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Motivation

Theory Implementation

Bishop Style ,
( Constr. Math. )

l

Martin-Lot’s Alf
Type Theory Alfa/Agda

l

Barendregt’s Coq
A-cube Lego

l

(Pure Type Systems —— Yarrow )
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Barendregt’s A-cube
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simply typed A-calculus

second order \-calculus
higher order A-calculus

calculus of constructions

[Barendregt 1992]

[Church 1932-41]

[Girard 1972, Reynolds 1974]
[Girard 1972]

[Coquand, Huet 1985-8§]



A-cube terms

Term Meaning/Interpretation
x1,29, . .. variables
(fa) function application

(Az:A.D) function abstraction
(Ilz:A.B) (dependent) function type

* sort of all types
[] sort of all kinds

(fa) f(a)
(Az:A.D) function x + b for all x in A
(Ilz:A.B) {f|f(x)in B forall zin A}
* {alais a type }
] [, x—%, .}




(J-conversion

Notation
M|x = N| denotes substitution of N
for all free occurrences of x in M.

Definition

Let (-conversion =3 be the smallest
equivalence relation on A-cube terms such
that

(

(

(Ax:L.M) =5 (Ax:L.M'),
(Az:M.N) =g (Az:M'.N),
(

(

Ma:L.M) =g (a:L.M),
Ma:M.N) =5 (lz:M'.N).



General \-cube rules

I" context x1:Aq,...,xp:An (n 20)

I'-A:s
(Start) FoAr s A (s € {x,0})
I'FA:s I'Hb:B
(Weaken) I'c:AFb: B
I'Fa:A TTHA s
(Conv) TSP if A=g A’
(ILintro) I'-(Ilz:A.B):s I'v:AFb:B
R '+ O\ Ab) - (A B)
I'=f:(Ile:A.B) I'tFa:A
(IT-elim) /(I ) -

I'(fa): Blx :=da

(x fresh for I" and for A)



Axiom (Ax) Fx:[

Specific rules (sq,s9 € {*,})

I'FA:s1 INv:AF B :s9

[1-f
(L-form) ' (Ilx:A.B) : s9

(x fresh for I" and for A)

A-cube calculi

Calculus Specific (s1, s9)-rules available

A— | (%,%)

AP (%) (+,0)

A2 | (k%) (O,%)

Aw | (%) (0,00)

AP2 | (x,%) (x,00) (%)

APw | (#,%) (*,L]) (0L,0)

Aw | (%) (O%) (O,0)
AC=APw | (%) («,0) (O,%) (O,0)




Notation
(A—DB) = (Ilx:A.B) with x fresh for A, B

Derived rules (s,s,s9 € {*,01})

I'-(A—-B):s I'x:A+-b:B

(=o)L AL (A= B)
(x fresh for I" and A)
(—clim) I'-f:(A-»B) I'Fa:A
I'+(fa):B
(—form) I'FA:s1y I'HB:s
I'-(A—B): sy

Rule Dependency

(, *) objects depending on objects
types depending on objects
objects depending on types
(O, 0) types depending on types




Examples

In A—=: awx, Bix F (a—0) : %

a*x F (Ar:a.x): (a—a)

In A2:  F (Ilax.(a—a)) : *
F (Aasx.(Axr:a.x)) : (Tax.(a—a))

In dw:  F (x—x): [
= (Aazk.(a—a)) 1 (x—x)

In A\P: a* F (a—x) O
ax, P:(a—x), x:a b (Px) : %

Impredicativity

In A2:  F (Mlackx.«r) @ %



Martin-Lof’s type theory

Judgements Representation
A set A Set
A=B (SetEQ A B) true
a€A a: (EIA)
a=be A (EIEQ A a b) true
where
Set :
SetE(Q) : Set—Set— x
El : Set—x

EIEQ : 11A:Set.((El A)—(El A)—x)

(A type a:x is called true if it is inhabited,
i.e. if ¢:a for some c.)

Judgements as Types Interpretation



