Lyapunov optimization of a damped system

Steven J. Cox^a, Ivica Nakić^{b,1}, Annette Rittmann^c, Krešimir Veselić^{d,}∗

aDept. Comp. Appl. Math, Rice University, Houston, Texas bDept. of Math, University of Zagreb, Croatia cOberbruchstr. 51, 47807 Krefeld, Germany dLG Math. Phys, Fernuniversität Hagen, Germany

Abstract

Our aim is to optimize the damping of a linear vibrating system. The penalty function is the average total energy, which is equal to the trace of the corresponding Lyapunov solution. We prove the existence and the uniqueness of the global minimum, if the damping varies over the set of all possible positive definite matrices. The minimum is shown to be taken on the so-called modal critical damping, thus confirming a long existing conjecture. We also give some preliminary results concerning dampings which depend linearly on the viscosity parameters whereas the damper positions are kept fixed. We produce physical examples on which the minimum is taken on a negative viscosity or which have several local minima. Both phenomena seem to be a consequence of a bad choice of the damper positions.

Key words: damped vibrational systems, optimal damping, parametrized damping

1 Introduction and mathematical model

We consider a vibrational system described by the differential equation

Mẍ + Cẋ + Kx = 0, (1a)

∗ Corresponding author.

Email addresses: cox@caam.rice.edu (Steven J. Cox), nakic@math.hr (Ivica Nakić), kresimir.veselic@fernuni-hagen.de (Krešimir Veselić ). 1 The second author acknowledges the support of Lehrgebiet Mathematishe Physik, Fernuniversität Hagen, where the major part of this paper was written.

Preprint submitted to Elsevier Science 19 May 2003 x(0) = x_0, ẋ(0) = ẋ_0, (1b) where M, C and K (called mass, damping and stiffness matrix, respectively) are real, symmetric matrices of order n with M, K positive definite, and C positive semi–definite. Optimization of such systems was recently investigated in e.g. [9], [10], [8] and [1]. Infinite–dimensional linear vibrational systems were discussed in, for example, [4], [5], [6], [3], [2] and [7]. To (1) there corresponds the eigenvalue equation

(λ^2M + λC + K)x = 0. (2)

By introducing y_1 = L^T_1 x, y_2 = L^T_2 ẋ, where K = L_1L^T_1 , M = L_2L^T_2 (3) (1) is obviously equivalent to ẏ = Ay, y(0) = y_0,

where y = (^{y1}y_2 ), y_0 = (_{LT} 1 x_0 L^T_2 ẋ_0 ) ,

A = 0 L^T_1 L^{−T}_2 −L^{−1}_2 L_1 −L^{−1}_2 CL^{−T}_2 , (4)

with the solution y(t) = e^{At}y_0. The eigenvalue problem Ay = λy is obviously equivalent to (2). Moreover,

y(t)^T y(t) = ‖y(t)‖^2 = x(t)^T Kx(t) + ẋ(t)^T Mẋ(t) = 2E(t, y_0),

where E(t, y_0) is energy of the system (1) in time t. Thus, the Euclidian norm of this phase-space representation equals twice the total energy of the system.

In this note we consider the stabilizing the system (1) by requiring ∫ ‖y_0‖=1 ∫_∞ 0 E(t, y_0) dt dS → min, (5)

where dS is the surface measure on the unit sphere S^{2n} and C varies over some prescribed set of admissible dampings.^2 That is, we minimize the average total energy of the system. The relation (5) can be written as ∫ ‖y_0‖=1

y^T_0 Xy_0 dS → min, (6)

2 The case in which dS is an arbitrary positive measure on S^{2n} is more difficult and shall be treated in a subsequent work.

where X = ∫_∞ 0 e^{AT t}e^{At}dt solves the Lyapunov equation A^T X + XA = −I. (7) It is well known that the solution X of the equation (7), with A given in (4), is positive definite if and only if A is stable, i.e. if the real part of the spectrum σ(A) of A is negative. We note the useful inequality ‖X‖ ≥ − 1 2 max ℜσ(A)

. (8)

Lemma 1 If ‖C‖^2 ≥ 4‖K‖‖M‖ then max ℜσ(A) ≥ − 2‖K‖ ‖C‖ .

