Let z, — x be a weakly-convergent sequence in £ (n — o0). By
assumption, A is strongly (sequentially) continuous. Hence, A(z,) — A(z) in
Ej (n — 00). As E is reflexive, by Lemma (iii), for all y € E we obtain
(A(x), 2 —y) = limy 00 (A(2y), 2, — y). This shows A to be pseudomonotonic.

Ad (iii): Let 2, — = be a sequence in F (n — oo) with limsup,, . (A(z,) +
B(zp),xn —x) < 0. We claim that we have both limsup,, . (A(zy),zn — ) <0
and limsup,, . (B(zy), xn, —x) < 0, respectively. Assume for a contradiction that
a :=limsup,,_, .. (A(xy), z, —2) > 0 and thus limsup,, . (B(zn), n—2) < —a. As
operator B is pseudomonotonic, we have (B(z), x —y) < liminf,,_, o (B(zy), Tn —y)
for all y € E. For y := x we obtain the contradiction 0 = (g(z),z — z) <
liminf,, o (B(zp),zn — ) < —a < 0. Pseudomonotonicity of A and B now
yields inequalities (A(x),x — y) < liminf,, oo (A(zn), xn — y) and (B(z),z —y) <
liminf,, oo (B(zy),x, — y) for all y € E, respectively. Combining these two in-
equalities shows that A + B is pseudomonotonic.

Ad (iv): Let , — z be a sequence in £ (n — oo) such that A(z,) — b in Ej
(n — oo) and limsup,,, . (A(Zn), zn) < (b, z). As weak convergence implies *-weak
convergence (via j: E — E”, (jx, A) = (A, x)), we have lim,, o (A(zy), ) = (b, ).
Hence, limsup,,_, . (A(zy), 2, — ) < 0. As by assumption A is pseudomonotonic,
for all y € E, it holds

<A(x)7x - y> < hnn;ligf@él(xn)vxn - y> < <b7 x> - <b7 y> = <b,x - y>

Replacing y by 2z — y, for all y € E, we have (A(z),z —y) = (b, — y). Hence,
A(x) = b. This shows that A has property (M).
Ad (v): Let z, — x be an arbitrary convergent sequence in E (n — c0). As
A is locally (sequentially) bounded, (A(zy)), is bounded. Let (A(z,,))r be an
arbitrary (bounded) subsequence. As Eg is a weak W space, there exists relatively
weakly convergent subsequence A(zy,, ) — bin E' (I — o0), forab e E'. As E
is reflexive, A is monotonic and hemicontinuous, Tp,, — T, by Lemma H] (iii), it
follows that b = A(z). As every subsequence of (Ax,, ), contains a sub-subsequence,
weakly converging to the same limit A(z), this holds for the whole sequence, i.e.,
A(zn) = A(x). Hence, operator A is demicontinuous.
U

We now introduce a very general notion of coerciveness for continuous functions
between t.v.s.. Let E and F be t.v.s., and let f: E — F be a continuous map. As
F and F are fully regular, their Stone-Cech compactifications exist, and we get the
extension 8f: BE — BF. We call f coercive, if Sf maps BE\B(E) to SF\B(F).

Let A: E — E’ be an operator from FE in its dual E’. We call A coercive, if
map

x— (A(z),z) :E—R

is coercivel]l Note that this map must then be continuousld
5In the submitted thesis, we defined coerciveness on a closed subspace D. This more fine-

granular notion is not needed in the sequel.
6This remark has been added after thesis submission.
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In case E is a Banach space, operator A: E — E’ is traditionally called coercive,
if for any b € E’ we have
(A(z) —b,z)

1m =
lzlle—oo  ||2]lE

PropOSITION 45. [1 Let E be a reflexive Banach space. If an operator A: E —
E' is (sequentially) demicontinuous and coercive in the Banach sense, then it is
also coercive in the general sense.

PROOF. It suffices to show that the map = — g(z) := (A(x), x) is (sequentially)
continuous, if A is (sequentially) demicontinuous. Let z,, — x be an arbitrary,
convergent sequence in E (n — o00). We have to show that g(z,) — ¢(z) in
R (n — o). As A is (sequentially) demicontinuous, it is locally (sequentially)
bounded, by Lemma [43 (i). We have

l9(zn) — g(2) = [(A(2), ) — (A(zn), 20 — 2) — (A(2n), )|
< [(A(z) = A(zn), 2)| + [(A(2n), 20 — )
Then |(A(z) — A(z,,),z)| — 0, because A(z,) — A(z) implies A(z,) — A(z) by

reflexivity of E. Furthermore, [(A(zy,), z, — x)| < ||A(xn)] - ||zn — 2| — 0, because
sup,, ||A(z, )] is bounded. O

ProPOSITION 46. If E is an infinite-dimensional and separable t.v.s., then
there exists a countable independent set {y1,ya,...} such that

E= UE” , where E,, :=span{y1,...,Yn}

PROOF. There exists a countable and dense set X = {z1,72,...}, F = X,
because E is separable by assumption. We define index k,,, element y,,, and set E,
inductively. For the induction base, set k1 := 2, 1 := x1, and thus E; := span{y; }.
For the induction step, ky, y,, and E,, are given. There is a smallest index k > k,,
such that xy ¢ F,. This exists, because F is infinite-dimensional. Set k1 := k+1,
Ynt1 = T, and Epiq = span{yi,...,yny1}. We have X C (J, E,, from which
the statement follows. O

THEOREM 47 (Galerkin Method). B Let E be a Ty, complete, separable, weak W
space, let Eg be a weak W space. Let A: E — E' be a bounded and demicontinuous
operator, and let b € E'. Furthermore, let map x — A(x) — b be coercive. Then
there exists x € E with A(x) = b.

PrOOF. We can write E as E = |J,, B, where E, = span{yi,...,yn}, by
Proposition We search for approximative solutions z,, € E, of the form z,, =
> ken Ch - Yk, solving the Galerkin system

(15) (A(zn) —byyr) =0 , ke [n].
Define a nonlinear system of equations, g™(c™) = 0, where g" := (¢7,...,9"),
gp: R" — R, and

" = gi (") = (Azn) — b, yk)
As weak and strong convergence coincide on finite-dimensional spaces E,,, and as
A is demicontinuous, each g™ is continuous. By assumption, map x — (A(x) —b, x)

"This proposition has been added after thesis submission for further clarification of the rela-
tionship between the notions of coerciveness.

8This Theorem and its proof has been corrected, compared to the submitted thesis. The
original formulation required operator A to be coercive only on a subspace. Unfortunately, the
argument fails in such a situation. Operator A has to be coercive on the whole space.
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is coercive. Hence, there exists a nonempty, absolutely-convex, open, and bounded
set B C E such that (A(x) — b,z) > 0 for all z € F\B. Define B, := BN E,,.
Then B, C {x € E, | |z|g, <rn} for an r, > 0. Here, | -|g, denotes the euclidean
norm on E,. Hence, for all x € E,, with |z|g, > r,, we have (A(x) — b,x) > 0,
because x ¢ BnE By an application of Brouwer’s fixed-point theorem [Ruz04]
Lemma 2.26, p.17], there exists solution z,, € E,, with |z,|g, < r, to system (I5).

As F is a weak W space, bounded sequence (x, ), contains a weakly-convergent
subsequence, converging to a limit x. In the sequel, for notational simplicity, we
denote this subsequence again with (z, ).

For all w € |J,, Ey, there exists ng such that for all n > ng we have (A(z, ), w) =
(b, w). Hence,

lim (A(z,),w) = (b, w)

n—oo
for all w € |, En-

As A is bounded, sequence (A(x,,)) is bounded. Let (A(zy,,))r be an arbitrary
subsequence of (A(z,)),. As Ej is a weak W space, there exists weakly-convergent
sub-subsequence (A(xnkl))la converging to a limit ¢ € E’. As weak convergence
implies x-weak convergence (via j: E — E"),

(Azny, ), w) = (G(w), Alzn,, ) — (W), ¢) = (¢, w)

for all w € |J,, En. Hence, (b,w) = (c,w). As |J, En is dense in E and b,c are
continuous, we obtain b = c.

We showed that every subsequence of (A(x,)), has a sub-subsequence, weakly
converging to the same limit b. Thus, A(z,) = b in E’ (n — 00) due to Lemma [40
(v).

We have z,, € E,,. Hence, (A(xy,),z,) = (b,zy). Then

lim (A(zp),x,) = lim (b,z,) = (b,z) |,
because z,, — .

As F is reflexive, A is monotonic and hemicontinuous, x,, — x, A(x,) — b, and

limy, oo (A(20), n) = (b, x), we can apply Lemma HT] (iii) to obtain A(z) =b. O

We recover the original theorems, when we restrict the theory to Banach spaces.

THEOREM 48 (Browder & Minty, 1963). Let E be a separable and reflexive
Banach space. Let A: E — E’ be a (sequentially) hemicontinuous, monotonic, and
coercive operator. Then A is surjective. The solution set is convez, closed, and
bounded. In case that A is strictly monotonic, then the solution is unique.

PROOF. | As A is monotonic, it is locally (sequentially) bounded, by Lemma
(ii). As A is (sequentially) hemicontinuous, monotonic, and locally (sequen-
tially) bounded, it is (sequentially) demicontinuous, by Lemma (A3 (ii). As A is
(sequentially) demicontinuous and coercive in the Banach sense, for every b € ',
map x — A(z) — b is coercive in the general sense. Hence, by Theorem A7 there
exists a solution x € E with A(z) = b. As b was arbitrary, A is surjective.

Define the set of solutions S := {x € F | A(x) = b}. We thus proved that S is
nonempty.

Set S is closed: Let x,, — x be a convergent sequence with z,, € S. We want
to show that z € S. For all y € E, we have

(b—Aly),z —y) = lim (A(z,) — A(y), 20 —y) 20,

9This would not hold, if the operator were coercive only on a subspace of E.
10The proof has been slightly changed, compared to the submitted thesis, to align with the
correction of Theorem [A7}
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because A is monotonic. As A is monotonic and hemicontinuous, it is maximally
monotonic by Lemma HT] (i). Hence, it follows that A(x) =10, i.e., x € S.

Set S is bounded: Assume for a contradiction that S is unbounded. Then for
every R > 0, there exists x € S with ||z||g > R. As A is coercive by assumption,
there exists Ry > 0 such that (A(z),z) > (1+|b||g) - ||=|| g for all ||z||g > Ro > 0.
Hence, for = € S with ||z||g > Ry, we obtain the contradiction

0= (A(z),z) = (b,z) = (1 + [l &) - [l & = [[bll - - [l]| 2 > O

Thus, S is bounded.
Set S is convex: Let xg,z1 € S, and let 0 < A < 1. We want to show that the
convex combination z := X-xzg+ (1 — A)-x1 € S. For all y € E we have

(b—Aly),z—y) =0 —AW),A- (o —y) + (1 = A) - (21 —y))
= A+ (A(zo) — Ay), o —y) + (1 = A) - (A1) — A(y), 21 — y)
>0

)

because A is monotonic. As A is maximally monotonic, A(z) =b, i.e., z € S.

If A is strictly monotonic, there is at most one solution: Assume for a con-
tradiction that there exist two different solutions z,y € S,  # y. Then by strict
monotonicity,

0<(A(x) — A(y),z —y)={(b—-bx—y)=0 ,
a contradiction. O

THEOREM 49 (Brezis, 1968). Let E be a separable and reflexive Banach space.
Let A: E — E' be a pseudomonotonic, locally (sequentially) bounded, and coercive
operator. Then A is surjective.

ProoFr. As A is pseudomonotonic and locally (sequentially) bounded, it is
(sequentially) demicontinuous, by Lemma 4] (v). As A is (sequentially) demicon-
tinuous and coercive in the Banach sense, for every b € E', map = — A(z) — b is
coercive in the general sense. Hence, by Theorem [47] there exists a solution z € D
with A(x) = b. As b was arbitrary, A is surjective. O

3. Dugundji and Quasi-Extensions

Recall the Theorem of Tietze-Urysohn, which states that one can extend real-
valued functions, defined on a closed subset of a normal space, to the whole space.
Dugundji’s Extension Theorem is a strict generalization of this, and is a fundamen-
tal tool in the theory of absolute neighborhood retracts (ANRs), see e.g., [GDO03].

THEOREM 50 (Dugundji’s Extension). For every metrizable space E the fol-
lowing holds. For every l.c.s. F', every nonempty and closed subset A C E, and
every continuous map f: A — F, there exists a continuous extension g: £ — C of

[ with g(E) € co(f(A)).

PROOF. Let d be a metric for E. Note that d(z, A) > 0 for every z € E\A,
because A is closed. Then the family of balls { B(z, 3d(z, A)) | € E\ A} is an open
covering of F\ A. By the Theorem of Stone, this covering has a neighborhood-finite
open refinement {U, | ¢ € I'} and a partition of unity {x, | ¢ € I'}, subordinate to this
refinement. For each U,, there exists a point 2, € E\A with U, C B(z,, 3d(z,, A)).
For every z,, there exists a point a, € A with d(z,,aq,) < 2d(z,, A).

HThe proof has been slightly changed, compared to the submitted thesis, to align with the
correction of Theorem [A7}
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Define the extension g by

o) fx) ,x €A,
90 {zngmf(a» e E\A.

We have g(E) C co(f(A)), because the sum in the definition of g is always
finite due to the neighborhood-finiteness of the refinement. Hence, g(x) is always
a convex combination of values of f(A).

We need to show the continuity of g. The following calculations will be used.

First of all, for every x € U,, we have d(z,, A) < 2d(z, A), because

d(z,, A) < d(z,,z) +d(z,A) < %d(xb, A)+d(z,A) <2d(z, A)
Furthermore, for every € U, and a € A, we have d(a,a,) < 6d(a,x), because
d(a,a,) <d(a,z) +d(z,z,) + d(z,,a,) < d(a,z) + %d(x“ A) +2d(z,, A)
<d(a,z)+ d(z,A) + 4d(z, A) < 6d(a, )

For z € E\A, f is continuous as a finite sum of continuous functions x,. For
x € A, we prove the continuity in the following steps. As F' is an l.c.s., there exists
a convex and open neighborhood C of f(x). As f is continuous on A, there exists a
d > 0 such that f(B(z,d) N A) C C. We prove that g(B(x,d/6)) C C, showing the
continuity of g in z. Let z be any point in B(z,§/6)\ A. There are finitely many sets
{U, | ¢ € Iy} containing z. Then d(x,a,) < ¢ for all v € Iy, because of d(z,z) < §/6
and the above calculation. Then all a,, ¢ € Iy, are contained in B(a,d) N A,
implying f(a,) € C, v € Iy. By definition of g, g(z) = >_, . x.(z)f(a,) is a convex
combination of these points and thus contained in C, proving the continuity of G
in point = € A. (]

As the values of the extension are in the convex hull of the image values of the
original function, an immediate consequence is the following theorem. A metrizable
t.v.s. E with such a property is called an absolute retract.

THEOREM 51 (Retraction). For every metrizable t.v.s. E the following holds.
For every l.c.s. F, every nonempty and conver subset C C F', every nonempty
and closed subset A C E, and every continuous map f: A — C, there exists a
continuous extension g: E — C of f.

In particular, for every metrizable t.v.s. E, and every nonempty and convez
subset C C E, there exists a retraction from E onto C.

While extension theorems are available in the setting of metrizable spaces, no
such results of the type of Dugundji are known for general l.c.s.. However, one
can prove such results for quasi-extensions, where the new map coincides with the
original one only approximately.

Let £ and F be l.cs., let C C E be a compact subset, let f: C — F be a
continuous map, let p be a continuous seminorm on F, and let ¢ > 0. A map
g: E — Fisa (p,e) quasi-extension of f, if p(f(z) — g(z)) < e for all x € C, and if
g(E) Cco(f(C)). The following result is taken from [AKP 92| 3.6.1], and slightly
extended.

THEOREM 52. Let E and F be lc.s., let C C E be a compact subset, let
f:C — F be a continuous map, let p be a continuous seminorm on F, and let
€ > 0. Then there exists a (p,€) quasi-extension of f.

ProoFr. It suffices to prove the statement for € = 1, because p/e is a continuous
seminorm for every € > 0. As f is uniformly-continuous on compact set C', we can
find a continuous seminorm py on E with p(f(x) — f(y)) < 1/2 for every =,y € C
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with po(x —y) < 1. Let Q be a finite (1/2)-net for C' with respect to seminorm
po- Fix § > 0 to be defined later. For each y € @ define the continuous positive
function py: E — R by py(x) :=0+1—po(xz—y), if po(r —y) < 1, and py(x) := 4,
if po(x —y) > 1. Define map g: E — F by

1
g(@) = (D my@) | D py(@)fy)
yeQ yeQ

By construction, g is continuous (as a finite sum of continuous functions), finite-
dimensional (the vectors {f(y) | y € Q} span a finite-dimensional space), and it
maps E into ¢o(f(Q)) € co(f(C)).

Let z € C be arbitrary. We want to bound p(f(x) — g(z)). For this, define
Q1= {y € Q| pole —y) < 1} and Q2 := Q\Q1, respectively.

