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Chapter 1

Introduction

1.1 Motivation

Scientific treatment of vibration and damping goes back at least to the cel-
ebrated German physicist H. Helmholtz who wrote a book entitled ”"On the
Sensations of Tone”, first published in 1885, constituting one of the first scien-
tific treatises of the subject of vibration. The study of vibration and damping is
concerned with oscillatory motions of bodies and particles and the attenuation
of those vibrations. Both engineered machines and natural physical systems
have the property of being subject to a vibration all or part of the time.

Dangerous vibrations are frequent practical problem. In the design of a
bridge, for example, one must pay attention to the resonances of the bridge
with the wind—induced oscillatory forces. For the majority of the structural
vibrations, engineering applications dictate that resonance and sustained oscil-
lations are not desirable because they may result in structural damage.

One way to reduce resonance is through damping. Actually, the damping
is present in nearly all vibrational systems. Its presence may be attributed to

medium impurities, small friction and viscous effects, or artificially imposed



damping materials or devices.

Recent scientific and technological advances have generated strong interest

in the field of vibrational systems governed by the partial differential equations.

There is a vast literature in this field of research. Particulary the engineer-
ing literature is very rich. For a brief insight we give some older references:
[Bes76], [Miil79], [BB80],[IA80], [Miil88] and [NORS&9], and some more recent:
[FL98], [DFP99], [PF00b] and [PF00a]. Among mathematical references we
emphasize two books by G. Chen and J. Zhen [CZ93a] and [CZ93b], where a
thorough presentation of techniques and results in this area is given. Among
references concerning abstract second order differential equations which will be
our abstract setting, we mention classical books by H. O. Fattorini [Fat83] and
[Fat85]. The book [Shk97] possesses more then 350 references on the abstract
second order differential equations. Other authors which significantly improved
the knowledge in this field are S. J. Cox, J. Lagnese, D. L. Russell, R. Trig-
giani and K. Veseli¢, among others. Some more recent references, besides those
cited in the thesis, are [CZ94], [CZ95], [LGI7], [Fre99], [FL99], [Gor97], and
[BDMS9S].

For conservative systems without damping, the mathematical analysis has
been developed to a substantial degree of completeness. Such systems usu-
ally correspond to evolution equations with an skew—adjoint generator with an
associated complete set of orthonormal eigenfunctions, yielding a Fourier rep-
resentation for the solution. In applications such eigenfunctions are refereed to

as the normal modes of vibration.

When the vibrational system described by a partial differential equation



contains damping terms, whether appearing in the equation per se (called dis-
tributed damping) or in the boundary conditions (called boundary damping),
the generating operator in the evolution system will no longer be skew—adjoint.
Thus the powerful Fourier series expansion method is not available any more.
In the extreme case, the operator can have empty spectrum, hence the spectral
methods are inadequate.

The initial motivation for the research described in this thesis was to develop
a functional-analytic theory for a particular type of the vibrational systems,
those which can be described by an abstract second order differential equation
with symmetric non—negative sesquilinear forms as coefficients. Examples of
such vibrational systems are mechanical systems.!

The simplest system of this type is the mass—spring—damper system de-

scribed by

mi(t) + di(t) + kx(t) = 0, (1.1.1)

I(O) = Xy, .T(O) = I.(),

where m, d, k > 0 are the mass, damping and stiffness coefficient, respectively,
and z(t) is the displacement from the equilibrium position.

We will concentrate on the following subjects:
e stability of the system,
e optimal damping of the system.

Among many types of stability, we will use the most desirable one: uniform

!The important class, the class of electromagnetic damping systems unfortunately does
not satisfy our abstract setting since in these systems the damping form usually contains an
imaginary part.



exponential stability. This means that there is a uniform exponential decay of
the solutions of the system.

As an optimization criterion we will use the criterion governed by the min-
imization of the average total energy of the system, but also some other opti-
mization criteria will be mentioned.

The two subjects mentioned above are closely connected. This will become
evident by our choice of the Hilbert space setting. We will use the most natural
Hilbert space — the one having the energy of the system as the scalar product.
More precisely, in our setting the system will be stable if and only if the energy
of the system has an uniform exponential decay. Hence, in the treatment of
both subjects, the energy of the system plays a prominent role.

To emphasize the importance of choosing the appropriate scalar product,

we give a simple example.

Ezample 1.1.1. Tt is well-known (see, for example page 141 of this thesis) that
the finite-dimensional system has an energy decay, if and only if the correspond-

ing generating operator A satisfies
Re(Az,z) <0. (1.1.2)

If we set y(t) = &(t) and z(t) = (ngg ), the equation (1.1.1) can be written as

A(t) = Az(t),

where

0 1
A:

—k —d
If we choose the usual scalar product on R? (1.1.2) is not satisfied. However,

we could introduce the new scalar product given by ((y1 ), (2)) = kx1za+y1Y2.
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In this case 3 H (ggg) H = 1kx(t)? + 32(t)?, i.e. the norm of the solution equals

one half of the energy of the system. With this scalar product (1.1.2) holds.
For the equation (1.1.1) the most popular optimization criteria lead to the

same optimal damping parameter given by d = 2vmk.

Although our primary aim is the investigation of infinite-dimensional sys-
tems, we also present some new results in the finite-dimensional case.

The central results of this thesis are:

e Theorem 2.2.1, which treats the problem of finding the optimal damping

in the matrix case,
e its infinite-dimensional analogue, Theorem 4.2.2, and

e the characterization of the uniform exponential stability of the abstract

vibrational systems given in Subsections 3.3.3 and 3.3.4.

The obtained results will be applied to a number of concrete problems.

Most results in this thesis can be interpreted as a generalization of the
results from [Ves88], [Ves90] and [VBDO1] to the infinite-dimensional case. An
approach similar to ours is also taken in [F197].

Throughout this thesis results will be applied to a vibrating string which

serves as our basic model.

1.2 Organization of the thesis

In this section we give an overview of the organization of this thesis, so that the

interested reader can set his or her favorite route through the results.



Chapter 2: The matrix case

This chapter deals with the vibrational systems described by a second order ma-
trix differential equation. These are so—called lumped parameter systems. This
chapter consists of two parts. The first part (Sections 2.1 and 2.3) is primarily
used as a motivation for our study of the infinite-dimensional systems, and our
motivation indeed was to try to generalize known result in finite-dimensional
case to the infinite-dimensional case. The main importance of the matrix case
lies in the approximation of the infinite—dimensional problems.

The second part (Section 2.2) is devoted to the finding of a global mini-
mum of a penalty function corresponding to the optimization of the damping.
Especially, this result gives an affirmative answer to a conjecture of Veseli¢—
Brabender—Delini¢ from [VBDO1]. This result also has importance in the study
of infinite—dimensional systems.

The results of this chapter, with exception of Section 2.2 are mostly well—

known and are collected for the sake of the completeness.

Chapter 3: Abstract vibrational system

This is a central chapter of this thesis. Here a general framework for the stability
of an abstract second order differential equation involving sesquilinear forms is
given. We show how to translate this equation into a linear Cauchy problem,
and we solve this problem in terms of a semigroup. The scalar product is
chosen in such a way that the norm of the semigroup equals one half of the
energy of the solution of the original differential equation, and that the original
differential equation has a solution if and only if there exists a solution for the
Cauchy problem. We also give necessary and sufficient conditions for an uniform

exponential stability of this semigroup. It is shown that in the generic situation



we can investigate the stability of the system in terms of the eigenvalues and
eigenvectors of the corresponding undamped system and the damping operator.

The main ideas and nearly all proofs of the first two sections of this chapter
are due to A. Suhadolc and K. Veseli¢ [SV02]. We express our gratitude for

their permission to include their results into this thesis.

Chapter 4: Optimal damping
In this chapter the ideas from Chapter 2 are generalized to the infinite-dimensional
case. For the system which is uniformly exponentially stable it is shown that,
analogously to the matrix case, an optimal damping problem can be alge-
braically described. It is also shown how our previous knowledge about danger-
ous vibrations can be implemented into the mathematical model.

In the case of systems which possess an internal damping, we find the optimal
damping operators.

Also, an optimal damping in the case of the so—called modal damping is
found, hence generalizing the result from the matrix case.

The author thanks prof. Veseli¢ for the help in the process of writing Section
4.4.

Chapter 5: Applications
In this chapter we illustrate the theory developed in the previous chapters by
applying it to various concrete problems. Those include the problems described

by one-dimensional as well as multidimensional models.

Appendix: Semigroup theory
In the appendix we introduce the basic concepts and results of the semigroup

theory which we use in this thesis.



Notation
Here we give a list of notation which is used but not defined in the thesis.
0N the boundary of the set 2
D(A)  the domain of the operator A
R(A)  the range of the operator A
N(A)  the null-space of the operator A
o(A) the spectrum of the operator A
(A) the resolvent set of the operator A
(A)  the point spectrum of the operator A
o-(A)  the residual spectrum of the operator A
(A)  the continuous spectrum of the operator A
oap(A)  the approximate spectrum of the operator A

Oess(A)  the essential spectrum of the operator A

* the adjoint (on C) or the transpose (on R)
L2(H) the Lebesgue space of H-valued functions
\% the gradient

div the divergence operator

tr the trace

. the right limit

R, the set {z € R:z > 0}



Chapter 2

The matrix case

In this chapter we give an introduction to the optimal damping problem in the
finite-dimensional case, as well as present a brief survey of the main ideas and
results. We also find a solution to the optimal damping problem, i.e. we find
the set of matrices for which the system produces minimal damping.

In the Section 2.3 we give a brief survey of numerical methods.

2.1 Introduction and a review of known results

We consider a damped linear vibrational system described by the differential

equation

Mi+ Dt + Kz =0, (2.1.1a)

where M, D and K (called mass, damping and stiffness matrix, respectively)
are real, symmetric matrices of order n with M, K positive definite, and D
positive semi—definite matrices. In some important applications (e.g. with so—

called lumped masses in vibrating structures) M, too, is only semi-definite.

9
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This can be easily reduced to the case with a non-singular M at least if the
null-space of M is contained in the one of D.

To (2.1.1) there corresponds the eigenvalue equation
(MM + AD + K)x = 0. (2.1.2)

An example is the so—called n—mass oscillator or oscillator ladder given on the

Figure 2.1, where

M = diag(mq,...,m,), (2.1.3a)
(ko + k1 —hy ]
—k1 kit ky —ko
K= , (2.1.3b)

_kn—l kn—l + kn_
D = deyej, (2.1.3¢)

where e; is the first canonical basis vector.

FEm - v

Figure 2.1: The n—mass oscillator with one damper

Here m; > 0 are the masses, k; > 0 the spring constants or stiffnesses and
d > 0 is the damping constant of the damper applied to the mass m; (Fig. 2.1).
Note that the rank of D is one. Such damping is called one-dimensional.

Obviously, all eigenvalues of (2.1.2) lie in the left complex half-plane. Equa-

tion (2.1.2) can be written as a 2n—dimensional linear eigenvalue problem. This
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can be done by introducing
hn = LTLE, Y2 = L;'Ia
where
K=ILL], M=LL5.

It can be easily seen that (2.1.1) is equivalent to
y = Ay, (2.1.4a)

y(0) = 1o, (2.1.4b)
where y = (§1), yo = (E;ig), and
A= ( . LiL,” ) , (2.1.5)
—Ly'Ly —Ly;'DLy*

with the solution y(t) = e?*y,. The eigenvalue problem Ay = Ay is obviously
equivalent to (2.1.2).

The basic concept in the vibration theory is its stability. We say that the
matrix A is stable if ReA < 0 for all A € o(A).

In the literature the term ”asymptotically stable” is also used. The famous
result of Lyapunov states that the solution y(t) of the Cauchy problem (2.1.4)

satisfies y(t) — 0 for t — oo if and only if A is stable. The following result is
easily proved ([MS85], [Bra98]).

Proposition 2.1.1. The matriz (2.1.5) is stable if and only if the form z*Dx

is non—degenerate on every eigenspace of the matriz MK .

This result will be generalized to the infinite-dimensional case in Subsections

3.3.3 and 3.3.4.
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Our aim is to optimize the vibrational system described by (2.1.1) in the
sense of finding an optimal damping matrix D so as to insure an optimal evanes-
cence.

There exist a number of optimality criteria. The most popular is the spectral

abscissa criterion, which requires that the (penalty) function
D s(A) = max Rey

is minimized, where )\ are eigenvalues of A (so they are the phase space complex
eigenfrequencies of the system). This criterion concerns the asymptotic behavior
of the system and it is not a priori clear that it will favorably influence the
behavior of the system in finite times, too. More precisely, the asymptotic
formula ||y(¢)|| < Me=*W* holds for all t > 0, where M > 1. There are examples
in which for the minimizing sequence D,, the corresponding coefficients M,, tend
to infinity.

The shortcoming of this criterion is that in the infinite-dimensional case
the quantity s(A) does not describe the asymptotic behavior of the system
accurately (see Remark A.1).

A similar criterion is introduced in [MMO91], and is given by the requirement
that the function

ReXs

D — max ——
ko]

is minimized, where \; are as above. This criterion is designed to minimize the
number of oscillations before the system comes to rest.
Both of these criteria are independent of the initial conditions of the system.
Another criterion is given by the requirement for the minimization of the

total energy of the system. The energy of the system (as a sum of kinetic and
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potential energy) is given by the formula
. Loy Lo
B(t; mu, o) (= Blti)) = 5#(0)" Mi(t) + 52()" Ka(t)

Note that
y()y(t) = [ly®)])* = 2E(t: o).
In other words, the Euclidian norm of this phase-space representation equals

twice the total energy of the system. The total energy of the system is given by

E(t; yo)dt. (2.1.6)

Note that this criterion, in the contrast to the criteria mentioned above, does
depend on the initial conditions. The two most popular ways to correct this

defect are:

(i) maximization (2.1.6) over all initial states of unit energy, i.e.

max /E(t;yo)dt, (2.1.7)
llvoll=1 J

(i) taking the average of (2.1.6) over all initial states of unit energy, i.e.

o0

/E(t; yo)dtdo, (2.1.8)

llyoll=1 0

where o is some probability measure on the unit sphere in R?".

In some simple cases all these criteria lead to the same optimal matrix D,
but in general, they lead to different optimal matrices.
The criterion with the penalty function (2.1.8), introduced in [Ves90], will

be used throughout this thesis. The advantage of this criterion is that we can,
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by the choice of the appropriate measure o, implement our knowledge about
the most dangerous input frequencies.

To make this criteria more applicable we proceed as follows.

T 17 . 17 E
/E(t;yo)dt = §/y(t;yo) y(t; yo)dt = §/yoeA tetyodt
0 0 0
1 *
= §poy07
where .
X = / et dt. (2.1.9)

0

The matrix X is obviously positive definite. By the well-known result (see, for

example [LT85]) the matrix X is the solution of the Lyapunov equation
AX + XA=1. (2.1.10)

There exists another integral representation of X [MS85] given by

[e.9]

/(—2'17 — A" (in — A)~dn. (2.1.11)

—00

1
o

X

This formula will be generalized to the infinite-dimensional case in Section 4.5.
The equation (2.1.10) has the unique solution if and only if A is stable. The

expression (2.1.7) now reads

1
— max Yy X o,
2 lyojj=1 0 0

which is simply £ || X||, so in this case we minimize the greatest eigenvalue of X.

The expression (2.1.8) now can be written as

1 *
3 / Yo X Yodo.

llvoll=1
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Since with the map

X — / Yo Xyodo
llvoll=1

is given a linear functional on the space of the symmetric matrices, by Riesz

theorem there exists a symmetric matrix Z such that

/ YoXyodo = tr(XZ), for all symmetric X.

llyoll=1

Let y € R® be arbitrary. Set X = yy*. Then

0< / Yo Xyodo = tr(X72) = tr(yy* Z) = tr(y* Zy),
llyoll=1

hence Z is always positive semi-definite.
For the measure o generated by the Lebesgue measure on R?*", we obtain
_ 1

Z =51

Hence the criterion given by the penalty function (2.1.8) can be written as
tr(XZ) — min, (2.1.12)

where X solves (2.1.10), and the matrix Z depends on the measure o.

Since A is J-symmetric, where J = ((I] fl), it follows that
tr(XZ) = tr(Y), (2.1.13)
where Y is the solution of another, so—called ”dual Lyapunov equation”
AY + YA = —-Z. (2.1.14)

In some cases, instead of (2.1.9) one can use the expression

o0

/ GA*thAtdt7

0
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where @ is symmetric (usually positive semi—definite) matrix. We interpret the
matrix () as a weight function in the total energy integral. In this case the

corresponding Lyapunov equation reads
A X+ XA=-Q.

A possible choice of the matrix () is given in Section 4.5.

To fix the ideas let us consider the simple problem described on Figure 2.2.

d Z z f
— H— — T —
mq mo
kl k3

AN/
OO0 = OO0

Figure 2.2: Simple system

If we suppose unit masses and stiffnesses, we arrive at the mass, stiffness

and damping matrices

() )

We plotted the contours of the function (d, f) — tr(X (D)) on Figure 2.3.
This strictly convex function attains its minimum at d = f = /6.

The solution X of (2.1.10) also gives an estimate [Ves02a] of the exponential

decay of the solution y(t):

ly(t)]| < e =mTsem 21T,
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Figure 2.3: Contours of the function (d, f) — tr(X (D))

where 7(A) = 2inf ;- 2" Ax.

Let Ly 'Ly = U;QU; be SVD-decomposition of the matrix Ly 'Ly, with Q =

diag(wi, ..., w,) > 0. We can assume w; < wp < -+ < w,. Set U = (¢ ).
Then
~ 0 Q
A=UAU = , (2.1.15)
-Q -C

where C' = U; Ly ' DL;*Us is positive semi-definite. If we denote F' = L, *U,
then F*MF = I, F*KF = (). Thus we have obtained a particularly convenient,
the so—called modal representation of the problem (2.1.2). In the following we

assume that the matrix A has the form given in (2.1.15).

Modally damped system are characterized by the generalized commutativity
property

DK 'M = MK™'D.

In the modal representation (2.1.15) this means that C' and © commute. It has
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been shown in [Cox98b] that

icQ2+0t ot
X = [2 * 2 (2.1.16)

%Q—l O—l

Hence, the optimal matrix C, for the criterion with the penalty function (2.1.7)
with Z = I, as well as for the criterion given by (2.1.12), is C' = 2€2. This can
be easily seen in the case when w; # wj, ¢ # j, since then the matrix C' must
be diagonal.

This result is generalized to the infinite-dimensional case in Section 4.4. In
the matrix case, this result can be generalized to the case when the matrix
Z has the form Z = (g %), where Z is diagonal with zeros and ones on the
diagonal.

The case of the friction damping i.e. when D = 2aM, a > 0 was considered
in [Cox98b|, where it was shown that the optimal parameter for the criterion
with the penalty function (2.1.7) is a = M\/@

The set of damping matrices over which we optimize the system is deter-
mined by the physical properties of the system. The maximal admissible set
is the set of all symmetric matrices C' for which the corresponding matrix A is
stable. Usually, the admissible matrices must be positive semi—definite. The
important case is when the admissible set consists of all positive semi-definite

matrices C' for which the corresponding matrix A is stable. For this case Braben-

der [Bra98| (see also [VBDO01]) had shown that the following theorem holds.

Theorem 2.1.2. Let the matriz Z be of the form Z = <§ %), where Z = (%9),

1 < s < n. Denote by M the set of all matrices of the form

Q, 0
2 , Qg = diag(wy, . . ., ws),

0 H
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where H wvaries over the set of all symmetric positive semi—definite matrices
of order n — s such that the corresponding matriz A is stable. On the set M

the function X — tr(XZ), where X solves (2.1.10), achieves a strict local

manimum. In particular, this function is constant on M.

For s = n the set M reduces to a single matrix 2€2, hence in this case, the
function X +— tr(XZ2) attains in C' = 22 local minimum.

In [VBDO1] it was conjectured that the minimum from Theorem 2.1.2 is
global. We will give an affirmative answer to this conjecture in Section 2.2.

In the applications the set of admissible matrices is often much smaller. In

the particular case when the set of admissible matrices is parameterized by
k
C=Cla) =) a;C;, (2.1.17)
j=1

where a = (ay,...,as) € R*, k < n? and C;, 1 < j < k are linearly indepen-
dent positive semi—definite matrices, the following theorem has been proved in

[CNRVO02].
Theorem 2.1.3. Set R ={a € R*:a; > 0,1 <i<k}. We have
(i) If A(a) is stable for some a € RY, then A(a) is stable for all a € RE.

(i) If A(a) is stable for some a € RE, and if C;. denotes the open component
containing RE on which the equation A(a)*X + X A(a) = —I is solvable,

then a +— trX(a) takes its minimum there.

In [Rit] examples are given where the optimal damping is achieved for the
damping matrix which is not positive semi—definite. This phenomenon occurs

when the matrices C; are badly chosen.
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In the case of one—dimensional damping, i.e when C' = cc* Veseli¢ had shown
in [Ves90] that the corresponding penalty function is convex and a (unique)
minimum has been found. Also in the one-dimensional case, in [Ves88] it has
been shown that for any sequence of 2n eigenvalues Aq,..., A9, (Symmetric
with respect to the real axis), situated in the left half-plane, there exists a
corresponding €2 and a vector ¢ such that the eigenvalues of the corresponding
matrix A are A\q,..., \s,. An analogous inverse spectral problem was solved in

[Ves90] for the case of n—mass oscillator.

