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Introduction

Let A be a positive operator with a nonempty resolvent set in a Krein space
K. Then A has spectral function with 0 and oo being the only possible
critical points, see [9]; if neither of these points is a singular critical point
then A is similar to a Hilbert space selfadjoint operator, that is, it is a scalar
operator with real spectrum (see [9] for the definition and properties of the
Krein space operators).

The problem of persistence of nonsingularity of critical points has been
started by one of the authors of the present note ([13, 14]) and later con-
tinued by a number of authors ([6, 2, 3, 10] etc.). All these references deal
with additive perturbations A+ V of A; such results are insufficient in some
cases, e.g. in the case of elliptic operators with indefinite weights, where

1
A=-1L,
p

L is an elliptic operator and p is a real valued function which is not of
constant sign. If the weight p is perturbed into p with

16— pl <elpl, e <1

we have to investigate multiplicative perturbation (I + V')A of A. We prove
a result which ensures the persistence of nonsingularity of critical points
if the perturbation is sufficiently small as well as the analyticity of certain
operators associated with the analytic family (I + eX)A. The proof goes
via the construction of the signum operator, similar to that in [13, 14], our
situation is much more singular so that the above estimate for the perturbed
weight has to be completed by an additional one for the derivative.



We mention the recent note [5] where the persistence of nonsingularity of
the critical point co under multiplicative perturbations is considered. This
is in contrast with the present work where we prove the regularity of both
critical points 0 and oco.

The results

Let (K,[-]-]) be a Krein space, J a fundamental symmetry in . Then
H = (K,[J -]|-]) is a Hilbert space; let (u|v) = [Ju|v] be the corresponding
scalar product and |Ju|| the corresponding norm. Let A be a selfadjoint
operator in IC such that the following assumption is satisfied:

(A1) Ais a strictly positive operator in K with a nonempty resolvent set.

It follows from (A1) that the form a = [A - | -] defined on D(A) x D(A) has
a closure a in K; its domain D(a) coincides with the domain D((JA)Y?) of

M := (JA)Y? (1)

in H. As noted in the Introduction, from (A1) it follows that A has spectral
function E in the sense of [9] with the only possible critical points being 0
and oo. Next assumption excludes the possibility that either of these points
is a singular critical point:

(A2) 0 and oo are not singular critical points of A.

It follows from (A2) that the projections E[0,00) and E(—o00,0) are well
defined, and hence also

P = sgnA = E[0,00) — E(—00,0).

Then (see [13] or [6])

1 R —r
P———w— lim (/ dt+ [ dryt— A 2)
1T r—20 r —-R
R — o

Moreover, P commutes with A and it is a uniformly positive bounded oper-
ator, i.e. the space (K, < -|- >) with

< ulv >= [Pulv]



is a Hilbert space with the norm |||- |||, equivalent to ||-||. Then A is selfadjoint
in (K, < -|- >); the operator

A= (JP)'/2A(JP)~1/?
is selfadjoint in H. Note also that by P? =1 we have || P|| > 1.

Lemma 1 For any bounded measurable function f we have

£ (A < [ fllso I P
Proof. Since Ais selfadjoint in H we have
I£(A) = [(JP)"2F(A) (TP < [(JP) 2| (A II(TP) 2
< fllscllTPIMAIP LI < 1 fllso I PIM2IPTHY2 = || fllooll P

where we have used the unitarity of J and the fact that P! = P. QED.
Let X be an operator in K with the properties

(X1) X is selfadjoint and bounded in K
(X2) JX = XJ.

hold. From (X1) and (X2) it follows that X is selfadjoint also in H. Next
assumptions connect A, M (from (1)) and X :

(AX1) XD(M) C D(M)
(AX2) There exists C' > 0 such that

|MXu—XMul| < C||Mul (u e D(M)).
Since A is positive, M is injective and (AX2) is implied by (X1) and

Proposition 2 Let
Air=(1+X)A

where A, X are as above and
[ X[ < 1/[|P]]

Then A1 has a non-void resolvent set and is a positive selfadjoint operator
in the Krein space (KC,[-|-]1) where

[Lh=10+X)7 =0 +X)7" )



Proof. 14+ X is bicontinuous in ‘H and thus A; is selfadjoint and positive in
(K, [-]-]1)- Also, by Lemma 1. for any real n # 0 we have

. _ t
| X (A(in — A~ < [|X| sup | —— — | = IX][IIP[| <1
teR 1N — 1

and in belongs to the resolvent set of A for all n € R\{0}. QED.
Our results are summarized in the following theorem.