For the sum with )1 we have

Do) | D m@p(f@) — f(y)

yeQ yeEQ1
-1 ~1
1 1 1
< | m@ | Yom@) g <g [ Dom@ ] Y om) =g
yeQ yEQL yeQ yeQ
Choose ¢ := 1/(4dn), where n denotes the number of elements in @, and

where d denotes the diameter of f(C) with respect to p. For x there is a y € Q
with po(z —y) < 1/2, because @ is a (1/2)-net. Hence, p,(x) > 1/2 + 6 and

(ZyEQ uy(x)) < 2. In addition, py(x) = ¢ for all y € Q2. Then for the sum
with Q2 we have

1
dDomy(@) | Y my(@)p(f(x) = f(y)) < 2dns <

yER yEQ2

N =

Combining the above two sums, we obtain

p(f(x) —g@) < | Do my(@) | D my(@p(f(2) = f(y))

yEQ yeEQ

ye yEQ1 YEQ2

=1

-1
= (Z y () > y@p(f(@) = F) + D py(@)p(f(x) — f(y))
<Ly
=3

Q
1
2

4. Measures of Noncompactness

An important part of Functional Analysis is concerned with measures of non-
compactness and condensing operators. See |[AKPT92, 3.6.1] for a systematic
exposition of this topic. A measure of noncompactness quantifies the deviation of a
bounded subset of a space from being compact. Hence, this notion does not make
sense in Montel spaces.

The most general definition is as follows: Let E be a l.c.s., and let (Q, <) be
a partially-ordered set. A map x: 27 — Q is called a measure of noncompactness
(NMCQ), if for all subsets A C E we have y(A) = x(co(A)). See also |[AKP 92|
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1.2.1]. We note that going beyond l.c.s. to general t.v.s. does not make sense,
because only for l.c.s. it is ensured that the convex hull of a compact set stays
compact.

We will introduce the Hausdorff NMC « as a typical example. Another ex-
ample, not treated here, is the Kuratowksi NMC, which is actually equivalent to
the Hausdorff NMC, see [AKPT92| 1.1.1, 1.1.7]. A condensing operator is a map
under which the image of any set is more compact than the set itself. Via o, we will
define a characteristic [f]4, quantifying this condensation property. Such operators
will play a distinguished role in the design of the FMV and Feng spectra, defined
in the next chapter.

Let E be a Fréchet space, and let M C E. The (Hausdorff) measure of non-
compactness of M is defined by

(16) a(M) :=inf{e > 0| M has a finite e-net in E}

For some function spaces, explicit formulas are known to compute the Hausdorff
NMC, see e.g., JAKP 792, 1.1.9-1.1.13] or [AV05] 3.6-3.9].

As a short digression, we show how one could lift the definition of MNC to
limit spaces: Let F := lii>nb E, be the strict inductive limit of a directed family of
Banach spaces E,, which are not Montel spaces. An example is the space of Radon
measures. On each E,, the Hausdorff MNC «, is defined. We have the relationship
a,(M) = ax(MNE,) for all E, C E, and bounded subsets M C E,. Hence, on
E we can define a limit NMC «: E — R by (M) := sup, a, (M) for all bounded
subsets M C FE.

The measure of noncompactness has the following properties.

PROPOSITION 53. For sets M,N C E, z € E, and A € K we have
(i) a(M) < a(N) for M C N.

) a(M) =a(M).
) a(z+ M) =a(M), iec., «a is translation-invariant.
v) a(A-M)=|\-a(M), ie., a is homogeneuous.
) a(M) =0 iff M is precompact.
) |a(M) —a(N)| <a(M + N) < a(M)+ a(N). The first inequality only
holds in case both subsets are nonempty.

(vii) a(M U N) = max{a(M),a(N)}.
(viii) a(co(M)) = a(M).
(ix) a(B(z,1)) =1, if E is infinite-dimensional, and zero otherwise.
(x) If My 2 My D ... is a decreasing sequence of closed sets in E with

a(M,) — 0 forn — oo, then the intersection My := (), My is nonempty
and compact.

PrOOF. We give the straight-forward proof for the sake of completeness.
(i) Every finite e-net for N is one for M.

(i) Inclusion a(M) < a(M) follows from (i). For the other direction, note
that every finite (¢ + 0)-net for M is a finite e-net for M for all § > 0.

(iii) If {x1,..., 24} is a finite e-net for M, then {z+x1,..., 24z} is a finite
e-net for z + M.

(iv) If {z1,..., 25} is a finite e-net for M, then {\-z1,..., A x5} is a finite
(|A\|€)-net for A - M.

(v) We have M precompact iff M compact iff a(M) = 0 iff o(M) = 0. If
a(M) = 0, then M is totally bounded and complete. Hence, by [SV06,
5.1.17], M is compact, and vice versa.

(vi) For the first inequality, a(M) < a(M + N) by items (i) and (iii). Then
a(M) < a(M + N) + a(N). For the second inequality, note that if
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{z1,...,25} is a finite e-net for M and {yi1,...,y:} is a finite d-net for
N, then {z1 4+ y1,...,2s + y+} is a finite (e 4+ d)-net for M + N.

(vii) The inclusion max{a(M),a(N)} < a(M U N) follows from item (i). For
the other direction, note that the union of a finite e-net for M with a
finite d-net for N gives a finite max(e, §)-net for M U N.

(viii) As M C co(M), then a(M) < a(co(M)) by item (i). For the other
direction, let N be a finite n-net for M, n > 0. Define C' := co(N). We
have d(x, z) < nfor all x € co(M) and z € C. This can be seen as follows.
Point z is a convex combination z = ) . \; - z; with z; € N, \; € [0,1],
and ), A; = 1. Now, the subtle issue comes: Making use of Theorem 1]
in the third inequality, we have

d(m,z):d<(ZA¢)-x,ZA¢-zi> gZd()\i-x,)\i-zi)
SZ/\i-d(x,zi)SZAi-nz(Zx\i)'nzl'n=n

In addition, set C' is compact, because it is a closed and bounded set in
a finite-dimensional space span(N). As C is compact, for every € > 0,
there exists a finite e-net K for C. Then K is a finite (7 + €)-net for
co(M).

(ix) It suffices to prove the statement for the unit ball B := B(0,1). In case
dim E < oo, ball B is compact. Hence, o(B) = 0 by item (v). Let us
assume dim E = co. The trivial estimate is a(B) < 1 by taking B itself
as a covering. Assume for a contradiction that a(B) < e < 1. Then there
exists a finite e-net of closed balls of radius e. Each of these balls in turn
can be covered by finitely-many balls of radius €2, which gives a finite
e2-net for B. We can cover the balls of radius €2 by finitely-many balls
of radius €3, and so on. Hence, for every n > 1, there is a finite e™-net
for B, showing a(B) < € — 0 for n — oo. By item (v), B would be
compact, a contradiction to the fact that the unit ball is not compact in
infinite-dimensional spaces.

(x) As Mo, C My, by item (i) we have (M) < a(M,) — 0 for n — oo.
Hence, a(Mo) = 0, and M is precompact by item (v). It is closed as
an arbitrary intersection of closed sets and thus compact. We need to
show that My, is nonempty. Choose an element x,, from each set M,,.
Build sets N, := {x, | n > m}. Then N,,, C M,, and precompactness
of each N, follows from (i) and (v). Hence, there exists a converging
subsequence with limit .. This limit belongs to M.

O

From item it follows that the measure of noncompactness only makes sense
in infinite-dimensional spaces. Otherwise, it is zero.

For metrizable t.v.s., we will define two characteristics [-], and [-] 4, respectively,
based on the measure of noncompactness. Let f: E — F be a bounded operator
between metrizable t.v.s. £ and F, respectively. We define the lower and upper
characteristics of noncompactness by

(17) [fla :=sup{y > 0| a(f(M)) >~ -a(M),M bounded}
(18) [fla:==inf{y>0|a(f(M)) <~v-a(M),M bounded}
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For infinite-dimensional and metrizable t.v.s., there exist bounded sets M with
positive measure of noncompactness. Hence, we can rewrite above equations to

_ L elfon)
(19) fla:= nf —an
(20) flai= sup 2UUEL)

a(M)>0 Oé(M)
By the properties of «, we obtain
PROPOSITION 54. For all bounded operators f,g: E — F between infinite-

dimensional, metrizable tv.s. E and F, and all A € K, the following properties
hold.

(i) A fla = |)\| [f]a, i€, []a is homogeneous.
(i) [f+9)a<[fla+]g ]A and [N+ fla =|Al-[f]a, ie, []a is a seminorm.
(ii1) [fla — [g)a < [f + gla < [fla + [g]a.
(iv) [[fla — [gla] < [f gla. In particular, [f — gla = 0 implics [f]o = [g]a.
v) [f~Ya = [fl;" for f a homeomorphism.
(vi) [fla < [fla-
(vii) [fla < |If]| in case E and F are Banach spaces and f is linear.

PrOOF. We give a proof for the sake of completeness.

(i) We have
_ oo NH)) o A a(f (M)
A la= TR et aan M
(ii) The proof of [A- fla = |A| - [f]a is analogous to the one for [],.
L el +o0D) | a(f() + afe(d)
SHAAZ R0 T el SR a(D)
i) | alg()
=M a0 iR, Gy WAt
(iii) The second inequality is proved by
a0 o a((M) + alg(M)
Frdla= W —Zan  S.dL, (M)
M) o gy QM)

in
T an>0  a(M) a(my>0 (M)
The first inequality is a consequence of the second with
(fla=1(f+9) —gla < [f + gla + [-gla =[f + gla + [9]a

(iv) We have [flo —[9 = fla < [f + (9 = f)la = [gla- Hence, [fla —[gla <
l9 = fla = [f — gla. We then also have [g]a — [fla < [9 = fla = [f — g]a-

(v) As f is a homeomorphism, we have a(M) > 0 iff a(f(M)) > 0. Hence,
we can argue

e e D)
Fa= sip i) a0 el (D)
e (e
= GG (MMio(uM>> a
(vi) By definition, we have
s e YO0 a0

a(M)>0  a(M) a(M)>0 (M)
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(vii) If {z1,...,2,} is a finite e-net for M, then {f(21),...,f(zn)} is a finite
[f] - enet for f(M). Then a(f(M)) <|[[f]|- a(M).
(]

An operator f is condensing, if [f]la < 1. It is a-contractive, if [f]a < 1.

THEOREM 55 (Darbo). Let E be an infinite-dimensional Banach or Fréchet
space, let C C E be a nonempty, convez, closed, and bounded subset, and let f: C' —
C be a-contractive. Then f has a fized point.

PrOOF. We inductively define a sequence of sets by Cy := C, and Cy,41 =
co(f(Cp)). By construction, each set Cy, is nonempty, convex, and closed. Define
set Cso := [, Cm. It is convex, closed, and bounded as the intersection of such
sets. In addition, it is f-invariant, f(Cs) C Cs. We need to show that C
is nonempty. For this, fix v € ([f]a,1). The sequence (Cp, )., is monotonically
decreasing with respect to inclusion. We have «(Cy,) < 7™«a(C) < oo. Hence,
a(Cy,) — 0 for m — oo. This implies that Cs is nonempty and compact. Now, by
Theorem Bf (Tychonoff) applied to f: Coo — Co, f has a fixed point. O

We close this section with the following insight. The characteristics of non-
compactness help to find an invariant compact set, given an invariant bounded set.
This is exploited in the construction of the FMV and Feng spectra.

LEMMA 56. Let E and F' be infinite-dimensional Banach (or Fréchet) spaces,
let Q C E be a nonempty subset, and let f,g: Q — F be continuous operators with
[9]a < [fla- Then for every nonempty, convex, closed, and bounded subset B C
with

(21) f@gB)u{o})cB

there exists a nonempty, convez, (closed,) and compact subset C C B, also fulfilling
above relation (Z1).

PROOF. By Lemmal57, there exists a set C' such that f~!(co(g(C)U{0})) = C.
We have a(C) < 0o, because C' C B and B is bounded. Furthermore, we have

[fla - a(C) < a(f(C)) < a(ea(g(C) U {0})) = a(co(g(C) U {0}))
= a(g(C) U{0}) = a(9(C)) < [gla-(C)

By assumption [g]a < [f]a, this can only happen with «(C) = 0. Thus, C is
compact. O

LEMMA 57. Let E and F be t.v.s., let Q@ C E be a nonempty, convex, and closed
subset with 0 € Q. Let f,g: Q — F be two operators, with f continuous. Then
there exists a smallest (in the order of inclusion), nonempty, convez, and closed set
U C Q with

(22) f(@(g(U)u{0}) cU
For this smallest Uy, above relation [22) holds with equality.

PROOF. Define set U as the set of all nonempty, convex, and closed sets U C 2
with 0 € U, fulfilling the relation in ([22). The set I is not empty, because 2 € U.
Define Uy := (U. By construction, Uy is nonempty (0 € Up). It is convex as the
intersection of convex sets.

Let U € U be arbitrary. Define Uy := f~!(co(g(Up) U {0})). Then U; C
fY(eo(g(U)u {0})) C U. As U was arbitrary, Uy C Uy. Hence, f~1(co(g(Uy) U
{0})) € f~Y(co(g(Uo) U {0})) = Uy. Thus, U; € U, implying Uy = U;. Conse-
quently, the relation in (22]) holds for Uy with equality.

Finally, as Vp := ©o(g(Up) U {0}) is closed and f is continuous, Uy = f~1(Vp)
is closed, too. [l
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Interestingly, in the above lemma, no assumption is made on the continuity of
the map g.

5. Michael Selection

Given a set-valued map t: X — 2V, a selection is defined as a map s: X — Y
such that s(z) € t(z) for all x € X. In the setting of Banach spaces, the existence of
selections was proved first by Michael [Mic56], starting a new branch in topology.

THEOREM 58 (Michael Selection). Let X be a paracompact space, and let E
be a Banach space. Let t: X — 2F be a lower-semicontinuous, set-valued map
with nonempty, convex, and closed values. Then there exists a continuous selection
s: X — FE fort.

The same phenomenon as for Dugundji’s extension theorem occurs when trying
to lift the selection theorem to general l.c.s.. One then has to accept approximate
instead of exact solutions. Such an approximate selection theorem was established
by Xu [Xu01].

Let X be a subset of a T topological space E, let Y be an l.c.s. with ori-
gin 0. Denote with Oy (y) the collection of all neighborhoods of y in space Y. Let
t: X — 2% be a set-valued map with nonempty values. Map ¢ is almost lower semi-
continuous (a.l.s.c.), at point x € X | if for each V' € Og(0) there exists U € Ox (z)
such that N{t(z) + V | z € U} # (. We say that ¢ has continuous, approzimate
selections, if for each V' € Og(0), there exists a continuous map s: X — E such
that s(z) € t(z) + V for all z € X.

THEOREM 59 (Xu). Let X be paracompact, E an lc.s., and let s: X — 2F
be a set-valued map with nonempty and convex values. Then s is a.l.s.c. iff s has
continuous, approximate selections.



CHAPTER 3
Existing Spectra

This chapter contains the main theme of this work. It introduces several im-
portant existing nonlinear spectra and analyzes their properties. The selection of
properties is based on the known properties of the linear spectrum, which we recap
in the first section. The nonlinear spectra under consideration are the Rhodius,
Dorfner, Neuberger, Kacurovskii, Furi-Martelli-Vignoli (FMV), and Feng spectra,
respectively. The analyzed properties are nonemptiness, closedness, boundednes,
and semicontinuity. The material has been mainly taken from [ADPVO04]. Hence,
nothing presented here is new. Nevertheless, the presentation differs in two aspects.
First of all, the material is structured according to the properties, not the spectra.
Secondly, we claim that the main results, namely the closed- and boundedness of
FMV and Feng spectra, are presented in a more structured, simple, and elegant
way.

1. Linear Spectrum and Properties

1.1. Definitions. Given a t.v.s. F and a linear operator u € L(FE), its linear
resolvent set is defined as

(23) p(u) ={A € K| (A idg — u) is bijective}

For A € p(u) the linear resolvent operator of u at A is denoted by r(u, ) :=
(A -idg —u)~!. It is a linear operator. In case of E being a barreled space and u
being linear and continuous, then r(u, A) is also continuous for all A € p(u).

The linear spectrum of u is defined as the complement of the linear resolvent
set, i.e.,

(24) o(uw)={A e K| (A-idg — u) is not bijective}
Furthermore, the linear spectral radius of u is the number
(25) r(u) :==sup {|A| | A € o(u)}

We list several important subspectra of the linear spectrum. Value A belongs to
the (linear) point spectrum, op(u), if ker(A -idg — u) is nontrivial. Value A belongs
to the (linear) continuous spectrum, o.(u), if resolvent operator r(u, A) is defined
on a dense subspace of F and is not continuous. Value A belongs to the (linear)
residual spectrum, o.(u), if r(u, \) exists on a domain of definition, which is not
dense in E.

In addition, the (linear) defect spectrum, os(u), is defined as the set of A such
that operator (A -idg — u) is not surjective. The (linear) compression spectrum,
Oco(u), is defined as the set of A such that (A-idg —u)(F) # E.