PROOF. Let x be a unit vector with Cx = ‖C‖x. Then

x^T (λ^2_+M + λ_+C + K)x = 0

with λ_+ = − 2x^T Kx ‖C‖ + √ ‖C‖^2 − 4x^T xx^T Mx ≥ − 2‖K‖ ‖C‖ . Since λ^2M + λC + K is positive definite for λ negative and close to zero, there must be an eigenvalue of A in the interval [λ_+, 0) i.e. max ℜσ(A) ≥ λ_+. This completes the proof.

It can easily be seen that (6) is equivalent to

Tr(X) → min .

This penalty function has many advantages over the time-honored ’spectral abscissa’ − max ℜσ(A), for a detailed discussion see [8].

If all positive semi–definite dampings are allowed, K. Brabender [1] (see also [8]) showed the existence of a generic strong local minimum at the ’modal critical damping’ C = 2L_2 √ L^{−1}_2 KL^{−T}_2 L^T_2 , (note that here the right hand side does not depend on the choice of L_2 in (3)). This minimum was long conjectured to be global and unique and the proof of this fact is a main result of this article. Although this result has not an immediate bearing in practice it strongly speaks for the choice of TrX as the global measure of the stability.

The set of admissible dampings is typically parametrized as

C = C(a) = s∑ j=1 a_j C_j (9)

where a_j ≥ 0 are viscosity parameters and C_j are fixed positive semi–definite matrices which usually describe damper positions. The problem was positively solved in the case of rank–one damping i.e. for s = 1 in (9) ([10]). With many– parameter damping the situation is more complicated. Consider the simple system on Fig. 1.

Fig. 1. Simple system If we suppose unit masses and stiffnesses, we arrive at the matrices

M = 1 0 0 1 , K = 2 −1 −1 2 , C = d 0 0 f .

By solving the equation (7) symbolically after d and f, we find τ(d, f) ≡ Tr(X(d, f)) = (2fd + 13)(f + d)^2 + 24 3(f + d)(2fd + 1) .

Fig. 2. Contours of τ

The contours of the function τ are plotted on Fig. 2. One can eye–ball the unique minimizer. Proceeding more carefully we note that equating^{∂τ}_{∂d} and^{∂τ}_{∂f} brings (d − f)((d + f)^2 + 2) = 0, and hence d = f at every critical point. By τ(d, d) = 2(d^2 + 6) 3d , τ attains its unique minimum at d = f = √ 6. In Section 2 we solve the problem of optimal damping in the case when the set of admissible damping matrices consists of all positive semidefinite symmetric matrices C for which the corresponding system is stable. We prove that TrX(C) takes its minimum at the modal critical damping C and nowhere else. In Section 3 we prove a general theorem on the existence of the minimum of the function C → TrX(C), in the case of structural damping. More precisely, if the matrix C is parametrized as in (9) then a function a → X(C(a)) attains its minimum on a generic set of admissible viscosities.

Finally, in Section 4 we give some examples consisting of tractable, yet representative, low dimensional systems. We produce cases in which an admissible minimum is attained at a C from (9), where some of the viscosities, a_j , are negative, i.e., unphysical. This can naturally be interpreted as a consequence of a bad distribution of damping positions C_j . In some such cases also the existence of several local minima was observed. This suggests other related problems: (i) give the conditions on C_i which insure the uniqueness and physicality of the minimum and, more generally, (ii) determine the optimal position of a damper — an equally important, but more difficult task for future research.