Theorem 3 Assume (A1), (A2),(X1),(X2),(AX1) and (AX2). Let also
| X+ C < 1. Then for |e| <1 the operator 1 + X has a bounded inverse,
the operator Ay is a positive selfadjoint operator in K1 with a nonempty
resolvent set. Neither 0 nor oo is a singular critical point of A1, the operator
Ay is similar to a selfadjoint operator in ‘H. The operator

1 R -
Pi=——w— lim (/ di+ dt)(it — A1)~ (3)
1T r—0 r -R
R — o0

is a positive definite operator in K1 and P2 = I. The space (K,< -|- >1),
where
< ulv >1= [Pru|v],

is a Hilbert space. The operator Ay is selfadjoint in (K, < -|- >1). The
operator J(I + X)™1P; is boundedly invertible and positive definite in H.
The operator (J(I + X)) 'P)Y2A(J(I 4+ X))~ P))~Y2 is selfadjoint in H.

Proof. We embed the operator A; in the family

Ale) = (I +eX)A

and accordingly define K., [-|-]s, < |- >¢ and P(e). For n € R\{0} set .
F(n.) = (in — A)™ ~ (ind) ™ = 3" Fin.2) ()

k=0
Fy(n) := (in — A)"'[XA(in - A)7']* (n € C\R). (5)

This series converges whenever

el X A(in — A)7H| < 1,n € R\{0} (6)



Moreover, it follows from (6) and (4) that F' is analytic in n and e for
n € C\R and ¢ such that (4) holds. From the selfadjointness of A and (X2)
it follows

(Frg1(n)zly) = ((in — A) ' X[A(in — A) 7' X]* A(in — A) " zly)
= (X[A(in — A) ' X)F A(in — A) '] I (—in — A) 1 Ty).

From A = JM? we find [A(in — A)~' X% = J[M?(in — JM?)~' X J]*J and
therefore by (X2)
(Frt1(n)zly) =
(X[M?(in — IM?) X J)F T A(in — A) " Lz|(—in — A™Y)Jy)
= ([M?(in — IM*) T X M2 (in — A) "Lz | X (—in — A)~LTy).
From MD(A) C D(M) it follows that R(M (in — A)~!) C D(M) and conse-
quently
[M2(in — TM*) L X J)F M (in — A)~! =
MM (in — JM?*) X MM (in — A)~L
This implies
(Frs1(n)zly) =
(G(n)* M (in — A)~ x| (MX (~in — A)~"Jy). (7)
with
G(n) = M(in— JM?*) "1 JX M.
Note that G(n) is defined on D(M) and leaves that space invariant. Our

goal is to estimate the norm of G(7).

Lemma 4 For every v € D(M) and every n € R\{0} we have
1M (in — M?T)™ M| < || (8)

Proof. Set My = MJ(in — M?J)~"*M. If M is bounded, then M, =
MJM (in — MJM)~! and the assertion follows immediately from the spec-
tral calculus of the selfadjoint operator M JM. Our proof will follow the
same pattern and will, in fact, construct a “selfadjoint realization” of the
formal expression M JM. We thus consider the operator

Ry = M(in— JM*) 7'Mt . D(M™) — D(M™1), n € R\{0}



It is immediately verified that R;, satisfies the resolvent equation. For x €
D(M~1):
(Rin - Rm').%' = i(77 - n/)RinRin’x (9)

Furthermore, for z € D(M~!) ,y € D=DM)ND(M 1) and v/ = M1y
we have

(Rinzly) = (M~ a|(—in — M?J)™' My) =
(M~ | (—in — M2J) ™ M?y) =
(M z|J(—in — TM*)LIM?y) =
(M~ 2| M?(—in — IM?)™y) = (2| R—iny) (10)
In particular, all R;;, leave D invariant and commute there. We can set

Rin + R—in

Riy — R_yy
2 .