1.2. Properties in t.v.s. Let E be a t.v.s.. By definition, we have the inclu-
sion

(26) op(u) W oe(u) Wy (u) C o(u)

PrRoOPOSITION 60. Let u,v: E — E be linear and continuous operators, and let
A€ K. Then we have

59
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(i) The linear resolvent is continuous in the first parameter and satisfies

(27) r(u, \) — (v, \) =71(u,A) o (u —v)or(v,A)
(ii) The linear resolvent is also continuous in the second parameter and sat-
isfies
(28) r(u, /\) - r(u, /1’) = _()‘ - /1’) ’ T‘(’U,, )‘) o r(u, /1’)

PROOF. The proofs are by simple expansion of identity and distributivity of
composition of operators.

(i) We have
r(u, A) — (v, \)
= 7r(u,A)oidg —idg or(v,\)
= r(u,A)o(AN-idg —v)or(v,A) —r(u,\) o (A-idg —u) or(v,\)
= r(u,N)o[(A-idg —v) — (A idg —u)] or(v, \)
= 7r(u,A)o(u—v)or(v,\) .

o
—

dg —idg or(u, p)

o(p-idg —u)or(u,pu) —r(u,\) o (A-idg — u) o r(u, 1)
o[(p-idp —u) — (A-idg —u)] o r(u, p)

—(A—=p) - r(u,A) or(u, 1)

Let p: K — K be a polynomial

p(2) == Zam-zm:c- H()\m—z)
m=0

For w € L(E), we define p(u) := Y. _,am - u™, where u™ denotes m-fold com-
position of u with itself. As each a,, is the m-th symmetric polynomial s,, in
the roots \;, i.e., am = Sm(A1,...,An), the factorization of p(z) carries over to
p(u)=c-[Tn_o(Am - idg — u).

Above argument yields that linear operators (A -idg — u) and (u - idg — w)
commute. Of course, this can also be seen by noting that the coefficients in the

computed expression of their product are symmetric in A and p.
MNidg—u)o(p-idg —u)=A-p)-ddg—(A+p) - u+uou

Consequently, p(u) is invertible iff each factor (A, -idg — u) is invertible. This
can be seen as follows. Clearly, p(u) is invertible, if it is a composition of invertible
factors. For the other direction, assume there is a factor (A, - idg — u), which
is not invertible. If this factor is not injective, then p(u) = ¢ - HZ:O,;ﬁk()‘m .
idg — u) o (A\g - idg — u) is not injective. If this factor is not surjective, then
p(u) = c- (A -idp —u) o [T} _o (A - idp — u) is not surjective.

THEOREM 61 (Spectral Mapping). Let u € L(FE). Then for every polynomial
p: K — K we have

(29) o(p(u)) = p(o(u))
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PROOF. First of all, for all polynomials p, we have the following equivalences:
0 € p(p(u)). <= Operator p(u) is invertible. <= Operator (\,, - idg — u) is
invertible for all m. <= X, € p(u) for all m. <= 0 € \,, — p(u) for all m.
Hence, 0 € o(p(u)). <= There exists m with 0 ¢ \,,, — p(u). <= There exists
m with 0 € A, —o(u). < 0 € p(o(u)).

Secondly, we have the following equivalences: A € o(p(u)). <= Operator
(A -idg — p(u)) is not invertible. <= Operator p(u) is not invertible, where
p(z) == A—p(2). <= 0€0(p(u)). < 0€p(o(u)). < —0€ —-X+p(a(u)).
= AeA-A+p(o(u). < Xep(o(u)). O

By above theorem, in this very general setting, we obtain r(u*) = (r(u))F,
because of sup {|A| | A € o(u*)} = sup {|A| | A € (¢(u))*}. Analogously, one can
prove r(a - u) = |a| - r(u).

1.3. Properties in l.c.s. For barreled l.c.s., we obtain the following partition
of the linear spectrum:

(30) o(u) = op(u) Woe(u) &y (u)
The case that r(u, A) exists and is unbounded cannot occur due the the closed-graph
theorem.

Let E be an l.c.s., and let G be a nonempty open subset of C. An FE-valued
map f: G — E is called holomorphic at point (; € G, if there exists an open
neighborhood Z of ¢; such that for all 2’ € E’, function ¢ — z’(f(¢)) is holomorphic
in Z, and if for each ¢ € Z, the linear form z’ — 02’ (f(()) is *-weak continuous.

One can show that an FE-valued map f, holomorphic and uniformly bounded
on the entire complex plane, is constant by the Theorem of Liouvillell As map
A — r(u, ) is holomorphic on each point, where it is defined, the linear spectrum
is nonempty.

1.4. Properties in Banach Spaces. Let (E, ||| g) be a Banach space, and
let u: E — E be a linear and continuous operator.

We call a sequence (zy,), in E a Weyl sequence for u, if ||z,]|g = 1 and
lu(zp)lle — 0 for n — oo. The (linear) approzimate point spectrum, oq(u), is
defined as the set of all A such that there exists a Weyl sequence for operator

We obtain the following (not necessarily disjoint) subdivisions:

(31) o(u) = oq(u) Uos(u) = oqg(u) Uoeo(u)

PROPOSITION 62. For every compact set ¥ C K, there exists a linear and
continuous operator u = u(X) such that o(u) = X.

PROOF. There exists a countable and dense subset {s,, | m > 1} of compact
set ¥. Let E := (2, and define linear operator u: E — E by

u(xy, xo, x3,...) = (51 T1,82 - T2, 83 - T3,...)

Operator u is continuous, because it is bounded.

lu@)lla = [> lsml? - [zm[* < Vsup{lsm[? [m > 1} [ |2
m>1 m>1

< (sup [3))* - [l

On the one hand, by definition, operator (s, -idg — u) is not invertible. Hence, we
have {s,, | m > 1} C o(u). Then ¥ = {s,, | m > 1} C o(u) by closedness of o(u).

1 [SW99] 1V .Ex.39)
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On the other hand, every A ¢ ¥ has positive distance to closed set ¥. Con-
sequently, there exists a § > 0 with |\ — s,,| > ¢ > 0 for all m. Hence, operator
(A -idg — u) is invertible with inverse

r(u, A) (21,22, 23,...) = (A=s1) 7" 2, (A= s2) ' g, (A —s3) "' - 23,...)
t

PROPOSITION 63 (Resolvent Bound). The linear resolvent operator r(u,\) is
continuous and hence bounded. For |\ > p(u), it is bounded explicitly by

1

32 r U,)\ E—FE S T~ 01
% e e = Tl

PrOOF. For |\| > r(u), operator r(u, A) can be expanded in a convergent von-
Neumann series.

1 /. 1\ o1 1
r(u,)\)zx-<1dE—X-u) :X'Zﬁ'uk

k>0
Hence, it follows that

1 1 1 1
Mo < —-5 — Julbop< — —
[r(u, Mle—E < Al Z G lullz—p < [Al 1— (IIUHE&E)
k>0 [A]

O

THEOREM 64 (Gelfand Formula). B The linear spectral radius is bounded by the
classical Gel'fand formula

(33) r(u) = lim R/[[wm|p—p = nf V/[ju|p-p

In particular, we have r(u) < |ul|g—E.
THEOREM 65. The spectrum o(u) is closed and bounded, and thus compactE

Let (M,p) be a vector space with a seminorm. We call a set-valued map
o: M — 2% upper semicontinuous, if for all f € M and all open V C K, there
exists § > 0 such that for all g € M with p(y — z) < J, we have o(g) C V.

The term lower semicontinuous is defined analogously.

THEOREM 66 (Semicontinuity). The set-valued map u — o(u) is upper semi-
continuous. In general, it is not lower semicontinuous

THEOREM 67 (Spectrum of Compact Linear Operator). Let u: E — E be a
linear, continuous, and compact operator. Then we havdl

(i) Set o(u)\{0} is discrete and bounded.
(i) op(u) € o(u) € oy (u) U{0}.
(ili) If E is infinite-dimensional, then 0 € o(u). Hence, o(u) = op(u) U {0}.

Linear Spectral Theory is mostly developed in the setting of Hilbert and Banach
spaces. For example, the question of how to extend the Gelfand formula (Theorem
[64) beyond Banach spaces, was a research topic in the 2000’s, see e.g., [BM98,
Tro01].

2 [Wer00, VI.1.6]

3 [ADPV04] Chapter 1, Theorem 1.1 (f)]

4 [ADPVO04] Chapter 1, Theorem 1.1 (i), Example 1.1]
5 [ADPVO04] Chapter 1, Theorem 1.3]
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2. Spectra Under Consideration

2.1. Classical, Rhodius, and Linear Spectrum. Let us bring to mind
parts of classical physics, for example, Newton’s Mechanics. Such classical physical
theories provide deterministic, reversible, and continuous models of the world, see
e.g., [SH13| p.2-3]. Consequently, their equations of motion (dynamics) need to
be uniquely solvable to fulfill reversibility, and continuity demands that the better
one can approximatively measure the initial conditions of such a modelled system,
the better one can predict its future. These classical requirements are reflected in
the definition of the spectrum, defined below.

Let f. = {fa: E — F},., be a family of operators (operator pencil) between
topological spaces X and Y over a parameter space A, which is an open subset
A C K. We call family f. continuously resolvable for parameter A, if the following
two conditions hold:

Existence and uniqueness of solutions: For every y € Y, there exists
exactly one x € X with f(z) = y.

Continuity of solutions: For every x € X and y € Y with fy(z) = v,
there exist open neighborhoods U of z and V of y, and a continuous
operator ry: V — U such that f) or) equals idy on V.

Operator 7y is called (local) resolvent operator for parameter X\. The resolvent set
is defined as the set of parameters

(34) p(f.) :={A € K] f is continuously resolvable}
Its complement
(35) o(f):=K\p(f)

is called the (classical) spectrum of f.. Furthermore, the (classical) spectral radius
of f. is the number

(36) r(f) =sup{|A[ [ A€o (f)}

Given a single operator f: E — E on a t.v.s. E, we always consider the associated
family f.:= {A-idg — f} over A = K. In this case, the resolvent set, p(f) := p(f.),
equals

p(f) ={N€K| (A idg — f) is bijective and (A -idg — f)~* is continuous}

Hence, for the (classical) spectrum, o(u) := o(u.), we have o(f) = {} € K |
(X -idg — f) is not bijective, or it is bijective but operator (X -idg — f)~! is not
continuous }.

For X\ € p(f) the (global) resolvent operator of f at A is denoted by r(f, A) :=
()\ -idp — f)_l.

For continuous operators u € C(E) over a Banach space E, such a classical
spectrum was defined by Rhodius [Rho84] in 1984. Clearly, this is a straightforward
generalization of the classical linear spectrum.

In case of E being a barreled space and u being linear and continuous, also
r(u, A) is linear and continuous for all A € p(u). Then the resolvent set and spectrum
even further simplify to the linear resolvent set and linear spectrum, respectively.
The above argument sheds light on the reason, why the linear spectrum is often
defined as the simplification stated above.

2.2. Mapping Spectrum. Conversely to the preceding line of thought, one
can generalize the linear spectrum with focus on the mapping properties of the
operator. Given an operator f: ' — E defined on a t.v.s. F/, the mapping spectrum
is defined as

(37) S(f) ={re K| (A-idg — f) is not bijective}
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Analogously, the injectivity spectrum %;(f) and the surjectivity spectrum 35(f) are
defined as

(38) 5.(f) ={r €K ]| (A-idg — f) is not injective}

(39) Ys(f) ={r e K| (A idg — f) is not surjective}

respectively. Clearly, 3(f) = 3;(f) UXs(f).
The mapping spectral radius is the number

(40) rs(f) == sup{|A[ | A € £(f)}

2.3. Point Spectrum. Given an operator f: E — FE defined on a t.v.s. E,
the point spectrum is defined as

(41) op(f) ={AeK |3z #0: f(x) =X -z}

Such a point x # 0 is called an eigenvector of f for eigenvalue .
The point spectral radius is the number

(42) rp(f) :=sup{|Al [ A € 0, (f)}

It goes without saying that the point spectrum is one of the most important
spectra concerning applications of linear spectral theory.

We give a generalization, which is more tailored to the nonlinear case: Given
two operators j, f: F — F, we call number \ a (generalized) eigenvalue of (j, f),
if equation f(z) = A - j(x) has a nontrivial solution. We define

(43) op(d, ) :={A € K| X is an eigenvalue for (j, f)}
By definition, o, (idg, f) = o,(f) for all f: E — E.

2.4. Spectra Defined Via Seminorms.

2.4.1. A General Method. Besides mapping properties or existence of non-
trivial solutions, seminorms also give rise to spectra. In the sequel, let E and
F be t.v.s., and let p and ¢ be fixed seminorms on F and F, respectively. Ev-
ery such pair (p,q) of seminorms gives rise to ten characteristics of an operator
f: E — F. These are categorized in five lower and five upper ones, denoted by
lower- and uppercase letters, respectively.

(44) [f]s := inf {q(f(2)) | € E,p(x) =1} ,

(45) [fls :=sup{q(f(2)) |z € E,p(x) =1} ,
(46) [fla :=inf {q(f(z)) |2 € E,0 <p(z) <1}
47 [flp =sup{q(f(x)) |z € E,0 <p(x) <1} ,
(48)  [flav ==

inf {q(f(z))/p(z) |z € E,0 < p(z) <1}
49)  [flps :=sup {a(f(x))/p(z) |z € B,0 < p(x) <1}

(50) [flo := inf {q(f(x))/p(x) | x € E,0 <p(z) < oo}
(61)  [flz :=sup{q(f(2))/p(z) |z € E,0 < p(z) < oo} ,

(52)  [flip = inf{q(f(x) = f(y))/p(x —y) | z,y € E,0 <p(z —y) < oo}
(53)  [flzip :=sup{q(f(z) — f(y))/p(x —y) | v,y € E,0 < p(x —y) < oo}
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We also give a generalization, which is more tailored to homogeneous operators.
For this, recall that an operator f: E — F is called T7-homogeneous (r > 0), if
ft-x)=t- f(x) for all x € E and t > 0.

(54)  [fIS:=inf{q(f(2)) [ € E,p(x)” =1}
(5)  [fls :==sup{qe(f(2)) |z € E,p(x)” =1}
(56)  [fla:=inf{q(f(z)) |2 € E,0<p(x)" <1} ,
67)  [fIp =sup{q(f(z)) |z € E,0<p(x)” <1} ,

(58)  [flap = inf {q(f(2))/p(2)" |2 € E,0 <p(x)” <1}
i=sup{q(f(2))/p(z)" |z € E,0 <p(x)” <1}

(59) [fIbs =
(60)  [f]§ :=inf{q(f(x))/p(x)" |z € E,0 <p(x)" <oo} ,
(61)  [f]p :=sup{q(f(2))/p(x)" [z € E,0 <p(x)" <oo} ,

(62) [y = inf {q(f(z) = fF(W))/p(x —y)" |2,y € E,0 <p(z —y)" <oo}
(63)  [f1Lip = sup{a(f(x) = f(y))/p(x —y)" |2,y € E,0 < p(z —y)" < oo}

By definition, for 7 = 1, these notions coincide with the usual ones.
The defined characteristics form a hierarchy.

PROPOSITION 68. For every operator f: E — F we have

(64) o < [flav < [fla < [fls < [fls < [flp < [flpe < [flB
Trivially, [flup < [flrip- In addition, in case f(0) =0 we have
(65) (fliip < Uflo < <[flp < [fleip

PROOF. We prove the inequalities for the ones defined by suprema. The rea-
soning is analogous for the ones defined by infima. Inequalities [f]s < [f]p and
[flpB < [f]B follow from the simple observation that the supremum is taken over
increasing sets, respectively. Inequality [f]p < [f]pp is a consequence of ¢(f(x)) <
q(f(x))/p(z) for every x with 0 < p(z) < 1. Inequality [f]z < [f]Lip follows from

q(f(x))/p(x) = q(f(x) — f(0))/p(x — 0) < sup,, {a(f(z) — f(y))/p(z —y)}. O

An analogous statement holds for homogeneous operators.

PROPOSITION 69. For every T-homogeneous operator f: E — F we have

(66) (115 < o < Uf]a < [F1S < Ufls < [flp < Uflpp < [f]B
Trivially, [f1f;, < [f]7:p- In addition, in case f(0) =0 we have
(67) [y <[F15 <~ < A5 < Lip

PRrROPOSITION 70. The characteristics coincide on additive and 1-homogeneous
operators u: E — F.

(68)  [uliip = [u]p = [u]ap = [u]la = [u]s < [uls = [u]p = [u]pp = [u]B = [u]Lip

In particular, this holds for linear operators.
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PrOOF. We prove the inequalities for the ones defined by suprema. The rea-
soning is analogous for the ones defined by infima. We have

[u] Lip = sup {q(u(x) —u(y))/p(x —y) | z,y € E,0 < p(z —y) < oo}
= sup {q(u((z —y)/p(x —y))) |,y € E,0 < p(z —y) < oo}
= sup {q(u(z/p(2))) | z € E,0 < p(z) < oo}
=sup {q(u(z)) |z € E,p(x) =1} = [u]s
O

In particular, we have [idg]z = [idg]., = 1 for all lower and upper characteris-
tics.

