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Foreword

The theory of linear damped oscillations has been studied for more than
hundred years and is still of vital interest to researchers in Control Theory,
Optimization, and computational aspects. This theory plays a central role
in studying the stability of mechanical structures, but it has applications
to other fields such as electrical network systems or quantum mechanical
systems. We have purposely restricted ourselves to the basic model leaving
aside gyroscopic effects and free rigid body motion. In contrast, the case of
a singular mass matrix is analysed in some detail. We spend quite a good
deal of time discussing underlying spectral theory, not forgetting to stress its
limitations as a tool for our ultimate objective — the time behaviour of a
damped system. We have restricted ourselves to finite dimension although we
have attempted, whenever possible, to use methods which allow immediate
generalisation to the infinite-dimensional case.

Our text is intended to be an introduction to this topic and so we have
tried to make the exposition as self-contained as possible. This is also the
reason why we have restricted ourselves to finite dimensional models. This
lowering of the technical barrier should enable the students to concentrate
on central features of the phenomenon of damped oscillation.

The introductory chapter includes some paragraphs on the mechanical
model in order to accommodate readers with weak or no background in
physics.

The text presents certain aspects of matrix theory which are contained in
monographs and advanced textbooks but may not be familiar to the typical
graduate student. One of them is spectral theory in indefinite product spaces.
This topic receives substantial attention because it is a theoretical fundament
for our model. We do not address numerical methods especially designed for
this model. Instead we limit ourselves to mention what can be done with most
common matrix algorithms and to systematically consider the sensitivity,
that is, condition number estimates and perturbation properties of our topics.
In our opinion numerical methods, in particular invariant-subspace reduction
for J-symmetric matrices are still lacking and we have tried to make a case
for a more intensive research in this direction.

Our intention is to take readers on a fairly sweeping journey from the
basics to several research frontiers. This has dictated a rather limited choice
of material, once we ‘take off’ from the basics. The choice was, of course,
closely connected with our own research interests. In some cases we present
original research (cf. e.g. the chapter on modal approximations), whereas we
sometimes merely describe an open problem worth investigating — and leave
it unsolved.

This text contains several contributions of our own which may be new. As
a rule, we did not give any particular credit for earlier findings due to other
authors or ourselves except for more recent ones or when referring to further
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reading. Our bibliography is far from exhaustive, but it contains several works
offering more detailed bibliographical coverage.

The text we present to the reader stems from a synonymous course I have
taught for graduate and post-doc students of the Department of Mathemat-
ics, University of Osijek, Croatia in the summer term 2007/2008. It took
place at the Department of Mathematics at the University of Osijek and was
sponsored by the program “Brain gain visitor” from the National Foundation
for Science, Higher Education and Technological development of the Republic
of Croatia. Due to its origin, it is primarily designed for students of Math-
ematics but it will be of use also to engineers with enough mathematical
background. Even though the text does not cover all aspects of the linear
theory of damped oscillations, I hope that it will also be of some help to the
researchers in this field.

In spite of a good deal of editing the text still contains some remnants of
its oral source. This pertains to the sometimes casual style more suited to a
lecture than to a monograph — as was the original aim of this work.

Bibliographical Notes and Remarks are intended to broaden the scope by
mentioning some other important directions of research present and past.
According to our bibliographical policy, when presenting a topic we usually
cite at most one or two related works and refer to their bibliographies.

It is a pleasure to thank the participants in the course, in particular
professor N. Truhar and his collaborators for their discussions and support
during the lectures in Osijek. The author was very fortunate to have ob-
tained large lists of comments and corrections from a number of individuals
who have read this text. These are (in alphabetic order): K. Burazin (Os-
ijek), L. Grubisi¢ (Zagreb), D. Kressner (Ziirich), P. Lancaster, (Calgary),
H. Langer (Vienna), I. Mati¢ (Osijek), V. Mehrmann (Berlin), M. Miloloza
Pandur (Osijek), B. Parlett (Berkeley), I. Nakié¢ (Zagreb), A. Suhadole (Ljubl-
jana), I. Veseli¢ (Chemnitz), A. Wiegner (Hagen) and, by no means the least,
the anonymous referees. Many of them went into great detail and/or depth.
This resulted in substantial revisions of the whole text as well as in signifi-
cant enlargements. To all of them I am deeply obliged. Without their generous
support and encouragement this text would hardly deserve to be presented
to the public. The financial help of both National Foundation for Science,
Higher Education and Technological development of the Republic of Croatia
and the Department of Mathematics, University of Osijek, not forgetting the
warm hospitality of the latter, is also gratefully acknowledged.

Osijek /Hagen, July 2008 to December 2010, K. Veseli¢.
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Introduction

Here is some advice to make this book easier to read.

In order to check/deepen the understanding of the material and to facili-
tate independent work the reader is supplied with some thoroughly worked-
out examples as well as a number of exercises. Not all exercises have the
same status. Some of them are ’obligatory’ because they are quoted later.
Such exercises are either easy and straightforward or accompanied by hints
or sketches of solution. Some just continue the line of worked examples. On
the other end of the scale there are some which introduce the reader to re-
search along the lines of the development. These are marked by the word ’try’
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in their statement. It is our firm conviction that a student can fully digest
these Notes only if he/she has solved a good quantity of exercises.