2 Optimal damping

Obviously, in (4) we may immediately assume L_2 = M = I and K = Ω^2 with Ω = diag(ω_1, . . . , ω_n), ω_i > 0. Thus,

A = A(C) = 0 Ω −Ω −C . (10)

The Lyapunov equation (7) can be written as

(A_0 − BCB^T )^T X + X(A_0 − BCB^T ) = −I, (11) where A_0 = 0 Ω −Ω 0 , B = 0 I . The so–called dual Lyapunov equation is given by (A_0 − BCB^T )Y + Y (A_0 − BCB^T )^T = −I. (12) Let C_s = {C ∈ R^{n×n} : C = C^T , ℜ{σ(A_0 − BCB^T )} < 0}, D^+_s = {C ∈ R^{n×n} : C = C^T , C ≥ 0, ℜ{σ(A_0 − BCB^T )} < 0}, and let D_s be the connected component of C_s which contains D^+_s . To emphasize the dependence of X and Y on C we write X(C) and Y (C). We are interested in the following optimization problems:

(OD) minimize tr(X(C)) subject to C ∈ D_s and (11), and (OD^+) minimize tr(X(C)) subject to C ∈ D^+_s and (11) .

Let us define the function f : D_s → R by f(C) = tr(X(C)), where X(C) solves (11). (13) To prove these assertions we first need the following Lemma, which is implicitly contained in [8].

Lemma 2 C_0 ∈ C_s is a stationary point of f, if and only if B^T X(C_0)Y (C_0)B = 0. (14)

PROOF. Let us first calculate the differential X^′(C) of X(C) as a function of the matrix C. Let us define the function ψ(X, C) = (A_0 − BCB^T )^T X + X(A_0 − BCB^T ) + I.

One can easily see that the function ψ satisfies the assumptions of the implicit function theorem and that ∂ψ ∂X dX = (A_0 − BCB^T )^T dX + dX(A_0 − BCB^T ), ∂ψ ∂C dC = −(BdCB^T )^T X − X(BdCB^T ), hence the implicit function theorem yields the following representation of X^′(C):

(A_0 − BCB^T )^T X^′(C)dC + X^′(C)dC(A_0 − BCB^T ) = − X(C)BdCB^T − BdC^T B^T X(C), (15) so the differential X^′(C) on the matrix dC can be calculated via Lyapunov equation. Observe also that the equation (15) has the same left hand side as the equation (11). The differential f^′(C) can be written as

f^′(C)dC = tr(X^′(C)dC).

Now multiply (12) from the left by X^′(C)dC and multiply (15) from the right by Y (C) and then take the trace of the left and right hand side of both equations. This yields

tr(X^′(C)dC) = tr(2B^T X(C)Y (C)BdC)

thus completing the proof.

Theorem 3 The problems (OD) and (OD^+) have the same solution 2tr(Ω^{−1}), and in both cases the unique minimizer is C = 2Ω.

PROOF. First observe that the solution of the equation (12) can be easily calculated if we know the solution of the equation (11). Indeed, if we multiply from the left and the right hand side (11) by J , where J =

[_{I 0} 0 −I ] , we obtain AJXJ + JXJA^T = −I, since A is J–symmetric. This implies that the solution of (12) is Y = JXJ, where X is the solution of (11). Further, by (8) and Lemma 1 TrX becomes infinite on the boundary of D_s. Hence there exists a minimizer and it is a stationary point. Let now C be any such stationary point. By (14) and Y = JXJ we obtain X^2_{22} = X^T_{12}X_{12}, (16) where X =

[_{X11 X12}

X^T_{12} X_{22} ] . Let us decompose (11) into components. We get

−ΩX^T_{12} − X_{12}Ω = −I, (17) ΩX_{11} − CX^T_{12} − X_{22}Ω = 0, (18) ΩX_{12} + X^T_{12}Ω − X_{22}C − CX_{22} = −I. (19)

From (17) it follows X_{12} = 1 2 (I − S)Ω^{−1}, (20) where S is skew–symmetric matrix. From the equation (18) and the previous formula it follows X_{11} = 1 2 Ω^{−1}CΩ^{−1} + 1 2 Ω^{−1}CΩ^{−1}S + Ω^{−1}X_{22}Ω.