PROPOSITION 71. Let [], be a lower and [-]z be the corresponding upper char-

acteristic. Then we have the following properties for all operators f,g: E — F and
re kK.

(i) [N fle =M - [f]z, i-e., []z is homogeneous.

) 1f + oz <1z + lolz and - flz = DI 1l b, Uz is o seminorm.
(i) [f]. — o)z < [ +gl- < [f): + gl

() 1~ lgl=| < 1 — glz. I particulor, [ — g1 = 0 implics [1]. =gl
) [fleip = [f 71 ]lw for f a bijection between Banach spaces E and F, re-

spectively, with f(0) =

PRrOOF. Item [(i)] follows from g(X - f(z)) = |A| - ¢(f(z) and inf(|A| - a) = || -
(inf a). Item [(ii)| follows from ¢(f(z) + g(z)) < q(f(z)) + q(g(z)), and sup(a + b) <
(supa) + (supb) and sup(|A| - a) = |A| - (supa). Item follows from (infa) —
(supd) < (inf a) 4 (inf b) < inf(a+b) < (inf a) + (sup b). Item is a consequence
of [ due to [f]. — [ — glz < [f — (f — 9)]- = lgl- and [g]. — If — g]7 =

gl: =1 =1-l9g—flz <lg— (9 — )l = [flz, respectively. Item [(v)|is proved
by noting that in Banach spaces ¢(f(z) — f(y)) > 0 iff f(z) # f(y) iff x # y iff
p(z —y) > 0. Furthermore, supa = (infa=1)71. O

An analogous statement holds for homogeneous operators.

PROPOSITION 72. Let [-|7 be a lower and [}, be the corresponding upper char-

acteristic. Then we have the following properties for all T-homogeneous operators
f,9: E— F and A € K.

(i) A f]Z = |)\| 1%, i.e., []L is homogeneous.

(i) [f+9]% [f]Tz +[9]% and [X- f1 = || - [f]%, i-e., [ is a seminorm.
(iii) [/ — g% < [f +9lZ < [/17 + o]
iv) |[f1Z = 9zl < [f — g]TZ In particular, [f — gy = 0 implies [f]7 = [g].
V) [f1Lip = <[ 1]1/T> for [ a bijection between Banach spaces E and F,

respectively, with f(0) =

Given a lower characteristic [-], based on a fixed pair of seminorms over a t.v.s.,
one can define a corresponding spectrum o, (f) := {A € K | [\ -idg — f]. = 0}.
This gives five spectra for each of the lower characteristics.

os(f):={AeXK|[Nidg— f]ls =0} ,
oa(f) ={ e K|[A-idg — fla=0} ,
oa(f) ={A € K| [N -idg — flay =0} ,
op(f) ={AeK|[Nidg — fly =0} ,
oup(f) = {A € K| [X-idg — fliip = 0}
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Analogous spectra o7 (4, f) == {A € K| [A\-j — f]Z = 0} can be defined for
7-homogeneous operators j, f: £ — F.

oi(, ) ={AeK[[A-j—[]3
og(j, f)={AeK[[Xj—f]

og(J, f)={ eK|[A-j— flay=0}
oy, ) ={AeK|[A-j—fl; =0}
o7, f) = {A €K [A-j = fIf;, = 0}

By definition, o, (f) = ol(idg, f).
2.4.2. Noncompactness. We define the spectrum of noncompactness by

0}y
0}

)

(69) oo(f) ={ eK]| [N idg — f]lo =0}
Completely similar to the other characteristics, we have
(70) oa(f) S{N €K [fla <Al < [f]a}
The noncompactness spectral radius is the number
(71) ra(f) :=sup{|Al| A € aa(f)}
We obtain an analogous spectrum for 7-homogeneous operators j, f: E — F.
(72) oa (4, f) ={r e K| [A-j—f]; =0}

By definition, o, (f) = ol(idg, f).
2.4.3. Quasi-Boundedness. Let E and F be Banach spaces, and let f € C(E, F)
be a continuous operator. We consider the following characteristics

e @l
73) o= il e
(74) [flo := limsup ———— I @)lle

This means that for every sequence (x,), in E with ||z,||g — oo (n — o0), the
corresponding sequence yy,, := || f(zn)||F/||2n| £ has existing limes inferior or limes
superior respectively, all equal to [f], = Uiminf, o yn or [flg = lmsup,,_ . Yn
respectively.

We call f quasi-bounded, if [f]g < oc.

From [f], > 0 it follows that there exists v > 0 such that || f(z)|| > 7 - ||z|| for
|lz|| sufficiently large. Hence [f], > 0 implies f being coercive.

Analogous characteristics can be defined for 7-homogeneous operators f: E —

F.
e @
(75) g = liminf Sre
¢ e limaup /e
76 = lim

By definition, for 7 = 1, these notions coincide with the usual ones.

PROPOSITION 73. For all continuous operators f,g: E — F between Banach
spaces E and F, respectively, and all A\ € K the following properties hold.

1) A flg = 1Al [flg, d-e., []q is homogeneous.
ii) [f +9lo < [fle +lglq and [X- flo = Al - [flq, i.e., []q is a seminorm.
fla = lgle < [f +glg < [f]q + [9la-

[fla = [9lal < [f = glq- In particular, [f — gl = 0 implies [f], = [g]q-
[f_l]q_l for f a homeomorphism.

< Fla < flo < 115



68 3. EXISTING SPECTRA

PrOOF. We give a proof for the sake of completeness.

(i) We have
N f@)e If@)llr
A= g 1A JADNE f
A Tla nlmlﬁrégloo (1P nlmnEiloow el
= timin I g,

(ii) The proof of [X- flg = |A| - [f]g is analogous to the one for [-],.

b alo — T WD
||| z—o0 (E41P
< ey W= 1y, (Ul L)
2]l 5 — o0 2|l e Jollz—oco \ IlZllE [E4P
< timsup W@E o ho@le
lz|| g —o0 (E41P llz|| g —o0 (E41P
(iii) The second inequality is proved by
5+l = fping WO ¢ g (e Lol
RN T elle—oe \ [|zlle (4§
< it W@Le | e@le
lzle—co |lTlE  |z)s—oe [1ZlE

The first inequality is a consequence of the second with

fle=[(f+9) —glg < [f +9lg + [~9glq = [f +9lq + [dle

(iv) We have [f]g = [9 = flo < [f + (9 = f)lg = [g]q- Hence, [f]q — [glq <
[9 — flg = [f — glq. We then also have [g], — [f]; < g9 — flq = [f — glo-

(v) As f is a homeomorphism, we have ||z||p — oo iff ||f(z)||Fr — oo.
Otherwise, there would exist a bounded sequence such that f~! is un-
bounded on this sequence. But by assumption, f~! is continuous and
hence bounded. Thus, we can argue

S il () 11 (@)

e = s e Wﬁﬁijnﬂﬂﬁ_
L B _( Hﬂ)h) L

= lim lim inf =
R 77 1 PR W i Sy £a

(vi) This just follows from inf < liminf < limsup < sup.

An analogous statement holds for 7-homogeneous operators.

PROPOSITION 74. For all continuous operators f,g: E — F between Banach
spaces E and F, respectively, and all A\ € K, the following properties hold.
1) [N f17 = A~ [f]5, i-e., [ is homogeneous.
(i) [f —|—g]Q <[flop+1g ]22 and [N~ 1o = A - [f15, ie., [1G is a seminorm.
(iii) [f ] =915 < [f +4l7 <[] + 19l5-
(iv) | [g | <[f- g] In particular, [f — g]TQ =0 implies [f]g = [glq-
) [
)

f]a = <ﬁ> for f a homeomorphism.
5 < UG < UG £ 15

—_

(v

(vi
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We define the spectrum of quasi-boundedness by
(77) oq(f) :={AeK[[\-idp — f]; = 0}
Completely similar to the other characteristics, we have
(78) oq(f) S{A K| [flg < A < [flo}

The quasi-boundedness spectral radius is the number

(79) rq(f) == sup {{Al [ A € o4 (f)}

An analogous spectrum can be defined for 7-homogeneous operators j, f: £ —
F by

(80) og (3, ) ={r e K| [x-j— flg =0}
By definition, oy (f) = o, (idg, f).
The Q-, B-, and Lip-characteristics can be used to implement a very simple

idea. Combining operators with different growth-rates yields the existence of an
invariant and bounded set. This idea is formalized in the following lemma.

LEMMA 75. Let E and F' be Banach (or Fréchet) spaces, and let f,g: E — F be
continuous operators. If [flq > [9]q, then there exists a nonempty, convez, closed,
and bounded set B C E such that

(s1) FH@(g(B) U 0h) € B

PROOF. Let b and ¢ be real numbers such that [glg < b < ¢ < [f],. Hence,
lg(@x)|lr < b-|lzl|lg and [|f(z)|Fr > ¢ |z||g for all z € E with ||z|g > r for
a suitable r > 0. Set g(B,(E)) is bounded, because B,(E) is bounded and g is
continuous. Thus, there exists R > 0 such that g(B,(E)) C Br(F). Combined,
we obtain ||g(x)||lr < R+ b-|jz||g for all z € E. Set p := R/(c —b). Then
9(By(E)) € Brypp(F). Let € E with f(z) € Bryso(F). If ||z]|g > p, then
R+b-p>|f(@)|lr >c-|z|lg > ¢ p, in contradiction to our choice of p. Hence,
for B := B,(F) we have

fH(@(g(B)u{0})) € fH(@0(BRrevp(F)) = [~ (Brev,y(F)) C By(E) = B
Clearly, ball B is nonempty, convex, closed, and bounded. [l

We only proved the lemma for the Q-characteristic. The proof is completely
analogous for the B- and Lip-characteristics.

2.5. Dérfner Spectrum. In his Ph.D. thesis [D97], Dérfner introduced and
studied a spectrum for linearly-bounded operators.

Given two Banach spaces F and F', an operator f: E — F'is linearly bounded, if
[f]B < 0. Denote with By, (E, F) the class of linearly-bounded operators between
E and F, and define By, (E) := Bin(E, E).

Given f € By, (F), the Dorfner resolvent set is defined as

(82) pp(f) ={ e K| (A-idg — f) is invertible and r(f,\) € B(E)}
The Dérfner spectrum is defined as

(83) op(f) :==K\pp(f)

We note that op(f) = Z(f) Uop(f) for f € Bun(E), because [r(f,\)]p < o
if [)\ -idg — f]b = 1/[7‘(f, )\)]B > 0.

The Dérfner spectral radius is the number

(84) ro(f) = sup{[Al| A € on(f)}

The original Dorfner spectrum is only defined for Banach spaces. We give
one possible extension to arbitrary t.v.s. E. Define an operator f: £ — E to be
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linearly bounded, if for all zero neighborhoods U there exists a t > 0 such that for
all bounded sets B and r > 0 with B C ¢t - U, we have f(B) C t-r- B. Clearly,
such f is bounded, because an arbitrary neighborhood U absorbs f(B) for every
given bounded set B. For E a Banach space, the two notions of linear boundedness
coincide: f is linearly bounded in this sense iff [f]p < co. We define By, (E) as
the class of linearly-bounded operators, defined on an arbitrary t.v.s. E. Now, the
notions of Dorfner resolvent set, spectrum, and spectral radius extend by using our
newly-defined class By, (E).

2.6. Kacurovskii Spectrum. Let F and F be Banach spaces, and let f: £ —
F be a continuous operator, i.e., f € C(E,F). We call f Lipschitz-continuous, if
[f]Lip < 0o. We denote the class of Lipschitz-continuous operators by Cr;p(E, F),
and define Cr;p(E) := Crip(E, E) for short.

Kagcurovskil [Ka€69] introduced his spectrum for Lipschitz-continuous opera-
tors f € Crip(E) over Banach spaces E in 1969. The Kacurovskii resolvent set is
defined by

(85) pr(f) ={Ae K| (A idg — f) is bijective and r(f, \) € Crip(E)}
Its complement

(86) ox(f) =K\pk(f)

is called Kacurovskii spectrum.
The Kacurovskii spectral radius is the number

(87) ri(f) =sup{|A| | A € ok (f)}

2.7. Neuberger Spectrum. Let E and F' be Banach spaces, and let f: E —
F be an operator. Recall that f is differentiable at x¢ € F, if there exists a linear
and continuous operator g: £ — F' such that

(88) i M @o+A) = flzo) — g(A)llr

=0
I All5—0 1Az

As g is uniquely defined by above equation, we denote it with f'|,,. If f is dif-
ferentiable at every point z € E, and if the map z — f/|,: E — C(E,F) is
continuous, then we say that f is continuously differentiable. We denote the class
of continuously-differentiable operators by C'(E, F), and C}(E) := C(E, E) for
short.

For continuously-differentiable operators f € C!(E) over Banach spaces E,
Neuberger [Neu69] introduced his spectrum in 1969. The Neuberger resolvent set
is defined by

(89) pn(f):=={X€K| (XA idg — f) is bijective and r(f,\) € C'(E)}
Its complement
(90) on(f) =K\pn(f)

is called Neuberger spectrum.
The Neuberger spectral radius is the number

(91) rn(f) =sup{|A| [ A€ on(f)}

2.8. FMV Spectrum. A well-known spectrum in Nonlinear Spectral The-
ory is the one introduced by Furi, Martelli, and Vignoli (FMV for short) in 1978
[FMVT8]. Before we give its definition and prove basic properties, we consider
proper and stably-solvable operators.
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2.8.1. Proper Operators. Recall that f: E — F is proper, if the pre-image
f~Y(M) of each compact set M in F is compact in E. Operator F is called proper
on bounded and closed sets, if the pre-image f~1(M) of each closed and bounded
set M in F is compact in E. Furthermore, f is called ray-proper, if the pre-
image f~1([0,y]) of each segment [0,y] := {ty | t € [0,1]} C F is compact in E.
Operator f is called ray-invertible, if for each y € F' there exists a continuous path
v:[0,1] — E such that f(v(¢)) = ty for ¢ € [0,1].

The proofs of the following statements can be found in [ADPV04], Chapter 3,
Thms. 3.1, 3.2 and Prop. 3.1].

PROPOSITION 76. An operator is proper iff it is closed and ray-proper. In
particular, every proper operator is ray-proper.

PROPOSITION 77. Let f: E — F be an operator with f(0) = 0. Then the
following statements are equivalent.

(i) f is a global homeomorphism.
(ii) f is a local homeomorphism and proper.
(iii) f is a local homeomorphism and ray-proper.
(iv) f is a local homeomorphism and closed.
(v) f is a local homeomorphism and ray-invertible.

PROPOSITION 78. For a continuous operator f: E — F between Banach spaces
E and F', respectively, we have
(1) If [fla > 0, then f is proper on closed and bounded sets.
(ii) If [fla > 0 and [f]g > 0, then f is proper.

2.8.2. AQ-Stably-Solvable Operators. The characteristics [-], and [-]4 have al-
ready been defined in Chapter[2] Eq. (I9) and (20)), respectively. Analogous notions
can be defined for 7-homogeneous operators f: E — F.

(92) (£l :==sup{y>0|a(f(M)) >~ a(M)",M bounded} |,
(93) [f14 =1inf{y > 0] a(f(M)) <v-a(M)", M bounded}
By definition, [f]} = [f]. and [f]} = [f]a, respectively.

a
Their properties are similar to the usual ones.

PROPOSITION 79. For all bounded, T-homogeneous operators f,g: E — F be-
tween infinite-dimensional, metrizable t.v.s. E and F, and all A\ € K, the following
properties hold.

i) A fI2 =M 1f ];, i.e., [] is homogeneous.
(i) [f + 915 < UTa+ ol and [\ 15 = N /T, e, [ is @ seminorm.
(iii) [f15 = [9]a < [f +9la < [f15 +[9]a-
(iv) [[f12 = [9lal < [f = gla- In particular, [f — g]% = 0 implies [f];, = [g]7.
™) [ = (51 T) for f a homeomorphism.

[

(vi) [f]a < [fTa-

Let us combine the A- and Q-characteristics. Define [f]aq := max{[f]a, [flo}
and [fleg := max{[fla,[f]q}, respectively. These will be nice shorthands in the
following definitions.

The notion of stably-solvable operator was introduced by FMV [FMV76] in
1976. Let E and F be two Banach spaces. We call an operator f: E — F k-
AQ stably solvable, if f is continuous, and if for every operator g: E — F with
[9]ag < k, the equation f(z) = g(z) has a solution « € E. In particular, for k = 0,
g is compact, and we say that f is AQ stably solvable.

Define a measure of solvability of f by

(94) wu(f) :==inf{k > 0] f is not k-AQ stably solvable }
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The corresponding spectrum of AQ stable solvability is defined as
(95) o5(f) :=={r e K[ p(A-idp — f) = 0}
={AeK| (M idg — f) is not AQ stably solvable }

Analogous notions can be defined for 7-homogeneous operators f: E — F.