Besides examples and exercises there are a few theorems and corollaries the
proof of which is left to the reader. The difference between a corollary without
proof and an exercise without solution lies mainly in their significance in the
later text.

We have tried to minimise the interdependencies of various parts of the
text.

What can be skipped on first reading? Most of the exercises. Almost none
of the examples. Typically the material towards the end of a chapter. In
particular

e Chapter 10: Theorem 10.12 —
e Chapter 12: Theorem 12.17 —
e Any of Chapters 19 — 22

Prerequisites and terminology. We require standard facts of matrix theory
over the real or complex field = including the following (cf. [31] or [52]).

e Linear (in)dependence, dimension, orthogonality. Direct and orthogonal
sums of subspaces.

e Linear systems, rank, matrices as linear maps. We will use the terms in-
jective/surjective for a matrix with linearly independent columns/rows.

e Standard matrix norms, continuity and elementary analysis of matrix-
valued functions.

e Standard matrix decompositions such as

— Gaussian elimination and the LU-decomposition A = LU, L lower tri-
angular with unit diagonal and U upper triangular.

— idem with pivoting A = LUII, L, U as above and Il a permutation
matrix, corresponding to the standard row pivoting.

— Cholesky decomposition of a positive definite Hermitian matrix A =
LL*, L lower triangular.

— QR-decomposition of an arbitrary matrix A = QR, @ unitary and R
upper triangular.

— Singular value decomposition of an arbitrary matrix A = UXV*, U,V
unitary and X' > 0 diagonal.

— Eigenvalue decomposition of a Hermitian matrix A = UAU™*, U unitary,
A diagonal.

— Simultaneous diagonalisation of a Hermitian matrix pair A, B (the lat-
ter positive definite)

AP =A, O&*BP =1, A diagonal.

— Schur (or triangular) decomposition of an arbitrary square A = UTU*,
U unitary, T upper triangular.
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Contents
— Polar decomposition of an arbitrary m x n-matrix with m > n
A=UVA*A with U*U = I,.

Characteristic polynomial, eigenvalues and eigenvectors of a general ma-
trix; their geometric and algebraic multiplicity.
(desirable but not necessary) Jordan canonical form of a general matrix.

Further general prerequisites are standard analysis in =™ as well as elements
of the theory of analytic functions.

Notations. Some notations were implicitly introduced in the lines above.

The following notational rules are not absolute, that is, exceptions will be
made, if the context requires them.

Scalar: lower case Greek a, A, .. ..
Column vector: lower case Latin x,y,. .., their components: z;,y;,... (or

(@), (Y)jy--)

Canonical basis vectors: e; as (&) = 0.

e Matrix order: m x n, that is, the matrix has m rows and n columns, if a

matrix is square then we also say it to be of order n.

e The set of all m x n-matrices over the field =: Z™"
e Matrix: capital Latin A, B, X, ..., sometimes capital Greek &, ¥, . . .; diago-

nal matrices: Greek a, A, ... (bold face, if lower case). By default the order
of a general square matrix will be n, for phase-space matrices governing
damped systems this order will mostly be 2n.

Identity matrix, zero matrix: I, O, n, Op; the subscripts will be omitted
whenever clear from context.

Matrix element: corresponding lower case of the matrix symbol A = (a;;).
Block matrix: A = (A;;).

Matrix element in complicated expressions: ABC = ((ABC);;).

Diagonal matrix: diag(ai, . . ., a,); block diagonal matrix: diag(A1, ..., Ap).
Matrix transpose: AT = (a;;).

Matrix adjoint: A* = (aj;).

Matrix inverse and transpose/adjoint: (AT)~! = A=T  (4*)71 = A=,
The null space and the range of a matrix as a linear map: N'(A), R(A).
Spectrum: o(A).

Spectral radius: spr(A) = max |o(A)|.

Spectral norm: ||A|| = /spr(A*A) and condition number x(A) = ||A[|[|A7Y.
Euclidian norm: ||Al|g = y/Tr(A*A) and condition number rg(A4) =
| Al|2]| A7/ £. In the literature this norm is sometimes called the Frobe-
nius norm or the Hilbert-Schmidt norm.

Although a bit confusing the term eigenvalues (in plural) will mean any
sequence of the complex zeros of the characteristic polynomial, counted
with their multiplicity. Eigenvalues as elements of the spectrum will be
called spectral points or distinct eigenvalues.



Chapter 1
The model

Small damped oscillations in the absence of gyroscopic forces are described
by the vector differential equation

Mi + Ci + Kz = f(t). (1.1)

Here z = z(t) is an R™-valued function of time ¢ € R; M,C, K are real
symmetric matrices of order n. Typically M, K are positive definite whereas C
is positive semidefinite. f(¢) is a given vector function. The physical meaning
of these objects is

x;(t) position or displacement

M mass
C damping
K stiffness
f @) external force

while the dots mean time derivatives. So, any triple M, C, K will be called a
damped system, whereas the solution x = x(t) is called the motion or also the
response of the linear system to the external force f(t).

In this chapter we will describe common physical processes, governed by
these equations and give an outline of basic mechanical principles which lead
to them. It is hoped that this introduction is self-contained enough to acco-
modate readers with no background in Physics.