2.2 Global minimum

The Lyapunov equation (2.1.10) can be written as

(Ag — BCB*)*X + X(Ay — BCB*) = —1I, (2.2.1)
where
0 0 0
Ay = , B= )
—Q 0 I

The dual Lyapunov equation (2.1.14) is given by
(Ag — BCB")Y +Y(Ay— BCB*)" = -Z (2.2.2)
Let
Cs={C eR"™™:C =C"Re{o(Ay+ BCB")} < 0},
Df ={C e R"":C >0, Re{o(A4y + BCB*)} < 0},

and let Dy be the connected component of C; which contains D
To emphasize the dependence of X and Y of the parameter C' we write

X(C) and Y(C'). We are interested in the following optimization problems:
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(OD) minimize tr(X(C')) subject to C' € D, and (2.2.1),
and
(OD™) minimize tr(X(C)) subject to C' € D and (2.2.1)
Let us define the function f: Dy, — R by
f(C) =tr(X(C)Z), where X(C) solves (2.2.1). (2.2.3)

LetZ:diag(al,...,as,O,...,O), where 1 < s<mnanda; >0,i=1,...,s.

Set Z = (g%) We also define Q4 = diag(wy, ..., ws,0,...,0).

Theorem 2.2.1. For the matriz Z given above, the problem (OD%) has a so-

lution, and the set on which the minimum is attained s

2Q, 0
Coin = C = :H >0, CecCs
0 H

Note that the solution of (OD™) depends only on number s.

Proof. Let C € D} be arbitrary. Since Z commutes with J = (é 71) and

Ay — BCB* is J-symmetric,
7€) = t(X(C)) (2.2.4)
holds, where X (C') solves the Lyapunov equation
(Ag — BCB*)"X + X (Ao — BCB*) = —Z. (2.2.5)

Let Z; be a diagonal matrix with all entries zero except the ¢-th which is «;.

Set Z; = <% g ) Let X; be the solution of the Lyapunov equation

i

(A4g — BCB*)*X + X(Ay — BCB*) = —Z;. (2.2.6)
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Then it is easy to see that the solution of the Lyapunov equation (2.2.5) is

Our aim is to show

min{tr(X(C)) : X(C) solves (2.2.6), C' € D} >

QOCZ'

(2.2.7)

Ci=1,...,5 (2.28)

%

First observe that by simple permutation argument we can assume ¢ = 1. Sec-

ondly, we can assume «; = 1 (just multiply (2.2.6) by 1/«;). Let us decompose

the matrix X € R?*"*?" in the following way:

T11
k
X12

x13

*
X14

X12
Xa2
X2
X2

x13

Xo3

x33

*
X34

, (2.2.9)

where 211,233,T13 € R7 X127X147X34 c Rlx(n—l)7 X227X247X44 c IRI(TL—I)X(n—l)7

and Xo3 € RD*1 Next we partition the Lyapunov equation

(4p — BCB*)*X + X(Ay — BCB*) = -2,
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in the same way as we did with X. We obtain

—T13w — w3 +1=0 (1,1)

—w1 X3 — X1482,-1 =0 (1,2)

—wigs + r1wy — T1zen — X1uCiy =0 (1,3)

—w1 X34 + X129, 1 — 213C12 — X140 =0 (174)

-0, 1 X5, — X041 =0 (2,2)

—Q, 1 X5, + X750 — Xogern — XouCly, =0 (2,3)

=1 Xy + X9y — Xo3C12 — Xp4Cop = 0 (2,4)

w113 — c1133 — C12 X Oy + viqw1 — T33¢11 — X34Cls +1=0 (3,3)
w1 X1g — 11 X34 — C1aXag + X530, 1 — 233012 — X340 =0 (3,4)

Q77,—1)(24 - CT2X34 - C122)(44 + X;4Qn—1 - X§4012 - X44O22 = O, <4a4)

where wi,C11 € R, 012 € Rlx(nfl), and 022, Qn—l S R(nfl)x(nil).
From (1,1) we obtain z13 = ﬁ One can easily see that ¢;; = 0 implies
C12 = 0, hence (3,3) reads 2 = 0, a contradiction. Hence, ¢;; > 0. From (3,3)

we now get

1 — XauCh
Ty = — 2712 (2.2.10)
Ci1
The relation (4,4), together with the facts X4 > 0, Coo > 0, implies
tr(ClaXas + X34C12) < tr(Qn-1Xos + X34 Q01),
and the relation (2,2) implies tr(X24$2,-1) = 0, hence we obtain
tI'(X§4012) = tI'(X34CT2) S 0. (2211)

From the relation (1,3) we obtain

-1 —1 *
T = T3z + rzcnw; s +wp X14Ch.
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From relation (2,4) we obtain
Xog = Qn71X44Q7:i1 + X23012Q,i1 + X2402297ﬁ1,
hence
tI'XQQ = tI‘X44 + tI'(ngCng;il) -+ tI'(X24CQQQ;E1).
From the relation (2,2) we obtain
|

where S € R Dx(=1) is a skew-symmetric matrix.

Hence

trX = 2y + trXoo + 233 + trXyy

2

c 1 1
= 21‘33 + 2tI'X44 + ﬁ + ;X14CT2 + tr(X230129;i1> + §tr<SQ,;i10229,;E1>
1 1

c 1
= 21‘33 + 2tI'X44 =+ % + —X14Cik2 + tr(X23C'12§2;i1).
2wl wy

From the relation (1,2) follows X3 = —wilQn_lXﬁ, hence

trX = 21’33 + QtrX44 + %
2wy
Now (2.2.10) and (2.2.11) imply
1 — X3,CF
trX =2 e AN 20112 + 2trXyy >
2.2.12
2 C11 2 ( )

> 2 4 s

e 2w T wy
The last inequality follows from the following observation. Let us define the

2

function g(z) = %+ ﬁ Then the function g attains its unique minimum - in

T = 2(,01.

Hence, we have shown (2.2.8). Now (2.2.7) and (2.2.4) imply

tr(X(C)Z) > 2 Z %
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Since tr(X(29)Z) = 2377_, 2, this is indeed the global minimum.

Assume that C' € DY is such that tr(X(C)Z) = 2377, £*. Then (2.2.12)
and (2.2.7) imply trX; = wl Observe the matrix X; which we decompose as in
(2.2.9). Then (2.2.12) implies X4 = 0. Since X; > 0, it follows X4, = X9y =
X34 = 0. From the relation (1,2) follows immediately X3 = 0. The relation
(1,3) implies z1; = %wil, which implies tr X995 = 0. Hence X5, = 0. This implies
Xj2 = 0. Finally, from (1,4) now follows Cj5 = 0.

By repeating this procedure for i = 2,...,s we obtain C € Cyp,.

On the other hand, it is easy to see that tr(X(C)Z) = 23 7, 2, for all

C € Cin- [l

2.3 Numerical aspects

A general algorithm for the optimization of damping does not exist. Available
algorithms optimize only the viscosities of dampers, not their positions, i.e.
they deal with the cases when D is parameterized by some function R* 3 a —
C(a) € R™™, where k is usually much smaller then n.

Two types of numerical optimization algorithms are currently in use. One
type are the algorithms which rely on the use of Newton—type algorithms for
higher—dimensional (constrained or unconstrained) problems on the function
f defined by (2.2.3) with the use of some Lyapunov solver. The second type
algorithms are ones which bypass the solving of the Lyapunov equation by
explicitly calculating the function f.

The algorithms of the second type, when available, are faster, but harder to

construct. One algorithm of this type is constructed for the case when rank of
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D is one. In [Ves90] Veseli¢ has given an efficient algorithm which calculates
an optimal €, where D = edd*. Moreover, the optimal viscosity ¢ is given by a
closed formula.

Recently, a sort of generalization of this algorithm is given in [TV02]. This
algorithm can be used to calculate the optimal viscosity ¢ if D = eD.

Note that both of these algorithms only deal with the case when the set of
admissible matrices is parameterized by a real-valued function.

If we want to treat more complex cases, only the algorithms of the first type
are available so far. A major computational effort is spent on the calculation
of the solution of the Lyapunov equation. The standard algorithm is given in
[BS72]. A variant of this general algorithm designed for the Lyapunov equation
is given in [Ham82]. Another algorithm is given in [GNVLT79]. There also exist
algorithms based on the iterative methods, see, for example [Saa90], [Wac88]
and [HTP96].

A Newton-type algorithm is developed in [Bra98]. The gradient and the

Hessian of the penalty function can be explicitly calculated.



Chapter 3

Abstract vibrational system

In this chapter we will introduce the notion of an abstract vibrational system
in terms of an abstract second—order differential equation involving quadratic
forms. We will show how we can translate this equation into a linear Cauchy
problem, and we will solve this problem in terms of a semigroup. It turns out
that the norm of the semigroup equals one half of the energy of the solution
of the original differential equation, and that the original differential equation
has a solution if and only if there exists a solution for the Cauchy problem. We
will give necessary and sufficient conditions for uniform exponential stability
of this semigroup in terms of the original coefficients. In generic situation,
uniform exponential stability can be easily checked, if we know the eigenvalues

and eigenvectors of the corresponding undamped system.

3.1 Setting the problem

We start with three symmetric, non-negative sesquilinear forms pu, v and & in
a vector space X over the complex field. The forms pu, v and s correspond to

the mass, damping and stiffness, respectively. We assume that the sesquilinear

27
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form x is positive, i.e. k(x,z) > 0 for all z # 0. We also assume that X; =
D(u) N D(v) N D(k) is a non—trivial subspace of Xy. We equip the vector space

X, with the scalar product

(l’,y) = li(l’,y), T,y € Xl'

This is a natural choice, since it enables us to work in a Hilbert space setting
with the scalar product which corresponds to the energy of the system (see
Example 1.1.1).

Let Z denote the completion of the space (A7, (+,-)). The norm generated
by this scalar product will be denoted by || - ||. Obviously, &} is dense in Z.

For our purposes it will suffice to suppose that the Hilbert space Z is sepa-
rable.

We also assume that i and v are closable in Z, and we denote these closures
also by u and . Set X = D(u) N D(y). The subspace X is obviously dense in
Z. The following definition slightly generalizes the notion of the closability of

forms, introduced in [Kat95] for positive forms.

Definition 3.1.1. Let x and £ be symmetric non—negative sesquilinear forms
in a vector space X. We say that y is {—closable if for an arbitrary sequence

(xn), T, € D(E) N D(x) with
E(xn, xn) = 0, X(Tp — Ty, Tp — ) — 0, as n,m — 00,
there exist € X such that
E(z,2) =0, x(z—z4,x—2x,) — 0.

The following proposition is obvious.
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Proposition 3.1.1. The sesquilinear forms p and v are closable in Z if and

only if u and v are k—closable.

The following formal Cauchy problem
w(Z(t), z) +~v(&(t), 2) + (x(t),2) =0, forall z € Z, t >0,
(3.1.1)
ZE(O) = Xy, l’(O) = jfo,

where x : [0,00) — Z, x9, 739 € Z, and p,~y and k satisfy the assumptions given
above, is called an abstract vibrational system.

Note that the stiffness form « is indirectly present in (3.1.1); it defines the
geometry of the underlying space.

We introduce the energy function of the system described by (3.1.1) by

B(ts 0, 0) = () 4(0)) + S(a(t), 2(1). (3.2

where z(t) is the solution of (3.1.1).
The Cauchy problem (3.1.1) and the energy function (3.1.2) will be central
objects of the investigation in this thesis.
The corresponding undamped system is described by
w(E(t), z) + (x(t),z) =0, forall z € Z, t >0,
x(0) = zo, 2(0) = .
Ezxample 3.1.1 (Vibrating string). As an illustrative example, throughout this

chapter we will study the following differential equation

02 o
@u(x,t) - @u(m,t) =0, z € 0,7, t >0, (3.1.3a)
u(0,t) =0, (3.1.3b)
%u(w,t) + S%U(ﬂ',t) =0, (3.1.3c)

(x,0) = ui (), (3.1.3d)

0
U(ZE,O) = UO(ZE), au
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where ¢ > 0, and wg, uy initial data. The equation (3.1.3) describes a homo-
geneous vibrating string with linear boundary damping on its right end. We
multiply equation (3.1.3a) by any continuously differentiable function v with
v(0) = 0, and then partially integrate. Using (3.1.3c) we obtain

wu(mt) ()dx+5 u(m,t) /—uxt z)dx = 0.

Thus, we set

with Xy := D(u) = D(v) = D(k) = {u € C*([0,7]) : w(0) = 0}. Hence X; =
X,. Poincar inequality implies Z = {u € L*([0,7]) : v’ € L*([0,7]),u(0) = 0},
i.e. Z isthe space of all functions from the Sobolev space H1 ([0, 7]) which vanish
in 7. Also, the scalar product generated by x and standard scalar product in

H1([0, 7]) are equivalent.

Next we will show that u and 7 are k—closable. Indeed, x(u,,u,) — 0
implies u/, — 0 in L*mnorm, and p(u, — Upm, Uy — Upy) — 0 for n,m — oo
implies the existence of u € L?*([0,7]) such that w, — u in L?*norm. From
Poincar inequality now follows u = 0, hence u is k—closable. From ~(u, —
k

Uy, Un, — Up,) — 0 and Poincar inequality follows |u,(m)[* < ||u,]|3, — 0, so v

is also k—closable. Obviously, the closures of u and v (which we again denote
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by p and 7y) are defined on all Z. Hence, the system (3.1.3) can be written as

p(t, v) + y(u,v) + (u,v) =0, for allv € Z,
(3.1.4)

U(O) = Uyg, U(O) = U1, Ug,U1 € Z.

For (3.1.1), the formal substitution x(t) = ey leads to

Nu(y, z) + My, 2) + (y,2) = 0.

The form py = Au + Ay + I is densely defined (with the domain X) closed
(as a sum of closed symmetric forms) positive form for all A > 0.
For A > 0, the second representation theorem [Kat95, pp. 331] implies the

existence of selfadjoint non—negative operators M and C' such that

D(M'?) = D(p), p(z,y) = (M2, M"?y), .y € D(p).

D(CY?) = D(v), y(z,y) = (CY?x,C"?y), 2,y € D(y),
and a selfadjoint positive operator M), such that
D(M)\"?) = D(m), pa(w,y) = (My2a, My!?y), @,y € D(py).
Obviously,
D(M\"*) ¢ D(MY?) and D(M,Y?) c D(C'?) for all X > 0,

and

pr(z, z) > ||z||? for all A > 0. (3.1.5)

We write

My = NM 4+ \C +1,
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in the form-sum sense. From (3.1.5) follows that M, /2 exists and is everywhere
defined bounded operator, and || M "/?|| < 1 holds for all A > 0. This obviously
implies || M, || <1 for all A > 0. Note also that M, = I.
Now (3.1.1) can be written as
(MY25(t), MY?2) + (MY25(t), MY?2) + (2(t),2) =0, forall z € Z, t > 0,
z(0) = g, #(0) = o,
(3.1.6)

and the energy function (3.1.2) can be written as
: 1 . 1
E(t; o, 30) = 5| M 22 ()] + 5 ()] (3.1.7)

Ezample 3.1.2 (Continuation of Example 3.1.1). A straightforward computation

gives

s

(Mu)(z) = / G, €)u(€)de,

0

(Cu)(z) = eu(m)z,
where G is the Green function of the corresponding undamped system given by

z, x <&,
G(z,§) =
§ ©>¢§

Both operators are everywhere defined, and M is compact. Obviously,
N(M) = {0}. The operator C' has one-dimensional range spanned by the
identity function. Observe that M'/? and C'/? cannot be written in a closed
form.

The energy function of the system (3.1.3) is given by
1/ ,
E(t;ug,uy) = = / (Jz(®)]* + |£(t)[?) dz. (3.1.8)

2
0
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3.2 The pseudoresolvent

From D(M\'?) ¢ D(M'/?) follows that M'/>M ' is a closed operator defined
on all Z, hence by

By = MY?M; P

is given a bounded operator in Z, for all A > 0.
The adjoint B} of B, is then also bounded, and it is the closure of the

densely defined operator M;1/2M1/2, ie.
B, = M;'* M2,

To prove this, first note that D(M, >MY/2) = D(M*'?). From [Wei76, Satz
4.19] we have

(M>\—1/2M1/2>* _ ]\41/2]\4/\—1/2 = B).

Hence from [Wei76, Satz 4.13] follows
M)\_l/le/Z — (M/\_l/QMl/Q)** _ B;i

For A > 0 we have

1 1 e
< v —T =22

hence

HB)\SL’”2 _ (M1/2M>\_1/2],’,M1/2M/\_1/2[L’) _ /1/<M>\—1/2I> <

—1/2
_ M)l
- A2 oA

This implies

1 1
1Bl < 5, 1B < 5, for all A > 0.
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In the finite-dimensional case the corresponding equation (3.1.1) reads
Mz + Cz+x = 0. (3.2.1)

Substituting y; = x, yo = M'/2%, it is easy to see that (3.2.1) is equivalent with

the matrix differential equation
= Aly,
where y = (3 ), and

Al =
_M—1/2 _M—l/QOM—1/2

0 M-V2 ]

By a straightforward computation one can obtain

(AT =)\t = F(M/\l —1) —My M ] , (3.2.2)

Ml/zM)\_l _)\]\41/2]\4}\—1]\41/27
which is a well-known formula.
In the general case the operator given by (3.2.2) may not exist. Hence, to

bypass this, we define a family of bounded operators in Z & Z, which, in some

sense, generalizes (3.2.2), by

B %M)\il . % _MA71/2B*

Ro(\) = AMoA>0. 3.2.3
o(A) BOL ABB; (3.2.3)

In the matrix case, it is easy to see that (3.2.3) is equivalent with (3.2.2).

Next we will show that Ro()) is a pseudoresolvent.

Lemma 3.2.1. For all \,v >0, and all x,y € Z we have

AMyra—vM; o, y) = (A=) | = (B, M, 2z, B\M\ ™ 2y) + (M 2, My 'y)
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Proof. We have

(M e, MThy) = (M2 M e, My T Py) = (M2, y),

py (M, My y) = (M, y).
Hence,

()\MA_lx — VMV_IZL’, y) = )\(M/\_lx, y) — V(Ml,_lx,y)
= )‘/LV(Mu_lxv M)\_ly) - V/LA(MV_1$’ M)\_ly)

= (A= p) [=dvp(M, e, Mty) + (M, e, My y)]

Now, from
(M e, M Yy) = (MY M e, MY M Yy) = (B, M Y2, ByMy™Y2y),
our claim follows. O

Proposition 3.2.2. The operator family {Ro(\) : X > 0} satisfies the resolvent

equation,

Ro(A) = Ro(v) = (A = v)Ro(M) Ro(v), (3.24)

i.e. Ro(A) is a pseudoresolvent.

Proof. Let us denote the operator matrix on the left hand side and the right
hand side of (3.2.4) by

b1 bio a11 a2
and ,

ba1 by 21 Q22,
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respectively. From the straightforward computation we get

A—v _ _ _ ‘ _
an = S (MM = M = M+ ) = (A= v) (My BB M, ),
)\ _
ary = " (B\MyYV2M — BAMyTY?) — A\ — 1) BaBSB, M, 2,
M — A -
i === CMMVBE + T”M;WB: +v(\—v)M\2B;B, B,

g = (A — v)(=B\M,"Y2M V2 B* + \vB\B;B,B).

Let 2,5y € D(M'/?) be arbitrary, and let us denote v = M2z, v = M2y,

Then Bz = M, "*u and By = My~ Y.

First we show that agy = bye. Let us now calculate (agoz,y). Using Lemma

3.2.1 we obtain

((122367 y) = O\ - V) _(B/\M,\_l/QM;l/QB;% ZI) + )\I/(B)\B;:BVB;‘:C7 y)}

— )\ — v __ M)\—l/QM*lu,M)\—l/Q,U 4 )\l/ B*BVMfl/Qu’ M)\—l/Qv
L v A v

= (A= v) [€W(B, M, V2, BAM T 20) — (M M, Mk_lv)]
= —)\(M)\_lu, ’U) + V(My_lua U)
- _A(M1/2M;1M1/2x, y) + V(Ml/QM,flMl/%yy)

= —AN(B\Biz,y) + v(B,Byx,y) = (bxnz,y).

Since D(M 1/ %) is dense in Z, and operators as and byy are bounded we have

(agz,y) = (boox,y) for all z,y € Z, hence asy = bas.
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Next we show a5 = b1o. Again, using Lemma 3.2.1 we obtain

A —
(CLml’, y) - . |:<M)\_1Mz/_1u7 y) - (Mu_luv y) - /\V(M)\il/QB;BVMy_l/Qua y)}

A\ —

== \ . [(M;1u> Mgly) - (M;lua Z/) - >\V<BI/M;1/2/U/, B)\M)\_l/Qy)}
1 ) —

= —X()\M/\_lu—yMy_lu,y) + V(My_lu,y)
1 . . ) B

= —3 PO uy) = v(M M y) = MM = v huy) + o(M = v u,y)]

= (M, u,y) — (M u,y) = (M 'uBjz,y) — (My 'uBiz,y) = (biaz,y),

hence again ajs = bys.
Similarly, one can also prove that as; = boy.