First of all, define [f]7}q = max{[f]}, [f]}, and [f]g, := max{[f]], [f]7}, respec-

tively. Secondly, f is called (k,7)-AQ stably solvable, if f is continuous, and if for

every operator g: F — F with [g]QQ < k, the equation f(z) = g(x) has a solution

x € E. Again, for k = 0, g is compact, and we say that f is (7)-AQ stably solvable.
The corresponding (7)-measure of solvability of f is defined by

(96) w'(f) :==inf{k > 0] f is not (k,7)-AQ stably solvable }

By definition, u(f) = p*(f).
For 7-homogeneous operators j, f: E — F, the corresponding spectrum of (7)-
AQ-stable solvability is defined as

O7) o5 ) ={AeK|uT(A-j-f)=0}
={AeK|(A-j—f)isnot (7)-AQ stably solvable }

By definition, os(f) = o} (idg, f).

2.8.3. FMV-Regular Operators. Based on their prior work on stably-solvable
operators, FMV introduced FMV-regular operators and a corresponding spectrum
in [FMVT8]. An operator f: E — F between Banach spaces E and F, respectively,
is called FMV-regular, if f is AQ-stably solvable and if [f]sq > 0.

The FMYV resolvent set is defined by

(98) pramyv (f) i ={Ae K| (\-idg — f) is FMV regular }
Its complement
(99) ormv(f) ==K\prmv(f)

is called FMV spectrum.
The FMYV spectral radius is the number

(100) remv (f) == sup {|Al | A € opnv (f)}
By definition, we have the following subdivision of the FMV spectrum.
(101) ormv (f) = 0a(f) Uog(f) Uos(f)

An analogous spectrum can be defined for 7-homogeneous operators j, f: £ —
F. Operator f is called (7)-FMV-regular, if f is (7)-AQ-stably solvable and if
[f]74 > 0. Then define the (1)-FMV spectrum

(102) ormvU f) ={re K| (A j— f)isnot (1)-FMV regular }

By definition, opyy (f) = ok (idE, f).
As above, we have the following subdivision of the (7)-FMV spectrum:

O—%MV(]af):Gg(]af)uog(]vf)uag(jvf)

2.9. Feng Spectrum. Instead of taking the Q-characteristic as in the FMV
spectrum, one can also use the B-one to control growth. Both characteristics are
used in order to obtain invariant, bounded sets. The construction with the B-
characteristic gives another spectrum, similarly-defined as the FMV spectrum, but
containing the eigenvalues of the operator. There is only one complication regarding
the B-characteristic one has to cope with, when defining stably solvability, namely
the case that [g]p = 0 means g = 0, which is not very useful. The definition due
to Feng overcomes this hurdle by localization. Unfortunately, this introduces a
complication via a boundary-value condition.
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2.9.1. Epi Operators. Let us combine the A- and B-characteristics this time.
Define [flap := max{[f]a,[f]r}, and [f]as := max{[f]a, [f]s}, respectively. Again,
these will be nice shorthands in the following definitions.

Analogously to AQ stably solvability, one could define: Let E and F' be two
Banach spaces. We call an operator f: E — F k-AB stably solvable, if f is contin-
uous, and if for every operator g: E — F with [g]ap < k, the equation f(z) = g(x)
has a solution z € E. In particular, for £ = 0, g is compact.

Unfortunately, this definition has a problem: g = 0 in case [g]ap = 0. Hence,
a different — local — approach is needed, see below.

For a Banach space E denote with O(F) the family of all nonempty, open,
bounded, and connected subsets of E. Given U € O(FE), we call an operator
f:U — F k-epi on U, if f is continuous, f(z) # 0 on U, and if for every operator
g: U — F with g(z) = 0 on U and [g]a < k, the equation f(z) = g(z) has a
solution z € U. In particular, for kK = 0, g is compact, and we say that f is epi on
U.

Define a measure of solvability of f by

(103) v(f) = Ueigf(E) vy (f) , where
(104) vy(f) :=inf{k > 0| f is not k-epi on U}

PRrROPOSITION 80. For all continuous operators f: E — F, we have

(105) u(f) <v(f)

PROOF. In case v(f) = oo, there is nothing to prove. Let k be arbitrary with
v(f) < k. Let U € O(E) and operator g: U — F be arbitrary such that [g]a < k,
g(z) = 0 on AU, and f(x) # g(z) for all z € U. Define the extension j: £ — F
by G(x) := g(x) on U and §(z) := 0 on E\U. It satisfies [g]a < k, [g]qo = 0, and
f(z) # g(z) for all z € E, because f(x) # 0 for « # 0. This gives u(f) < k. O

This defines a spectrum, given by
(106) o (f)={ eK|v(\-idg — f) =0}

Analogous notions can be defined for 7-homogeneous operators j, f: £ — F.
Given U € O(E), we call an operator f: U — F (k,7)-epi on U, if f is continuous,
f(x) # 0 on OU, and if for every operator g: U — F with g(x) = 0 on OU and
[9]% < Kk, the equation f(z) = g(z) has a solution x € U. In particular, for k = 0,
g is compact, and we say that f is (7)-epi on U.

The corresponding (7)-measure of solvability of f is defined by

(107) VT (f) = Ueigf(’E) v;(f) , where
(108) vl (f) == inf{k > 0| f is not (k,7)-epi on U}

By definition, v(f) = v (f).

PRrROPOSITION 81. For all continuous and T-homogeneous operators f: E — F,
we have

(109) u(f) <v(f)
This also defines a spectrum, given by
(110) o, (G, f) ={r e K[vT(A-j—f)=0}

By definition, o, (f) = o}(idg, f).
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2.9.2. Feng-Regular Operators. An operator f: E — F between Banach spaces
E and F, respectively, is called Feng-regular, if [f]. > 0 and if f: U — F is epi
on all U for all U € O(E).

The Feng resolvent set is defined by

(111) pr(f):=={AeK| (A -idg — f) is Feng-regular }
Its complement

(112) or(f) =K\pr(f)

is called Feng spectrum.
The Feng spectral radius is the number

(113) re(f) i=sup{|A[ | A € or(f)}

By definition, we have the following subdivision of the Feng spectrum.

(114) or(f) = oa(f) Uon(f) Uou(f)
As 04(f) Cop(f) and o5(f) C 0, (f), we have

(115) ormv(f) Cor(f)

Analogous notions can be defined for 7-homogeneous operators j, f: £ — F.
Operator f is called (7)-Feng-regular, if [f]7, > 0 and if f: U — F is (7)-epi on all
U for all U € O(E).

The (7)-Feng spectrum is defined as
(116) o (4, f) ={Ne K| (A-j— f) is not (7)-Feng-regular }

By definition, or(f) = ok (idg, f).
As above, we have the following subdivision of the (7)-Feng spectrum.

(117) op(i f) =054, [) Vo (4, f) Vo, f)
As 07 (4, f) C op (4, f) and 0 (4, f) € 07 (4, f), we have
(118) opmv (J: f) C op(s f)

The following proposition eases a proof that an operator is epi.

PROPOSITION 82. For a T-homogeneous operator f: EE — F, we have that f is
epi on every U € O(E) iff f is epi on some U € O(E).

PROOF. Assume that f is epi on some V, V € O(E). By definition, f(z) # 0
on dV, and for all compact operators g: V — F with g(x) = 0 on 9V, the equation
f(x) = g(z) has a solution in V. Choose r > 0 with B(0,r) C V. This is possible,
because V' is open. Then f is also epi on B(0,r) (one just uses trivial extensions
in the argument). Let U € O(F) be arbitrary. Now choose R > 0 such that
U C B(0,R). This is possible, because every U is bounded. We show that f is
epi on B(0,R). Then it is also epi on subset U. For this, let h: B(0, R) — F' be
an arbitrary compact operator with h(z) = 0 on the sphere 9B(0, R) = S(0, R).

Define operator g: B(0,7) — F' by

r\T R
= (=) .n(=2.
9(z) (R) <7“ x)
Then g is compact as h is compact, and g(z) = 0 on S(0,7). Hence, equation

f(x) = g(x) has a solution Z in B(0,r). Then % - Z is a solution to f(z) = h(x) in
B(0, R), because f is 7-homogeneous. O

For 7-homogeneous operators, we can say much more on the relationship of the
different spectra.
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THEOREM 83. Given T-homogeneous operators j, f: E — F, we have
(119) op(3: f) € opmv (G, f) = 0k (G, f)

ProoOF. We already know that o5 (4, f) € ok (4, f). As operators j and
[ are T-homogeneous operators, we also obtain the inclusion o,(j, f) C o7 (j, f):
given nontrivial solution z¢ for A - j(z) — f(x) = 0, consider the sequence (n - x¢).
This shows that [A-j — f]; = 0. The inclusion implies 0,(J, f) € 0Fpr (4, f)-

The proof of 6}.(4, f) C ofpn (4, f) is done in two steps. We use the help of
the large 7 phantom O7(j, f). We do not deep-dive into Vath’s phantom theory.
For more information, see e.g., [ADPVO04] Ch. 8]. We only prove that o%(j, f) C
©7(j, f) and ©7(j, f) € 0%pry (4, f)

It holds o.(4, f) € ©7(j, f): Suppose that A ¢ ©7 (4, ). Then there exists U €
O(E) such that operator (A-j— f) is (7)-epi and thus epi on U and [(A-j— f)|7]7 > 0.
By Proposition B2 we conclude that (X - j — f) is also epi on the open unit ball
B(0,1) and [(A-j — f)|m]g > 0. The statement is proved if we show that
A¢ oy, f).

Assume for a contradiction that A € o] (7, f). Then there exists a sequence
(n)n in E\{0} such that [|(A-j— f)(xn)||F < ||zn||%/n. Normalizing this sequence,
i.e., defining e, := z,,/||zx| g, we obtain

A7 — F)en)||lr = l(X-5 = f)an)llF 1

<-=0

2l T
because operator (A -j — f) is 7-homogeneous. Define set M := {ej, ea,...}. Then
[(A-5— f)|m]z ca(M)T < a((A-j—f)(M)) =0, also implying a(M) = 0. As M
is precompact and E is a Banach space, M is sequentially compact. Hence, there
exists a strongly-convergent subsequence e,, — e in the sphere S(0,1) (k — o0).
But then (M- j — f)(e) = 0 by continuity, a contradiction that (A-j — f) is epi on
B(0,1).

It holds ©7 (§, f) C opprv (4, f): (A5 — f) is (7)-FMV regular, then [A-j —
fla >0and [A-j— f]lg >0, and (A5 — f) is (7)-AQ stably solvable. We need to
show that it is (7)-epi on U for all U € O(E). By PropositionBZ] it suffices to show
this for an open ball U = B(0,r) for some r > 0. As [A-j — f]; > 0, there exists
an r > 0 with (A-j — f)(x) # 0 for all ||z|” > r. Let g: U — F be compact with
g(x) =0o0n S(0,r) = 9U. Let g be the trivial extension of g to E. As (A\-j— f) is
(1)-AQ stably solvable, there exists a solution x to equation (A-j — f)(z) = g(x).
We must have ||z]|” < r because of (A-j — f)(z) # 0 for ||z||” > r. Hence, z € U
and z is even a solution of (A-j — f)(z) = g(x). As g was arbitrary, operator
(A-j—f)is (7)-epion U. O

Recall that an odd operator f is one which satisfies f(—x) = — f(z) for all .

THEOREM 84. Given odd and T-homogeneous operators j, f: E — F such that
j is a homeomorphism with [jl, > 0 and f is compact, then we even have
(120) op(J, [N} = ofary (4, /NO} = o4, £)\{0}

PRrROOF. By the preceding Theorem B3] if suffices to prove that o7 (4, f)\{0} C
op(J, F)\{0}-

Let A # 0 be in the complement of o, (j, f). As f is compact and [j]; > 0, we
have [A-j — f]7 = |\ - [§]7 > 0. The same argument as in the preceding theorem
shows that [A-j — f]; > 0. We need to show that that operator (A -j — f) is epi
on U for every U € O(E). By Proposition B2 it suffices to show this for a specific
U, we choose open unit ball U := B(0,1) in E. Let h: U — Y be an arbitrary
compact operator with A(x) = 0 on the unit sphere QU = S(0,1). Define operators
90,91: U =Y by go := 571 ((1/X) - f) and g1 := j~'((1/A) - (f + h)), respectively.
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Both operators are compact, because f and f 4 h are compact. Operator gq is odd
as a composition of odd operators. In addition, go(z) # x and go(z) = g1(x) for
all x € OU = S(0,1). By the Antipodal Theorem of Borsuk and the homotopy
property of the Leray-Schauder degree@, we have

(121) deg(idg — ¢1,U,0) = deg(idg — g0, U,0) =1 (mod?2)

Hence, there exists © € U with (idg — g1)(x) =0, i.e,, A-j(z) = f(z) + h(z). But
this means that equation (A-j — f)(x) = h(x) has a solution for arbitrary compact
h. Hence, operator (\-j — f) is epi on U, O

Reformulating above theorem, we obtain a nonlinear Fredholm alternative.

THEOREM 85 (Nonlinear Fredholm Alternative). Let E and F be infinite-
dimensional Banach spaces, let j,f: E — F be odd, T-homogeneous operators
(t > 0) such that j is a homeomorphism and f is compact. Then the following
statements are equivalent.

(i) The eigenvalue problem f(x) = X\ j(z) has only the trivial solution.
(ii) Operator (\-j — f) is (1)-FMV-regular, i.e., it is (7)-AQ stably solvable,
and [A-j — flz, > 0.
(iii) Operator (\-j — f) is (7)-Feng-regular, i.e., it is epi on U for all U €
O(E), and [A-j — fl7, > 0.

3. Restriction to Linear Operators

3.1. Rhodius Spectrum. The Rhodius spectrum equals the classical spec-
trum for linear operators: Let u: £ — FE be linear and continuous. On the one
hand, if A € pg(u), then r(u, A) exists. Hence, A € p(u). On the other hand, if
X € p(u), then r(u, A) exists. As (A-idg — u) is bijective and continuous, r(u, A) is
continuous by the Continuous-Inverse property of Banach / barreled spaces (Def.
BE). Hence, A € pr(u).

3.2. Dorfner Spectrum. The Dorfner spectrum equals the classical spec-
trum for linear operators: Let w: E — FE be linear and linearly bounded. On
the one hand, if A € pp(u), then r(u,\) exists. Hence, A € p(u). On the other
hand, if A € p(u), then r(u, A) exists. Linear operator (A -idg — u) is bijective and
continuous, because F is bornological as a Banach space, and u is continuous as
a linearly-bounded operator in a bornological space E. Then r(u, \) is continuous
by the Continuous-Inverse property of Banach / barreled spaces (Def. BE]). Thus,
r(u, A) is linearly-bounded, showing A € pr(u).

3.3. Kacurovskil Spectrum. The Kacurovskii spectrum equals the classical
spectrum for linear operators: Let u: E — E be linear and Lipschitz continuous.
On the one hand, if A € pg(u), then r(u, \) exists. Hence, A € p(u). On the other
hand, if A € p(u), then r(u, A) exists. Linear operator (A -idg — u) is bijective
and continuous, because u is continuous as a Lipschitz-continuous linear operator.
Then 7(u,\) is continuous by the Continuous-Inverse property of Banach / bar-
reled spaces (Def. BH). Operator r(u, A) is linearly-bounded and thus Lipschitz
continuous, showing A € pg(u).

6We did not present the Leray-Schauder degree deg in this thesis, because this would have
led us too far astray. The tedious and lengthy construction of these degrees, up to l.c.s. and even
abstract neighborhood retracts, can be found in [GDO03| §8-§17]. A quick overview is presented
in [ADPVO04] Sec. 3.5]. These degrees generalize the Schauder-Tychonoff fixed-point theorem in
the sense of quantifying the number of solutions.
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3.4. Neuberger Spectrum. The Neuberger spectrum equals the classical
spectrum for linear operators: Let u: E — E be linear and continuously differ-
entiable. On the one hand, if A € py(u), then r(u, \) exists. Hence, A € p(u).
On the other hand, if A € p(u), then r(u, \) exists. As (A -idg — u) is bijective
and continuously differentiable, r(u, A) is continuously differentiable by the Inverse
Function Theorem in Banach spacesl! Hence, A € pn(u).

3.5. FMYV Spectrum. The FMV spectrum equals the classical spectrum for
linear operators: If u is linear and AQ stably solvable, then u is surjective. This
follows easily from the fact that all constant maps g:  — y obey [glag = 0, and
thus u = g has a solution.

Let u: E — F be linear and surjective. By Theorem [E8 (Michael Selection),
there exists a continuous selection s: F' — E such that uos =idp. Let g: F — F
be compact. Then g o s is compact, too. By Theorem (Schauder-Tychonoff),
map gos: F' — F has a fixed point y € F. Define x := s(y). Then u(z) = u(s(y)) =
y = (gos)(y) = g(x). Hence, u is AQ stably solvable.

3.6. Feng Spectrum. The Feng spectrum equals the classical spectrum for
linear operators. If u is linear, then it is 1-homogeneous. Hence, by Theorem [83]
or(u) =okL(dg,u) = ok (de,u) = oppv(u) = o(u).