Example 1.1 As a model example consider the spring-mass system like the
one in Fig. 1.1. Here = [ - ~xn]T where x; = z;(t) is the horizontal
displacement of the i-th mass point from its equilibrium position and
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Fig. 1.1 Oscillator ladder

M = diag(mi,...,myu), Mi,...,my >0
(k1 + ko —ko 1
—kg k2+k3
K = y ki, kg1 >0
R A
L _kn kn+kn+1_

(all void positions are zeros) and

C:Cin+couta
[c1+c2 —c2 !
—Cy Co+c3
Cm: s 01,...Cn+120
L —Cp Cp + Cnt1 |

C’out:diag(dl,...,dn), dl,...,dnzo

In the case of Fig. 1.1 we have n = 4 and
k5=O, 62263:0,

dy =dy =d3 =0, ds>0.

(1.2)

(1.3)

(1.5)

(1.6)

Various dynamical quantities such as ’force’, 'work’, ’energy’ will play an
important role in the course of these Notes. We shall next give a short compact

overview of the physical background of the equation (1.1).
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1.1 Newton’s law

We will derive the equations (1.1) from Newton’s law for our model example.
The coordinate z; of the i-th mass point is measured from its static equilib-
rium position, that is, from the point where this mass is at rest and f = 0.
Newton’s second law of motion for the i-th particle reads

mle = ffOt

where f°! is the sum of all forces acting upon that mass point. These forces
are

e The external force f;(t).
e The elastic force from the neighbouring springs, negative proportional to
the relative displacement.

]{Ji(SCi_l 71‘1)4’]{51‘4_1(1’14_1 7IZ‘), 1= 1,...,n (17)

where k; is the j-th spring stiffness.
e The inner damping force from the neighbouring dampers, negative pro-
portional to the relative velocity

ci(Lim1 — i) + cipr(Eip — &), i=1,...,n (1.8)

e The external damping force, negative proportional to the velocity —d;x;,
where dj, c; are the respective inner and external damper viscosities.

Here to simplify the notation we have set zp = xp+1 = 0,29 = Tp41 = 0,
these are the fixed end points. Altogether we obtain (1.1) with M, C, K, from
(1.2), (1.3) and (1.4). All these matrices are obviously real and symmetric.
By

2T Mz = ijm? (1.9)
j=1
and .
(ETK(E = kll'% + Z kj(ifj — l’j,1)2 + kn+1$% (110)
j=2

both M and K are positive definite. By the same argument C;,, and C,,; are
positive semidefinite.

Exercise 1.2 How many coefficients k; in (1.3) may vanish while keeping
K positive definite? Interpret the response physically!

Example 1.3 A typical external force stems from a given movement of the
frame in which the vibrating structure is anchored (this is the so-called in-
ertial force). On the model example in Fig. 1.1 the system is anchored on
two points. The force caused by the horizontal movement of these two points
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is taken into account by replacing the zero values of xg, 2,41 in (1.7) and
(1.8) by given functions zo(t), zn+1(t), respectively. This does not change the
matrices M, C, K whereas f(t) reads

kll'o(t) —+ Cli'o(t)
0

f(t) = :
0
knt1%n41(t) + Cny1dn1(t)

Exercise 1.4 Find the equilibrium configuration (i.e. the displacement x at
rest) of our model example if the external force f (i) vanishes or (i) is a
constant vector. Hint: the matriz K can be explicitly inverted.

The model in Example 1.1 is important for other reasons too. It describes
a possible discretisation of a continuous damped system (vibrating string).
There the parameters ¢; come from the inner friction within the material
whereas d; describe the external damping caused by the medium in which the
system is moving (air, water) or just artificial devices (dashpots) purposely
built in to calm down dangerous vibrations. In the latter case there usually
will be few such dashpots resulting in the low rank matrix Cly;.

It should be mentioned that determining the inner damping matrix for
complex vibrating systems in real life may be quite a difficult task, it in-
volves special mathematical methods as well as experimental work.

From the derivations above we see that determining the equilibrium pre-
cedes any work on oscillations. The equilibrium is the first approximation to
the true behaviour of the system, it is found by solving a linear or nonlinear
system of equations. The next approximation, giving more detailed informa-
tion are the linear oscillations around the equilibrium, that is, their movement
is governed by a system of linear differential equations. Their linearity will be
seen to be due to the assumption that the oscillations have small amplitudes.

1.2 Work and energy

We will now introduce some further relevant physical notions based on Ex-
ample 1.1. The work performed by any force ¢;(t) on the j-th point mass in
the time interval ¢; <t <ty is given by

to
/t 6, ()i,

this corresponds to the rule ‘work equals force times distance’. So is the work
of the external force:
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ta

fi(®)&;dt, (1.11)

ty

of the damping force:

to to
/ [cj(Ej—1 — &5) + cjp1(Fj41 — T5)]d;dt —/ djidt,

t1 tl
of the elastic force:
to
/ [kj(zj—1 — 2j) + kjp1 (201 — 25)]d;dt.
ty

To this we add the work of the so-called ’inertial force’ which is given by

to
t1

The total work is the sum over all mass points, so from (1.11) — (1.12) we
obtain

/tz T f(t)dt, (1.13)

ty

to
— / T Cdt,

ty

- [T Kt = 2B, (o(0)) - Ey(altz)),

ty

/tz T Midt = 2(By(w(ts)) — Ex(z(t1))), (1.14)

t1

as the total work of the external forces, damping forces, elastic forces and
inertial forces, respectively; here