Since tr(Ω^{−1}CΩ^{−1}S) = 0 we have

tr(X) = tr(X_{11}) + tr(X_{22}) = 1 2 tr(Ω^{−1}CΩ^{−1}) + 2tr(X_{22}). (21) From (16) it follows X_{12} = UX_{22} (22) where U is an orthogonal matrix. Note that (22) implies that X_{22} is nonsingular. Now (19) can be written as −X_{22}C − CX_{22} = −I − ΩUX_{22} − X_{22}U^T Ω.

Hence C is the solution of a Lyapunov equation, and we have C = ∫_∞ 0 e^{−X22t}(I + ΩUX_{22} + X_{22}U^T Ω)e^{−X22 t}dt.

This implies C = 1 2 X^{−1}_{22} + ∫_∞ 0 e^{−X22 t}ΩUe^{−X22 t}dt X_{22} + X_{22} ∫_∞ 0 e^{−X22t}U^T Ωe^{−X22 t}dt. From (17) and (22) follows ΩU = 1 2 ( X^{−1}_{22} − X^{−1}_{22} U^T SU ) , (23) hence

C = X^{−1}_{22} − 1 2 X^{−1}_{22} ∫_∞ 0 e^{−X22t}U^T SUe^{−X22 t}dt X_{22}+ 1 2 X_{22} ∫_∞ 0 e^{−X22t}U^T SUe^{−X22 t}dt X^{−1}_{22} . So, we have obtained C = X^{−1}_{22} − 1 2 X^{−1}_{22} Y X_{22} + 1 2 X_{22}Y X^{−1}_{22} , (24) where Y is the solution of the Lyapunov equation −X_{22}Y − Y X_{22} = −U^T SU. (25) Since U^T SU is skew–symmetric, so is Y .

From (25) it follows X_{22}Y X^{−1}_{22} = −Y + U^T SUX^{−1}_{22} , which together with (24) implies C = X^{−1}_{22} + 1 2 U^T SUX^{−1}_{22} − 1 2 X^{−1}_{22} U^T SU.

Now taking into account relation (23) we obtain C = ΩU + U^T Ω, hence Ω^{−1}CΩ^{−1} = UΩ^{−1} + Ω^{−1}U^T . (26) From (20) and (22) we obtain S = I − 2UX_{22}Ω, (27) and from this and the fact that S is skew–symmetric it follows that ΩX_{22}U^T + UX_{22}Ω = I. (28) This implies Ω^{−1}U^T = Ω^{−1}X^{−1}_{22} Ω^{−1} − Ω^{−1}X^{−1}_{22} Ω^{−1}UX_{22}Ω.

From the previous relation it follows that tr(Ω^{−1}U) = tr(Ω^{−1}X^{−1}_{22} Ω^{−1}) − tr(UΩ^{−1}).

Now (21), (26) and the previous relation imply tr(X(C)) = g(X_{22}(C)) with g(Z) = 1 2 tr(Ω^{−1}Z^{−1}Ω^{−1}) + 2tr(Z).

for any C satisfying (14). We compute g^′, g^{′′} as functionals: g^′(Z)(Y ) = tr(− 1 2 Ω^{−1}Z^{−1}Y Z^{−1}Ω^{−1} + 2Y ), g^{′′}(Z)(Y, Y ) = tr(Ω^{−1}Z^{−1}Y Z^{−1}Y Z^{−1}Ω^{−1}) > 0 for any symmetric positive definite Z and any symmetric Y ≠ 0. The equation g^′(Z) = 0 has the unique solution Z_0 =^1_2 Ω^{−1} and this is the unique minimizer with the minimum value 2Tr(Ω^{−1}) (here, too, one easily sees that g(X) tends to infinity as X approaches the boundary of the set of positive definite symmetric matrices). Now,^1_2 Ω^{−1} = X_{22}(2Ω) and C_0 = 2Ω is readily seen to satisfy (14). Hence the value 2Tr(Ω^{−1}) = g(X_{22}(C_0)) = Tr(X(C_0)) is strictly less than any other stationary value Tr(X(C)). Thisr completes the proof.