The term (aj1x,y) can be written as

A—v _
ST (M e My ) = (M) — (M) = A(B, M2, By V2y)]

and since
1 1

! ., 1
(bllxay>_ )\+V+A(M)\ ‘T7y> V<Ml/ way)a

to see that (aj1z,y) equals (b1, y), we have to show that

A—v B _ _ _ _ -
AV (My 1"L‘7 M)\ ly) - (M)\ 11‘7 y) - (Ml/ 11,’ y) - AV(BVMV 1/21:7 B/\M)\ 1/2y>
1. 1.
= X(M,\ 11’,y) - ;(Mz/ lxa y)
But this easily follows from Lemma 3.2.1. O
Let us define
I 0 .
J = ,in 26 Z.
0 —1I

Proposition 3.2.3. The operators Ry(\) and Ro(N\)* are dissipative and J-

selfadjoint, for all A > 0.
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Proof. Let u=(y) € Z® Z. Then

x x 1 1 — . — *
(RoM) (3 (5)) = =l + 5 (M5, 2) + 2iln(ByM; ) — | By

Now,

Re(Ro(N) (5), (5) = el + £ (M 2,2) = 1Byl <

1 1 .
< el + 1l ~ B3l <0
hence Ry(A) is dissipative.
On the other hand

Re(Ro(N)*z, z) = Re(z, Ry(M\)z) = Re(Ro(N)z, z) = Re(Ro(N)z, x) < 0.
The fact that Ro(\) is J—selfadjoint is obvious. O
Proposition 3.2.4. The null-space of the operator Ry(\) is given by

N(RoN) ={ue Z@ Z:u=(3),2 e N(M?)NN(C?),y e N(B})},
where
N(BL) = (MY2(D(M2) 0 D(CY2) " (3.2.5)

Remark 3.2.1. 1. The set N (Ry(\)) is independent of A\, which is a property

shared by all pseudoresolvents, see for example [Paz83].

2. If D(MY?) N D(CY?) is a core of the operator M'/? then N(B}) =
N(MY?), but in general we have only NV (B5) D N(MY?). This is a

mild regularity condition which will be fulfilled in most applications.

Proof of Proposition 3.2.4. From the equation Ro(A)u = 0, where u = (y), it

follows

1 1 -
XM)\_l.’,E — X&T — M)\ 1/2B:y = 0,

BaM; Yz — AB\Bjy = 0.
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Multiplying the first equation by Az, and second by Ay and then conjugate, we

get
(M 'z, 2) — (z,2) — A(M;l/QBf\y, x) =0, (3.2.6)
AM; P By, x) — N2(ByBly,y) = 0. (3.2.7)
Adding (3.2.6) and (3.2.7) we obtain
(M2, ) = (2,2) = NX(BaBjy,y) = 0,

which implies

(M 'z, 2) — (z,2) = \*(BABiy,y) > 0. (3.2.8)

Since || M| <1, it follows (z,z) > (M 'z,z) > (x,z), hence
(M5lz,2) = (z,2), (3:2.9)

and since N (Ry())) is independent of the choice of A, this equation holds for
all A > 0. Also, from (3.2.8) follows By = 0.

Let us denote z = M/\_l/2yc. Then (3.2.9) reads (z,2) = (My"22, My'/?2).
Hence,

(2,2) = NA(MY 22, MY22) 4 XN(CV?2,CV22) 4 (2, 2).

This implies
N(MY22 MY22) + X(CV?2,0V?%2) = 0, for all A > 0,

so we obtain M2z = C'/2z = 0. Hence, (\2M'/2 + X\C'/?)z = 0, for all A > 0,
which implies M,'/?z = z. This implies M/\_l/Zx =z, hence XXM Y2z 4+ \CY %z =

0 for all A > 0, so we finally obtain M2z = C'/?2 = 0. Hence we have shown

NERN) c{lueZ@ 2 u=(}),z e N(M*)NN(CY?),y e N(B})}.
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The other inclusion is straightforward.

And finally, from N (B}) = R(By)* and

R(B)) = MYV2M V2 = MY2D(M,?) = MY2D(py) = MY(D(u) N D(v))

= MYA(D(MY?) 1 D(C1),

(3.2.5) follows. O

Remark 3.2.2. If D(M'/?) 0 D(C'?) is a core of M'/? and N (M'/?) = {0},
then NV (Ro(A\)) = {0}, hence Ry()) is a resolvent.

Let us denote Y = (N(Ry()\)))+. This is the so—called phase space. Ob-
viously, the subspace Y reduces the operator Ry()). Let us denote by Py :

Z @ Z — Y the corresponding orthogonal projector to the subspace Y.

Let R(\) = Py Ro(\)|y denote the corresponding restriction of the operator
Ry(X) to the phase space. It is easy to see that R(A) also satisfies the resolvent
equation and has trivial null space. Then from the theory of pseudoresolvents
[Paz83] it follows that there exists an unique closed operator A : Y — Y such
that R(\) = (A — A)~! for all A > 0. Since R()) is dissipative and bounded,

Proposition A.2 implies that A is maximal dissipative.

The subspace Y can be decomposed by Z, @ Z,, where Z; = (N(M'/?) N
N(CYV2)E 2y = (N(BY))*. Since N(MY?) = N (M) and N(C'?) = N(C),
we can also write Z; = (N (M) NN (C))*.
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3.3 Uniform exponential stability

3.3.1 The operator A™!

Since A is maximal dissipative, the Lumer—Phillips theorem A.3 implies that A
generates a contractive strongly continuous semigroup.

Our next aim is to explore properties of the semigroup generated by the
operator A and to explain the connection of this semigroup with our quadratic
problem. We also find necessary and sufficient conditions which ensure that our
semigroup is uniformly exponentially stable.

To achieve this goal, we have to find some suitable representation of A in
the space Z; @ Z5. Unfortunately, in general, the operator A does not have
block—matrix representation in the product space Z; @ Z,, but its inverse has.

First we will show that a necessary condition for the uniform exponential
stability of the semigroup generated by A is that M and C are bounded.

We will need the following lemma.

Lemma 3.3.1. For an arbitrary x € Z and A > 0 we have

lim Mo — a2 —0, (3.3.1)
lim M 'z —x — 0. (3.3.2)

Proof. Let x € D(M,'?) be arbitrary. We have

||M>\_1/2.’L'—SL’H _ \|M/\’1M>\1/2x— M,\1/2.T+M)\1/2LU—I|| <

< (MM + DM e — 2] < 20 M3 Pe — .

Now first observe that [|z| < ||Myz|| implies (using Heinz inequality) (z,z) <
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(My?z, ). Next we have

M 22 — x| = (M\Y?2 — 2, M2 — )
= (MyY22, MyY22) — 2(My Y2, ) + (2, )
= N M2z, MY22) + NCV22, CV22) + 2((z, x) — (M\?z, x)) <
< NY MYV, MY22) 4 N(CY22,CY22) — 0, for A — 0.
This implies (3.3.1) for all z € D(M,*?). Since D(M,"?) is dense in Z and
HM;l/QH is bounded as a function in A, (3.3.1) follows for all x € Z.

From the sequentially strong continuity of operator product [Kat95] (3.3.2)

immediately follows. O

Theorem 3.3.2. Assume that the operator A generates an uniformly exponen-

tially stable semigroup. Then the operators M and C' are bounded.

Proof. A necessary condition for the uniform exponential stability is 0 € p(A),
so let us assume 0 € p(A).

Since R(\) is a continuous function in A, we have
R(\) — R(0) = A"' as A\, 0, (3.3.3)

hence R(A)z has a norm limit for A \, 0. This implies that B\M, 2 also has
a norm limit for A \, 0, for all x € Z.
Note that B>\M/\_l/2 = M'Y2M'. Next we introduce the operator F in Z

defined by F = limy g MY/2M; !, i.e. by
D(F) ={z € Z: 3lim M"*M;'a}, Fo =lim M'*M; 'x.
N0 AN\0

Let # € D(F) be arbitrary. From (3.3.2) and from the fact that M'/2 is closed,

it follows that M'/2M, 'z has a norm limit for A \, 0, so D(F) N Z; = 2.
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This implies 2, € D(F) € D(MY?),i.e. (N(MY)NN(CY?)* c D(M'/?).
Since N (M) N N(CV?) ¢ D(M'?), we obtain D(M'?) = Z, ie. M is a
bounded operator.

Now we turn our attention to the entry (1,1) in (3.2.3). For = € D(M,)

(= D(C) now) we have

1
ﬂMﬁ—[ﬂz—MﬁQM+Cn,
hence
1
508 = D+ Cal| < A A + € = b Cal =0
as A\, 0.
Let us define Cp = —limy\o %(M; ' —I). Obviously, Cy is a symmetric

operator (as a limit of symmetric operators) and D(C) C D(Cj). Since C'is a

selfadjoint operator, we have Cy = C i.e.

R DR

Using similar considerations as given above, we obtain that operator C' is also

bounded. O]

Remark 3.3.1. 1. If the operator M is bounded, then N(B}) = N(M?),
hence Z, = (N(MY/2))*,
2. If M is bounded, then M), can be regarded as a usual operator—sum, and
D(M,) = D(C) holds.
Remark 3.3.2. In terms of the forms p, v and s, Theorem 3.3.2 says that if

A generates an uniformly exponentially stable semigroup, then p and + are

necessarily k—bounded, i.e. there exists A > 0 such that

(e, x) < Ak(z,x) and y(z,z) < Ak(x,z), for all z € Z.
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From now on, in the rest of thesis, we assume the following:
The operators M and C' are bounded.

Note that now M, "B = M ' MY/2,
Using previous considerations and the fact that R(C) C Z, and R(M'/?) C
Z,, we obtain

A—l

_C|Zl _M1/2|Z2
]\41/2‘21 0 )

Note that the phase space now becomes Y = 2,02, = (N (MY)NN(CY?))t @
(N(M*2))L. The operators C|z, and M'/?|z, are obviously bounded symmetric
operators in the space Z;, hence they are selfadjoint.

To avoid technicalities and simplify the proofs, we assume N(M'Y?) C
N(C'?), i.e. there is no damping on the positions where mass vanishes. All the
results of this thesis remain valid also in the case when N (MY2) ¢ N(CY/?).

This assumption implies ) := Z; = Z,, sonow Y = Y @& V. Also, from
now on let C' denote the operator C': Y — Y, and let M denote the operator
M Y — Y. Letters M and C will denote operators in the spaces Z or Y
depending on the context.

Hence we can write

T —M'/?
om0 |
From
FE | -Cx— M2y
M1/2y o Ml/ZI

follows that D(A) = R(A™!) = (R(C) + R(M?)) @ R(M'/?), hence the oper-

ator A is not bounded in general.
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Remark 3.3.3. The operator A cannot, in general, be written in the block-matrix
form in Y @& ). Indeed, let us suppose that the operator A can be written in

the block-matrix form. Then we obtain R(C) C R(M'?), and this does not

hold in general, as we can see from the following example.

Ezample 3.3.1 (Continuation of Example 3.1.2). As we have seen, M and C are

bounded, hence satisfy our assumption. Since N (M) = {0} we have Y = Z.
Next we show that A cannot be written in block-matrix form. To see this, it

is sufficient to show that the identity function is not in R(M'/2). First observe

that

(MY, M%) = /u”(x)v”(a:)dx.

0

Let us assume that u(z) =  is in R(M'/?). Then there exists v € ) such that

u = M'?y. Hence
(v,v) = (M~ 2u, M~12u) = / |u ()] *dz = 0,

0

a contradiction.

Observe also that R(C) + R(M'/?) # Y, hence A is not bounded.

Next we want to compute the resolvent of the operator A. Since A is maxi-
mal dissipative, the spectrum of A is contained in the left complex half—plane.
Our candidate for the resolvent of A is R(\). Obviously, R()\) is resolvent of A

for all A > 0. Next we show that R(A) can be written as a block—matrix in ) )

LM =1 MMM ] [az

, forallz,y € ),
M1/2M>T1 —)\M1/2M;1M1/2

Y
(3.3.4)
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1.e.

(My' = Dw ey, Mi'MYze),

MYVM e ey, MYVPPMI MYz ey,

holds for all z € Y and all A > 0. The last two assertions are trivial. To prove
the first one, decompose (M, ' —I)x as (M ' —I)x = y; +ya, where y; € N'(M),
ys € Y. Then —N2Mx — \Cx = y; + Myys, hence y; € Y, soy; = 0. The second
assertion can be proved similarly. It is evident that R()) is well defined and
bounded operator for all A such that 0 € p(M,).

Let A € p(A) be such that 0 € p(M,). Then it follows (I—AA")R(\) = A1,
hence R(A\)x € D(A), for all x € ), which implies (A — A\)R(A\)z = x for all
T e ).

Similarly one can also prove R(A\)A™! = A7 R()), hence R(\)(I — NA™1) =
A~ This implies R(\)(A — X\)z = z, for all x € D(A).

3.3.2 The spectrum of the operator A

Our aim in this section is to establish the correspondence between various types
of spectra of the operator A and the operator function A — M.

Let us denote by p, 0, 0,, 04, and o, the resolvent set, spectrum, point spec-
trum, approximate point spectrum and residual spectrum of the operator func-
tion A\ — M, = \2M + A\C + I in the space Z, respectively. The point \ is in
the point spectrum of the operator function L if zero is in the point spectrum
of the operator L()), and analogous definitions hold for the other parts of the

spectrum. Note that now M), can be viewed as an operator sum.
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Theorem 3.3.3. The following holds:
p=p(A),0c =0(A),0, =0p(A),00p = 0ap(A) and o, = 0, (A).

Proof. Since 0 € p(A) and My = I, we can assume \ # 0.

First we consider the point spectrum. Let A € 0, A # 0 be arbitrary. Then
there exists x # 0 such that X>Mz+ACx+z = 0, hence v = —\>Mx—\Czx € Y.
Let us denote y = AM'2z € Y. Then (§) € Y. From

T —Cxz — \Mzx
At = =

1 |z
y M2 My

follows 1+ € 0,(A™"), hence X € 0,(A).
On the other hand, let A € 0,(A), A # 0 be arbitrary. Then there exists
(y) # 0 such that
—C M| |z
MY2 0 y y

hence

1
—Cx— MY?y = Xx,

MY2y = %y
From this one can easily obtain A2Mz + A\Cx + z = 0. We can assume z # 0,
since x = 0 implies y = 0, so A € 0, holds.

Let now A € 04, A # 0 be arbitrary. Then there exists a sequence (z,),

|z,|| = 1 such that Mz, — 0 as n — oo. We decompose z,, as z, = z. + 22,

with 21 € Y, 22 e N(M) = N (M) NN (C). Then

Mz, = N>*Mz! + \Cx} + x! + 22 — 0,
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which implies X>Mz! + \Cxz}. + 2} — 0 and 22 — 0, hence we can assume

z, € Y. Let us define y,, = AM'/?z,,. We have

1 |zn —Cy — 5T, — MYy, 1 | -NMz,, — \Cx), — 2,

Yn Ml/an - %yn 0

as n — o0o. Since [[(yr )| > 1, we have A € g,,(A).

On the other hand, let be A € 0,,(A), A # 0 be arbitrary. Then there exists

a sequence (37) € Y, |z,]|*> + |lynl|> = 1 such that (A~ — %) (yr

n — o0o. This implies

Multiplying (3.3.6) by AM'/2 we obtain
Mz, — Ml/Qyn — 0.
Subtracting (3.3.7) from (3.3.6), we obtain

N Mz, + \Cx, + z,, — 0,

so to prove A € o,,,, we have to exclude the possibility of z,, tending to zero.
But z, — 0 and (3.3.6) imply y, — 0, which leads to a contradiction.

Let us denote by B! the adjoint of the operator B in the scalar product
generated by the operator J = (§ %) : Y — Y. Obviously, A~ (and hence

also A) is a J-selfadjoint operator. Hence the following sequence of equivalences

hold: if X\ # 0 then

A€o, <= 0€0,.(M) < 0€0,(M\") <=0 € 0,(My),

— 0

) — 0 as

(3.3.5)

(3.3.6)

(3.3.7)

Y
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and

1 1 1
0 € 0,( M) <= 5 € 0, (A7Y) = 3 € o (A7) = 3 € o(A™Y) <= X € o, (A).

]

Theorem 3.3.3 implies that (3.3.4) for all A € p(A).
Note that the spectrum of the corresponding undamped system (i.e. when

we set C' = 0) is given by

{:I:i% ; AGU(M)\{O}}.

3.3.3 Characterization of the uniform exponential sta-
bility
The main result of this subsection will be the following theorem.

Theorem 3.3.4. The operator A generates an uniformly exponentially stable

semagroup if and only if

(i) for each 5 € o(M), and for each singular (the other term in use is “ap-
proximate eigenvector”) sequence (z,,) (i.e. a sequence such that ||z, || = 1,

(M — B)x, — 0, as n — 00) we have inf |Cz,|| > 0, and
(i) supyeig |MY2M Y| < oo holds.

Remark 3.3.4. 1. The condition (i) is equivalent to the assumption that iR C

p(A), or, equivalently, iR C p.

2. If the operator M has discrete spectrum, the condition (i) is equivalent

to the assumption that

Cx # 0 for all eigenvectors = of M, (3.3.8)
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hence the operator C' does not vanish on the eigenvectors of the corre-

sponding undamped system.

3. In the finite-dimensional case the assumption (3.3.8) is necessary and suf-
ficient condition for the uniform exponential stability of the corresponding

semigroup (see Proposition 2.1.1).

4. The condition (ii) is the consequence of the well-known fact that in the
infinite—dimensional case the location of the spectrum of the generator

does not characterize the behavior of the semigroup.

5. Since (MY2M;1)* = M~y M2, the condition (ii) is equivalent to

(it) supreim | My MY?| < oo
6. The conditions (i) and (ii) are equivalent with the condition

sup ||MY2M, 7Y < oo.
ReA>0

Proof of the Theorem 3.3.4. For A to generate an uniformly exponentially sta-
ble semigroup it is necessary that :R C p(A).

First we will show that the condition (i) is necessary and sufficient for the
absence of the spectrum of the operator A on the imaginary axis.

Since My = I and 0 € p(A), we exclude zero from our observations.

If there exists § € o(M) and a sequence (x,), ||x,|| = 1 such that (M —
B)x, — 0 and Cz, — 0, then obviously Mz, — 0 for A = \/LB’ hence A € o(A).

On the other hand, let us assume that i\ € 0,,(A) for some A # 0. Then

iy 1= % € 04p, hence there exists a sequence (z,,), ||z,|| = 1, such that

—v*Mz, — ivCx, + 7, — 0
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as n — oo. Multiplying by z,, we obtain
_72(Mxna In) - Z/V(O:L‘na xn) + (ZEn, xn) - O,

which implies (Cz,,, z,,) — 0, hence Cx,, — 0. This implies that (I —~*M)z,, —
0, hence (M — %)xn — 0.

If i\ € 0,(A), then if € 0y, so this case reduces to the already proved case.

From Corollary A.5 we know that a sufficient and necessary condition for
the uniform exponential stability is that sup,c,g [[R(N)| < oo holds.

From the representation of the resolvent (3.3.4) it is obvious that condition
(ii) is necessary. To see that condition (ii) is also sufficient, first note that it
is sufficient to show that (1,1) and (2,2) entries in (3.3.4) are bounded on the
imaginary axis.

Let us assume that the condition (ii) is satisfied.

Let A € «R, x € Y be arbitrary. Set

y = MMz (3.3.9)
Then
(M2, y) = (Myy,y) = N[ M"2y|* + A\(Cy, y) + [ly]

= —[AM Y| + M(Cy, ) + lyl*.
Hence

IAM 2y = [ly[|* = Re(M"/?z, y). (3.3.10)
From (3.3.10) follows

IAM2y|* < || M2z |l||y[| + 1yl (3.3.11)

From (3.3.11) and (3.3.9) we get

INMY2M MY 2P < | MM P (MY e[| MM ]| (3.3.12)
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Hence, the condition (ii) implies that entry (2,2) is bounded.
To show that the entry (1, 1) is bounded, we proceed similarly. Let A € iR,
A # 0, xz € Y be arbitrary. Set

y= M, "z (3.3.13)
Then
(z,y) = N[M2y[1* + X(Cy,y) + (. 9). (3.3.14)
From (3.3.14) follows
(y—z,y—2) = (y,y) + (z,2) = 2Re(z,y) = —Re(z, y) = N[ M2y = A(Cy, y),
hence

1
— M2y — 5 Re(x,y). (3.3.15)

5o N

If Re(z,y) > 0 holds then obviously

1
52| < 12,

and hence (3.3.13) implies

1 _
waﬁ*—lm < MM

The case Re(z,y) < 0 we treat in the following way. From (3.3.14) and
Re(z,y) < 0 it follows

lyll < ALy (3.3.16)

Suppose |A| > 1. Then from (3.3.15) and (3.3.16) follows that

2

1
< |MVPy|? + (| M2y 1%,

Hx(y—x)

hence

2
S(My T = Dl < IMYAM P a|? | MY2M ).

1
A
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Suppose now |A| < 1. Then from (3.3.16) follows ||y| < ||M'/?y]|, and hence
|05 ]| < A
This implies

1
H—(Jm1 —Dax

X < |22 (18] + )

When we put together the estimates given above, we get

1
H—(M{l —Dx|| <

A

—1/2 —1/2 —1/2
max{% IMV2M |2 | M2 M |, | MM P (|| M)+ ||cn>}.
(3.3.17)

Hence we have proved that the entry (1, 1) is also bounded. O

Corollary 3.3.5. Assume that 0 € p(M) and that the condition (i) from The-
orem 3.3.4 is satisfied. Then the condition (ii) from Theorem 3.3.4 is also

satisfied.