1

E,(z) = ixTKx, (1.15)
1

E(3) = §¢TM¢ (1.16)

are the potential and the kinetic energy and
E(z,i) = Ey(z) + Ex(2) (1.17)

the total energy. Note the difference: in the first two cases the work depends
on the whole motion z(t), t; < t < to whereas in the second two cases it
depends just on the values of E,, Ej, respectively, taken at the end points
of the motion. In the formulae (1.9), (1.10) and (1.13) — (1.14) we observe
a property of both potential and kinetic energy: they are ’additive’ magni-
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tudes, that is, the kinetic energy is a sum of the kinetic energies of single
point masses whereas the potential energy is a sum of the potential energies
of single springs.

The relations (1.13) — (1.17) make sense and will be used for general
damped systems. By premultiplying (1.1) by @7 we obtain the differential
energy balance

%E(a:, )+ iTCh = T (1), (1.18)

This is obviously equivalent to the integral energy balance

to to
E(m,:’c)‘: = —/f ¢T0¢dt+/f T f(t)dt. (1.19)

for any t; <t < t5. We see that the work of the damping forces is always
non-positive. This effect is called the energy dissipation. Thus, (1.19) displays
the amount of energy which is transformed into thermal energy. If f = 0 then
this energy loss is measured by the decrease of the total energy.

If both f =0 and C' = 0 then the total energy is preserved in time; such
systems are called conservative.

1.3 The formalism of Lagrange

The next (and last) step in our short presentation of the dynamics principles
is to derive the Lagrangian formalism which is a powerful and simple tool
in modelling mechanical systems. The position (also called configuration) of
a mechanical system is described by the generalised coordinates ¢i,...,qs
as components of the vector g from some region of R® which is called the
configuration space. The term ’generalised’ just means that ¢; need not be a
Euclidian coordinate as in (1.1) but possibly some other measure of position
(angle and the like). To this we add one more copy of R® whose elements are
the generalised velocities ¢. The dynamical properties are described by the
following four functions, defined on R?®,

e the kinetic energy T' = T'(q, ¢), having a minimum equal to zero at (g,0)
for any ¢ and with 77 (g, ¢) positive semidefinite for any ¢,

e the potential energy V' = V(q) with V'(qp) = 0 and V" (q) everywhere
positive definite (that is, V is assumed to be uniformly convex),

e the dissipation function @ = Q(g, ¢), having a minimum equal to zero at
(90,0), with Q7 (g, ¢) positive semidefinite for any g as well as

e the time dependent generalised external force f = f(t) € R®

Here the first three functions are assumed to be smooth enough (at least
twice continuously differentiable) and the symbols ’ and ” denote the vector
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of first derivatives (gradient) and the matrix of second derivatives (Hessian),
respectively. The subscript (if needed) denotes the set of variables with re-
spect to which the derivative is taken. From these functions we construct the
Lagrangian

L=T-V+ fTq.

The time development of this system is described by the Lagrange equations

d / / /

L= L+ Q=0 (1.20)
This is a system of differential equations of at most second order in time. Its
solution, under our, rather general, conditions is not easily described. If we
suppose that the solution ¢ = ¢(t) does not depend on time, i.e. the system
is at rest then ¢ =0 in (1.20) yields

~V'(q)=f

with the unique solution ¢ = o (note that here f must also be constant in ¢
and the uniqueness is a consequence of the uniform convexity of V). The point
Go is called the point of equilibrium of the system. Typical such situations are
those in which f vanishes; then ¢y = g which is the minimum point of
the potential energy. The energy balance in this general case is completely
analogous to the one in (1.18) and (1.19) and its derivation is left to the
reader.

Remark 1.5 If f is constant in time then we can modify the potential energy
function into

Vi) =V(g)—d"f
thus obtaining a system with the vanishing generalised external force. If, in

addition, Q = 0 then the system is conservative. This shows that there is
some arbitrariness in the choice of the potential energy function.

Exercise 1.6 Using the expressions (1.16), (1.15) for the kinetic and the po-
tential energy, respectively, choose the dissipation function and the generalised
external force such that, starting from (1.20) the system (1.1) is obtained.

Solution. As the dissipation function take
1
Q= iachsc;
then L
L= §a'cTMx' - ixTKJ; + fTa,
L,=M, L,=-Kz+f, Q,=C
and (1.20) immediately yields (1.1).
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Now consider small oscillations around ¢g, that is, the vectors ¢ — gqo and
¢ will be considered small for all times. This will be expected, if the distance
from the equilibrium together with the velocity, taken at some initial time as
well as the external force f(¢) at all times are small enough. This assumed, we
will approximate the functions T, V, Q by their Taylor polynomials of second
order around the point (gg,0):

V(@) % V() + (g~ a0)"V'(a0) + 50— a0)"V"(a0) (0~ ),

. . 1, .
T(Q7 Q) ~ T(qu O) + qTT(; (qu O) + §qTT(§/(QO7 O)q

and similarly for Q. Note that, due to the conditions on T' the matrix 7" (go, 0)
looks like

[8 Té’(go’o)]

(the same for Q" (qo,0)). Using the properties listed above we have
T(qu 0) = 07 T(;(Q()a 0) = Oa

Q(q070) = 07 Q;(q07 O) = 07
V'(q0) = 0.