4. Nonemptyness

4.1. Mapping Spectrum. The mapping spectrum may be empty. To see
this, let £ := C2, and consider the following (nonlinear but additive) operator
frE— E, f(z,w) = (w,iz). For every A € C, map (A-idg — f)(z,w) = (A\z —
w, \w — Z) is a bijection on E with inverse

M+w dw+il
(122) (ids = 1) G = (P58 T )

This follows from the simple calculation
(A -ide = £)7H((A - ide = f)(z,w) = (A -idp — )7 (A2 =@, dw — 2)
B (X(Az — W)+ (w —2) Adw—7) +i(hz — m))

i+ A2 ’ i— A2
N2z — M0+ MW + iz |A2w — \iZ + \iZ — iw ,
- i+ A2 ’ i—[AP =idz(z )

The other identity (A-idg — f) (A -ide — f)7'(¢,w)) = idg({,w) is computed
analogously. Hence, ps(f) = C, and finally X(f) = 0.

4.2. Point Spectrum. The point spectrum may be empty. For operator f,
defined as above, with f(0) = 0, we have o, (f) C Z;(f) C X(f) = 0.

4.3. Spectra Defined Via Seminorms. Operator f, defined above, is ad-
ditive and 1-homogeneous. Hence, all the spectra coincide by Proposition [[0l As
[f] > 0, we obtain o,(f) = 0 for z € {s,d, db,b,lip}.

4.4. Rhodius Spectrum. The Rhodius spectrum may be empty. To see
this, again consider operator f: E — E, f(z,w) := (w,iz). Then (A-idg — f) is
invertible, and r(f,\) is continuous, because it equals (IZZ). Hence pr(f) = C,
and finally or(f) = 0.

7 [Riiz04, Chapter 2, Theorems 2.17, 2.22]
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4.5. Dorfner Spectrum. The Dorfner spectrum may be empty. To see this,
again consider operator f: E — E, f(z,w) := (w,iz). We have op(f) = X(f) U
op(f) =0 U D =0 by the results above.

4.6. Kacurovskil Spectrum. The Kacurovskii spectrum may be empty. To
see this, again (and again) consider operator f: E — E, f(z,w) := (w,iz). We
have o (f) = X(f) Uoup(f) =0 U0 = 0 by the results above.

4.7. Neuberger Spectrum. In contrast to many of the other spectra, the
Neuberger spectrum is always nonempty in case K = C. Let n(f) := {A € K |
(X -idg — f) is not proper }. Then for f € C1(E), we have

(123) on(f)=m(f)u | o (£l

z€E

For the proof, consider an arbitrary A. For the one direction, let A be in the
complement of the set of the right side. Then f is proper. Consequently, operator
(A -idg — f) is proper. As each (A-idg — f)'|+, € E, is continuously invertible,
(Aidg—f) is a homeomorphism. Combined, (A-idg— f) is a global homeomorphism.
By assumption () -idg — f) is differentiable. In addition, r(f,\) = (A-idg — f)~!
is differentiable. Hence, A is not in on(f). For the other direction, let A be in the
complement of the left side. Then (A-idg — f) is a diffeomorphism. Consequently,
it is proper (its inverse map is continuous, and thus maps compact sets on compact
sets), and all its derivatives are invertible.

From the above, we deduce that the Neuberger spectrum is not empty, because
the usual spectrum for linear operators is not empty.

4.8. FMV Spectrum. The FMV spectrum may be empty. As operator
f(z,w) := (w,iz), is defined over a finite-dimensional space, it cannot be used
directly to show that the FMV spectrum is empty. But just use a countably-finite
number of copies, i.e.,

(124) Foo (21, w1), (22, w2), . ..) == (@1, i71), (W3, 1%3), . . .)

As [foolb > 0, we have [foola > [fooltip = [foolo > 0 and [fos]g > [fools > 0. As f is
surjective, it is stably solvable. Thus, orarv (foo) = 0a(foo) Uog(foo) Uou(foo) = 0.

4.9. Feng Spectrum. The Feng spectrum may be empty. Operator f,, de-
fined above, is also additive and 1-homogeneous. Hence, by Theorem B3] o (foo) =
01 (i, foo) = Oppry (1dE, foo) = oMy (foo) = 0.

5. Closedness

5.1. Mapping Spectrum. The mapping spectrum may not be closed. This
can be seen by the following example. Let E := R, and consider operator f(z) :=
x3. Clearly, f is a bijection. Hence, 0 ¢ X(f). For A > 0, operator (A -idg — f) is
not injective, take e.g., 1 = 0,z = v/A. Thus, 3(f) 2 (0, 00).

5.2. Rhodius Spectrum. The Rhodius spectrum may not be closed. Let
E := R, and again consider operator f(z) := 3. Clearly, f is even a homeomor-
phism. Hence, 0 ¢ or(f). Again, for A > 0, (A\-idg — f) is not injective. Thus,
or(f) 2 (0,00).
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5.3. Dorfner Spectrum. The Dorfner spectrum may not be closed. This can
be seen by the following example. Let E := R, and let (v, ), be a strictly-increasing
sequence in [0,1] with ap = 0 and lim, .o o, = 1. Define ¢, := Y| H—r=2t,
Then (¢,), is a Cauchy sequence, because (o), is one, as can be seen by

n+p n+p
¢ c E Ak T k-1 ! E ap — ! (a ap)
- = =~ k— Xg—1 — -
n+p n k n + 1 n + 1 n-+p n
k=n-+1 k=n-+1

Hence, ¢:= 3 1o, Sl — limy, o € < 00,
We build a piecewise-linear operator f: E — E by

F(z) = Cn + rn_fln , <1, z¢€ [anaan—i-l] )
c-x , rz>1

As f is strictly increasing, it is bijective. Its inverse is

oy Jan+t kD =) L oy € leren + R
y y € [¢, 0]

c )

We have [f~]p < sup{2, w |y € [ek, cx + T} < oo as

ak+(/€+1)(y—ck)<ak+(/€+1)(%)<ak+1<3

Yy Cn Cp, a1
Hence, on the one hand, 0 ¢ op(f). On the other hand, the sequence (1) is in
op(f), because (% -idg — f) is constant on interval [ay, ag41]-

5.4. Kacurovskii Spectrum. The closedness of the Kacurovskii spectrum is
a consequence of the Banach fixed-point theorem.

PROPOSITION 86. Let E be a Banach (or Fréchet) space, and let f: E — E be
Lipschitz-continuous. If [flrip < 1, then idg — f is a lipeomorphism with

1
125 idg — f)7'],, < ———
( ) [( E f) ]sz*l_[f]Ll,p
PrROOF. First of all, (Crip(E), [-]Lip) is a complete metric space. Secondly, for
f2(z) == f(x) + 2, we have [f.]Lip = [f]rip < 1, because the Lip-characteristic is
translation-invariant. Hence, by Theorem 28 (Banach Fixed-Point), f, has a fixed
point. Thus, the equation (idg — f,)(x) = 0 has a unique solution and (idg — f,) "
exists. We have
(idp o (idp — f)7")(2) = (fo (idp — £)7)(2) =idp(z) =«
Consequently, for all y, z € F we obtain
(i — £ ()~ (s — ) @)l
< |f(Gde = £)7'(2)) = f(Gde = H T @)lle + 12 —yle
< e - lde = /)7 (2) = (de = H T Wlle + 1z —ylle
implying
IGde — £)"'(2) = (dp =)' Wl . 1
Iz —ylle 1= {flrip

O

THEOREM 87. Let E be a Banach (or Fréchet) space, and let f,g: E — E be
Lipschitz-continuous. If f is a lipeomorphism and [glrip < [fliip, then f+ g is a
lipeomorphism with

TS S
(F+9) e < a0
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PROOF. First of all, f + ¢ = (idg — (—go f~1)) o f. Secondly, we have
[—g 0 fMuip < [glip - If Neip < leip - [f i <1
Hence, by Proposition 88, (idg + (go f~!)) ! exists, and we have
1
i o f~) ;.
[( de + (g f )) ]Lw < 1— [g]up ] [ffl]Lip
Finally, (f +¢)' = f~"o(idg + (g0 f71))7", and
[(f +9) e < U up - [Gide + (9o 7)) i
1
Lip - [f 7 HLip
1 1
(% — l9leip [l — [9]Lap

< [f_l]Li:D ’ 1— [g]

O

COROLLARY 88. Let E be a Banach (or Fréchet) space, and let f € Crip(E) be
Lipschitz-continuous. Then the Kacurovskit spectrum o (f) is closed.

PROOF. Let A € pk(f) be arbitrary. Then (A -idg — f) is a lipeomorphism
with [A - ide — flp = [(A-ide — /)7L = (£ V)]0, > 0. Let p € K be
arbitrary with [ — A < [r(f, )\)]Zilp. Then (¢ — A) - idg is Lipschitz-continuous
with [(u— A) - idg]Lip < [A-idg — flip. By Theorem BT applied to (A -idg — f)
and (u — M) -idg, operator r(f, ) = (A -idg — f) + (1 — A) - idg) ™! exists and is
Lipschitz-continuous. Hence, p € pi (f), proving that px(f) is open. O

5.5. Neuberger Spectrum. The Neuberger spectrum may not be closed.
This can be seen by the following example. Let E = R. Define operator f: E — F
as follows, distinguishing between even and odd intervals (k € N).

x ., xel0,1]

fa) = AR =14 50 -x , we2k2k+1]
forta(z) , wEeRk+1,2(k+1)]
—f(-=) , <0

Here, fory1 is a C' operator, strictly increasing, with strictly positive derivative,
extending f smoothly to odd intervals. As f is strictly increasing, f is a bijection.
It is C! by construction. Its inverse is C!, too, because f has strictly positive
derivative. Hence, on the one hand, 0 ¢ on(f). On the other hand, the zero
sequence (57 )i is in o (f), because 5 -idg — f is constant on interval [2k, 2k +1].

5.6. FMYV Spectrum. Showing the closedness of the FMV spectrum is based
on a perturbation result. We sketch the proof on a high level first: From different
growth-rates (Q-characteristic) of operators f and g, we obtain an invariant and
bounded set. This set contains an invariant and compact subset, which we find with
the help of the noncompactness measure (A-characteristic). Stability of f is now
obtained via the Theorem of Dugundji and the existence of retractions, enforcing
the solution of f = ¢ to lie in this compact set.

THEOREM 89. Let E, F be infinite-dimensional Banach (or Fréchet) spaces,
k>0, and let f: E — F be continuous. If f is 0-AQ stably solvable and [flqq > 0,
then fis ([flag — €)-AQ stably solvable for every ¢ > 0.
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PROOF. Let g: E — F be continuous with [g]ag < [flag — € < [flag- We have
to show that f = g has a solution. As [f]; > [g]g, by Lemma [75 applied to f and
g, there exists a nonempty, convex, closed, and bounded subset B C E such that
fl(co(g(B)U{0})) € B. As [f]a > [g]a, by Lemma[56, there exists a nonempty,
convex, and compact subset C' C B such that f~1(co(g(C) U {0})) C C.

Define D :=¢6(g(C) U {0}). Then D C F is nonempty, convex, and compact.
By Theorem 51l (Dugundji’s Extension Theorem), there exists a retraction r: F —
D of F onto D. Define go: E — F by go(x) := r(g(z)). Then go is compact
by construction and bounded in growth, [goJag = 0. Operators f and gy have a
common solution & by 0-AQ stably solvability of f. As f(z) € go(E) C D, we
have £ € f~1(D) C C. Then ¢(#) € D, implying g(2) = r(g(2)) = go(&) = f(2).
Hence, 7 is also a solution for f = g. This shows that f is ([f]sq — €)-AQ stably
solvable. O

COROLLARY 90. We have u(f) > [flab-

PROPOSITION 91. Let E, F' be infinite-dimensional Banach (or Fréchet) spaces,
and let f,g: E — F be continuous operators.
(i) If f is k-AQ stably solvable for k > [glag, then [+ g is k'-AQ stably
solvable for k' <k — [g]aq-
(i) If f is FMV-regular with [glag < [flaq, then f+ g is FMV-regular.

PROOF. For item[(D)} let h: E — F be continuous with [h]4q < k’. We want to
show that equation f + g = h has a solution. We have [h — glag < [h]ag + [glag <
(k —[9]ag) + [g9]lag = k. As f is k-AQ stably solvable, f = g — h has a solution.

In case, f is FMV-regular, we have [f + ¢lag > [flag — [9]ag > 0. Furthermore,
as f is 0-AQ stably solvable, f is even ([f]qq —€)-AQ stably solvable for every e > 0.
Choose € such that k' := [f]qsq — [g]ag —€ > 0. Then f+ g is k£’-AQ stably solvable
and thus FMV-regular, proving item O

THEOREM 92. Let E be an infinite-dimensional Banach (or Fréchet) space,
and let f: E — E be continuous. Then the FMV spectrum opary (f) is closed.

PROOF. We show that pparv(f) is open. Let A € ppyv(f). Define § :=
2flag > 0. Let p € K with [\ — pu| < 6. We show that u € ppav(f). By
choice of A, operator (A -idg — f) is FMV-regular with [A-idg — f]aq > 0. As
i) aq = |l = 6 < [flag, operator (- idp — f) = (1 — ) -idp + (\ - idp — /)
is FMV-regular. Hence, u € ppyv (f)- O

An alternative proof goes as follows.

ProoF. We show that pparv (f) is open. Let A € ppary (f). Then (A-idg — f)
is FMV-regular. Hence, [A -idg — flag > 0 and p(A - idg — f) > 0. Choose
6(A) == 1% - [A-idg — flag > 0. Then for all  with [ — A| < §()), we have

n-idg = flag 2 A idE = flag = [0 = Al 2 [A-idE = flag —6(A) >0
Furthermore, we have
p(n-idg — f) = [n-idp — flag > 0
Hence, operator (n-idg — f) is FMV-regular, i.e., u € pryv (f). O

5.7. Feng spectrum. We prove the boundedness of the Feng spectrum via
the properties of p and v.

THEOREM 93. Let E be an infinite-dimensional Banach (or Fréchet) space,
and let f: E — E be continuous. Then the Feng spectrum op(f) is closed.
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PrOOF. We show that pp(f) is open. Let A € pp(f). Then (A-idg — f) is
Feng-regular. Hence, [A-idg — flap > 0 and v(A-idg — f) > 0. Choose d(A) :
2+ [A-idg — flap > 0. Then for all n with |n — A| < §()), we have

n-idg = flav 2 [A-idg = flav — [0 = Al 2 [A-idg — flav —6(A) >0
Furthermore, we have

l/(?]’idE—f) Z,u(?]'idE—f) Z [n'idE_f]aq Z [n'idE_f]ab >0
Hence, operator (n-idg — f) is Feng-regular, i.e., u € pp(f). O

6. Boundedness

6.1. Mapping Spectrum. The mapping spectrum may be unbounded. This
can be seen by the following example. Let £ = R, and define f(x) := 2?. Then
(A -idg — f) is not injective for all \. For A = 0, take 1 = 1,29 = —1. For A # 0,

take £1 = 0,22 = A. Hence, R = X;(f) = X(f).

6.2. Point Spectrum. The point spectrum may be unbounded. Take the
same example as above for the mapping spectrum.

6.3. Spectra Defined Via Seminorms. Based on the spectra defined for
the lower characteristics, one can also define corresponding spectral radii for the
lower characteristics:

rs(f) =sup{[A| [ A € os(f)}
ra(f) :=sup{|Al | A € oa(f)}
rao(f) == sup{[A| | A € oar(f)}
ro(f) :=sup{|A[ | A € ou(f)}

riip(f) = sup {[A] [ A € ouip(f)}
We have the following inclusions in case of identical seminorms p = ¢, because
[A-idg — f]. = 0 implies both [f], — [A - idg]z < 0 and [X - idg]. — [f]z < 0.
Consequently, [f]. < [A-idg], = |A| = [ -idg]z < [f]z. This gives

(126) o:(f) S{A e K[[fl. < |A < [flz}
Hence, for f € C(E) with [f]z < oo, the spectra for the lower characteristics [-],
are bounded, and for each z/Z we have

(127) r:(f) < [flz

6.4. Rhodius Spectrum. The Rhodius spectrum may be unbounded. Again,
let £ =R, and consider f(x) := x2. We have f € C(E). Then R = X(f) C ar(f).

6.5. Dorfner Spectrum. The Dorfner spectrum may be unbounded. This
can be seen by the following example. Consider operator f: E — FE defined on
E:=Rby f(z):=0,if z <1, and f(z):=+vax—1,ifx > 1.

First of all, we show f € By;,(F). We have

fs = sup {|f()|/lz] |0 <z < 00} = sup {/&/(z +1) | 0 <z < o0}

Its extremum is at = 1, computed by

S VEN @)@+ = (V) + 1) 1 _
0_<x—|—1) - (@+1)? RN

Thus, [f]p = 4 < cc.