Proof. Obviously, it is sufficient to show that
sup || M| < .
AEIR

Let us assume that the last relation is not satisfied. From the uniform bounded-
ness theorem it follows that there exists z, ||| = 1 such that sup, g | M, 'z|| =

0o, hence there exists a sequence (f3,,), B, € R, such that
| M5t z|| — oo (3.3.18)

Obviously, |3,| — oo. By choosing a subsequence, if necessary (and denot-

ing this subsequence again by [,) relation (3.3.18) implies ||szaix|| >n =
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-1
n||lz||, for all n € IN. Let us define z, = ”%lf”fill. Then Mz, x, — 0, ||z,] =1
ifn

follows, and we have
—ﬂiMxn +x, +13,Cx, — 0.

Multiplying the previous relation by x,, and using the fact that C is bounded,
we obtain

6,Cx,, — 0,

hence

—B3:Mw, + z, — 0. (3.3.19)

Let us define y,, = Mx,. Then (3.3.19) reads
(M~ - 3)y, — 0. (3.3.20)

Since 0 € p(M), the sequence y, does not tend to zero, hence we can assume

that (3.3.20) holds with ||y, || = 1. But then
1My = Bryall = 87 = 1Myl = 67 = |M 71| — o0,
a contradiction with (3.3.20). O
Assume that the assumptions of Theorem 3.3.4 are satisfied, and set

A = sup | MMV (3.3.21)
AEIR

Then the following proposition holds.

Proposition 3.3.6. We have

1
w(A) < — )
) S (VAT B, (M + I} + 25 + /AT S AT
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Proof. From Lemma A.7 follows that it is enough to show

IROVI| < max{VAZT &, A(M] +[|C)} +2A+ /A2 + M2 A, (3.3.22)

Since
LM — D — M MYy
A A
IR = sup ’ <
el HllP=1 || | MM e — AMY2 M MY 2y
1 2
= HX(MII = D)\ 4 20 MMR|2 A AMEME M2 <
1

<|[s0u - |+ ascany s pareaans,

estimates (3.3.12) and (3.3.17) imply (3.3.22). O

Proposition 3.3.6 roughly says:
smaller A <= faster exponential decay of the semigroup.

Our next goal is to show how the condition (ii) from Theorem 3.3.4 can be

written out in terms of the operators M and C.

Proposition 3.3.7. If the condition (i) from Theorem 3.3.4 holds, the condition
(i1) from Theorem 3.3.4 is equivalent to the following:
(i1)”  Let (z,) be a sequence such that | Mz, || =1, ||z.|* — -z — 0

Mz

and ||z, ||||Cznl| — 0. Then ||x,|| is a bounded sequence.

Proof. First observe that the condition (ii) from Theorem 3.3.4 is not satisfied
if and only if there exists a sequence ((3,) such that 5, € iR, |3, — oo and
there exists x € ) such that ||M1/2M/8_nla:|| — 00. Here we used the uniform
boundedness theorem, and the fact ||[M/2M || is bounded for A from any

bounded subset of iR. By a simple substitution, this condition (as in Corollary
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3.3.5) can be rewritten as:
there exists a sequence (3,) such that 3, € iR, |3,] — oo and a sequence (z,)
such that || M'2z,|| = 1 and Mg, z, — 0.

7

Let us assume that (ii)” is not satisfied. Then there exists a sequence (z,,)

such that
1M, | = 1, (3.3.23)
lall? - W o, (3.3.24)
[zl C2n | — 0 (3.3.25)
and
|| — oo. (3.3.26)

Let us define 3, = —~—. From (3.3.24) and (3.3.26) it follows /3, — oco. Now
[ M|

[Mig,zall < || = BaMzy + 24l + BallCa]l.
Relations (3.3.23) and (3.3.24) imply
I = BaMy + anll* = (=B M + 20, =B My + )
= Ball My |® — 262 | M Y22 |? + |||
= ol — s = 0.
Also from (3.3.24) follows
[ M zn||[|zn ] — 1,

which implies
Bn

2]

— 1. (3.3.27)

Now (3.3.25) and (3.3.27) imply

Fn

[

Bul|Cnl] =

[zl [ Cnll — 0,
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hence Mg, x, — 0.
On the other hand, let us assume that there exist sequences (3,) and (x,,)

such that |3,| — oo, |M'/2x,|| =1 and
M, 20 — 0. (3.3.28)

Multiplying relation (3.3.28) by = T we get

2 LM P i P () 4l — O,
Tl el
which implies
62
+ [lzn|| — 0. (3.3.29)

el

Hence, for an arbitrary ¢ > 0 there exists ny € IN such that for all n > ny we

have
ﬁ2
|||

Multiplying the last equation by W we obtain

1- - < < b ) <1l+-—:
lznll 2l II%II

Since ||z,| — oo (from (3.3.29)), it follows

—e< — + ||za|| < e.

1Bl

2|

Multiplying (3.3.28) by | “rwe get

In

—B.M

+ B (3.3.30)

I n|| I nH

Set T, = o> and multiply relation (3.3.30) by Z,,. We get

2]

=B (M, %) + i85(CTn, Tn) + (T, Tn) — 0,
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which implies
3:0%, — 0, (3.3.31)
—BMZ, + B,%, — 0. (3.3.32)
Multiplying the relations (3.3.31) and (3.3.32) by ”g—:” we obtain

BnCxy — 0, (3.3.33)
—B32Mz, + v, — 0. (3.3.34)
Now, multiplying (3.3.33) by HZ_:” we get
|zn||Cay — 0.
From (3.3.34) follows

lwnl* = 285 + Bul M, |* — 0,

which, due to the fact that 1 = ||MY2x,||? = (Mz,,2,) < ||Mz,||||2z,|, can be

written as
3 1 +Z.\/||Mxn||2||xn||2—l _
" [[Mx,? | Mz,
1 A May |2 |z]? — 1
2
: - - 0
(5 "M M, o
hence
2 1 0 3.3.35
b= T 0 (3.3.35)
2
" 1
21l 0. (3.3.36)

[Ma,|2 [ M|
From (3.3.35) follows Mz, — 0. And finally, we multiply (3.3.36) by ||Mz,||

to obtain



29

Corollary 3.3.8. Assume that 0 € p(C). Then both conditions from Theorem
3.3.4 are satisfied.

Proof. Tt is clear that the condition (i) is satisfied. The fact that the con-
dition (ii) is satisfied immediately follows from the inequality ||z,||||Cz,|| >

IC= . 0

Remark 3.3.5. From the proof of Proposition 3.3.7 one can obtain that the
condition (ii) from Theorem 3.3.4 is equivalent to the following condition:

(ii)* Let sequences (53,), B, € R and (x,), , € ), be such that |5,| — oo,
| MV 2z,|| =1, Illell — 1, =2M=x, + x, — 0 and ||z,||Cz, — 0. Then z, is a

bounded sequence.

3.3.4 Characterization of the uniform exponential sta-

bility via eigenvectors of M

Corollary 3.3.5 implies that the condition (ii) from Theorem 3.3.4 is trivial when
0 € p(M), where M acts in Z or ).

Hence we assume that 0 € o.(M), for M acting in the space ). This implies
that zero is an accumulation point of the spectrum of M.

The following theorem can be seen as a quadratic problem analogue of The-

orem 5.4.1. from [CZ93a].

Theorem 3.3.9. Let us assume that there exists an open interval around zero
such that there are no essential spectrum of M in this interval, i.e. there exists
0 > 0 such that (0,5)No (M) consists only of eigenvalues with finite multiplicities

with no accumulation points on (0,9).
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Denote the eigenvalues of M on (0,0) by Ay > Ao > ..., where we have
taken multiple eigenvalues into account. Denote the corresponding normalized

eigenvectors by ¢n, i.e. Mo, = M\yon, ||on] = 1.

Set
S={Y= awn: Y |a[*=1,meN,a, €C}, (3.3.37)
nely, ne€lm,
where
I,={neN:\,=\}, meN. (3.3.38)

Then the operator A generates an uniformly exponentially stable semigroup if
and only if
1CY

inf ———— > 0. 3.3.39
oL 1130 (3.3.39)

Remark 3.3.6. Theorem 3.3.9 implies that if the operator C'is such that the cor-
responding operator A generates an uniformly exponentially stable semigroup,

then the operator aC' has the same property, for all o > 0.

Remark 3.3.7. Using Theorem 3.3.9 and a spectral shift technique which was
introduced in [Ves02b] one can prove w(A) < —A, where A = inf{ € R :
2BM + C > 0}. This result is proved in [Ves02b] in the case of an abstract
second order system

Mz +Cit+ Kz =0,

where M, C' and K are selfadjoint positive operators, and M and C are bounded.
Note that this result is void in the case that operator C' has a non—trivial

null-space.

Theorem 3.3.9 is a considerable improvement of the similar results from

[CZ93a], since Theorem 3.3.9 can be applied to the systems with boundary
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damping, and the results from [CZ93a] cannot. For example, the results from
[CZ93a] cannot be used to characterize uniform exponential stability of the
system from Example 3.1.1.

Also, in our case the corresponding undamped system can posses continuous
spectrum.

Although the results from [CZ93a] formally can be applied also to the sys-
tems with non—selfadjoint damping operator, it appears that the assumption

(H5) [CZ93a, pp. 277]:

lim Re(Cyy,yn) =0= lim Cy, =0

is very restrictive. In fact, we do not know any concrete application with non—
selfadjoint damping operator which satisfies (H5).

An improvement of the results from [CZ93a] is obtained recently in [LLRO1],
where it was shown that the assumption (H5) can be dropped, if the damping
operator has a sufficiently small norm.

When M is compact, Theorem 3.3.9 obviously reduces to the following.

Corollary 3.3.10. Let M be compact. Denote by A, the eigenvalues of M and
by ¢, the corresponding normalized eigenvectors. Then the operator A generates

an uniformly exponentially stable semigroup if and only if
1
inf )\—||C<;Sn|| > 0. (3.3.40)

Proof of Theorem 3.3.9. First note that (3.3.39) obviously implies the condition
(i) from Theorem 3.3.4.
Let us assume that the condition (ii)* from Remark 3.3.5 is not satisfied.
Then there exist sequences (3,), 5, € R and (z,), =, € Y, with |3,| — oo,
Bn

|zl — oo, [|MY2x2,|| =1, 1Bul - _, 1, -3Mz, + x, — 0 and ||z,|Cz, — 0.

llzn |l
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Set T, = B,r,. Then

1

Ci, — 0. (3.3.42)

The relation (3.3.41) can be written as

o ) |7 , ,
Z (— - ﬁnAp) |(Tn, 0p)° + / <ﬁ— — W) d|E)Z.||> — 0, (3.3.43)
p=1 " p n

where E(t) is the spectral function of M, and ¢ is from the statement of the
theorem.

For n big enough we have
1 g 2,2 2 52
= But) = =2+ 2 2 2 1

hence
[la]]

/ d||E(t)Z,||* — 0. (3.3.44)

Choose p(n) € N such that

1 . 1
= = Budp(n) me{ 6——@1% iPG]N}-
Then there exists v > 0 such that
1
— — Bup| =, for all p & Iy. (3.3.45)

Indeed, let us assume that (3.3.45) is not satisfied. Then there exists a subse-
quence (p) such that

x
On

— BnAp, — 0as k — oo.
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This implies A,, — which is in the contradiction with the assumption that

@7
the eigenvalues of M do not have accumulation points in (0, ).

Now (3.3.45) and (3.3.43) imply

> |G ) — 0. (3.3.46)

pglp(n)

Set z, = an (a:n,gbq)gbq Then

o]
D DT U R USSR ALY
PELp(n) 5 PEL(n)
]
= > (T bp)op + / dE(t)Z,,.
PELp(n) s

Using (3.3.46) and (3.3.44) we obtain

[[M]]
10— 2al2 = 3 (@ )2+ / B2 — 0. (3.3.47)
p¢IP(7L)
Now (3.3.42) and (3.3.47) imply
Cz, — 0,

which is equivalent to

B Y (20, 0g)Cdg — 0. (3.3.48)

4€Ip(n)

Let us assume that

BN > (@ dg)]* — 0. (3.3.49)

qEIp(n)

Then (3.3.49) implies

S B(Mxy, )2 — 0. (3.3.50)

q€ly(n)
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On the other hand, we have

[[M]]
8,05l = Y B o)+ [ BEAEOmIE+ 3 BI(Ma 0, <
PELL(n) Fy q€lp(n)
[[M]]
<0 Y @) M [ AIEOTE 3 (M, 0
PEIp(n) s q€lpn)

From the previous relation and relations (3.3.50), (3.3.46) and (3.3.44) follows

BuMz, — 0. (3.3.51)

Since ‘{fzh — 1, (3.3.51) implies
| xn|| M2, — 0.
This implies
L= ||M" 2, |* = (May, x,) < |[May||||z,]| — 0,

a contradiction.
Hence, the sequence
1
Moo/ Eaety 1@ 80)I2

is bounded, which together with (3.3.48) implies

1 (@n, ¢q)
)\p(n) qe[p(n) \/qulp(n) |(xn7 ¢Q)|2

Then obviously (3.3.39) is not satisfied.

Coq — 0.

On the other hand, let us assume that (3.3.39) is not satisfied. Then there

exists a sequence (¢,), ¥, € ¥ such that

NICYll
MY
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We can assume that ||¢|| = 1. By (, we denote a number for which M), =
ﬁi%@/)n. Then (3, — oo (otherwise there would be an accumulation point of the
spectrum of M in (0,0)). Set z,, = Bpt)n.

We will show that the sequences (3,) and (z,) violate the condition (ii)?
from Remark 3.3.5.

We have |[MY2z,| = B.|MY?*),|| = 1, ||2,]] = B,, hence ||2,|| — co and

=1, Also, —2Mz, + x, = 0, and

l[znl

ICoall

lenlllCanll = BEICHnll =
| = aten]

0,

which all together implies that the condition (ii)* from Remark 3.3.5 is violated.
O

Remark 3.3.8. From Corollary 3.3.10 we immediately have the following.
The operator A generates a uniformly exponentially stable semigroup if there

exists a sequence 9, > 0 such that
Oy
on < ||Coy|| and 1nf>\— > 0,

where )\, and ¢,, are eigenvalues and normalized eigenvectors of M, respectively.

As a special case, note that

nf v(czﬁ;, Pn) -0

is a sufficient condition for the uniform exponential stability.

Ezample 3.3.2 (Continuation of Example 3.3.1). First we want to find eigenval-
ues and eigenfunctions of M. This can be achieved by solving the eigenproblem

for the operator M ~!. One can easily obtain that the operator M ! is given by

M u(z) = —u"(x), DIM')={uecy :u" € L*([0,x]),u(x) = 0}.
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Now, from a straightforward calculation follows that the eigenvalues of M~ are

(n+ 3)?, n € N, with the corresponding eigenfunctions v, (z) = sin(n + 1)z.

Hence, the eigenvalues of M are A\, = ﬁ, n € IN, with the corresponding
2

eigenfunctions 1,.

Now we calculate |4, || = %ﬁﬁ(n + 3), and (Cv,)(z) = (—1)"ex. Hence

LHC%H _ 1 QL _ 1
el T gy YD

so the assumption of Corollary 3.3.10 is satisfied and A generates an uniformly

exponentially stable semigroup for all € > 0.

3.4 The solution of the abstract vibrational sys-
tem

In this section we will solve the equation (3.1.1) using the semigroup generated
by the operator A.

Note that (3.1.6) (and hence (3.1.1)) can be written as

Mi+Cz+x=0,

(3.4.1)
2(0) = zo, @(0) = do,
and the energy function (3.1.2) can be written as
. Lo 1
E(t; xo, o) = §(M:C(t),:v(t)) + §(x(t),x(t)) (3.4.2)

Since the Cauchy problem (3.1.6) is equivalent with the problem (3.4.1), we will
solve (3.4.1). First we define what do we exactly mean by a solution of (3.4.1).

We introduce two kinds of solutions.
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Definition 3.4.1. A classical solution of the Cauchy problem (3.4.1) is a func-
tion x : [0, 00) — Z such that z(t) is twice continuously differentiable on [0, 00),
with respect to Z, and satisfies (3.4.1).

A mild solution of the Cauchy problem (3.4.1) is a function z : [0,00) — Z
such that z(t) is continuous, Mz (t) is continuously differentiable, and satisfies

t

%(Mx(t)) + Cx(t) + /m(s)ds —Caxg— Mig=0, forallt >0. (3.4.3)

0
Obviously, a classical solution is also a mild solution.

The main result of this section is the following theorem.

Theorem 3.4.1. The Cauchy problem (3.4.1) has a mild solution if and only
if to € Y, and a classical solution if and only if xo € R(MY?) + R(C). If

solution (mild or classical) exists, it is unique.

Proof. First we treat the case of the classical solutions. Since the operator A
generates a strongly continuous semigroup, the Cauchy problem
u(t) = Au(t),
(3.4.4)
u(0) = o,
has a unique classical solution if and only if uy € D(A), and a unique mild
solution for all ug € Y (Theorem A.8). We will connect Cauchy problems
(3.4.1) and (3.4.4).
For the rest of the proof, let £y € Z be arbitrary.
Let 2o € R(M'?) 4+ R(C) be arbitrary. Set ug = (Mlx/OQx-O). Obviously

uy € D(A), hence there exists a unique classical solution wu(t) = <u2gg> of

(3.4.4) for the initial condition u(0) = ug. Hence A~(t) = w(t) holds. This
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implies

—C’ul(t) — Ml/z?lg = ul(t),

M1/21:L1 (t) = UQ(t)

Hence uy (t) is twice continuously differentiable, and Miiy (t)+Cy (t)+uy (t) = 0.
Since M'%4,(0) = ug(0) = M'Y2i4 and uy(0) = x¢, the function u,(t) is a
classical solution of (3.4.1).

Conversely, let z(t) be a classical solution of (3.4.1), and zy € R(MY?) +
R(C). Set u(t) = (Jfgm) and ug = ( 12, ). The function u(t) is obvi-
ously continuously differentiable, and from z(t) = —M# — C# it follows that
u(t) € D(A). One can easily prove that u(t) and wg satisfy (3.4.4). Hence we
established a bijective correspondence between the classical solutions of (3.4.1)
and (3.4.4).

In case zo € Y, for ug = (1/2;, ) the Cauchy problem (3.4.4) in general

has only a mild solution. Let us denote this solution by u(t) = (Z;Eg ) From

t
u(t) = A [u(s)ds + ug follows
0

A1 uy (t) :/ uy(t) LAl xO.

us(t) o \ua(t) MY25
This implies
t
— () — MM ug(t) = / w1 (s)ds — Crg — My, (3.4.5)
0

t
MY (t) = /ug(s)ds + M2, (3.4.6)
0
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The relation (3.4.6) implies that M'/2u,(t) (and hence Mu,(t)) is continuously

differentiable and that us(t) = & (M"2uy(t)). Then (3.4.5) reads

t

%(M1/2u1(t)) + Cul(t) + /U1<S> — MLU(] — Cl‘o = 0,
0

hence w4 (t) is a mild solution of (3.4.1).
On the other hand, let z(¢t) be a mild solution of (3.4.1) for g € Y. Set

u(t) = (Mf”/gti(t)> and uy = (). Obviously u(t) € Y and u(t) is continuous.

t
One can easily prove that A~ 'u(t) = [wu(s)ds + A  ug holds, hence u(t) is a
0

mild solution of (3.4.4).
Finally, let us assume that there exists a mild solution of (3.4.1) for xy € Z.
We decompose g as xg = yo + wo, where yo € Y and wy € N(M). For the

initial conditions y(0) = yo, ¥(0) = &( there exists a unique mild solution y(t)

of (3.4.1). Hence we have

S — _

i(Ml/%c(t)) + Cx(t) +

iy x(s) — My — Cxy =0,

d

d75(]\/[1/23/ )+ Cy(t +/y — Miy—Cyo = 0.

0

By subtracting these two equations, we get

d 1/2 |
oM / z(t))+cz(t)+/z(s) =0,

0
where z(t) = z(¢) — y(¢). This implies that z(¢) is a mild solution of (3.4.1) for

initial conditions z(0) = 0, £2(0) = 0. From the uniqueness of the solutions, it

follows z(t) = 0, hence wy =0, i.e. xg € V. O

Remark 3.4.1. Let us denote by P : Y — )Y the orthogonal projector on the

first component of Y. Then from Theorem 3.4.1 it follows that if the Cauchy
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problem (3.4.1) has a solution z(¢) for initial conditions z(0) = xq, ©(0) = o,
it is given by z(t) = PT(t) ( p1/24, ), where T(t) denotes semigroup generated

by operator A.

Remark 3.4.2. Theorem 3.4.1 also implies

2

oy | || <ITOPEO i), (347)

MI/ijO

E(tu X, .TO) -

N —

i,e, the rate of the exponential decay of the energy (3.4.2) of the system (3.4.1)

is given by the growth bound of the semigroup 7'(¢).

Hence, the energy of the system (3.4.1) decay uniformly exponentially if and
only if the semigroup 7T'(¢) is uniformly exponentially stable, and the sufficient
and necessary conditions for this are given in Subsections 3.3.3 and 3.3.4.

Note that the equation (3.4.7) also implies that energy of the system (3.4.1)
always decays in time.

Exponential decay of the energy of the system (3.4.1) can also be expressed
as follows. Multiply (3.4.1) by @(¢t). Since & (M (t), #(t)) = 2(Mi(t), (t)) and
L(x(t), (1)) = 2((t), z(t)), it follows

S ((M(1), 2(0) + (2(1), 2(0))) = —(C(1), £(1)) <0,

hence for all classical solutions z(t) we have
B(t; 00, #0) = —(Cilt), #(1)).