With this approximation the Lagrange equations (1.20) yield (1.1) with x = ¢
and
M =T} (q0,0), C=Q;(q,0), K=V"(qo) (1.21)

This approximation is called linearisation!, because non-linear equations are
approximated by linear ones via Taylor expansion.

Under our conditions all three matrices in (1.21) are real and symmetric.
In addition, K is positive definite while the other two matrices are positive
semidefinite. If we additionally assume that 7" is also uniformly convex then
M will be positive definite as well. We have purposely allowed M to be only
positive semidefinite as we will analyse some cases of this kind later.

Example 1.7 Consider a hydraulic model which describes the oscillation of
an incompressible homogeneous heavy fluid (e.g. water) in an open vessel.
The vessel consists of coupled thin tubes which, for simplicity, are assumed
as cylindrical (see Figure 1.7).

The parameters describing the vessel and the fluid are

e hq,h, hy: the fluid heights in the vertical tubes,
® s51,8,89: the cross sections of the vertical tubes,

— D1, Ds: the lengths,
— 51, 85: the cross sections,

1 The term ’linearisation’ will be used later in a very different sense.
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Fig. 1.2 Open vessel

— w1, v2: the velocities (in the sense of the arrows),

in the horizontal tubes.
e p: the mass density of the fluid

While the values hq, h, ho, v1, Vo are functions of time ¢ all others are con-
stant. Since the fluid is incompressible the volume conservation laws give

s1hy = Sy (1.22)
Sl’l)l + Sil -+ SQUQ =0 (123)
s2ho = Sova (1.24)
These equalities imply
SliLl +Sh+$2h2 =0 (125)
which, integrated, gives
sithi1 + sh + sohy =TI (1.26)

where I' is a constant (in fact, I'+ D157 + D255 is the fixed total volume of
the fluid). Thus, the movement of the system is described by hy = hq(t), ha =
ha(t).

To obtain the Lagrange function we must find the expressions for the
kinetic and the potential energy as well as for a dissipation function — as
functions of hq, ho, hl, has.

In each vertical tube the potential energy equals the mass times half the
height (this is the center of gravity) times g, the gravity acceleration. The
total potential energy V is given by
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V. V(hy,h2) h? h? h3

_— — = 7—"-87"‘82 1.27

Py Py 2 2 2 (1.27)
h2 (F — 81h1 — 82h2)2 h%

=s1y + P —1—52? (1.28)

(the contributions from the horizontal tubes are ignored since they do not
depend on hi, ha, hi, he and hence do not enter the Lagrange equations). It
is readily seen that V takes its minimum at

- r
hi=h=hy=h:=——""o0:. 1.29
! 2 S1+ 5+ S92 ( )
The kinetic energy in each tube equals half the mass times the square of the
velocity. The total kinetic energy T' is given by

T/P == T(hl7h27h17h2)/p
2 12 12

h3 h h3
= hi1s1— 5 + D151 + hS + DgSg + h282 5 (130)

Dys2\ A2 s1hy + soh Dss h2
<h181+ 51,11) ?1+(F—81h1—82h2)—( ! 12822 2) <h282+ 2 2) ?2
(1.31)

where h was eliminated by means of (1.25). While T and V result almost
canonically from first principles and the geometry of the system the dissipa-
tion function allows more freedom. We will assume that the frictional force
in each tube is proportional to the velocity of the fluid and to the fluid-filled
length of the tube. This leads to the dissipation function

Q = Q(hla h2a hla hQ)

h3 v h? h3
= hlel— + D1@1 +ho< + D2@2 + ha0s ?2 (1.32)

D162\ h? h hy)?
= <h101+ 152181) B (= s —sth)%@r (1.33)
1

2 12
<h292 + DQ@;‘SQ) ha (134
2 )72

where 01,01,60,05,605 are positive constants characterising the friction per
unit length in the respective tubes. By inserting the obtained T,V, @ into
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(1.20) and by taking ¢ as [hs hg]T we obtain two non-linear differential
equations of second order for the unknown functions hq, hs.

Now comes the linearisation at the equilibrium position which is given by
(1.29). The Taylor expansion of second order for T,V,Q around the point
hi=hy = ﬁ, hy = ho = 0 takes into account that all three gradients at that
point vanish thus giving

s 7 (s1xa + s2x2)? 2
V Vi i)+ pg (234 BT ER 0

PN 1
=V(h,h)+ ixTKx (1.35)

with x = [y — h hy — h]" and

. Dis2\ v2 . (s R . Dos2\ 2
T%p((hsl—k 131>>(21+h(S1X1+82X2) —|—<h52+ 282) X2>

S 25 Sy ) 2
(1.36)
1 .T .
= 3X Mx
(1.37)

~ D165 2 ~ Y oo )2 R DoOos2 .2
Qz(h&l—i— L 151>X21+h<31><1+*”2><2)@+<h92+ 2 282)x2

S? 252 S2 2
(1.38)

I.p .

= 5X"Cx.
(1.39)

The symmetric matrices M, C, K are immediately recoverable from (1.35)
— (1.38) and are positive definite by their very definition. By inserting these
T,V,Q into (1.20) the equations (1.1) result with f = 0.