Secondly, we prove that op(f) is unbounded. Consider fy = A -idg — f.
We distinguish three cases on A\. If A = 0, then 0 € op(f), because fo < 0 is
not surjective. For A < 0, operator fy is strictly monotonically decreasing with
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fa(x) — Foo for x — Foo. Hence, fy is bijective in this case. Furthermore,
s =[Al <A1+ [flp = A+ 1/2 < co. Thus, (—00,0) C pp(f). For A >0,
operator f) has a local minimum at zo = 1+ 1/4\?, computed by 0 = f{(z) =
A— 2\/% We have fy(1) > fa(xo) and fa(zo) < fr(1 + 1/2X2). Hence, fy is
strictly monotonically decreasing in [1,z¢) and strictly monotonically increasing in
(20, 00). Finally, combining all three cases, we obtain op(f) = [0, 00).

6.6. Kacurovskii Spectrum.

PROPOSITION 94. Let E be a Banach (or Fréchet) space, and let f: E — E be
Lipschitz-continuous. Then the Kacurovskii spectrum o (f) is bounded.

PROOF. Let A € pr(f) be arbitrary with |[A| > [f]rip. Operator (X -idg) is a
lipeomorphism. As [—f]rip = [flrip < |\ = [A - idE]up, by Theorem [B7, operator
(A-idg — f) is a lipeomorphism. Hence, A ¢ o (f). O

As a consequence, we obtain that the Kacurovskii spectral radius is bounded
by

(128) rie(f) < [flew

6.7. Neuberger Spectrum. The Neuberger spectrum may be unbounded.
Again, let E = R, and consider f(x) := 2%. We have f € C}(E). Then R = %(f) C
on(f)-

6.8. FMYV Spectrum. The boundedness of the FMV spectrum follows from
the following perturbation result, which itself relies on the Darbo fixed-point theo-
rem.

PROPOSITION 95. Let E be an infinite-dimensional Banach (or Fréchet) space,
and let h: E — E be continuous with [hlag < 1. Then operator (idg — h) is
surjective. In particular, h has a fized point.

PROOF. Let y € E be arbitrary. Define the translate hy(z) = h(z) + y.
Then [hylag = [hlag < 1, because both A- and Q-characteristic are translation-
invariant. Fix ¢ € ([h]g,1). Then for a suitable b > 0, ||hy(z)||lz < ¢ - ||z||z +b
for all z € E. For R > 1/(1 — q), hy maps ball B(0, R) into itself. By Theorem [58]
(Darbo Fixed-Point), h, has a fixed point. O

THEOREM 96. Let E be an infinite-dimensional Banach (or Fréchet) space, and
let f: E — E be continuous with [flag < co. Then the FMV spectrum oparv (f)
is bounded.

PRrROOF. For A € K with |A| > [f]ag we have [A-idg — flag > |A| — [flag > 0.
We show that (A-idg — f) is 0-AQ stably solvable. Let g: E — E be continuous
with [g]ag = 0. Then h := (f + g)/X satisfies [h]ag < 1. Hence, by Proposition
05 there exists z € E with (idg — h)(z) = 0. Thus, (A -idg — f)(z) = g(»). O

An alternative proof goes as follows.

PrROOF. For A € K with |A| > [f]ag, we have [A-idg — flag > |A — [flag > 0.
We have
pA-idg — f) > [A-idg — flag >0
Hence, operator (A -idg — f) is FMV-regular. O

As a consequence, we obtain that the FMV spectral radius is bounded by

(129) remv (f) < [flag
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6.9. Feng Spectrum. We prove the boundedness of the Feng spectrum via
the properties of p and v.

THEOREM 97. Let E be an infinite-dimensional Banach (or Fréchet) space,
and let f: E — E be continuous with [flap < oo. Then the Feng spectrum op(f)
is bounded.

PRrROOF. For A € K with [A| > [f]ap, we have [A-idg — flap > |A — [f]las > 0.
We have

I/()\ldE—f) ZM()\ldE—f) > [)\-idE—f]aq > [)\'idE_f]ab>0
Hence, operator (A -idg — f) is Feng-regular. O
As a consequence, we obtain that the Feng spectral radius is bounded by

(130) rr(f) < [flas

7. Upper Semicontinuity

Upper-semicontinuity seems to be a delicate issue. We will show that it holds
for the Kacurovskii, FMV, and Feng spectra under suitable conditions. For the
Rhodius and Neuberger spectra, it seems to be an open question, [ADPV04], Table
7.1, p.178].

In addition, it is claimed in [ADPV04, Chapter 5, Example 5.9] that the
Dorfner spectrum is not upper semicontinuous. It is shown that op is not graph-
closed. Probably, the argument then implicitly uses the fact that semicontinuity
implies a closed graph. But such an argument only holds in case that the set-valued
map has closed values. This is not the case here, op(f) may be open, see Subsection

63

THEOREM 98. Let (M,p) be a seminormed space, and let o: M — 2% be a
set-valued map, which has closed graph and bounded values such that

(131) sup [A| <p(f) feM
Aea(f)

Then o is upper semicontinuous.

ProoF. Let f € M, and let V C K with o(f) € V. Define ¢ > 0 such
that o(B(f,€))\V # 0. Here, B(f,e) := {g € M | (f — g) < €}. Hence, for
g € B(f,¢€), we have sup,c,(y) [Al < p(g9) < p(f) + €. Define set C:= o(B(f,€))\V.
As o(B(f,¢€)) is bounded, C is compact.

For every A € C, there exists an open set Vy C K with A € V) and §(A) > 0 such
that o(B(f,d(N))) NV = 0, because map o is graph-closed. Family {V) | A € C} is
an open covering of C'. Hence, there exist finitely-many Aq,..., A, € C such that
C CVy U---UV,, . Define § := min{e,5(A\1),...,6(Am)}. Then o(B(f,0)) CV,
showing o to be upper semicontinuous. (I

7.1. Kaéurovskil Spectrum. The Kacurovskii spectrum o : Crp(E) — 25,
f— ok (f), is upper semicontinuous. This follows from Theorem [08 and Proposi-
tion

ProPOSITION 99. The Kacurovskit spectrum is graph-closed and has bounded
values.

PRrROOF. As rx(f) < [flLip, ok has bounded values. We show that ox is
graph-closed. Let (f,)n and (\,), be sequences with \, € og(f,) such that
[fn. — floip — 0 and A\, — X for n — oco. Then we have

(A -ide — fr) = (A -ide — Doy < A=A+ [fn— fleip — 0 (n— 0)
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We have to show that A € ox(f). Assume the opposite for a contradiction, i.e.,
X € pr(f). Then [A-idg — f]up > 0. Due to convergence, one can choose ng such
that for all n > ng we have

1 .
ma'x{[fn - f]Lip7 |)\n - )\|} < 5 . [)\ : ldE - f]lip
Hence, for operator g, := (A, — A) -idg + f — fn, we get
gnlLip < [fn — flLip + 1A — A < [N -idE — fliip

Then (A, -idg — fn) = (A -idg — f) + gn is also a lipeomorphism, contradicting
)\n € oK (fn) O

We note that [-]r;p and [-]ip have been mixed up in the proof in [ADPV04]
Theorem 5.3].

7.2. FMV Spectrum. Denote with A(E) and Q(F) the spaces of operators
f: E — E such that [f]a < oo and [f]g < oo, respectively.

We consider space A(E)NQ(E) with seminorm pag(f) := [f]ag. The topology,
induced by pag, is often called FMV topology.

The FMV spectrum oppyv: A(E) N Q(E) — 2% f w— oparv(f) is upper
semicontinuous. This follows from Theorem O8] and Proposition [TO0

ProprosITION 100. The FMYV spectrum is graph-closed and has bounded values.

PRrROOF. As rpmv (f) < [flag, or has bounded values. We show that opay

is graph-closed by looking at its complement.

Fix A € prmv(f). Then [A-idg — flag > 0 and p(X -idg — f) > 0. As
prav(f) is open by Theorem @2 we have 6(A) := 7 - [A-idg — flag > 0. Choose
g € A(E)N Q(E) with [g — flag < 6(A). Then for all n with | — A| < d(N), we
have

ag > [-1dE — flag — [f — 9lag
> [A-ide = flag — 0 = Al = [f — 9laq
> [A-idp — flag —2-6(A) >0

[n-idg — g]

Furthermore, we obtain
u(n-ide —g) = [n-ide — glag >0
Thus, the complement of the graph of opasv (f) is open. O

7.3. Feng Spectrum. We consider the space A(F) N B(E) of operators, to-
gether with seminorm pap(f) := [flap. The topology, induced by pap, is some-
times called Feng topology.

The Feng spectrum op: A(E) N B(E) — 2% f +— op(f), is upper semicontin-
uous. This follows from Theorem 08 and Proposition [I01l

ProprosITION 101. The Feng spectrum is graph-closed and has bounded values.

PROOF. Asrp(f) <[f]ap, or has bounded values. We show that op is graph-
closed by looking at its complement.

Fix A € pp(f). Then [A-idg — flap > 0 and v(A-idg — f) > 0. As pp(f) is open
by Theorem [@3, we have §()) := 1 - [A-idg — f]ap > 0. Choose g € A(E) N B(E)
with [¢g — flag < 0(A). Then for all n with |n — A] < 6(A), we have

[n-ide = glay > [0 -idE — flav — [f — 9laB
> [A-idp — flab — [0 — Al = [f — glaB
> [A-idp = flab —2-6(A) >0
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Furthermore, we obtain
v(n-idg —g) 2 p(n-idp — g) = [n-idE — glag = [n-1dE — glay > 0
Thus, the complement of the graph of o (f) is open.



CHAPTER 4

Applications

1. Nemyckii Operator

This section is just a preparation for the analysis of the p-Laplace operator,
introduced in the next section. We show properties of so-called Nemyckii operators
F', defined as follows.

(Fu)(z) := f(z,u(z))
where u == (u!,... 7ud/): O — R?, O CR?is a domain, and function f: QxR —
R satisfies the following conditions:
(i) Carathéodory Condition: Function f is measurable in the first and con-
tinuous in the second argument, i.e., for each y € Rd/, x — f(z,y) is
measurable, and for each © € Q, y — f(z,y) is continuous.

(ii) Growth Condition: There exist constants b > 0, 1 < ¢,p; < o0, i € [d'],
and a € L(Q) such that

[f@,y) < la@)| +b- Y |y’

i€[d’]

Pi/q

THEOREM 102. Under the above assumptions, the (nonlinear) Nemyckii oper-
ator 1s defined between F': [];cy) £ () — L9(R), is bounded, and continuous.
For all u in the domain of F it holds

IFul%ygy < (@ + 17 [ flaldog +57 32 il | D
]

ield

The proof of above theorem, given in [Ruz04] Section 3.1.2, Lemma 1.19], is
problematic in several aspects. First of all, it suggests that the above statement
also holds in case ¢ = 1 or one of the p; = 1, which is actually true. But £1(Q) is
not reflexive in case of a bounded domain 2. Hence, the arguments, using [R1z04]
Chapter 3, Lemma (0.3) (iv)], in the proof fail in such a non-reflexive case. The
cited lemma demands reflexivity. Secondly, mentioned Lemma (0.3) (iv) only gives
a weakly-convergent sequence. In contrast, here we need a strongly-convergent
sequence.

PROOF. Each Fu is measurable: As u € LP(Q), it is Lebesgue-measurable,
implying that there exists a sequence of step functions (un)n, Un = 3 e, ] Cnyi -
XG...;» converging to u pointwise almost everywhere, i.e., u,(r) — u(x) almost
everywhere (n — o00). As f is continuous in the second argument, we obtain
Fu(z) = f(z,u(x)) = lim,—c f(x, up(z)) almost everywhere. Each

[z, un(r)) = Z [z, Cn,i) .XGn,i(x)

le[mn]

1The exponents g have been corrected, compared to the submitted version of this thesis.

87
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is measurable as a sum-product of measurable functions. Note that each f(z,cp ;)
is measurable by the Carathéodory condition. Finally, Fu is measurable as the
limit of measurable functions.

Operator F is bounded: First note that (a1 +---+aqz)" < (d')""'-(al+---+a%)
for r > 1 We have

IFullbue = [ 15 @) ar< [ {la@]+: 3 1

i€[d’]

q
Pi/q dx

PidA

< (d' +1)1 /|a )9 dA 4 b9 - Z/m

i€[d’]

<@+ D)7 | al|%y g + b0

i€[d’]

Operator F' is continuous: For notational simplicity, we prove the statement for
d =1, p=p;. Let u, — u in LP be an arbitrary convergent sequence. We consider
an arbitrary subsequence (F'u,, ). For convergent sequence (un, )k, there exists a
subsequence (un, )i, converging pointwise almost everywhere to z, by Theorem
Hence, subsequence (Funkl)l also converges pointwise almost everywhere to Fu,
because f is continuous in the second argument by the Carathéodory condition.
We then have (Fu,, — Fu)(z)— 0 pointwise almost everywhere.

Define measurable functions

hi(z) = C - (Ja(@)[" + 07 - Jun,, (2)|" + [f (2, u(@))]?)
hx) = C - (Ja(@)]? + b - [u(@) P + | f (2, u(z))]?)

Then hy(z) — h(z) pointwise almost everyhere (I — oo). In addition, as un,, — u

in £P(Q), we have
/hld)\—>/hd)\ (I = )

These functions serve as majorants, because ‘Funkl — Fu‘ < h; by construction.

Hence, we have everything to apply Theorem (generalized Majorized Conver-
gence), obtaining
[ Ftin,, — FUHU(Q =0 (k—o0)

Hence, every subsequence of (Fuy,), contains a subsequence, converging (in norm)
to the same limit Fu. By Lemma[0 (v), then the whole sequence (Fuy,), converges
(in norm) to Fu. This shows that F' is sequentially continuous. As sequential
continuity is equivalent to continuity in Banach spaces, F' is continuous. O

2. p-Laplace Operator

The literature on the p-Laplace operator is vast. We refer the reader to the
interesting notes of Lindqvist [Linl7] and also to [ADPV04] Sections 12.5 and
12.6] and the references mentioned therein. As the p-Laplacian is a nonlinear gen-
eralization of the linear, ordinary Laplacian, it is a beautiful object of study to
develop and sharpen the tools in (Nonlinear) Functional Analysis. Arguably even
more than the original Laplacian (p = 2), it brings together different fields of
mathematics like Calculus of Variations, Partial Differential Equations, Potential
Theory, Function Theory, Mathematical Physics, and even Statistics and Game
=l

2Use convexity (r > 1) of  — z”. Then e.g., the point ( on the curve is below the point

a”+b"

53— on the secant between a” and b". The general case is an instance of Jensen’s inequality.
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Theory. The p-Laplace operator is formally defined as Apu := — div(|Vu|P~2Vu)
for functions u = u(x1,...,xq). For fixed real s, 2 < p < 0o, and a bounded domain
Q C R with Lipschitz-continuous boundary 99, we consider equations of the form
(132) Apu=s-|uf?u ,inQ |,

(133) u=0 , in 09

As usual, divergence and gradient are defined by div(vy,...,vg) := O1v1+- - -+ 0qva

and Vu := (O1u, ..., d4u), respectively.

According to above equation, a strong solution u would need to be in class
C*', compactly supported in €2, and with partial derivatives d;u bounded in £P(£2).
Hence, for a weak solution wu, it suffices to take E := Wé P(Q) as the underlying
space. Note that E and E’ are separable and reflexive Banach spaces. Due to the
Lipschitz conditions on the boundary of 2, the norms |lul|g and ||Vul|zrq) are
equivalent by Poincare’s inequality.

The weak formulation of (I32) reads as

/Q— div(|VulP72Vu)pd\ = s - /Q [ulP~2up dX
for all ¢ € E. By Green’s first identity, the first integral changes to
/Q|Vu|P*2<vu,v¢>Rd dA=s- /Q |u|P~2u¢p dX
For u, ¢ € E, define operators Ju, Bu € E’ by

(134) (Ju, 6) = (Ju)(6) = /Q Vul (Y, Vé)ga dX

(135) (Bu.0) = (Bu)(@) = [ fup~2usax

Before we proceed to prove certain properties of these operators using the
Theory of Monotonic Operators, we need a small preparation via the following
inequality.

PrOPOSITION 103. There is a constant ¢ > 0 such that for all s,t € R and
p > 2 we have
(136) (|s[P=2s — [t|P~2t) (s — t) > c|s — t|P

PROOF. The cases p =2, s =0,t =0, or s =t are clear. In case one of the

arguments is negative, e.g., s, consider § = —s. If s < ¢, switch roles. Hence, we
can assume that s > ¢ > 0 and p > 2. Define m := STH Then s >m >t > 0. We

have
p—2 S P2 —t
s (52) e ()

_ -t
ot (S ) s e e ()
-

s—1t t

- —t
> |glP—2. sTm _|_tp—2. m—
= (s—t 4 s—1

S s—m tt m—t\|P?
S. .
- s—1t s—t
1
= . |g—¢P2
S ls—t

Here, we used the convexity of z +— |z|P~2. O
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LEMMA 104. Operator J: E — E' is odd, (p — 1)-homogeneous, bounded, con-
tinuous, and coercive. If p > 2, J is strictly monotonic and a topological isomor-
phism.