3 Parametrized damping

For a = (a_1, . . . , a_s) ∈ R^s , s ≤ n^2, let

C = C(a) = s∑ j=1 a_jC_j , where C_j, 1 ≤ j ≤ s are linearly independent positive semi–definite matrices. Let A(a) = 0 B^T −B −C(a) ∈ R^{2n×2n} .

Lemma 4 The 2n × 2n block matrix A = 0 B^T −B −C ,

with B invertible, and C positive semi–definite matrix, is stable if and only if Cy ≠ 0 holds for each eigenvector y of BB^T .

PROOF. Let us suppose that BB^T y = μ^2y, y ≠ 0 and Cy = 0. Set z = (_{1iμ BT y} y ) . Then Az = iμz.

On the other hand, one can easily see that if Az = λz, z = (^xy ), z^T z = 1 holds, then ℜλ = −y^T Cy. (29) Hence, if Az = iμz, z = (^xy ) ≠ 0 holds, then B^T y = iμx, (30) −Bx − Cy = iμy (31) holds. Relation (29) implies Cy = 0, hence (30) and (31) imply BB^T y = μ^2y.

We set R^s_+ = {a ∈ R^s : a_i > 0, 1 ≤ i ≤ s}.

Theorem 5 We have

(i) If A(a) is stable for some a ∈ R^s_+ , then A(a) is stable for all a ∈ R^s_+ . (ii) If A(a) is stable for some a ∈ R^s_+ , and if C_+ denotes the open component containing R^s_+ , of all a ∈ R^s for which the equation A(a)^T X + XA(a) = −I is solvable, then a → TrX(a) takes its minimum there.

PROOF. Obviously, a → X(a) is a rational function, therefore so is its trace.

(i) Let A(a^0) be stable for some a^0 ∈ R^s_+ . Then, for each eigenvector x of BB^T , from Lemma 4 follows

0 < x^T C(a^0)x = s∑ j=1 (a^0)_jx^T C_jx,

hence x^T C_kx > 0, for at least one k ∈ {1, . . . , s}. This implies x^T C(a)x > 0 for all a ∈ R^s_+ , which, again from Lemma 4, implies that A(a) is stable for all a ∈ R^s_+ .

(ii) First we show that X(a) is positive definite (i.e. A(a) is stable) on the whole of C_+. Obviously, X(a) is positive definite on R^s_+ . Suppose that there exists b ∈ C_+ such that X(b) is not positive definite. Then there exists an eigenvalue λ(b) such that λ(b) ≤ 0. Since λ(b) = 0 contradicts the solvability of A(b)^T X(b) + X(b)A(b) = −I, we must have λ(b) < 0. But, due to connectedness of C_+ and continuity of eigenvalues of X(a), there exists a^′ ∈ C_+ such that X(a^′) is singular, which again contradicts the solvability of Lyapunov equation. Hence, A(a) is stable for all a ∈ C_+. Moreover, the boundary of C_+ consists of matrices A with max ℜσ(A) = 0. Again by (8) and Lemma 1 we conclude that Tr(X(a)) → ∞ as a tends to the boundary of C_+. Thus, Tr(X(a)) takes its minimum on C_+. This proves the theorem.

4 Examples

Example 6 Let

M = I, K = 1 −1

1 201 , C = d + f −f −f f .

The Figure 3 displays the function (d, f) → TrX(d, f).

Fig. 3. TrX(d, f) In the minimum we have d < 0 and f > 0. Example 7 Let

M = I, K = 3 5 −^3_5 0 −^3_5^{31}_{50} −^1_{50} 0 −^1_{50}^{51}_{50} , C = d + f −f 0 −f f 0 0 0 0 .