Also, the energy decays exponentially in time if and only if there exists ¢ > 0

such that

t
lim eat/ |CY24(s)|*ds = 0.
0
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Ezxample 3.4.1 (Continuation of Example 3.3.2). The results of this section
imply that the energy (3.1.8) of the system described by (3.1.3) has uniform
exponential decay for all € > 0.

Moreover, it was shown in [Ves88] that in the case £ = 1 the system comes
to rest for ¢ = 27 independently of the initial conditions. Also, for ¢ = 1
the corresponding operator A has empty spectrum. This is not accidental,
since Proposition A.6 implies that the emptiness of the spectrum is a necessary

condition for this behavior.
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Chapter 4

Optimal damping

In this chapter we will give a precise mathematical formulation of our optimal
damping criterion. This criterion is designed in such a way that our knowledge
of the most dangerous input frequencies for the system could be naturally im-
plemented. This procedure uses the theory developed in the matrix case in a
natural way.

In the commutative case, i.e. when M and C' commute, the optimal damping
will be found, and this result generalizes the well-known result in the matrix
case.

An alternative approach to the problem of cutting—off low—risk frequencies

is also given.

4.1 Minimization of the average total energy

As in the finite-dimensional case, our aim is to minimize the total energy of the
system described by (3.4.1) as the function of the damping form ~ (hence of
the operator C'), where v goes over some prescribed set of admissible damping

forms (this set is always contained in the set of all damping forms for which

73
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the corresponding operator A generates an uniformly exponentially stable semi-

group). In case of the initial conditions z(0) = xg, #(0) = o, relation (3.4.7)

implies that the total energy (given by [ E(t;xo,&o)dt) of the system (3.4.1) is
0

given by N
/(T(t)*T(t)uO, ug)dt, (4.1.1)

where 1y = (Mf:/%x-o ).

From the famous Datko theorem ([Paz83|) it follows that the semigroup
T(t) is uniformly exponentially stable if and only if total energy of the system
is finite for all ug € Y.

As in the finite—dimensional case, the expression (4.1.1) can be algebraically

represented. The following result can be derived from [Phd91].

Theorem 4.1.1. The following operator equation
A*' Xz + XAz = —z, for allz € D(A), (4.1.2)

has a bounded solution, and the solution X can be expressed by

Xz = / T(t)*T(t)adt. (4.1.3)

Theorem 4.1.1 immediately implies that the total energy of the system is
given by (Xug, up). To make our minimization process independent of the initial
conditions, we would like to minimize the average total energy over the set of
admissible damping coefficients =, i.e.

/ (Xug, up)p(dug) — min, (4.1.4)

[[uoll=1

where X is regarded as a function of v, and p is some measure on the unit

sphere in Y.
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The general theory of integration in Hilbert spaces can be found in [Sko74].
In the rest of this section we will give the strict mathematical meaning to the

formula (4.1.4).

Remark 4.1.1. Instead of the average, one can take a maximum over all initial
conditions ug, ||ug|]] = 1 as a measure of the efficiency of the damping, i.e.

instead of (4.1.4) one can take

”InHaX(XZU,.CE) — min. (4.1.5)
z||=1

Since X is selfadjoint positive definite, (4.1.5) is equivalent with || X|| — min.

This approach is taken in, for example, [Cox98b], [Cox98al.

Since there exists no generalization of Lebesgue measure for Hilbert spaces
(see, for example [Kuo75]), the natural choice for the measure is the Gaussian
measure, since it is perhaps the simplest class of measures on Hilbert spaces.
Let us recall definition and basic properties of Gaussian measures.

_ (:Efm)2
L e 202

Gaussian measure y on R is a Borel measure with density f(z) = —= ,

which is absolutely continuous with respect to Lebesgue measure. In other
words, p(B) = [ f(z)dz, for all Borel sets B in R. It is uniquely determined
by the real num?)er m (mean) and positive number ¢? (variance). The charac-
teristic functional of a Gaussian measure p in R is easily verified to have the

form
oo

1

QO(Z) = /ezzxu(dw) — 6750222+imz.

— 00

The measure is uniquely determined by its characteristic functional.
A non—negative measure p in R" is called Gaussian if all its one-dimensional

projections p¥, y € R"™, where

1 (B) = p{z € R": (z,y) € B}
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are Gaussian. One can easily compute that the characteristic functional of u is
o(z) = e_%(KZ’ZHi(m’z), (4.1.6)

where m € R" is the mean and K is a positive semi—definite operator on R",
called the covariance operator. It can be easily verified that for det K # 0, the

function (4.1.6) is the Fourier transform of the positive function

e~ b @) @-m))

=

1
fle) = V(2m)rdet K

which is the density of the measure u, with respect to Lebesgue measure. If
det K = 0, then there is a orthogonal projector P in R" such that K = PK =
KP. Now p is concentrated on the subspace PR", shifted along the vector m,
and is non—degenerate there.
By Gaussian measure in a real Hilbert space ) we understand a measure p
whose characteristic functional has the form
o(z) = /ei(z’x)u(dx) = e~z (Kz2)Fi(mz2) (4.1.7)

y
where m € ) and K is trace class operator. It follows from (4.1.7) that all finite—

dimensional projections py, of p are also Gaussian measures in the corresponding
subspace. It turns out that one can define a set of subspaces L, the projections
upon which completely determine the measure p and on which the structure of
1 is simplest.
The mean m is the unique vector from )’ such that
/(x,z),u(dx) = (m,z), forallz €},

Yy
and the covariance operator K is defined by

/(m, 21)(x, zo)pu(dx) = (K 2z, 23), for all z1,29 € Y.
Yy
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The trace of K can be calculated by
ek = [ alPulda).
y
If m =0 (i.e. if measure p is centered)

/(X:B,x)u(dx) = tr(XK), (4.1.8)
Yy

for all bounded operators X on ). The generalization of the formula (4.1.8) to
the case of surface measures will play important role in the sequel.

For the general theory of Gaussian measures in Hilbert spaces see [Kuo75].

To define the Gaussian measure in Y, which is a complex Hilbert space, we
first define Gaussian measure in the underlying real space Yy which is defined
as follows (this procedure is essentially given in [VK96], where one can also find
the proofs of our assertions).

Take any orthonormal basis {e1, €s, ...} in ) and denote by Vg the collection
of all elements of Y that have real Fourier coeflicients in this basis. Each element
x € )Y can be written as x = x’ + ix”, where 2/, 2" € Yi. For a fixed basis
this decomposition is unique, and YVi can be regarded as a real Hilbert space.
Let jJ denote the product Vi @ Vg with the usual scalar product. The relation
Yoz =212 +id" — (;’,’,) —2e€) gives the one-to—one mapping between
Y and ). Any bounded operator GG in ) generates the corresponding bounded
operator G in . The correspondence means that § = G# if y = Gz. Each
bounded operator GG can be uniquely represented as G = G’ +iG"”, where both
operators G’ and G” leave the set Vg C ) invariant, and we have

G Q"
G G’

~
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The operator matrix G commutes with the operator matrix J = ( 70 ) This
property characterizes the class of the operators in Y which correspond to some
operator in ). In the case that G is selfadjoint, it follows that G’ is selfadjoint,
and G” skew—adjoint.

Let KR be a trace class operator in Vr. The operator K induces a Gaussian

measure i in Yr with zero mean and covariance operator Kg. Set
. K 0
K=|% .
0 Kgr
Then K induces a Gaussian measure L in Y , and, due to [VK96, Theorems 1,6
and 7], the operator K in ), defined by

Kz = Kz + iKgra", where x = 2’ +ix”, (4.1.9)

induces a Gaussian measure y in ). In [VK96] it was shown that the measure
1 does not depend on the choice of the basis in ).

Finally, let v denote the Gaussian measure in Y induced by the operator
(& 2), and let & denote the corresponding measure in Y=Ya).

Observe that for G = G’ + iG” selfadjoint,

(G, z) = (Gi,2) = (G'a',2') + (G'2", z"), where x = 2’ +iz", & = ().

T

We treat the left hand side in (4.1.4) as an integral in Y, i.e.

/ (X, 0)r°(da),
lal|=1

S S

where v” is some measure on the unit sphere in Y. For the measure > we take

the measure induced by the measure o via Minkowski formula (see [Fed69)):

/fdy —hm% / f(z)v(dz (4.1.10)

S (#,5)<e
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where S denotes the unit sphere in Y. A justification of the formula (4.1.10) is
given in [Her82] (see also [Her80]).

More precisely, it was proven in [Her82] that there exists a surface measure
v on S, induced by ¥, and that the formula (4.1.10) holds for all continuous
bounded functions f defined in Y.

The o-ting of v is just the o-ring of Borel sets in S (i.e. smallest o-ring
of subsets of S which contains every compact set of S), where the topology on
S is induced by the topology on Y.

Hence, the precise meaning of (4.1.4) will be

/(Xa, @)v°(di) — min, (4.1.11)
S

where X corresponds to the operator X, and v is the surface measure on S
induced by the Gaussian measure 7 in Y.

The question arises what is the most natural way to define the operator Ky
(and hence the measure v°). In the case of compact M (which is a generic
situation in most applications) as a basis in )) we can take the eigenvectors
e; of M (which correspond to the eigenvectors of the undamped system which

correspond to resonant frequencies of the system), and define Ky by

i=1 =1

where Ef; A < o0, A; > 0. The weights \; should be chosen in such a
manner as to implement our knowledge of the most dangerous eigenfrequencies
(e;’s) for the system. In this way the choice of the measure depends on the
physical properties of the system. In the case of non—compact M the basis of

Y could be chosen in a similar way, and should contain all eigenfrequencies of



80

the corresponding undamped system. If M possesses continuous spectrum, the
basis of ) could contain also some approximate eigenvectors corresponding to
the continuous part of the spectrum.

If we take that some \;’s are zero, i.e. if we take a degenerate KR, that
means that the frequencies which correspond to the vanishing A;’s need not be
damped. Mathematically, this case reduces to the non—degenerate case on the
orthogonal complement of the null-space of KR, the measure in the null-space
of Ky being Dirac measure concentrated at zero.

Let us assume for the moment that M is compact, and that K has the form
(4.1.12). Then the functional from (4.1.11) can be written as tr(XZ2), where

the trace class operator Z is given by the following:

Zr = Zaz / u, e;)?vS(du) | e;, for x = Zaiei.
i=1

s
From [Her82] we know that

/ (u, )25 (du) < M,
S

where M does not depend on i € IN. Hence the operator Z is well-defined and

trace class. Let us compute tr(XZ): we obtain

o) e}

(XZei,ei) = Z(Zei,Xei) = Z /(u, e:)*v% (du) e;, Xe;

i=1 i=1 5

tr(XZ2) =

[e.e]

/ueZ (e;, Xe;)v / (u, e;)*(es, Xe;)v (du)
Ls 5

||Mg ||Mg

=1

(u,e;)e; ,Z u,e;)e 1) (du) = /(Xu,u)ys(du),
i=1

S

what was claimed. Here we used Levi theorem to interchange the sum and the

integral.
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One can also easily see that Zy — Z strongly as N — oo.

4.2 Optimization procedure

In this section we will show how (4.1.11) can be calculated by an approximation
procedure, as well as solve the optimal damping problem in case of presence of
internal damping.

First we show how we can approximate the surface measure v by a sequence
of surface measures of the unit spheres in the finite-dimensional spaces.

Let L be a finite—dimensional subspace of Y, and let P; denote the corre-
sponding orthogonal projection. Set S;, = {x € L : ||z|| = 1}, and let us define
fo:S — Sy by fr(z) = ”I;ﬁ. Let B;, denote the collection of the Borel sets
in Sg. The family (Sg, By, fr), where L goes over a set of finite-dimensional
subspace of 3?, is directed in the sense of [DF91, Section 1.2.1], i.e. for each
pair of subspaces L1, Lo there exists a subspace L and the pair of surjective
connecting maps ¢rr : Sy — Sr;, j = 1,2 for which the following diagram

commutes

St,

o JL

Y —— 5L

Lo

¢L2L

St,

Pr.x
Lj

= )
1Pz,

If we take L = L; + Ly and define the connecting maps by ¢r,r(z)
J = 1,2 one can easily check that this property holds. Every map f; determines
a o—ring Uy, in S. We denote the union of all o—rings Uy, by U. Then [Sko74]| the
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o—closure of U coincides with the o—ring B of the Borel sets in S. If we take a
chain of increasing subspaces L, C L, for which is | J,, L, is dense in Y, then
the o—closure of | J,, Uy, is again B, and the family {(S,,Br,, fr,) :n € N} is
also directed.

On Sy, we define induced measure v; by
vi(B) =(C(L, B)),

where C(L, B) = f;'(B) = {x € S : fy(x) € B} and B € By,. These measures
are called a system of finite-dimensional distributions of the measure . One

can easily check that this system satisfies the compatibility condition
v (B) = vi(¢;)(B)), B€ By, L' C L.

Let us assume that Py — I strongly. Then from [DF91, Example 3.3] and

[Sko74, pp. 8] follows that for every bounded continuous function ¢ we have

hm/ z)vy (dx) —hm/ (fr, (x)v7(dz) = /go(m)us(da:). (4.2.1)
Sp., S
Proposition 4.2.1. The surface measure v? is the measure induced by the

Gaussian measure in L with zero mean and covariance operator

A

K 0
K, =P, | Pr.
0 K
Proof. Let us denote the Gaussian measure in L with zero mean and covariance

operator K, by 77, and let 7% be corresponding induced surface measure on Sy,

defined via Minkowski formula, i.e.

77 (A) = lim — / dvg,
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for a Borel set A in Sy.
First note that 7¥ and v7 are defined on the same o-ring of the Borel sets

in Sp. Let A be an arbitrary Borel set in Sy. Then
vp(A) =v°(C(L, A)) = v5(A),

where A = {z € S: fr(z) € A}. Hence

1 1
vy (A) :/dys :gi%%/dﬁzg%%/mdﬁ,

A Ae Y

where A, = {z € Y: d(zx, Z) < e}, and x . is the characteristic function of the

set A.. From [Sko74, 1§5] follows

/X&da:/md% /ngdﬁ‘?@& (4.2.2)

Y L YoL

where 7L and 2YSL are induced measures in subspaces L and Y © L, defined by

PE(A) =p({z € Y : Ppz € A}) and 0¥9L(A) = o({x € Y : (I — P,)w € A}),
respectively. Both measures are Gaussian with zero mean and with covariance
operators Ky and (I — Pp) [[0( 12'] (I — Pp), respectively.

Let us calculate the right hand side of (4.2.2). First note that
ANL=A. :={zeL:d(x A) <&}

Indeed, let x € Zg N L be arbitrary. We assume ¢ < 1. Then for each n € IN
there exists x,, € A such that ||z —z,|| < e+ 1. Let z, = a,+by, where a,, € L,
b, € Y © L. We can take n € N such that & + % < 1. We have
1
(e+ )" = llo = zall® = llz = anll® + Ibull” = l2]I* = 2(z, an) + llan® + [Iba]

= [ll* — 2(2,a.) + 1.
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Our choice of n and ¢ implies (z,a,) > 0. Hence

2

il =Nl = 2 e an) + 1< el - 2w an) + 12 (64 2P

x_—
o

and since HZ—"” € A, we have obtained our assertion. The other inclusion is
n

obvious.

Hence,

This implies that

exists and is equal to 77 (A).

Now, fix e > 0 and let z € Y © L be arbitrary. Take some a € A. Set
@ = iea+x. Then fr(a) = a € A, so we have a € A. From ||z — @|| = ie
follows that z € A., so we have proved (Y S L)YNA. =Y & L, for all € > 0.

This implies that the second integral on the right hand side of (4.2.2) reads

/ dﬁY@L _ ﬁY@L(f/YGL) — 1.
YoL
Thus we have proved 77 (A) = v7(A) for all Borel sets in S, which was needed.

O

From now on we assume that the measures v and v are normalized (v°(S)
is calculated in [Her82, Theorem 1], and v5 (Sz) will be calculated explicitly).

Our next aim is to approximate the operator X. Let Vv, Vi C Yni1
be a chain of finite-dimensional subspaces of ). Set Yy = Yy @& Vu, which

we treat as a subspace of Y. Let Py be the orthogonal projector from Y to
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Y y. The space Yy is equipped with the norm induced from Y. Consider the
sequence of operators Ay defined in Y. Assume that Ay satisfy the following

assumptions:
(1) there exists A € p(A) N, p(An) such that the resolvents converge

(A —Axn)'Pyx — (A= A) 'z, forallz €Y, (4.2.3)

(2) there exist numbers M > 1 and w < 0 such that

||| < Me* fort > 0and alln € N (4.2.4)

Remark 4.2.1. Generally, we can use any discretization method for the semi-
groups for which some Kato-Trotter—type theorem exists, and (4.2.4) is satisfied
for some w < 0. In article [GKPO01] is given a survey of these methods. Also a
method from [LZ94] can be used. An error estimate for Kato-Trotter theorem

is given in [IK98].

Under these assumptions, one can easily see that the assumptions of Theorem

2.5 from [IM98] are satisfied, which implies that the Lyapunov equation
AVX + XAy =—1 (4.2.5)
is solvable for all N € IN and for the solutions Xy we have
XyPyr — Xxforallz €Y.

From the uniform boundedness principle follows supy || X x| < oo, hence the
functions py(x) = (XyPyz,x) are bounded and continuous, so they are v—

measurable functions in Y and ¢y (z) — (X2, x) holds.



86

This also implies that the functions ¢y (2) = (X NPN:%, ) are U—measurable
and that ¢y(2) — (X7, #) holds, where Xy, Py and # are the corresponding
operators and elements in Y.

We assume that we chose Vy in such a way that A%, = 0, i.e. such that the
”imaginary part” of the operator Ay in the sense of the construction given on
the page 77 is zero, so that the operator A ~ has the following matrix represen-

tation in Y y:

. Ay 0
Ay=|"" (4.2.6)
0 Ay
Then )
. Xy 0
Xv=|""
0 Xy
Since
G — / (G2, 2)vg (d2)
SYN

is a linear functional in the space of symmetric matrices G' in Y y, there exists

a matrix Z v such that

/ (G, )2 (dz) = tr(GZy), for all symmetric matrices G. (4.2.7)

Yn

SYN

As is shown in the Section 2.1 Zy is a symmetric positive semi—definite ma-
trix. Due to the symmetry of the measure VéN we have Zy = [ZON Z(jv }, hence
tI‘(XNZAN) = 2tI‘(XNZN)

In the next section it will be shown how Zy can be calculated.

Now,
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The results of this section can be summarized as follows. Under the usual
assumptions on convergence of the semigroups, we have proved that, instead of

(4.1.11), we can use the following minimization process:

lim tr(XyZy) — min, (4.2.9)

N—oo
where X is the solution of the approximate Lyapunov equation (4.2.5), and
Zn depends only on Vy and Kg, and can be explicitly computed.

The formula (4.2.9) clearly gives rise to a numerical procedure for the opti-
mization of the damping.

Let us assume that M is compact, and let Ky be given by (4.1.12). Let K
be the corresponding operator on ). By ux we denote the corresponding (in
the sense of Section 4.1) Gaussian measure on Y. We decompose )V = )V @ Vs,
where J; = N (K)*, Y, = N(K). Then the following generalization of Theorem
2.2.1 holds.

Theorem 4.2.2. Consider the set of operators C' such that there exists § > 0

such that C' > 0M, i.e. such that
(Cx,x) > §(Mzx,z), forallx e ). (4.2.10)

Then the optimal damping operators corresponding to the measure g (in the
sense of (4.1.11)) over this set are those operators which have the following

form:

QN2 0
C[) |y1
0 &

with Cy being bounded positive definite operator on Y.

Physical interpretation of the condition (4.2.10) is that the system possesses

internal damping.
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Proof. First observe that (4.2.10) implies that the corresponding operator A(C')
is uniformly exponentially stable.

Let us denote by u7 the corresponding surface measure. Let us denote by
X(Cy) the corresponding solution of the Lyapunov equation (4.1.2). Note that
[(X(Co)u,uw)pi(du) does not depend on the choice of C. Let us assume that

S
there exists an operator C satisfying the assumption given above, and such that

/ (X(Cuty ) (dur) < / (X (Co)u, )i (du).

S S

Set Yy = span{ey,...,ex}, where e; are normalized eigenvectors of M. We
define Yy = Vv ® Yy C Y. Let us denote by Py and ﬁN the orthogonal

projectors onto Yy and EA/N, respectively. Set Ay = }A’NA. Then we have

0 Qn
An = An(C) = ,
—Qn —QnCNQy
where Qy = M~1/2|y, and Oy = PyC.

First we show that the operators Ay are stable. Let us assume that Ay is
not stable, for some N € IN. Then from Proposition 2.1.1 follows that there
exists x € Yy such that Qyz = wx, for some w € R, and QnyCnQyz = 0. This
implies PyCz = 0, and from 0 = (PyCz,z) = (Cx, Pyx) = (Cz,x) we obtain
Cx = 0. Since w € (M), this is in contradiction with Theorem 3.3.9.

One can easily prove
(A — Ay) "Pyz — (A— A) 'z, for all z € Y, ReX > 0. (4.2.11)

The relation (4.2.11) implies (4.2.3). Theorem 2.1 from [LZ94] implies that



(4.2.4) holds if and only if the following three conditions hold:

sup{ReX: A € 0(An)} <0,

NelN

sup  [|(A = An) 71| < o0,
ReA>0,NEN

there exists ¥ > 0 such that

||| < W, for allt >0, N € N.