An - 21

7B’l7:

Obviously these are commuting symmetric operators in H, defined on the
dense subspace D and leaving this subspace invariant. For z € D the resol-
vent equation (9) gives

Byx =n(A,; —iBy)(Ay +iBy)z = 77(14% + Bg)x (11)
Taking e.g. n > 0 and applying the Schwarz inequality this gives
n(Byz|Byz) < (Bpa|z) < ||B7135||2

we see that A, is bounded, and similarly for n < 0. By (11) the same follows
for B, and then also for R,|p whose closure R;;, is a pseudoresolvgnt an(Ni its
null space AV is known to be independent of n By (10) we have R}, = R_j,

and thus Rin leaves invariant both A" and A-. Thus, there is a unique
selfadjoint operator Hy in the Hilbert space N'- C H such that

Rin = (i77 - H0)71P (12)

where P is the orthogonal projection onto N't.
We now connect R;, with M,. For z,y € D(M) we have

(Myzly) = (x| M-py)
thus, M, is closable on D(M). For x € D we have

Myx = MJ(in — M?J) ‘o —inM(in — JM?) "M~z + inRyyx



= M(in — jM*) "N (JMa — inM z) +inR_;x
By setting z = Ma’ we have 2’ € D(M?) and
M, = M(in — JM?)"H(JM?* — in)z"inR_;yx =
(=1 +inRy)x = (—1 +in(in — Hy ') P)x

Thus,
[Myz|? = [[(1 = P)a|[® + [I[1 — in(in — Ho) ]|

= [|(1 = P)z||* + || Ho(in — Ho)~' Pz||?
< (1= P)a|* + | Pa|* = |||

Since M, is closable on D(M) and D C D(M) is dense in H the inequality
above extends to all z € D(M). QED.

Lemma 5 For alln € R\{0} and all x € D(M) we have
1G] < (X1 + C)||

Proof. 1t is obviously enough to prove the same identity for the formal
adjoint B
G(n) = MXJ(—in— M*J)"'M : D(M) — D(M)

which has the property
(G(n)zly) = (z|G(n)y), =,y € D(M).
We have by Lemma 4 and (AX2)
IG)II < (MX — XM)J(~in — M*J)" Myl +
XM T (—in — M2T) " Myl < (C + | XDyl

QED.
We now continue with the proof of our theorem. From (5) and Lemma

5 it follows

IG@)* (| (1M (in — A) || | MX (—in — A)~ Tyl

|(Fre1(m)zly)| <
< AF|M (i — A) x| [|MX (—in — A) 1 Ty||

with v = || X|| + C. Therefore
| [ Faaly)dnf <
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9 [0 (in — A) oy [ MX (<in — A Ty|Pdy

To evaluate the first integral on the RHS, we note the identity

J1aGin = )7 alZdn = [ ((~in— 4)7 23~ ) xla)dy

- /[A(in — A)~ta|(in — A)~ aldn,

10 (in - 4oy =
I (=in = a) |2y = [(AGR + 4% afald,
The assumption (AX2) yields
IMX (=i = )"yl < (1] + Ol M (=i — A) ]|

hence
J 1A (=in = Ay

< (10 + € [ 1M (=i = )~y P

= (1X]1+C)? [1AG? + 4%~ Ty Tyldn.

For a measurable set S C R, z € H, we set I(z) = [¢[A(y? + A%)~1z|z]dn.
We have proved

| /S (Fir (maly)dn|? < 42 (| X + C)*Is(X)Is(Jy),

hence
I/S(Fkﬂ(y)fvly)dnl <A IX |+ C)Is(x) + Is(Jy)).- (13)

Inserting this into (7), we obtain

| [Fn ety < 3 51X + O Us@) + s(Ty)
k=1

= - —gm(”XH +C)(Is(x) + Is(Jy))




1
as soon as |e| < ————~
K([X]+©)
We use this estimate for S = [-R, —r]U[r, R]. Spectral calculations then

yield

and in particular for |¢| < 1.

Is(z) = [f(r, R; A)z|z]

where

R
f(r,R;t) = 2(arctg m — arctg ﬁ)sgnt

It follows

. R - . -1 . -1
|t ([Cdn [ dn) (G = A@) ™ = (in = A)Jaly)

r—0
R — >

< Ce(llz]* + [ly]1*)-
This proves

1. the existence of the limit (3) and its analyticity (as a bounded opera-
tor) in ¢ for |g] < v

2. P(e) is selfadjoint in K¢, [-|-]e for e real and
lel <.

3. By continuity (J(1 + X )P(e) is positive definite in H for ¢ real and
le| small enough. For such ¢ the operator

(JI+X) ' P)Y2A(J(T + X) 7 P2
is selfadjoint in H and thus P(e) = 1.

4. By the analyticity P(g) = 1 extends to all € for || < . The positive
definiteness of (J(1 + X )P(e) thus extends to all such real e. Those
include € = 1.