The Figure 4 displays the function (d, f) → TrX(d, f).

Fig. 4. TrX(d, f)

Hence, the minimum is outside the positive quadrant. Example 8 Let

M = I, K = 16 −15 0 −15^{61}_4 −^1_4 0 −^1_4^5_4 , C = d 0 0 0 f 0 0 0 0 .

The Figure 5 displays the function (d, f) → TrX(d, f). One can see two local minima, both outside the positive quadrant.

Fig. 5. TrX(d, f) Negative viscosity is not physical — it would add to the energy of the system. In cases with unphysical optimal viscosities a physical minimum will lie on a coordinate axis, i.e. we may throw away one damper without changing the value of the penalty function. Another possibility is to choose better damper positions. Optimizing them is an important problem which is beyond the scope of the present note.

As a final example, consider the truss given in the Figure 6.

Fig. 6. Truss With unit masses and stiffness and with dampers on bars 3 and 4, we find

M = I, K = 1 2

3 1 −2 0 1 3 0 0 −2 0 3 −1 0 0 −1 3 , C = 1 2 d d 0 0 d d 0 0 0 0 f −f 0 0 −f f and a consequent average total energy τ(d, f) ≡ TrX(d, f) = 896 + 9194df + 24882d^2f^2 + 16894d^3f^3 + 2290d^4f^4 14(d + f)(5d^3f^3 + 43d^2f^2 + 13df + 1) + (d^2 + f^2)(25d^3f^3 + 3855d^2f^2 + 9865df + 1461) 14(d + f)(5d^3f^3 + 43d^2f^2 + 13df + 1) .

This becomes singular at d = −f and when fd is a root of 5z^3 +43z^2 +13z +1. Solving ∇τ = 0 symbolically gives 48 roots, two of which are real: (d, f) = ± √ 224 117 (1, 1).

The positive one gives the unique global solution to the problem.

References

[1] Katrin Brabender. Optimale Dämpfung von linearen Schwingungssytemen. PhD thesis, Fernuniversität Hagen, 1998.

[2] Steven J. Cox and Michael L. Overton. Perturbing the critically damped wave equation. SIAM J. Appl. Math., 56(5):1353–1362, 1996.

[3] Steven J. Cox. Designing for optimal energy absorption. II. The damped wave equation. In Control and estimation of distributed parameter systems (Vorau, 1996), pages 103–109. Birkhäuser, Basel, 1998.

[4] Steven Cox and Enrique Zuazua. The rate at which energy decays in a damped string. Comm. Partial Differential Equations, 19(1-2):213–243, 1994.

[5] Steven Cox and Enrique Zuazua. The rate at which energy decays in a string damped at one end. Indiana Univ. Math. J., 44(2):545–573, 1995.

[6] Gabriella Di Blasio, Karl Kunisch, and Eugenio Sinestrari. Mathematical models for the elastic beam with structural damping. Appl. Anal., 48(1-4):133– 156, 1993.

[7] Ganesh C. Gorain. Exponential energy decay estimate for the solutions of internally damped wave equation in a bounded domain. J. Math. Anal. Appl., 216(2):510–520, 1997.

[8] Krešimir Veselić, Katrin Brabender, and Krešimir Delinić. Passive control of linear systems. In Applied Mathematics and Computation (M. Rogina et al. Eds.), pages 39–68. Dept. of Math, University of Zagreb, Zagreb, 2001.

[9] Krešimir Veselić. On linear vibrational systems with one-dimensional damping.

Appl. Anal., 29(1-2):1–18, 1988.

[10] Krešimir Veselić. On linear vibrational systems with one-dimensional damping.

II. Integral Equations Operator Theory, 13(6):883–897, 1990.

[11] Krešimir Veselić. Bounds for exponentially stable semigroups. Linear Algebra Appl., 358:309–333, 2003.