89

(4.2.12)

(4.2.13)

(4.2.14)

The relation (4.2.14) is obviously satisfied, since e~ are contractions, and

relation (4.2.13) follows from (4.2.11) and the principle of uniform boundedness.

Assume now that (4.2.12) is not satisfied. Then there exists xy € Yy, |zn]|| =

1, and \y = ay + 10N, ay < 0, By > 0 such that
AN.CEN = )\NZL’N

and ay — 0.

Let zny = (W), un,vy € Y. Then (4.2.15) can be written as

QNUN = )\NUN7

QNUN + QNCNQNUN -+ )\NUN = 0.
The relations (4.2.16) and (4.2.17) imply
)\?VQ;\,ZUN + AvCruy +uy = 0.

From (4.2.18) we obtain

_(CNUNauN) _ (CUNJLN)
2[Q5 unl?  2(Muy, uy)

anN = _>07

which is in contradiction with (4.2.10).

(4.2.15)

(4.2.16)

(4.2.17)

(4.2.18)

(4.2.19)
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Hence for the subspace sequence Y n and approximation operators Ay, N €
IN, the formula (4.2.8) holds, which implies that for N large enough there exists
a subspace Yy such that the corresponding projections Ay (C'), Ax(Cy) and Zy

satisfy

tI‘(XN(C)ZN) < tI‘(XN<Cg>ZN).

But this is in contradiction with Theorem 2.2.1, since PyCy € Cpin, Crin being

the set on which the global minimum is attained. O]

4.3 Calculation of the matrix Zy

Let us fix some ), a n—dimensional subspace of ). Set N = 2n. By Yy
we denote the corresponding N—dimensional real subspace of Y constructed
analogously as the space Yy in Section 4.1. Let vy, and ng(N be Gaussian
measures in Yy and Sy, , respectively, their construction given in the previous
section. Let K denote the corresponding covariance operator for the measure
vy - We decompose Yy into Yy = YL @ Y%, where Y% is the null-space of
the operator Ky, and Y} is the orthogonal complement of Y%. Then vy, =
vyl X Vyz, where vy1 s Gaussian measure with zero mean and covariance
operator Py1 Ky Py1, Py being the orthogonal projector in Y}, and vyz Is
Dirac measure in Y% concentrated at zero.

Let us fix a basis in Yy such that K has a matrix representation of the

K} 0

form

0 O

K} € R**?! being positive definite. Then it easily follows that Zy has the
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matrix representation
Zy 0
0 0

Zy =

Therefore, our aim is to compute the matrix Z},, where Z3 is such that (4.2.7)
holds for the measure vy1 in Y.

The following formula obviously holds

d
S
/ duy}v ~dr
s

1
Yy

/ vy (do) | - (4.3.1)

r=1 *p<r2

The density function of vy with respect to the Lebesgue measure is

]_ * -
p(:L‘) _ 6—1/2x K g

 (2m)ty/det KL 7

hence

-1/ Ky ey (4.3.2)

/ VY}V(dx):(%)tjm / e

oo <r? ora<r?
Let K} = LL* be Cholesky factorization of K}, and let L*L = U*AU be spec-
tral decomposition of L*L, where A = diag(ju1, ..., uo). Note that i, ..., poy
are eigenvalues of K. By the use of the substitution z = LU*y, from (4.3.2)

we obtain

2t

1 1/9u*
/ vy1 (dz) = Gr) / e VW Yy = Pr{z 1 X2 <}, (4.3.3)

j=1

r*a<r? y* Ay<r2
where X; ~ N(0,1) are random vectors with Gaussian distribution N(0,1)
and Pr denotes the probability function. From the probability theory (see, for

example [Fel66, pp. 48]), follows

2t 2t m
Pr{d ;X7 <r*} =Pr{> uix;(1) <r’} =Pr{d_ Njx;(k;) <’} (4.3.4)
=1 =1 j=1
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where x (k) denotes the chi-squared distribution with & degrees of freedom, and
A1, - .-y Ay are mutually different eigenvalues of K &, with their multiplicities (as
eigenvalues) k;. For our construction it is essential to note that k; are always
even.

Let us denote by f and ¢ the probability density function and the charac-

teristic function of > 70| A;x;(k;), respectively. Then [Fel66, Chapter 15.]

Pr{Z Ay (k) <72} = / f(x)dz, (4.3.5)
hence (4.3.1), (4.3.3), (4.3.4) and (4.3.5) imply

/ dyf{}v =2f(1). (4.3.6)

1
YN

S.

From [Fel66, Chapter 15.] also follows

t) = [[ s eenNt) = JJ (1 = 2itr;) /2.
j=1 j=1
Set g; = 3J We want to expand ¢(t) in partial fractions, i.e. to obtain
H(1 — 20tA;) Y =) Z ajs(1 = 2it);) (4.3.7)
Jj= 7j=1 s=1
To calculate the coefficients a;; we proceed as follows. Fix j € {1,...,m}. We

can rewrite (4.3.7) as

(1 —2atA;) o T [ (1 = 2itA;) ™ = Eg: Qs (1= 20tA;)% + ) Z (1 — 2it);)

ji j=1 i w=1

Multiplying the previous relation by (1 — 2it\;)%, and by substitution y =

1 — 2it\; we get

H(Aiﬁuyi—jﬁ) | Zawygl +y91220‘3“’( Y ”%)_'

i i#i w=1
(4.3.8)
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When we take y = 0 in (4.3.8), we obtain

A=A\ Y
Oéigi:H( AZ J) 3

J#i

and when we differentiate both sides of (4.3.8) k times (k= 1,...,¢; — 1) and

take y = 0, we obtain

fi(k)(o) H Ai — A; A\ Y
gk = Z where fily) = i TJ " y/\_z '
Set
Aj
Gly) = fily) = = S gyt 2 4y,

JFi
We calculate the derivatives in zero of the functions v; and obtain

¢ 0) = (~1)F k=1 —L— for k> 1.

A
]#zA—j 1

Now we can calculate the derivatives in zero of the functions f; by use of the

following recursive procedure:

F9(0) = £(0)0M(0),
k
0 =3 (I;) F O 0), k=2, g, - L.
=0

After a straightforward calculation we get the following recursive formula for

the coefficients o;;, 1 =1,...,m:
A\ Y

C‘5191 H ( - )\_J) )

i !
Qg1 = g, 3 T, (4.3.9)
iz |5 1
1 y g
A gi—k—1 k—HZ( )l+ i,gi—k-‘rlz ! I+1° k 1)27 » Ji -2
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Since f(z) = o= [ e "(t)dt, we have

m  gj
=D e ()
j=1 I=1
Now the last equation, together with (4.3.6), implies

o5 S S ()

j=1 I=1 7j=1 [=1

M.

Sy

—222091)\[? T: Z _WZQJZAIQZ )

7j=1 [=1

(4.3.10)

since the characteristic function for the chi—squared distribution with & degrees

of freedom is given by

_ 1 -2 k/2—1
fx(k)<l') = me 2 .

Hence we have found a recursive formula for the calculation of the surface
measure of the sphere. It turns out that we can also calculate the entries of the

matrix Zy by the use of the coefficients ;.

Assume for the moment that the surface measure 2, is not normalized.

Yy

Let X = (X;;) be an arbitrary symmetric matrix in RY. We have

tr(XZL) = ZX tr(Z5 Ej) ZX” / v Eyr g, (do)

Sy,
= Xy / wizj vy (dz),
2,7 Y]lv
hence
(Zn)ij = /xixjvi}v(dx), (4.3.11)
Sy1
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where E;; denotes the matrix which has all entries zero except for the entry
(4,7) which has value 1. Let K}Vfl = VAV* be a spectral decomposition of the
operator KL ~', with V orthogonal matrix. By the use of (4.1.10) and by the

substitution x = Vy, we obtain

1 1 *7-1 —1
S : —1/22*K x
;i Vo (dx) = lim — / zixe N *dx
/ 17y (40) (27)t\/det KL, =0 2¢ ’
Sy]lv d(a:,SY]lV)Ss
= ! lim 1 / (Vy)i(Vy) e /2 Avdy.
(2m)ty/det K} =0 2¢
d(m,SY}V)<€
(4.3.12)
Since (Vy);(Vy); = y*Eijy, where
Ei; = V*E;V, (4.3.13)
to compute (Z});; it is enough to calculate
: 1 —1/2y*Ay
ll_r% % / viy;e dy. (4.3.14)
d(z,S’Y]lV)gs
From (4.3.2) we obtain
/ dvd, = L / e VW My, (4.3.15)
YN (2m)ty/det K}VS
Yy Yy

By the use of the polar coordinates one can easily check that (4.3.14) equals

/ yiyse My,
Syt

N

Note that this integral equals zero in the case i # j.
Let & : {1,...,2t} — {1,...,m} be the function such that £(i) = j implies

pi = A;. Let us fix i € {1,...,2t}. Due to the symmetry of the measure l/f{llv,
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we have
xfu%v (dz) = / x?yf(}v (dx) (4.3.16)
Sy, Sy1,

for all j € £71(¢(0)).

Because of (4.3.15) we can interpret [ dvg, as a function in the variables
N

So1
Yy

AL, ..oy A, 1.6, we denote

F(A, . Am) =

/ 1230 N e 1(&(z>>yﬂdy

(27) \/detK1

All partial derivatives of this function exist and

0 1

1
(Ah"'a)\m):__ / y
OA; 2 (2m)t\/det K} o gegz J

—1/2y* Aydy

The last relation, together with (4.3.16) implies

/yfe‘l/zy“ydyz—2(27T>tvdetK}V 0 FA, - Am). (4.3.17)
Ke iy (i)

Sy1
Yy

Hence, the relations (4.3.11), (4.3.12) (4.3.15), (4.3.16), and (4.3.17) imply

=2 FAy- s Am), 4.3.18
Xz: kg(l) 3&(0 N ) (43.3)

where Eij is given by (4.3.13).

From (4.3.10) follows

mo_1 Y 1
FA,o An) =2 e ™ Zo‘ﬂx.?l(l — 1)V
=1 J

j=1
where ay; is interpreted as a function in variables Ay, ..., A,,. We calculate
B} a1 1 0 Eay 1
A,y =2 —y —e 2 R
O\ oy Z AL 201 —1)! - Y ; AL 20(1 — 1)

- lOéZ'l 1
—2e Z AFT2I( = 1)
=1 "
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: A7)
Since ay; = W, we have
0 1 o 0
— = — iy, M, A ,
8)\1'&]1 (g] _ l)' aygj_l a)\l f](yv 1 ) ) o
where f; is taken as a function in variables y, A1, ..., A;,. Now
0 0
a)\ f (ya)\la"'>)\m) - fj(y>)\l7"'7)\ )a)\ lnf](ya)\lw"a)\m)
— N A
A, —1.
fj Y, A, ) Zglﬁ/\ )\] +y>\]
I#j
In the case ¢ # j we obtain
0 gi(y — 1)
Ayoos Am) = —Fily, A, ooy A) —————,
8)\ f (y7 1, ) f](ya 1, ) ))\]_)\Z+y)\l
and in the case i = j we obtain
0 y—1 g

f(y,>\17...,)\m) :fi(y;)\la---a/\m)

O\ Ai AT YA
Let us define functions ¢;;(y) = % From the straightforward calculation
we obtain:
- k-1
®) gy _ (S TRIGAN; g
¢;;'(0) = SYESW=— fork > 0 and ¢;;(0) B YEW

Hence in the case i # j we have

9 1 & 9 =LY plai—1-k) o 4 (R)
v J T k=0

gj -1

; Oél+k
=g /\ 2 75
g )\—A+ Z /\—)\)’f“

@ N, = xo)
=g J J -1 k ? )
g )"_)‘i+/\i<>\j—/\i) ;( ) (/\,_)\Z,) Qi 1+k
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For the case i = j, let us define ¢;(y) = L2 . 9% Thep

>\i p7£7' )\i_/\p+y)\p
k
k) /o k—1 gp)‘ 1 Ipp
pF#i pFi
Hence
9 —1
9 k) (1), ()
o= s (e o)
i—l k
(077] /\ X gp>‘
Y )\ — A Z ) e l+’“z BEE
pFi k=1 p;éz
After a tedious but straightforward calculation we obtain
a m 95
a—AF(Al, 3 Am) =)0 B, (4.3.19)
j=1 1=1
where in the case i # j we have
B —e P9 (4.3.20)
ijl = I 3.
! Aj(Aj = Ai)

and in the case i # j, [ # 1

e B 11 A VN A T
= 20, AN ()R N —
B = 295, <2l(l—1)!)\. N kl( ) <Aj —/\i) Nk (= 1))

(4.3.21)
In the case i = j we have
e (1 IpAp
o 1S ke ) 4.3.22
i A2 (2& ;Ai—)\p ( )
and for [ # 1 we have
1 1 1 g\
=e N —2l—2 P
Bii = € )\éH 2L(1 —1)! ()\Z . \i — /\p>
-1 I—k
— 5 1 )i 9oy
2 F%(k Z ISt (4.3.23)
k=1 "'

Hence the procedure of the computation of the entries of the matrix Z} consists

of four steps:
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(i) compute the coefficients «;; using formulae (4.3.9),

(ii) compute the coefficients [3;;; using (4.3.20), (4.3.21), (4.3.22) and (4.3.23),
(iii) compute %F()\l, .oy Am) using (4.3.19), and
(iv) compute (Zy);; using (4.3.18).

This algorithm is numerically unstable in the case in which g¢;’s are large and
Ai is close to A; for some @ # j. In such cases one can use a Monte Carlo
method of numerical integration to compute the left hand side of (4.3.17). In
our case this method is especially simple and it consists of producing a sequence
of 2¢t-dimensional random vectors z(¥ with normal distribution N(0,A) and
calculating Zi($§i))2/||x(i)H2, j=1,...,2t where 2@ = (27 .. 2{)).

The serious drawback of Monte Carlo method is its slow convergence which
is of the order O(n~1/2).

There also exist so—called quasi-Monte Carlo methods of integration. They
need significantly less iterations, but the computation of quasi-random vectors
is much more involved.

Note that Zy can be seen as the function of the matrix Kpy. Also, the

matrices Zy and Ky have the same number of zero eigenvalues.

Ezample 4.3.1. If we take \; = 7,7 =1,...,5 and K = diag(Aq,...,As), then
we obtain Z = diag(0.8105,0.4258, 0.2887,0.2183,0.1756)

Ezample 4.3.2. Let us take K; = diag(10,9,...,2,1,1,...,1), where the size
of K is 100. The Monte-Carlo integration with 10° iterations produces Z =
diag(p1, .. ., Pio0), where B; = 0.068770, B = 0.062182, B3 = 0.055647, By =
0.048532, 5 = 0.041262, (s = 0.034278, B; = 0.027652, B = 0.020550, [y =
0.013740, B1o = - - - P10 = 0.006900.
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Ezample 4.3.3 (Continuation of Example 3.3.2). We will approximate the sys-
tem from Example 3.1.1. The eigenvalues and eigenfunctions of M are cal-
culated in Example 3.3.2. We take N = 50, Yy = span{uy,...,u,}, where
u;(z) = sin(n + 3)z are the eigenfunctions of M. We also choose covariance
operator K such that its (infinite-dimensional) matrix in the basis consisting
of the eigenfunctions of M has the form diag(K7,0,0,...), where K; is from
Example 4.3.2. It is easy to see that A\N(e) has the form (4.2.6) and is stable.

We calculate

0 Qn
An(e) = ,
—QN —SCN
where
1 1
Qn =di — ... N+ -
N 1ag (27 ) + 2)
and

(-1
NG+ Y

(Cn)ij =

The matrix Ay(¢e) is clearly of the form (4.2.6). The function € — tr(Xy(e)Zn),

where Xy (e) is the solution of the Lyapunov equation
AN(€>*X -+ XAN<€) = —[,

is plotted on the Figure 4.1.

The optimal damping is attained for e = 0.38, and for this viscosity we have
tr(Xn(e)Zy) = 1.0275.

If we choose another covariance operator K such that its (infinite-dimensional)
matrix in the basis consisting of the eigenfunctions of M has the form diag(Aq, Aa, . . .),
where \; = Aoy = 11—, 0 =1,...,10, \; = 1, 11 < ¢ < 40, and \; = 0,

1 > 50, we obtain Figure 4.2.
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Figure 4.1: The function ¢ — tr(Xy(e)Zn)

The optimal damping is attained for ¢ = 0.53, and for this viscosity we have

tI‘(XN(g)ZN) = 1.6618.

4.4 The commutative case

In this section we will treat the case when operators M and C' commute. In the
engineering literature this is so—called modal damping case. A very systematic

treatment of the abstract differential equation

y(t) + Ay(t) + By(t) = 0,

in terms of well-posedness of the corresponding Cauchy and boundary value
problem, where A and B are normal commutative operators, is given in [Shk97].

We assume that the operators M and C' are such that the corresponding
operator A generates a uniformly exponentially stable semigroup 7'(¢). In this

case the operator X, the solution of the Lyapunov equation (4.1.2) can be
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Figure 4.2: The function ¢ — tr(Xn(e)Zn)

explicitly calculated. We start with the well-known formula [EN0O, Corollary
3.5.15]

e+in

1
T(s)xr = lim — / M R(N\, A)zd), © € D(A),
n—o0 271

where € > 0 is arbitrary chosen, n € N and s > 0. Since it is always 7'(0) = I,

in the sequel we consider only s > 0. Recall that

YOVl S VS VAT

R(MNA) =
( ’ ) M1/2M>T1 —AMl/zM;1M1/2

where My = N2M + \C + I.

Since M and C' commute, there exists a bounded selfadjoint operator G
such that the operators M and C' are functions of G [AG93, Theorem 76.2],
hence there exists a spectral function E(t) and «, : Ry — R, measurable

functions for all Stieltjes measures ([AG93, Section 75] and [KF75, Section
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36.1]) generated by (E(t)z,z), z € Y, such that

M/ t)dE(t /ﬂdE

where Z = ||G||. Since M and C' are bounded, so are also the functions a and g.

We have also a(t) > 0 a.e. It follows that the resolvent R(\, A) can be written

as
ET xam)-80) —/a(t)
A A) = A2a(t)+AB()+1  A2a(t)+AB(t)+1 dE(t
R(), 4) / Velt) —)a(t) ®),
0 LZa@®)+2B0)+1  Na®+r8(0)+1
hence
N ) T =/
N . 1 = N Of,\2a(t +>\/3(t)+1dE(t)x+0f)\2a(t)+)\,8(t)+ldE(t)y
7(5)(3) = Jim 5 [ L7 T .
e—in deE(t)$+gde<t)y
(4.4.1)

We first treat the case when x,y € R(M/2).
We want to change the order of integration in (4.4.1) by the use of Fubini

theorem. By the change of variables, we obtain

n =

(T(s) (%) (32)) = —¢= lim — / [ / O DA(E(b) 1, )~

n—oo 27
-n 0

PN OA(E )y, x2) + [ p2(A ) A(E ()1, y2) + [ pa( A A (E(t)y1, y2)) | dA,

o\m
D\m
O\m

where
B —(iX+e)alt) — B(t)
p1<)‘7 t) - (l)\ + 5)2a( ) (Z/\ + 5)5( )
B Va(t)
PO S BT Pa@ + (AT B0 + T
p3(A 1) = it cJall)

(iIX+e)?a(t) + (A +e)B(t) + 1
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The integrals

//ei)‘spj()\,t)d(E(t)x,x)dA, j=1,2,3, (4.4.2)
—-n 0

can be viewed as a double Lebesgue integrals in R x R, , with the product
measure generated by the standard Lebesgue measure in R and by (real-valued)
Stieltjes measure (E(t)z, x) in Ry. Let us now fix n € IN. In order to use Fubini

theorem on (4.4.2) we have to prove [KF75, pp. 361,362]:
(i) the functions p;, j = 1, 2,3 are measurable in the product measure, and

(ii) the integrals

n

/ /‘ei/\spj()\,t”d)\ d(E(t)r,z), =1,2,3

T

exist.

To prove (i) it suffices to show that the function g(A,t) = (iX + &)%a(t) + (X +
€)B(t) + 1 is measurable and vanishes only on the set of the measure zero. One
can easily see that the function g does not vanish. Set A, = a™([n,n + 1]),
which is a measurable set in Ry. Then R, = U,A,. To prove that g is
measurable, observe that for an arbitrary ¢ > 0 the following holds
() gl <6y = (An < Ul < 5}) .
n teAn

For fixed t € A, one can easily see that {\ : |g(\,t)] < d} is either an empty
set or an open interval or an union of two open intervals, hence always an open
set. It follows that (J,c, {A: |g(A,t)| < &} is an open set as a union of open
sets. From this immediately follows that {(\,t) : [g(\,t)| < 0} is measurable

for all 6 > 0, hence g is a measurable function.
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Now we prove (ii). We have

/ Ip; O\, £)]dA = / Ip; O\, )] + / ;O )], (4.4.3)

where I',, is lower semi—circle connecting —n and n, and T, is the contour
consisting of the segment [—n,n] and the curve I';,. The first integral can be
calculated by the use of residue theorem. The poles of the functions A — p;(A, t)

are the zeros of the polynomial g. We calculate the zeros of g. We have

da(t) — B()? 2ea(t) + B(t)

)\1’2 =4+ 2a(t) 1 2a(t) s (444)
in the case 4a(t) > ((t)?, and
Mo = Z,2€Oz(t) + B(t) £ +/B(t)? — 4da(t) (4.45)

2a(t) ’

in the case 4a(t) < ((t)®. Hence the first integral on the right hand side in

(4.4.3) is

[moolar=o. =123 (4.4.6)
T'n

To estimate the second integral on the right hand side in (4.4.3) we proceed as

follows.