Any linearised model can be assessed in two ways:

e by estimating the error between the true model and the linearised one and
e by investigating the well-posedness of the linear model itself: do small
forces f(t) and small initial data produce small solutions?

While the first task is completely out of the scope of the present text, the
second one will be given our attention in the course of these Notes.
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1.4 Oscillating electrical circuits

The equation (1.1) governs some other physical systems, most relevant among
them is the electrical circuit system which we will present in the following
example.

Example 1.8 n simple wire loops (circuits) are placed in a chain. The j-th
circuit is characterised by the current I;, the impressed electromagnetic force
E;(t), the capacity C; > 0, the resistance R; > 0, and the left and the right
inductance L; > 0, M; > 0, respectively. In addition, the neighbouring j-th
and j + 1-th inductances are accompanied by the mutual inductance N; > 0.
The circuits are shown in Fig. 1.3 with n = 3. The inductances satisfy the
inequality
Nj < MijJrl.

The equation governing the time behaviour of this system is derived from the
fundamental electromagnetic laws and it reads in vector form

LI+ RI+KI=FE(t).

Here )
Li+M, N

Ny Ly+ My Ny

. . Nn—l
anl Ln + Mn_

is the inductance matriz,
R = diag(Ry,...,Ry)
is the resistance matriz and
K = diag(1/Cy,...,1/Cy)

is the inverse capacitance matriz. The latter two matrices are obviously pos-
itive definite whereas the positive definiteness of the first one is readily de-
duced from its structure and the inequality (1.40).

Exercise 1.9 Show the positive definiteness of the inductance matriz L.
Hint: use the fact that each of the matrices

M; N;
Nj Lj

1s positive definite.
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Ey1) E{t) E41)
~ U v

Fig. 1.3 Circuits







Chapter 2
Simultaneous diagonalisation (Modal
damping)

In this chapter we describe undamped and modally damped systems. They
are wholly explained by the knowledge of the mass and the stiffness matrix.
This is the broadly known case and we shall outline it here, not only because
it is an important special case, but because it is often used as a starting
position in the analysis of general damped systems.

2.1 Undamped systems

The system (1.1) is called undamped,, if the damping vanishes: C' = 0.
The solution of an undamped system is best described by the generalised
etgenvalue decomposition of the matrix pair K, M:

ST K = diag(ps, ..., pn), PTMP=1I. (2.1)

We say that the matrix @ reduces the pair K, M of symmetric matrices to
diagonal form by congruence. This reduction is always possible, if the matrix
M is positive definite. Instead of speaking of the matrix pair one often speaks
of the matriz pencil, (that is, matrix function) K — AM. If M = I then (2.1)
reduces to the (standard) eigenvalue decomposition valid for any symmetric
matrix K, in this case the matrix @ is orthogonal.

An equivalent way of writing (2.1) is

K& = M®&diag(pa, ..., pn), PTMP=1. (2.2)

or also
K¢ = p;Mo;, ¢f Moy = bp;.

Thus, the columns ¢; of @ form an M-orthonormal basis of eigenvectors of
the generalised eigenvalue problem

15
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K¢ = Mo (2.3)
whereas uy are the zeros of the characteristic polynomial
det(K — uM)
of the pair K, M. Hence

0= M in particular, px = M
T Mo’ ’ ok Moy,

shows that all u are positive, if both K and M are positive definite as in our
case. So we may rewrite (2.1) as

'K =07 dTMS=1 (2.4)

with
2= diag(wlv"'vwn)v Wi = Mk (25)

The quantities wy will be called the eigenfrequencies of the system (1.1) with

C = 0. The generalised eigenvalue decomposition can be obtained by any

common matrix computation package (e.g. by calling eig(K,M) in MATLAB).
The solution of the homogeneous equation

Mi+ Kz=0 (2.6)
is given by the formula

a1 coswit + by sinwqt

z(t) =@ . a=90"txy,  wpby = (P VE0)e (2.7)

Ay, COSwyt + by, sinw, t

which is readily verified. The values wy are of interest even if the damping C'
does not vanish and in this context they are called the undamped frequencies
of the system (1.1).

In physical language the formula (2.7) is oft described by the phrase ’any
oscillation is a superposition of harmonic oscillations or eigenmodes’ which
are

or(ak coswit + b sinwit), k=1,... n.

Exercise 2.1 Show that the eigenmodes are those solutions x(t) of the equa-
tion (2.6) in which ‘all particles oscillate in the same phase’ that is,

x(t) = zoT(¢),

where xq is a fized non-zero vector and T(t) is a scalar-valued function of t
(the above formula is also well known under the name ’Fourier ansatz’).
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The eigenvalues p, taken in the non-decreasing ordering, are given by the
known minimaz formula
2T Kz 2T Kz

L = max min ———— = min max ———— 2.8
H Sn—k+1 TE€Sn—k+1 T Max Sk J”E:k xTMax ( )
z#0

where S; denotes any subspace of dimension j. We will here skip proving
these — fairly known — formulae, valid for any pair K, M of symmetric ma-
trices with M positive definite. We will, however, provide a proof later within
a more general situation (see Chapter 10 below).

The eigenfrequencies have an important monotonicity property. We intro-
duce the relation called relative stiffness in the set of all pairs of positive
definite symmetric matrices K, M as follows. We say that the pair K, M is
relatively stiffer than K, M, if the matrices K — K and M — M are positive
semidefinite (that is, if stiffness is growing and the mass is falling).