The proof of strict monotonicity of operator J, given in [R1z04], Chapter 3,
Lemma 1.28], is wrong. It suggests that this property even holds for the range |1, 2].
But the restriction to p > 2 seems to be necessary, see e.g., [ADPV04, Section
12.5, p.368]. The calculation presented is wrong, e.g., the differentiation should
yield [¢[P~2 and not [(|P~* as stated. Hence, one does not get the lower bound
min(1,p — 1) - [¢|P~2 - |n|?. Rather one only gets

d .
dg" i g 2 2 (¢ '77)2
Sz =IcP (I + 0 -2)- ,
2 ¢ I<]
which can become negative for p < 2. For example, set { = n with || <2 —p. We
correct these flaws in the proof below.

1,j=1

PROOF. Operator J is odd and (p — 1)-homogeneous by definition. For every
u,p € E, we have

(T, )] < /Q VulP~t - |Ve| dA

< (/ | V| P~ 1P d/\)p (/ |V¢|pd)\>p
Q Q
= Vulbaay - IVSller)

using Holder’s inequality and the dual parameter p’ := p/(p — 1). Then for every
u € E, ||Jul|gr < ¢ ||u||g. Hence, Ju € E' and J is bounded.

Operator J is continuous: Let u, — u (n — 00) be arbitrary. Then Vu,, — Vu
in £P(2). Set F as ¢ — [¢|[P71¢. Then F is a vector-valued Nemyckii operator. By
Theorem [I0Z}, operator F': (LP(2))? — (L£P'(€2))? is continuous. Hence, F(Vu,) —
F(Vu) in (£7 ()% We obtain

(Jup — Ju, ¢) = /Q (F(Vuy) — F(Vu), Vé)ga dA

< NF(Vun) = F(Vu)l 2o (o) - IVl 2r(0)

<S¢ [[F(Vun) = F(Vu)ll 2o o - 10l
This shows that Ju, — Ju in E' (n — o0). Hence, J is sequentially continuous.
As sequential and general continuity are equivalent in Banach spaces, J is also

continuous.
Operator J is coercive: For all u € E, we have

() = [ 96 = [Vl = - full

For all p > 1, it follows
(Ju, u)
[ulle
Operator J is a topological isomorphism: As J is (sequentially) demicontinous

and coercive, it is surjective by Theorem A8 (Browder-Minty). It is injective and

thus bijective by strict monotonicity. It is continuous, and its inverse is continuous.
O

—1
2 lullg™ — o0 (Julp — o0)

LEMMA 105. Operator B: E — E’ is odd, (p — 1)-homogeneous, and bounded.
For p < d, it is strongly (sequentially) continuous, and thus compact.
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The proof in [R1z04] Section 3.2.2, Lemma 2.17] of the strong (sequential)
continuity is not correct, because it applies [R1tz04, Chapter 3, Lemma (0.3)],
written is item (iii) but meant is item (iv), which only yields a weakly- and not a
strongly-convergent sequence. In addition, the condition p < d, needed for the used
embedding E — LP(Q) to be compact, was overlooked in [ADPV04, Section 12.5,
Lemma 12.3]. It is unclear, if this condition is really necessary in the statement,
or if it is only a limitation of the proof method. In this context, we note that the
Sobolev embedding theorems are formulated in a way such that they are provably
best-possible.

PROOF. Operator B is odd and (p — 1)-homogeneous by definition. For every
u, ¢ € E we have

(Buo] < [ - lolar < ( [ g dA)_’ ( / |¢|pdx)5

= ||U:|£p Q) H¢||£P(Q) )
using Holder’s inequality and the dual parameter p’ := p/(p — 1). Then for every
u € E, ||Bu||gr < ¢ ||u|g. Hence, Bu € E' and B is bounded.

Operator B is strongly (sequentially) continuous: Let u, — u be a weakly-
convergent sequence in E (n — o). We have to show that Bu, — Bu in E’
(n — 00). Let (Buy, )i be an arbitrary subsequence.

As u,, = uin E (k — 00), (un, ) is bounded by Lemma[d0 (i). As the embed-
ding E — L£7(Q) is compact for all r < ddTpp, in particular for » = p — 1, sequence
(tn, )k is relatively compact. As compactness and sequential compactness coincide
in Banach spaces, sequence (un, )i is relatively sequentially compact. Hence, there
exists a subsequence (unkl )1, strongly converging to a limit, which must be u. Now,
Nemyckij operator Fu := |u|P~2u is sequentially continuous. Thus, Funkl — Fu
in B/ (I - o). From

sup  [(Bun,, — Bu, ¢)|

PEL, | olle<1
sup / |Fugy, — Ful - [¢]dA
¢>€E lolle<1
< sw P, = Full e oy [9ler 42
PEE, ol E<L1

SC'”Funkl_FUHLP’(Q)_’O (I —o00) ,

we obtain Bup, — Bu in E' (I — o0). Hence, every subsequence of (Bun)n
contains a strongly-convergent subsequence. By Lemma 40l (v), we have Bu,, — Bu
in E' (n — 00), showing that B is strongly (sequentially) continuous.

As sequential compactness implies compactness for Banach space E’ by Lemma,
(i), we are done. O

Combining Theorem B3 with Lemmas [[04] and M08 we obtain the following
results.

THEOREM 106 (Discreteness for A,). Let p < d, s # 0, and X := 1/s. The
(p—1)-FMV and (p—1)-Feng spectrum of the associated operator (B—\-J) coincide
with the classical point spectrum of problem (133).

THEOREM 107 (Fredholm Alternative for A,). Letp < d, s # 0, and A :=1/s.
If s is not a classical eigenvalue of problem (I32), then there exists k > 0 such
that the associated operator (B — X\ - J) is both (k,p — 1)-AQ stably solvable and
(k,p—1)-epi on U for all U € OW,P(Q)).
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3. Navier-Stokes Equations

H The equations, named after Claude Louis Marie Henri Navier and George
Gabriel Stokes, are fundamental equations of Hydrodynamics. They represent
a mathematical model for the velocity of a viscous fluid (liquid, gas). We refer
the reader to the comprehensive book of Lemarié-Rieusset [Lem16] and the refer-
ences therein. We first consider the stationary version, defined over a smooth and
bounded domain Q C R?, d > 1.

(137) —Au+ [Vulu+Vp=f , inQ ,
(138) divu=0 , inQ

Here, for d > 1, u := (u',...,u?): Q — R? denotes the velocity of a viscous
fluid, p: © — R denotes the pressure, and f: Q@ — R is an external force. In
addition, we have the (vector-valued) Laplace operator, Au := (3¢ O2uh)icra,
the nonlinear (vector-valued) turbulence term, [Vulu = (32 ,c(q 4’ 0ju')ica), the
(vector-valued) divergence, divu = (3_,c(q 0ju')ieq), and the gradient Vp :=
(O1p, ..., 04p). For (vector-valued) operators u, we have their gradient defined as
Vu = (0iw?); jera) = (V) jefa-

As divu = 0 implies div(—Au+[Vu].u) = 0, a necessary condition for a solution
to exist is that div(f — Vp) =0.

We seek strong solutions of above equation, which are smooth and compactly
supported in 2. Hence, we define

(139) E :=kerdiv := {u € (D(Q))? | divu = 0}

as underlying space. We have a look at the weak formulation of (I3T). For u, ¢ € E,
we define operators

(140) (Aqu, @) == (A1u)(9) = /Rd<—Au,¢>Rd dA
= / <VU,V¢>Rd><d d)\ s
Rd
(141) (Aa.¢) = (Aa)(0) = [ (Vg dh |
(142) A=A+ Ay |
(143) 0.0) = 1(0) == [ (f = Vpghrsd

LEMMA 108. We have Ay, A3, A: E — E' and be E'.

(i) Operator A; is linear, and (sequentially) continuous, hemicontinuous,
(sequentially) demicontinuous, bounded, strictly monotonic, and pseu-
domonotonic.

(ii) Operator As is strongly (sequentially) continuous, hemicontinuous, (se-
quentially) demicontinuous, bounded, and pseudomonotonic.

(iii) Operator A is (sequentially) continuous, hemicontinuous, (sequentially)
demicontinuous, bounded, and pseudomonotonic.

PROOF. For fixed u € E, all operators Ayu, Asu, Au, and b are in E*, be-
cause (-,-)pa is linear in the second argument. To show continuity, it suffices to

3This section has been changed, compared to the submitted thesis. Reason is the correction
of Theorem 7] In the original version, the stationary Navier-Stokes equations were solved for
smooth, fast-decaying right-hand sides. The correction of the error made it necessary to restrict
the class of functions further to bounded domains and to use an inequality from Brezis-Marcus.
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show boundedness. We demonstrate this only for A;u, because the other cases are
completely analogous.

dxd 2 . 2
|<A1u,<z>>|s/9|<Vu,v¢>R |dA<\//Q|w| dx \//Q|V¢| dx
< cu IVl 220

Note that |Vu|? = (Vu, Vu)gaxa = 2ijeld) (0;u?)? € E, same for |V¢|?. Hence,
both integrals are bounded.

Ad (i): By definition, A; is linear, because (-, -)ga is linear in the first argument,
and the Laplace operator A is linear. It suffices to show sequential continuity.
Let u, — u be a convergent sequence in E (n — o0). We need to show that
Aiu, — Aju in Eé (n — o00). It suffices to show this convergence pointwise in
distribution space E’. For arbitrary ¢ € E, we have

[(Avtn, ¢) — (Aru, @)

— (Ar(u |</| 1), Vo) gt A
\// IV (1, — )2 dA - \// Vo[ dA
<o [IV(un — Wl 20 0 (n— o0)

Hence, A; is (sequentially) continuous, and thus hemicontinuous and (sequentially)
demicontinuous. It is bounded as a linear and continuous operator.
For arbitrary u € F, we have

<A1u,u>:/<Vu,Vu>Rdxdd/\:/ VuPdr>0 |
Q Q

with [(Aju,u)| = 0 iff w = 0. Hence, A; is strictly monotonic. As operator A; is
monotonic and hemicontinuous, it is pseudomonotonic by Lemma (A4 (i).

Ad (ii): Let u,, — u be a weakly-convergent sequence in E. As F is a strong W
space, we even have u,, — u, by Lemma [0 (vi). It suffices to show the pointwise
convergence of Asu, — Asu in Eé (n — o0). For arbitrary ¢ € E, we have

|(A2un, ) — (A2u, ¢)]

[ (Tl s = Vv, 0 dA'

- /Q<[Vun].(un —u), Pyga + ([V(up — u)]u, ¢)pa d/\‘
< llun = ulleso) - [Vualllez) - 19l es@)
[0 = ) s

Note that sequence (Vuy, )y, is bounded. This shows As to be strongly (sequentially)
continuous. Thus, As is also hemicontinuous and (sequentially) demicontinuous.
As every bounded subset B of E is compact, A2(C) is also compact by continuity.
Hence, As is bounded.

As operator A, is strongly (sequentially) continuous, it is pseudomonotonic by
Lemma (4] (ii).

Ad (iii): Operator A = Ay + Az is (sequentially) continuous, hemicontinuous,
(sequentially) demicontinuous, and bounded, because A; and As are (sequentially)
continuous, hemicontinuous, (sequentially) demicontinuous, and bounded.

+

— o0 (n— )
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In addition, operator A is pseudomonotonic by Lemma 4] (iii), because A;
and A are pseudomonotonic. From this, we again obtain that A is (sequentially)
demicontinuous, by Lemma 4] (v). O

We will use the famous inequality of Brezis and Marcus, see [BM97, Eq.
(0.10)].

THEOREM 109 (Brezis & Marcus, 1997). Let 2 C R?, d > 1, be a bounded
domain of class C%. For every A < \*(Q) and every u € C§°, we have

(144) / Vul2d — (1/4) / /62 dA > A - / 2 dA
Q Q Q

The best-possible constant A*(Q2) can be lower-bounded by

(145) A (Q) > 1/(4diam?(Q)) > 0

Answering a question of Brezis and Marcus in the affirmative, the following
bound has been achieved for best-possible A*(2) in [HOHOLO02| Theorem 3.2].

THEOREM 110 (M. and Th. Hoffmann-Ostenhof & Laptev). Denote with S~
the (d — 1)-dimensional unit sphere. For a conver and bounded domain Q C RY,
d>1, in class C%, in (I74)), the best-possible constant \*(Q) can be lower-bounded

by

d(d72)/d . (VOI Sdfl)Q/d
14 A () >
(146) @) 2 = o7

The reader may be irritated by the formulation of the theorem below. In the
past, one first obtained a weak solution u for the velocity, and then the pressure
p was obtained by results, based on a theorem of De Rham, see e.g., [Ruz04l,
Theorem 2.35, p.85]. But this is a very fancy way of showing that p = 0 does the
job. For incompressible flows, there is no a priori relation between the velocity u
and the pressure p. These are independent variables of the motion. This is pointed
out several times in the book [Ari89, p.129]. Hence, the pressure p is just an input
parameter like the external force, and the velocity u is computed according to this
exterted sum force.

THEOREM 111. For every external force f € (D(Q))? and pressure p € D()
such that div(f — Vp) = 0, there exists a globally-defined, strong, smooth, and
compactly-supported solution u € E for the stationary Navier-Stokes equations
(I57) in the smooth and bounded domain £ C R, d>1.

PROOF. Space E is a strong W space, space Eg is also a strong W space, by
Theorem Thus, they are also weak W spaces. In addition, E is separable.

By Lemma [I08 (iii), operator A is bounded and (sequentially) demicontinuous.
We have to show that map u +— (Au — b,u) is coercive. Let P be a family of
seminorms, generating the topology of l.c.s. E. A sequence u,, converges to oo in
the compactification SFE iff for all seminorms p € P of l.c.s. E, for all » > 0, there
exists ng = ng(r) such that p(u,) > r for all n > ng. We choose the kinetic energy
asnorm K (u) := [o [ul?d\ = [, 37,14 (u’)? dX. Then K(u,) — oo for this specific
sequence.

For map u — (Aju,u) = (Aju)(u) and arbitrary u € E, we have

(Aw,u}z/ |Vu|2d/\2/\-/ w2dA = A K(u) |
Q Q

by the Brezis-Marcus inequality [[09
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For map u — (Agu,u) = (Asu)(u) and arbitrary u € E, we have

<A2u,u>:/9<[vu]u W) dA = / Z W0, il - dA

1,7=1

:/Qiuja% <| '2) dr = — /Q(divu)|2|2 dr =0

For map u +— (b, u) = b(u), by Cauchy-Schwartz, we have

(b, u) \// |f — Vpl2dA- \// [ul2dX = ¢ - K(u)

Combined, we obtain that map u — (Au — b, u) is coercive.
<Aun - b7 un> = <A1Un, un> + <A2’Ltn, un> - <b7 un>
>X - K(up)+0—cp-vVEK(u,) — o0 (n— o0)

Hence, by Theorem @7 applied to A and b, there exists an u € F such that
Au =bin F'. For all ¢ € F, this means

(147) /Rd<—Au + [Vulu+Vp— f,¢)padr =0

Successively, set ¢ = (¢1,0,...,0),(0,%2,0,...,0),...(0,...,0,%4) for arbitrary
functions ¥; € D(R2), divy; = 0. In particular, as for Tu := (—Au+[Vu].u+Vp—f)
we have divTu = 0, we can take the i-th component v; := (T'u);. Then one obtains

(148) —Au+ [Vulu+Vp—f=0 ,
i.e.,, u is even a strong solution for the original equation (I4]), not only for the
averaged one (IZ7)! O

Imagine, we would have chosen a Sobolev space for £. Where does the argu-
ment break down in this case? First of all, the methods of the Theory of Monotonic
Operators would yield an u € E = W12 such that ({I47) holds in a weak sense. The
notation hides that we do not have 0“u as ordinary derivatives of u. Hence, even
plugging in bump functions ¢, we can never come to ([4])), because the derivatives
of u are just not defined. We only get a relation between the weak derivatives of u.

Finally, we mention the Clay Millenium Prize Problem of the Navier-Stokes equa-
tions. We refer the reader to [Lem16], Chapter 1] for a detailed description of the
problem. The non-stationary version of the equations is given by

(149) ou—v-Au+ [Vulu+Vp=f , inRyxR? |
(150) divu=0 , inR; xR?

Here, this time all time-dependent, u(z,t) := (u'(z,t),...,u4(z,t)): Ry x R —
R? denotes the velocity of a viscous fluid, p: Ry x R — R the pressure, and
f:Rso x R? — R? is an external force, d > 1. In addition, constant v > 0 denotes
the viscosity of the fluid.

Basically, we conjecture that the Theory of Maximally Monotonic Operators,
mainly developed in the setting of Banach spaces, may help in the solution of
this problem, when lifted to more general l.c.s., e.g., weak W spaces. Next steps
could be: Generalize the Theorem of Browder to weak W spaces, see [Ruz04]
Chapter 3, Theorem 3.43]. Use the result of Rockafellar [Roc66] on the maximal
monotonicity of the subdifferential, already partially formulated for general t.v.s..
Look specifically at the subdifferential of a generalization of the duality map. Define



96 4. APPLICATIONS

a generalized time derivative ‘é—”: in space B/ = L} (R‘éo, (Sd)'), and prove that there
exists h: ' — R>g such that

/St <d’lz1(t7')7u(7—)> dX\ = h(u(t)) — h(u(s))
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