2 27
. dy
. — (ne'? <en® | ———
/|p]()\,t)|d)\ n/|p](ne )ldp < en /\g(new,t)r
- ™ ™

where ¢ = ¢ +sup a(t) + sup 5(t) + 1, 7 = 1,2,3. We have

g(ne? 1) = —n2e®?a(t) + ine? B(t) + F(t) = —n®e**a(t) cos 2p—

— ne®B(t) sin o+ F(t) + i(—na(t) sin 2 + nf3(t) cos ),
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where 3(t) = 2¢ + B(t), 3(t) = 2a(t) + ef(t) + 1. Hence
lg(ne, 4)[* =
nta(t)24n2B(t) %47 (1) 2 —2na(t) B(t) sin p—2n2a(t)F(t) cos 20—2nB(t)7(t) sin .
Since sin < 0 for 7 < ¢ < 27 and E(t) >0, 7(t) > 1, we obtain an estimate
lg(ne'?,t)|* > n*aft). (4.4.7)

So, we have obtained
/|pj(/\,t)|d/\ < coz(t)_l/Q,

where ¢ does not depend on t. Hence the integrals in (ii) exist for all x €

R(M*'/?). We are now in position to use Fubini theorem on (4.4.2), which leads

to
/n/EeiAspj()\,t)d(E(t)x,x)d)\ :/E /nez'xspj(&t)d)\ A(E (). 7).

Set fi(t) = [ e*p;(A\, 1)\, 5 =1,2,3. Then

fit) = / e pi (A, t)dA + / e pi (A, t)dA, (4.4.8)

Thn I'n

where T,, and I',, are as in (4.4.3). From (4.4.4) and (4.4.5) we obtain
/ei’\spj()\,t)d)\ =0,j=1,23n¢cN.
Tn

To estimate the second integral in (4.4.8) we use the well-known Jordan lemma

[Gon92, Lemma 9.2] which implies

/ei’\spj()\,t)d)‘ < cmax{|p;(\,t)| : A € ', }.

Crn
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Now (4.4.7) implies

max{|p;(A\, 1)] : A € T} < (14 ¢e)a(t)/? + aft()tl)/w n €N,
hence | f(t)| < f(t), where
0= 1+ 2Ja(+ 20

Since f is integrable for all Stieltjes measures generated by z € R(M'/?), we

can use Lebesgue dominate convergence theorem to obtain

= n = [e's)

lim / Np O AN | d(E (e, 2) = / / Ao (AN | d(E(), ),

n—o0
—7n 0 00

for all z € R(M'/?), in the sense of the principal value integral.

Since (E(t)z,y) can be expressed by the polarization formula

(B(t)2,) = (@)@ -+y,0+y) — (B0 —y), 2~ )+ 0B @ +iy), o+ i)

—i(BE@)(z —iy),z — iy)),
we obtain

<T<s><z;>,<z;>>=—efs%[/ [ | a(Ee,m) -

0 0o

0/ (7 eikspg()\,t)d)‘) d<E<t)y1,m)+/E U eMspQ(A’t)dA) R

0 0o

/ ( / empgu,wdx) d<E<t>y1,y2>>],

0 — 00

for all z1, vy, T, y2 € R(MY?).
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Hence we can write
eApr (N H)dNE(t)x — e py(N, t)dNAE(t)y

eMsps(\, t)dNAE(t)y
(4.4.9)

e py(X, t)dNAE (t)z +

=
&
<n
I
|
|
¥
C— e~
| |
=8 g3
C—m e~
| |
R =—8 g3

in the sense of Pettis integral (for the definition and the basic properties see,
for example, [HP57, Chapter 3|). Moreover, the formula (4.4.9) holds for all
x,y € Y, which easily follows from the fact that T'(s) is a bounded operator.
Our next aim is to compute the integrals T e p; (A, t)dA, j = 1,2,3 and
hence to obtain an integral representation of 7' _(3 in terms of the spectral func-
tion E(t). Since p;(-,t) are rational functions such that the degree of the de-

nominator is greater of the degree of the nominator, the standard result from

the calculus (see, for example [Gon92]) implies that

7 ) ) 1 )
/ e p; (A, t)d\ = 2mi Z Res(e” p;(-,1); A) + 2 Z Res(e” p;(-,1); ) |,
0o AESL AESy

where S, is the set of all poles of the function €*p;(-,t) in the upper half
plane, and Sy is the set of all real poles of the function €*'p;(-,t). The poles
of the functions e*'p;(-,t) are exactly the zeros of the function g(-,¢) which are

calculated in (4.4.4) and (4.4.5).

From the straightforward calculation we obtain:



(i) in the case 4a(t) > B(t)?

Z e ) = = e <COS(Q(t)3) ; %
Z O =i 4a(tf f)ﬁ(t)z sin(o(t)s),

Z (3, )0 = — 2me e <COS(Q(t)S) s
where o(t) = Y280

2a(t) )

(i) in the case 4a(t) < ((t)?

109
Sin(g(t)S)) ,

Sin(g(t)8)> :

i i\s —se —s 2. ~ B(t> : ~
e A YA\ = — 2me”*°e "2® | cosh(p(t)s) + sinh(o(t)s) |,
[ e min ( (80)5) + e s @09
I g ) t) ~
e py(N, )N =4me e 0 o sinh(o(t)s),
[ e mn S Ses)
¥ A _ B - t)
e ps(\, )d\ = — 2me % “ath cosh(p(t)s) — A sinh(o(t)s) |,
[ e mn (80)8) ~ s s (2(0))
~ 2 4o
where o(t) = %,
(iii) and in the (limit) case 4a/(t) = 3(t)?
/ e™pr (N, t)dA = — e e 2 (1 + 325()[(?2)) ;
i\s e —s ) -1/2
/e po(A, t)dN =2me™* e "W sar(t) 7,
i\s - _ —se —S% o ﬁ(t)
/ e p3(\, t)dA 2me” e 1 %))

—0o0
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Let us define functions

s oemo
Sin(t; 3) = %(t)’ Q(t) = 07
sinh(9(t)s)

OOk o(t) € R\ {0},

and

cos(o(t)s), o(t) €R,

cos(t, s) = :
cosh(p(t)s), o(t) € R,
Then we can write
! XS —se —s g ([~ i
epr(\ t)d\ = — 2e™* e T2a® <cos(t, s) + B(t)sin(t, s)) :

‘ 5(t) ~
/ GZASPQ()H t)d)\ :47‘(6_566_8W O_/(t) sin(t, 5),

— 00
[e.e]

/ e py (A t)dA = — e e Talh <5(\)/S(t, s) — B(t)sin(t, S)) ;

—0o
in all three cases.

Hence we have obtained

T(s) — 56_3% [c”%(t,swﬁ(i)s?ﬁ(t,s) 2 a(t)siﬁ(i,s) ]dEt
: / —2y/a(t)sin(t,s)  cos(t,s) — B(t)sin(t, s) ()

0

Now we are in position to use the formula (4.1.3) in order to calculate the

operator X. Set

a(t,5) = 750 (@s(t,5) + At)sint, 5))

B(t) —~

qa(t, s) = 2e "22@ \/a(t) sin(t, s),

st 5) = "0 (cB(t, 5) — At)sin,s) ).
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Then

(X (), () = (/((h(tvS)Q +a2(t, 8)")A(E(t)21, 22)+

0 0

\8

+

—

(q1(t,8) — q3(t, 8))qa(t, s)A(E(t)1, y2)

+ [ (au(t,s) — gs(t, 5))aa(t, s)A(E )y, v2)+

O\m S

+ /(qa(t, 5)* + ot S)Z)d(E(t)yl,y2)> ds. (4.4.10)

0

As before, we would like to change the order of integration in the previous
formula. To do that, it is sufficient to prove that conditions (i) and (ii) from

page 104 are satisfied. The condition (i) is obviously satisfied.

Note that (q1(t,s) — gs(t, s))ga(t,s) > 0 for all £, s > 0, hence all functions
in (4.4.10) are positive. By the use of the standard integration formulae one

obtains

(1(t,8)° + ga(t, 5)*)ds = %ﬁ(t) o)

(qi(t,s) — qs(t, s))qa(t, s)ds = %

0\8 0\8

[e.e]

2 2. ot)
/(Q?,(t,S) + qo(t, s)°ds = 30

0

Hence to be able to change the order of integration we must assume that 3(¢)~*
is integrable, which implies that the operator C' is boundedly invertible. This

implies that a modally damped system decays exponentially if and only if C'is
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boundedly invertible. Therefore, we make this assumption. Then we can write

y :7 30() + 5 3/

Note that this formula is a direct generalization of the formula in the matrix
case given in [Cox98b] (see also [Cox98a], [VBDO1]).

Now take any Gaussian measure in ) (in the sense of Section 4.1). Then the

optimal energy decay on the set of boundedly invertible damping operators C'

which commute with M is attained for the operator Cop, which has a spectral

function Bup such that 13(t) + 220, min for all ¢ > 0. One can easily see

B(0)
that Gopt(t) = 24/a(t), i.e.
Copt = 2M'2, (4.4.11)

Note that in the finite-dimensional case (4.4.11) reads Cypy = 262 in the notation
of Chapter 2, where we had shown that in Cypy = 22 a function C' +— tr(X(C)Z2)
attains its global minimum.

Example 4.4.1. We consider Euler-Bernoulli beam in the presence of viscous

: .
damping term az 5

0*u Ou o*u
W((L’,t) — am(x,t) + w(x,t) = O, O <r < 1, t > 0,
ou ou

u(z,0) = up(x), %u(af;,O) = uy(x),

where o > 0. Multiplying the above differential equation by the smooth test
function v such that v(0) = v(1) = v/(0) = v'(1) = 0, and by partial integration

we obtain
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Hence, the system given above can be written as

p(t,v) +y(u,v) + w(u,v) =0, for allv € Y,

where
p(u, ) O/ZU(SC)de,
7(u, v) = ao/IU’(x)v’(:v)dx,
) = ju/uwwdx,
and

Y =H3([0,1]) = {u € L*([0,1]) : v/, v € L*([0,1]),u(0) = «'(0) = u(1) = /(1) = 0}.

One can easily see that u and v are dominated by x and that x > 0, hence we
are in position to use results from Chapter 3. It is clear that M is compact.

The eigenvalues A\, of M are the solutions of the equation
cosh Acos A =1,
and the corresponding eigenvectors are
un () = cos A\px — cos \yx — (3, (sinh A\, x — sin A\, z),

where
cosh A\,, — cos \,

ﬁn:

sinh \,, —sin \,,

One can check that

inf —fy(u"’ tn)

>0
Ak (U, Uy, ’
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hence, in the light of Remark 3.3.8, the energy of the system has uniform ex-
ponential decay. Since C' = aM'/?, the results of this section imply that the

optimal damping is obtained for o = 2.

4.5 Cutting—off in the frequency domain

When we minimize the average total energy, we take into account physical
properties of damping by choosing appropriate Gaussian measure. If we choose
to minimize the maximal total energy, the natural choice is to substitute the
identity operator on the right hand side of the Lyapunov equation (4.1.2) with
some other positive semi-definite operator @, i.e. instead of X given by (4.1.2)

we can take X which is the solution of the Lyapunov equation
A X+ XA=-Q, (4.5.1)

where () is chosen in such a way to take into account the physical properties of
the system. Also, in the case when we minimize the average total energy, we
can instead of (4.1.2) use (4.5.1).

In this section we will give one possible construction of () in such a way that
it corresponds to smoothing or cutting off in the frequency domain.

We start with the following result which has its own interest. This is a
generalization of the well-known ”frequency domain formula” (2.1.11) to the

infinite—dimensional case.

Proposition 4.5.1. Let A be a generator of an uniformly exponentially stable

semigroup. Then the solution X of the Lyapunov equation (4.1.2) satisfies

1 o0
Xy= o / R(in, A)* R(in, A)ydp, y € D(A), (4.5.2)
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where the Lebesque integral above converges strongly in the sense of the principal

value, i.e.

1
Xy = -— lim [ R(in, A)*R(in, A)ydn.
T =—00

Remark 4.5.1. The term ”frequency domain” is used since (4.5.2) could be

understood as integration over amplitudes f of the steady—state solution
v x = (iw— A)f,

which are the answer to the harmonic load fe™*. The formula (4.1.3) is some-
times refereed as a ”time domain formula”.

Moreover, one can see that the maximal dissipative operator A generates an
uniformly exponentially stable semigroup if and only if the integral on the right

hand side in (4.5.2) converges for all y € D(A).

Proof of Proposition 4.5.1. We start with the Lyapunov equation (4.1.2). We
have

—A" Xz —inXz +inXae — XAz =z, for allz € D(A).

Let us multiply this equation by R(in, A)* on the left and set y = (in — A)z.

We obtain
XR(in, A)y + R(in, A)* Xy = R(in, A)*R(in, A)y, for all y € V. (4.5.3)

We have

/ R(in, A)xdn = mx, for all z € D(A),

in the sense of the principal value. From the previous relation, (4.5.3) and the

fact that X is bounded, (4.5.2) follows. O
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Now we modify (4.5.2) by putting into the integral in (4.5.2) a smoothing

function g with the following properties:

(i) it is meromorphic in the neighborhood of C_ = {z € C : Imz < 0} , and

has there finitely many poles,
(ii) it does not have poles in R and g(z) > 0 for all z € R, and

(iii) g|lr € L1(R) and zg(z) — 0 as R — oo for z = Re'?, Imz < 0, uniformly

in .

We start with the relation (4.5.3) which we multiply by % g(n), and we integrate

this relation from —oo to co. We obtain

17 , 17 o
Xo- [ ot Aywdy+ o [ gl Rtin,4)dn X =
T 2
(R I .
- R(in, A)*g(n) R(in, A)zdn.

Since sup{||R(A\, A)|| : A € iR} < 0o and g|gr € L1(R), the previous formula is

correct. Set

X, = % / R(in, A)"g(n)R(in, A)dn, (4.5.4)
9(A) = % / g9(n)R(in, A)dn. (4.5.5)

The operator X 4 can be seen as a total energy operator smoothed by the function

g. Obviously, one has
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But operator )?g can also be obtained as a solution of a Lyapunov equation.

Indeed, from (4.1.3) follows
ARy + Xy A = —(3(A) +5(A)"). (45.6)

This equation has an unique bounded solution since g(A) is a bounded operator.
Since g(A) + g(A)* is a selfadjoint operator, so it is )A(g. To give any practical
meaning to the formula (4.5.6), the right hand side in (4.5.6) has to be explicitly
solved. Thanks to the property (iii) of the function g, this can be done.

We have

/ g(n)R(in, A)dn = / g(n)R(in, A)dn + / g(n)R(in, A)dn,

-n Th Ty

where I',, is lower semi—circle connecting —n and n, and T, is the contour
consisting of the segment [—n,n| and the curve I',. The first integral on the
right hand side can be calculated by the use of residue theorem.

Let g have poles in points z1,...,2, € C_ with multiplicities nq, ..., ng.
Then we can develop function ¢ in the neighborhood of z;, i € {1,...,k} into

Laurent series

9n) = Bin,(n—2z) "+ Bia(n— )+ Bio + Bia(ln—z) + -+

On the other hand, we have

R(ina A) = Z<_i)j (77 - Zi)jR(iZiv A)jJrl»

=0
for all [n — z;| < ||R(iz;, A)||~'. Hence the coefficient of the term (n — z;)~! in
the development of the function g(n)R(in, A) in the neighborhood of z; is given

by

ng

S (=Y By R(iz, A)Y.

j=1
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Hence for n big enough, we have
kE  n;
/g(n)R(in, A)dn = 2mi Z Z(—i)j_lﬁi,_jR(izi, A).
£ i=1 j=1
From the Jordan lemma [Gon92, Lemma 9.3] and property (iii) of the function

g it follows
lim [ g(n)R(in, A)dn =0,

I'n
hence we have obtained
k n;
glA) =2mi > > (=1)7' B, R(iz;, A). (4.5.7)
i=1 j=1

From (4.5.7) it readily follows that g(A) is a rational function of the operator

A. Note also that )/(\'g is always positive definite.

Ezample 4.5.1. Let ¢1(n) = The graph of this function is given in

1
170.0172

Figure 4.3. Then g;(A) = 107 R(10, A).

L L L L L L L L L
-25 -20 -15 -10 -5 0 5 10 15 20 25

Figure 4.3: The graph of the function ¢,

We apply weight function ¢; in the calculation of the optimal damping from
Example 4.3.3. The function € — )?gl(s) is given on the Figure 4.4. Here the

optimal viscosity is € = 0.3.
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Figure 4.4: The function & — )?91(5)

Ezample 4.5.2. Let go(n) = %. The graph of this function is given in
Figure 4.5. Then g2(A) = ZR(2, A) + 3T R(3, A).

We apply weight function g in the calculation of the optimal damping from
Example 4.3.3. The function ¢ — )?92 (¢) is given on the Figure 4.6. Here the

optimal viscosity is € = 0.31.
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Figure 4.5: The graph of the function g,
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Figure 4.6: The function ¢ — )A(QQ ()



Chapter 5

Applications

In this chapter we show how the theory developed in Chapters 3 and 4 can be
applied to the various kinds of damping problems. The applications are grouped
into those which are described by the one-dimensional models, and those which
are described by the multidimensional problems.

In the case of the one-dimensional models, a more complete analysis of the
problems can be given.

In the case of the multidimensional models, the analysis heavily depends on
the geometry of the problems, and we only give more abstract results on how

these problems fit into our theory.

5.1 General remarks

An application of our theory to concrete problems described by the partial
differential equation consists of the following steps.

1. Multiplying by the test function, integrate and then use the boundary con-
ditions to obtain a sesquilinear form representation of the original system of

differential equations, i.e. calculate u, v and k.

121
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2. Check that x > 0 (the condition x(x,z) > 0 can sometimes be bypassed by
taking the orthogonal complement of N(k), as is done in Section 5.3.2). Show
that quadratic forms p, v and x do generate bounded operators M and C' in
some Hilbert space ). To do this it is enough to check that x dominates x and ~,
i.e. that there exists A > 0 such that p(u,u) < Ar(u,u) and y(u,u) < Ar(u,u)
for all u € Y\ {0}. To obtain these inequalities, it usually suffices to apply some
Poincaré—type inequality. A brief survey of these inequalities in the connection

with the vibrational systems can be found in [CZ93a].

3. Find necessary (and sufficient, if possible) conditions under which the cor-
responding operator A generates an uniformly exponentially stable semigroup.
If one uses Theorem 3.3.9 one can find the spectrum and the eigenfunctions
of M by solving the system of (partial) differential equations obtained in the
following way:

from the original system of differential equations throw the damping terms
out, and if there are damping terms in the boundary conditions, replace these

boundary conditions with ones for the free end.

In the light of Remark 3.3.8, one can substitute the term ||C'o,, || by ¥(¢n, ¢n)
in (3.3.40). Sometimes, although C' cannot be explicitly calculated, one can

calculate ||Cx||, for specific .

4. Choose some appropriate trace class operator K in Mg (in the sense of
Section 4.1). Choose some appropriate subspace sequence ), C Y such that
the corresponding operators A, satisfy (4.2.3) and (4.2.3), and such that A, is of
the form (4.2.6). Calculate Z,, either by Monte-Carlo method or by the formula
given in Section 4.3. By the use of some numerical procedure calculate optimal

damping matrices C), in ). This gives us a sequence C,, which approximates
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an optimal damping operator C'in ) (and hence an optimal damping form ).

When it comes to the numerical procedures for approximating the contin-
uous systems, we propose the spectral methods (for the basic introduction to
these methods, see [Tre00]). Experiments had shown ([DT96], [Tre97]) that the
finite difference and finite element methods frequently behave poorly on prob-
lems for vibrational systems, in contrast with the spectral methods. Only in
the cases of the complex geometry of the problem, the finite element methods

should be used.

5.2 One—dimensional problems

5.2.1 Cable with a tip mass

We consider a vertical cable which is pinched at the upper end and with a tip
mass attached at the lower end, where a control force linear feedback depending

on the velocity is applied.

The dynamics is described by the following system [MRC94] (see also [BX00])

d%u 0%*u
w(l‘,t)-&(l‘,t)—(), O<z<1, t>0,
u(0,t) =0,
ou d%u ou
—(1,t —(1,t —(1,t) =
SEL) +mO S (L1) S (1,6) =0,
ou

u(z,0) = up(x), Eu(x,O) = uy(x),

where we assume m, a > 0.

Multiplying the above differential equation by the smooth test function v
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such that v(0) = 0 and by partial integration we obtain

1 1

/%(x, t)v(z)dx + m%(l,t)v(l) + a%(l,t)v(l) + / %(m,t)v’(m)dx = 0.
0 0
Hence, the system given above can be written as
w(i,v) + y(u,v) + k(u,v) =0, for allv € Y, (5.2.1)
where
1
pw(u,v) = /u(x)@dx + mu(1)v(1),
0
v(u,v) = au(1)o(1),
1
k(u,v) = /u’(m)v’(:z:)dx,
0
and

Y ={uecL?[0,1]) : ' € L*([0,1]),u(0) = 0}.