QED.



Application

Let H = L}(R"),D(A) = H*(R"),
Au = —sgnz, Au (u € H*(R")),
Set Ju = (sgnzy)u, [ulv] = [gn usgn xy,dr. Then A is similar to a selfad-

joint operator and (A1), (A2) are satisfied, see [4]. Let X be the operator
of multiplication by a measurable real valued function p on R™ such that

pe LV(RY), (14)
Then (X1) and (X2) are satisfied. Note that D(M) = A)'/2) = {u € L?:
grad u € L?} = HY(R"). If

9;p€ L"(R™), j=1,2,3, (15)

then
10;(pu)ll2 < llpllscllOjull2 + |u(0p) |2 <

lollol|Oull2 + (105 pllnl[tell2n/ (n—2)-
Since |[ull2n/(n—2) < K|lgrad ul| 2 (see [1], we obtain

195 (pu)ll2 < (lplleo + 195p1l) llerad wll2.

From +|Mu|| < |grad u|| < K| Mul|| and from (14), (15) it follows that
XH'(R") C H'(R") and || MXu| < K(|lpllz + llgrad plln)[|Mul], hence
(AX1) and (AX2) are also satisfied.

Hence for € real, || sufficiently small, the operator

Ae) = —(1 +ep)sgnz, A

is similar to a selfadjoint operator in L?(R™); moreover the similarity oper-
ator can be chosen to be analytic in €.
If n = 3, instead of (15) one can assume
(@) < T j= 12,3,z R0} (16)

since the estimate (4.6) in [7, § VI. 4] (or [11], the lemma after T. X.18)
implies [[u(;p)]l2 < K lulls

Further sufficient conditions for (AX1) and (AX2) can be deduced from
[8, pp. 275-277]. In fact, if (16) holds then (AX1) and (AX2) are satisfied if
1(9;p)M ~u|| < K|u|| for M = (—A)'/? and all u € H'(R™). Tt is sufficient
that ||(9;p)M ~2(9kp)|| < K for all j, k € {1,...,n}. In [8] sufficient condi-
tions on multiplication operators V and W are given in order that VA=W
be a bounded operator in L?(R").

10



References

1]

2]

Bakry, D., Coulhon, T., Ledoux, M., Salof-Coste, L.: Sobolev inequal-
ities in disguise, Indiana Univ. Math. J., 44(1995), 1033-1074.

Curgus, B.: On the regularity of the critical point infinity of definitiz-
able operators. Integral Equations Operator Theory 8 (1985), 462-488.

Curgus,B.7 Najman, B.: A Krein space approach to elliptic eigen-
value problems with indefinite weights. Differential Integral Equations,
7(1994), 1241-1252.

Curgus,B., Najman, B.: Positive differential operators in Krein space
L?(R") Preprint.

Fleige, A., Najman, B.: Perturbations of Krein spaces preserving the
nonsingularity of critical point co. Preprint.

Jonas, P.: Compact perturbations of definitizable operators. II. J. Op-
erator Theory 8 (1982), 3-18.

Kato, T.: Perturbation Theory for Linear Operators. 2nd ed. Springer-
Verlag, Berlin, 1976.

Kato, T.: Wave operators and similarity for some non-selfadjoint oper-
ators. Math. Ann. 162 (1966), 258-279.

Langer, H.: Spectral function of definitizable operators in Krein spaces.
Functional Analysis, Proceedings, Dubrovnik 1981. Lecture Notes in
Mathematics 948, Springer-Verlag, Berlin, 1982, 1-46.

Pyatkov, S. G.: Some properties of eigenfunctions of linear pencils.
(Russian) Sibirsk. Math. Zh. 30 (1989), 111-124, translation in Siberian
Math. J. 30 (1989), 587-597.

Reed M., Simon, B.: Methods of Modern Mathematical Physics II:
Fourier Analysis, Self-adjointness. Academic Press, New York, 1975.

Triebel, H.: Interpolation Theory, Function Spaces, Differential Oper-
ators. VEB Deutscher Verlag der Wissenschaften, Berlin, 1978.

Veseli¢, K.: On spectral properties of a class of J-selfadjoint operators.
I. Glasnik Mat. Ser. III 7(27) (1972), 229-248.

11



[14] Veseli¢, K.: On spectral properties of a class of J-selfadjoint operators.
II. Glasnik Mat. Ser. III 7(27) (1972), 249-254.

12