Theorem 2.2 Increasing relative stiffness increases the eigenfrequencies.
More precisely, if K — K and M — M are positive semidefinite then the
corresponding non-decreasingly ordered eigenfrequencies satisfy

WE < Wk -

Proof. Just note that .
2TKe 2TKox
"Mz — T My

for all non-vanishing x. Then take first minimum and then maximum and the
statement follows from (2.8). Q.E.D.

If in Example 1.1 the matrix K is generated by the spring stiffnesses k}-
then by (1.10) for 0K = K — K we have

n
.’ET(stE = 5]611’% + Z (5]6] (CL’j - l’j,1)2 + (5kn+1x,21 (29)
j=2
where R
0k; = kj — k.
So, I%j > k; implies the positive semidefiniteness of 6K, that is the relative
stiffness is growing. The same happens with the masses: take M = M—M ,
then
n
2T6Mz = Zémjxi, omj =1m; —my
j=1
and m; < m; implies the negative semidefiniteness of 64/ — the relative
stiffness is again growing. Thus, our definition of the relative stiffness has
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deep physical roots.

The next question is: how do small changes in the system parameters
k;j, m; affect the eigenvalues? We make the term ’small changes’ precise as
follows

|0k;| < ek, |0my] < nm; (2.10)

with 0 < e, < 1. This kind of relative error is typical both in physical mea-
surements and in numerical computations, in fact, in floating point arithmetic
€,n ~ 10~ where d is the number of significant digits in a decimal number.
The corresponding errors in the eigenvalues will be an immediate conse-
quence of (2.10) and Theorem 2.2. Indeed, from (2.9), (2.10) it follows

leT6Kz| < ex’ Kz, |o76Mux| < na” M. (2.11)

Then R
(1-—ez"Ke <2"Kaz < (14 ez Kz

and
(1—n)a" Mz < 2" Mz < (1+n)2" Mz

such that the pairs
(1-eK, 1+nM; K,M; (1+¢K, (1-nM

are ordered in growing relative stiffness. Therefore by Theorem 2.2 the cor-
responding eigenvalues

1—c¢ R 1+e€
1+nlu‘ka 122°%) l_n.u“k
satisfy
1—e¢ < <1+e (2.12)
1+nﬂk_ﬂk_1_nﬂk .

(and similarly for the respective wy,wy). In particular, for duy = fix — pp the
relative error estimates

€Ern

2.13
T (2.13)
are valid. Note that both (2.12) and (2.13) are quite general. They depend
only on the bounds (2.11), the only requirement is that both matrices K, M
be symmetric and positive definite.

|0pr| <

In the case M = M = I the more commonly known error estimate holds
e +mino (K — K) < jix < pi + maxo(K — K) (2.14)

and in particular .
|0pk] < [ K — K. (2.15)
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The proof again goes by immediate application of Theorem 2.2 and is left to
the reader.

2.2 Frequencies as singular values

There is another way to compute the eigenfrequencies w;. We first make the
decomposition

K=LLT, M=1L,LT, (2.16)
y1=L{z, yo=L3d,

(here L1, Lo may, but need not be Cholesky factors). Then we make the
singular value decomposition

L', =uxv? (2.17)

where U,V are real orthogonal matrices and X' is diagonal with positive
diagonal elements. Hence

Ly'n LTt =ux?u”

or
K& =M®%? &=1L1;"U

Now we can identify this ¢ with the one from (2.4) and X with (2. Thus the
etgenfrequencies of the undamped system are the singular values of the matrix
Ly'L,." The computation of £2 by (2.17) may have advantages over the one
by (2.2), in particular, if w; greatly differ from each other. Indeed, by setting
in Example 1.1 n = 3, k4 = 0, m; = 1 the matrix L; is directly obtained as

K1 —R2 0
L1 = 0 Ko —R3 | , R; = \/sz (2.18)
0 0 R3

If we take k1 = ko = 1, ks > 1 (that is, the third spring is almost rigid)
then the way through (2.2) may spoil the lower frequency. For instance, with
the value k3 = 9.999999 - 10'® the double-precision computation with Matlab
gives the frequencies

sqrt(eig(X,M)) svd(L_2\L_1)
7.962252170181258e-01 4.682131924621356e-01
1.538189001320851e+00 1.510223959022110e+00
1.414213491662415e+08 1.414213491662415e+08

1 Equivalently we may speak of wj as the generalised singular values of the pair Ly, La.
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The singular value decomposition gives largely correct low eigenfrequen-
cies. This phenomenon is independent of the eigenvalue or singular value
algorithm used and it has to do with the fact that standard eigensolution
algorithms compute the lowest eigenvalue of (2.2) with the relative error
~ ex(KM™1'), that is, the machine precision e is amplified by the con-
dition number k(KM~!) ~ 106 whereas the same error with (2.17) is
~ ek(Ly L) = e\/k(KM~1) (cf. e.g [19]). In the second case the ampli-
fication is the square root of the first one!