Now from Examples 3.1.1 and 3.1.2 immediately follows that the forms pu, v

and k give rise to the bounded operators M and C' given by

1

(Mu)(x) = / G, O)u(€)de + mu(L)z,

(Cu)(x) = au(L)e,

where
x7 ',1; S §’

£ r>¢6

The operator M is compact and one can calculate its eigenvalues and eigen-

G(z,€) = (5.2.2)

functions. We obtain that the eigenvalues ), are the solutions of the equation

mA Y2 tan ATV = 1, (5.2.3)
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and the corresponding eigenfunctions are
Un () = sin A2z, (5.2.4)

By a straightforward, but tedious computation we obtain

[Cunll

inf =
[ M|

0,

hence the energy of the system does not have an uniform exponential decay,

which is a well-known fact [LM8S].

5.2.2 Vibrating string with viscous and boundary damp-
ing

We consider the vibrating string with viscous and boundary damping given by:

0%u ou Pu 0%u
m(l’,t) +O{E([L’,t) — ﬁm(l’,t) — @([L’,t) =0,0<z<m t>0,
u(0,t) =0,
0 0
a—z(l,t) —1—58—?(1,15) =0, (5.2.5)

u(z,0) = up(x), %u(x,()) = u (),

where we assume «, 3, > 0.
Multiplying the above differential equation by the smooth test function v
such that v(0) = 0, by partial integration, and by differentiating (5.2.5) we

obtain

™ T
0%u 0*u

W(m,t)v(x)dx + a/%(m,t)v(x)dx —i—ﬁ/ awat(x,t)v’(x)dx+

0 0

/@(a:,t)v'(m)dx + 6@(7T,t)v(7r) - Eﬂ(ﬂ,t)v(ﬂ) = 0.

Ox ot ot?
0
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Hence, the system given above can be written as (5.2.1), where

s

pl(u,v) = /u(a:)v(a:)dx + eu(m)v(m),

™

y(u,v) = a/u(m)mdx + ﬁ/u’(x)v/(:c)dw + eu(m)v(m),

0

and

Y = {ueL([0,1]) : o € L2([0,1]), u(0) = 0}.

Now from Examples 3.1.1 and 3.1.2 immediately follows that the forms pu, v

and k give rise to the bounded operators M and C' given by

1

(Mu)(x) = / G, ©)u(€)de + cu(l)z,

(Cu)(x) = a/G(x,é)u(f)df +eu(l)z + Su(x),

0

where the function G is given by (5.2.2).

If « > 0 or # > 0 then the system obviously has uniform decay of energy.
In the case a = 0, # =0 and € > 0 we are in position of Example 3.1.1, hence
we also have an uniform exponential decay of energy.

From the previous subsection we know that the eigenvalues A\, of M are
the solutions of the equation (5.2.3) where instead of m stands e, and the
corresponding eigenfunctions are given by (5.2.4).

Now we will find an approximation of the optimal parameters. We take
£ = %, and optimize over a and 5. We take N = 30, Yy = span{uy,...,un},

where u; are the eigenfunctions of M. We also choose covariance operator
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K such that its (infinite-dimensional) matrix in the basis consisting of the
eigenfunctions of M has the form diag(K7,0,0,...), where K is from Example

4.3.2. Tt is easy to see that the assumptions from Section 4.2 are satisfied. We

calculate
0 Qn
AN(E:) = ] )
_QN _CN(aa ﬁ)
where
QN = diag(Tl,...,TN),
with 7 < ... < 7y positive solutions of the equation
TtanT —2 =0,
and
_9 1
Cn(a, fB) = aQy" + 61 + 5(1 — a)Cy,
where

Sin 7;7 sin 757

(Co)ij =

ritiy/ (57 g sin 25 (57 + 5 sin 2

The matrix An(c,3) is clearly of the form (4.2.6). The function (a, ) —

tr(Xn(a, 8)Zy), where Xy(a, ) is the solution of the Lyapunov equation
AN(a76>*X + XAN(avﬂ) = _]7

is plotted on the Figure 5.1.

The optimal damping is attained for o = 0.5, 8 = 0.7.
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0.035

0.03

Figure 5.1: The function (a, 3) — tr(Xn (o, 5)Zn)

5.2.3 Clamped Rayleigh beam with viscous damping

We consider a clamped Rayleigh beam in the presence of viscous damping term

22 (a g:é;). The corresponding system is given by [Rao97] (see also [Rus86))

0%u o*u o*u 0 0%u
W(:ﬂ’t) — a28x28t2(x’t) + %(x,t) — 2% (a8t8x> (¢,t)=0,0<z<1,t>0,
ou ou

ou

u(z,0) = ug(x), Eu(x,()) = uy(z),

where o? > 0 is the coefficient of the moment of inertia, and where potential

a € L*([0,1]) is a positive function.

Multiplying the above differential equation by the smooth test function v



129

such that v(0) = v(1) = v/(0) = v'(1) = 0 and by partial integration we obtain

I
0*u

/(9_ dx—l—a/aQa (@, t)0 (z)dz+

0

82u 2

@(x,t)v"(x)dx + 2/a(x)8at(9ux (z,t)v'(x)dx = 0.

0 0

Hence, the system given above can be written as (5.2.1), where

1

p(u,v) = ju(x)mdx+oz2/u'(x)v’(x)d:c,

0

Y(u,v) = Z/a(x)u'(x)v’(a:)dx,

and
Y ={uecL?[0,1]) : «/,u" € L*([0,1]),u(0) = «//(0) = u(1) = /(1) = 0}.

Then one can easily see that the forms p and v are dominated by x. x > 0 is
obvious. The operator M is compact [Rao01, Proposition 2.1].

In the case a(x) > § > 0 the operator C' is uniformly positive, and the
system has uniform exponential decay of energy.

The eigenvalues A, of M are the solutions of the equation

cosh py sinhp} sinp, =1,

COS Py —~= \/_

where

+_\/042+\/044+4)\ p__\/\/a4+4)\—a2
9 A .

A 2 2
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The corresponding eigenfunctions are

— coshot B coshpy — cospy i a?
Uy (7) = coshpy w—cosp, r— — sinhpy z — sinpy | .
; + Prxn i VA
sinhpy — Sesinpy n
A

n

So, in the general case, the system has uniform exponential decay of energy if

a 1s such that

1
[ a(z)u,(z)*dx
inf 2 - > 0,
A [ (2)?da
0

where A, and u,, are given above.

5.2.4 Euler—Bernoulli beam with boundary damping

We consider a Euler-Bernoulli beam which is pinched at x+ = 0 and has a

damper and the spring attached at x = 1. The corresponding equations are

2 2 2
(g;j(m) 0 <E18 )( £)=0,t>0, ze(0,1),

Oz 0x?
ou
u(0,t) = %(O,t) =0,
) 0%u ou
p (EI( )8 2) (1,t) = ku(1,t) + ca(l,t),
82
o 2(1 t) =0,
ou
U(l’, 0) = u0($)7 Eu<x>0) = u1<x)7

where ¢ > 0 and k& > 0 are damping and spring coefficient, respectively.
Multiplying the above differential equation by the smooth test function v
such that v(0) = ¢'(0) = 0 and by partial integration we obtain

1

/%(as,t)v(:r)daﬁt/ E[(x)%(%t)vu(x)d;m—ku(l,t)v(l)—i—c%(l’t)v(l) —0.

0 0
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Hence, the system given above can be written as (5.2.1), where

plu, v) = /U(w)mdx,

7(u,v) = cu(1)o(1),

k(u,v) = /El(x)u"(:v)mdx + ku(1)v(1),

0
and

Y ={uecL?[0,1]) : /,u” € L*([0,1]),u(0) = «/(0) = 0}.

We assume EI(x) > § > 0. Then one can easily see that the forms p and v are
dominated by k. k > 0 is obvious. Since M is compact, the eigenvalues \,, tend

to zero for n — oco. Let us denote the corresponding eigenvalues by wu,,. Then

Yty ) cup(1)? S ¢

Ak (Un, ) A, (Ofl El(x)u(x)*dz + k:un(l)?) = kN,

This implies that the system has a uniform exponential decay of energy if ¢ > 0.

5.2.5 Euler—Bernoulli beam with Kelvin—Voigt damping

We assume that the Euler-Bernoulli beam is clamped at * = 0, and free at

x = [. The dynamics of transverse vibration is described by the following
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system [IN97]:

2 2 2 3
%(fwﬁ)JraaI2 (Ela Yy DI O >(:c,t):0, t>0, z€(0,1),

0x? Ox?0t
u(0,t) = 2—3(0, t) =0,
El(x)%(x, t)+ Dl(x)%(x, £) = 0,
2 (s i) o]0
w(z,0) = uo(z), %u(m, 0) = u ().

In the above system E1T is the stiffness coefficient and DI is the damping coef-
ficient of the beam material.
Multiplying the above differential equation by the smooth test function v

such that v(0) = ¢'(0) = 0 and by partial integration we obtain

I I I

0?u du " 0?u Y -
ﬁ(x,t)v(x)dx+/ Dl(x)m(x,t)v (x)dx+/ El(a:)w(x,t)v (x)dz = 0.
0 0 0

Hence, the system given above can be written as (5.2.1), where

—~

o) = [ DI )TN
EI(z)u" (z)v"(x)dx,

K(u,v) =

and
Y ={uecL?[0,1]):u,u" € L*]0,1]),u(0) = u/(0) = 0}.

Let us assume that the stiffness and damping coefficients satisfy

EI(z) > d > 0and EI € L>(]0,1]) and DI € L*([0,1]).
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Then one can easily see that the forms p and v are dominated by x. xk > 0 is
obvious. Hence we are in position to apply results from the Section 3.3. One

can easily see that

l DI(x)?
El(x)

ICu]* =

v () |*da.

Also, M is obviously a compact operator. Let us denote by A, the eigenvalues
of M. In the general case, the system need not have a uniform exponential
decay of the energy.

In the simplest case EI(x) = 1, the eigenvalues A, are the solutions of the

following equation:
(cosh Al + cos Al)? = 1 + cosh Al cos Al
and the eigenfunctions u,, are given by
un(z) = cosh \,x — cos A,z + B, (sinh A,z — sin A\, x),
where

g, - sinh A,,l — sin A,/
" cosh A\l + cos A\l

Then a sufficient condition for the uniform exponential decay of the energy is

DI > p > 0, which easily follows from the Remark 3.3.8.

5.3 Multidimensional problems

5.3.1 Higher dimensional hyperbolic systems

The hyperbolic system which has received the most attention from the control-

lability viewpoint is the generalized wave equation

p(x)%(m, t)—V(A(x)Vu)(z,t)+q(x)u(x,t) =0 forz € Q,t >0, (5.3.1)
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where real valued coefficients in (5.3.1) satisfy the following: p,q € L>(2) and
p(x) > po > 0, g(xr) > 0in Q; A(x) = (a;;(z))Y satisfies uniform elipticity
condition, its entries have Lipschitz continuous second derivatives, and € is a
bounded open connected subset in R™ with the Lipschitz boundary 0f).

We divide the boundary 99 in two parts, I'y and 'y, with T’y # (), Ty #
and ['y relatively open in 0f2.

We impose the following boundary conditions:

u(z,t) =0, z € [y,

ﬁ(:c)%(x,t) + A(x)Vu(z,t) - v(x) =0, z € I'y,

where ((z) > [y > 0 and v is the unit normal of 9 pointing towards the
exterior of {2. The problem of decay of the solutions and the problem of finding
the optimal  has caught the attention of many researches (see, for example,
[Rus78|, [Lag83], [Tri89]). By the use of partial integration and divergence

theorem, this system can be written in the form (5.2.1) where

o) = [ ula)olerds

Q
uw) = [ Bau(fods,
k(u,v) = /(Vv(x))*A(x)Vu(x)dx+/q(m)u(m)v(m)daj,
Q Q

and

Y ={uecH(Q):u(0)=0o0nT}

It can be shown ([Lag83, Proof of the Theorem 1], [CZ93a, Example 3.5.1]
and [Rus78, pp. 682]) that under above assumptions forms p and ~ are domi-

nated by k. k > 0 is obvious. Hence, the results from Chapter 3 are applicable.
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Even in the simplest case A(z) = 1, p(x) = 1 and ¢(x) = 0, the exact
calculation of the eigenvalues of M is not possible except in the cases when
) has particulary simple geometry, but even in this cases the computation is
usually lengthy and tedious (see, for example, [CFNS91, Section 3.] and [CZ93Db,

Section 2.6]).

5.3.2 A problem in dissipative acoustics

In this section we are studying linear oscillations of an acoustic (i.e. inviscid,
compressible, barotropic) fluid contained in a rigid cavity, with some or all of
its walls covered by a thin layer of viscoelastic material able to absorb part of

the acoustic energy of the fluid.

In recent years large attention has been paid to this kind of problem, mainly
related to the goal of decreasing the level of noise in aircraft or cars (for exam-
ple, a typical problem in aeronautical engineering is the problem of reducing
the noise produced by propellers inside an aircraft by means of thin layers of

viscoelastic material). A typical acoustic insulating material is glasswool.

We denote by 2 € R™, n = 2 or n = 3 the domain occupied by the fluid,
which we suppose polyhedral, with boundary 02 = 'y UT'g, 'y = U}I=1 Ly,
with I'; being all the different faces of {2 covered by the damping material, is
called the "absorbing boundary”. I'g is the union of the remaining faces and
we call it the "rigid boundary”. We assume that "4 is not empty. The unit

outer normal vector along 02 is denoted by v. The equations for our problem
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are [BDRS00]
2U '
P o +VP =0 inQQ, (5.3.2)
P = —pc*divU in Q, (5.3.3)
P:ozU-V—i-ﬁa&—Itj-u on 'y, (5.3.4)
U-v=0 onlg, (5.3.5)

where U is the displacement vector, P is the fluid pressure, p the fluid density,
and ¢ the acoustic speed.

The equation (5.3.4) models the effect of viscoelastic material: the fluid
pressure on the boundary is in equilibrium with the response of the absorbing
walls. This response consists of two terms: the first one is proportional to the
normal component of the displacements and acoustics for the elastic behavior
of the material, whereas the second one is proportional to the normal velocity
and models the viscous damping.

The damped vibration modes of the fluid are complex solutions of (5.3.2)-
(5.3.5) of the form U(x,t) = eMu(x) and P(x,t) = e*p(x). They can be found

by solving the following quadratic problem:

/pc2divudiv$+/au-ya-u—l—/\/ﬁu-yay—i—ﬁ/pug_b =0, for all p € V,
Q T4 T'4 Q

(5.3.6)

where
VY = {¢€H(diV,Q):¢'uEL2(8Q) and¢'y:OonFR},
endowed with its natural norm

161l = (16130 + 18112,
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Here

H(div, Q) = {¢ € L*(Q) : dive € L*(Q)}

is a Hilbert space (see, for example [GR86]) with the norm
: 1/2
1llaive = (@l + Idivellg) -

Let us define three (symmetric) sesquilinear forms in V
p(a,v) = /puV,
Q
v(u,v) = /ﬁu-yv-y,
Ta

k(u,v) = /chdivudiVV—i-/aqum.

0 I

Then (5.3.6) becomes
Np(u,v) + Ay(u, v) + k(u, v) =0, for all v e V. (5.3.7)
Obviously, A = 0 is an eigenvalue, with corresponding eigenspace
K={ueV: divu=0onQandu-v=0ondN},
so as the space in which we will operate we take [GR86]
Y=VoK={ueV: u=Vyforpc H(Q)}.

From [BDRS00, Lemma 2.2] follows that the quadratic form x generates a norm
in ) which is equivalent to || -||y. Then clearly the forms p and v are dominated
by k, hence the corresponding operators M and C constructed in Section 3.1
are bounded. Moreover, from [BDRS00, Lemma 3.1] follows that M is compact.

Hence we can apply results from Section 3.3 to this problem. In the special

cases when the geometry of €2 is simple, the eigenvalues and eigenvectors of
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M can be found by the separation of variables technique (for the case when
n = 2 and € is rectangular see [BR99], and for the case when n = 3 and € is
rectangular box see [BHNRO1]).

But even in these simple cases, the computation of the operator C'is heavily
involved, since the operator C' cannot be written in a closed form. To gain a
little more insight in the structure of C, observe that g is an eigenvalue of C
with the corresponding eigenspace F = {u € Y : divu = 0}. Also, one can
check that FX ={u € Y :u-vis constant on I's}, and since Cu depends only

on u-vin F+, C r. has one-dimensional range.
) |F



Appendix A

Semigroup theory

In the appendix we introduce the basic concepts and results of the semigroup
theory which we use in this thesis.

The classic reference on semigroup theory is [HP57]. Standard references
are also [Paz83], [EN00], [Gol85] and [BMT79].

Let X be a Hilbert space. The family of bounded linear operators T'(t),

t > 0in X is said to be a semigroup of operators in & if
(i) T(0) = 1,
(i) T(t+s) =T()T(s) for all t,s > 0.

The semigroup 7T'(t), t > 0 is said to be strongly continuous if it is continuous

in the strong operator topology. Due to the property (ii) this is equivalent to
(iii) limp o [|T'(t)x — x| = O for each z € X.

A strongly continuous semigroup is sometimes called as Cjy semigroup!.

The infinitesimal generator of T'(t), or briefly the generator, is the linear

!The symbol Cyy abbreviates ” Cesaro summable of order 07.

139
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operator A with domain D(A) defined by

! :
D(A)={zre X 11\1% g(T(t)x — ) exists},

1
Az = 11\1% ;(T(t)x —z), x € D(A).

The generator is always a closed and densely defined operator. The generator

uniquely determines the semigroup.

Proposition A.1 ([ENO0O]). For every strongly continuous semigroup T(t),

there exist constants w € R and M > 1 such that
|T(t)|| < Me** for allt > 0. (A.1)

The infimum of all exponents w for which an estimate of the form (A.1)
holds for a given strongly continuous semigroup plays an important role in the
semigroup theory. For a strongly continuous semigroup 7'(t) generated by A we

call

w(A) = inf{w : AM > 1 such that | T(t)|| < Me** for all t > 0}

its growth bound (or type).
Moreover, a semigroup is called contractive if w = 0 and M = 1 is possible,

and uniformly exponentially stable if its growth bound is negative.

Remark A.1. Let A be generator of strongly continuous semigroup 7'(t). The

number

s(A) =sup{ReX: A € 0(A)}

is called the spectral bound of the semigroup 7'(¢). In the finite-dimensional

case s(A) = w(A) holds, but in general we have only s(A) < w(A).
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In the sequel we will give characterizations of the generators of contractive
and uniformly exponentially stable semigroups.

Let A be a linear operator with the dense domain. The operator A is called
dissipative operator if Re(Ax,z) < 0 for all x € D(A). A dissipative operator
which extends a dissipative operator A is called a dissipative extension of A.

An operator A is said to be maximal dissipative if its only dissipative extension

is A itself.

Proposition A.2. If A is a dissipative operator and R(A — X) = X for some

A, Rel > 0, then A is mazimal dissipative.

Theorem A.3 (Lumer—Phillips). Let A be a linear operator with dense do-
main. Then A generates a contractive semigroup if and only if A is maximal

dissipative.

Theorem A.4 ([ENO0O], pp. 302). A strongly continuous semigroup T(t) in
a Hilbert space is uniformly exponentially stable if and only if the half plane
{\ € C : ReX > 0} is contained in the resolvent set p(A) of the generator A

with the resolvent satisfying

sup [[R(N)|| < oc.

ReA>0

From the previous theorem one can obtain

Corollary A.5 ([CHA87], Theorem 9.6). If T(t) is a strongly continuous
semigroup in a Hilbert space with generator A, then its growth bound is given
by

w(A)=mf{f eR: 516111; |R(B +is)|| < oo}.
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The following two results are also needed.

Proposition A.6 ([Gol85]). Let A generate strongly continuous semigroup
T(t). Then T(t) =0 for all t > to, where tg > 0, if and only if c(A) = 0 and

there exists a constant M such that
|R(a+ 8, A)|| < M max{1,e >}
for all a4 118 € C.

The following Lemma is a well-known result, but we give the proof because

we were not able to find an appropriate reference.

Lemma A.7. Let T'(t) ba a uniformly exponentially stable semigroup with gen-

erator A. Assume that
|R(iB)|| < M, forallp €R,

for some M > 0. Then w(A) < —4;.

Proof. From [Wei76, Satz 5.14] follows A € p(A) if [Re)| < 57 and

o0

1
— At = 1" (41 — AL —.
(A ) nE:O( )" (ReX)" (iImA ) , for [Re)| < i
Hence
- M 1
— A <§ il — T -
[ = Ayl = 2, [ReX [ [Rexar o7 oA < 57

n=0
Now Corollary A.5 implies w(A) < —ﬁ.
Let A be a linear operator, and let ug € X'. Consider the differential equation
given by

u(t) = Au(t) fort >0,
(A.2)
u(0) = up.
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A function u : [0,00) — X is called a classical solution of (A.2) if u is contin-
uously differentiable with respect to X, u(t) € D(A) for all ¢ > 0 and (A.2)
holds.

A continuous function u : [0,00) — X is called a mild solution of (A.2) if

¢
Ju(s)ds € D(A) for all ¢ > 0 and
0

t

u(t) = A/u(s)ds + up.

0

The following theorem deals with the question of existence and uniqueness of the
solution of the problem (A.2), called the abstract Cauchy problem associated

to A with the initial value uy.

Theorem A.8 ([ENO00], Propositions 6.2 and 6.4). Let A be the generator

of the strongly continuous semigroup T'(t). Then, for every ug € X, the function
w:t e u(t) =T (t)ug (A.3)

is the unique mild solution of (A.2).
Moreover, for every ug € D(A), the function (A.3) is the unique classical
solution of (A.2).
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