2.3 Modally damped systems

Here we study those damped systems which can be completely explained by
their undamped part. In order to do this it is convenient to make a coordinate

transformation; we set
= &1, (2.19)

where @ is any real non-singular matrix. Thus (1.1) goes over into
M+ '3+ K'2' = g(t), (2.20)
with
M =dTMe, ' =oTCP, K =dTKd, g¢=oTFf. (2.21)
Choose now the matrix @ as in the previous section, that is,

TMP =1, ITKP = = diag(w?, ..., w?2).

n

(The right hand side f(¢) in (2.20) can always be taken into account by
the Duhamel’s term as in (3.1) so we will mostly restrict ourselves to consider
f = 0 which corresponds to a ’freely oscillating’ system.)

Now, if

D = (djy) = #7CP (2.22)

is diagonal as well then (1.1) is equivalent to
E + dindp + Wil =0, x=0¢
with the known solution
&k = apu (t,wr, dis) + bru” (¢, w, di), (2.23)
ut (t,w,d) = e)‘+(“”’i)t7

) A @dt 5w d) £ 0
u(tw,d) = {teﬁ(w’d)t, d(w,d) =0
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where

S(w,d) = d* — 4w,

)\i(w d) = —d =+ /d(w,d)
b 2 M

The constants ag, b, in (2.23) are obtained from the initial data zg, #o simi-
larly as in (2.7).

However, the simultaneous diagonalisability of the three matrices M, C, K
is rather an exception, as shown by the following theorem.

Theorem 2.3 Let M,C, K be as in (1.1). A non-singular ¢ such that the
matrices ®T M®, T CP, T KP are diagonal exists, if and only if

CK'M=MK'C. (2.24)

Proof. The "only if part” is trivial. Conversely, using (2.4) the identity (2.24)
yields
coN 2ot = T0297C,
hence
dTCPN? = 0T CP
and then
2T CP = ¢ CP0*

i.e. the two real symmetric matrices £22 and D = #7(C® commute and §2? is
diagonal, so there exists a real orthogonal matrix U such that UT 22U = 22,

and UTDU = diag(dy1, ..., dn,). Indeed, since the diagonal elements of 2
are non-decreasingly ordered we may write

2 =diag(,...,2),

where (21, ..., {2, are scalar matrices corresponding to distinct spectral points
of 2. Now, D2? = (2°D implies D2 = 2D and therefore

D = diag(Dy, ..., D,),

with the same block partition. The matrices Dy, ..., D, are real symmetric,
so there are orthogonal matrices Uy, ..., U, such that all UjT D;U; are diago-
nal. By setting &, = ®diag(Dy, ..., D)) all three matrices #7 M®,, dTCP,
&T K@, are diagonal. Q.E.D.

Exercise 2.4 Show that Theorem 2.3 remains valid, if M is allowed to be
only positive semidefinite.

Exercise 2.5 Prove that (2.24) holds, if
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aM +BC+~vyK =0

where not all of a, B, vanish (proportional damping). When is this the case
with C from (1.4), (1.5), (1.6)?

Exercise 2.6 Prove that (2.24) is equivalent to CM—'K = KM~1C and
also to KC™'M = MC~'K, provided that these inverses exist.

Exercise 2.7 Try to find a necessary and sufficient condition that C from

(1.4) — (1.6) satisfies (2.24).
If C satisfies (2.24) then we say that the system (1.1) is modally damped.



Chapter 3
Phase space

In general, simultaneous diagonalisation of all three matrices M, C, K is not
possible and the usual transformation to a system of first order is performed.
This transformation opens the possibility of using powerful means of the
spectral theory in order to understand the time behaviour of damped systems.

3.1 General solution

If the matrix M is non-singular the existence and uniqueness of the solution
of the initial value problem M + Ci + Kz = f(t) with the standard initial
conditions

.”L'(O) = Zo, CL‘(O) = io

is insured by the standard theory for linear systems of differential equations
which we now review.

We rewrite (1.1) as
F=—-M"'Kz— M 'Ci+ M f(t)

and by setting x1 =z, xo = as
a[m
dt | T2

o= [on s s0-[u)

This equation is solved by the so-called Duhamel formula

{9«“1} = Bt {m] +/Ot BT g(r) dr (3-1)

T2 To

=B {xl} +9(t),

X2

23
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o Bt B"t" d g B! Bt
= E — = E ———— = Be”".
¢ T T ‘~ (n —1)! ¢

j:0 j:1

For the uniqueness: if z,y solve (1.1) then u =y — x, u; = u, ug = u satisfy

% {m} =B {UI]’ u1(0) = uz(0) = 0.

U2 U2

By setting

we obtain

3.2 Energy phase space

The shortcoming of the transformation in Chapter 3.1 is that in the system
matrix the symmetry properties of the matrices M, C, K are lost. A more
careful approach will try to keep as much structure as possible and this is
what we will do in this chapter. An important feature of this approach is that
the Euclidian norm on the underlying space (called phase space) is closely
related to the total energy of the system.

We start with any decomposition (2.16). By substituting y; = LTy, yo =
LTy (1.1) becomes

. 0
i= o o= | (32)
B Tr7r-T
A = -_L291L1 _[l/;ll[gLQT] (33)

which is solved by

- t
y = et Z;ﬂ —i—/o eA(th)g(T) dr, (3.4)

T T.
y10 = Ly o, Y20 = L3 Zo.

The differential equation (3.2) will be referred to as the evolution equation.
The formula (3.4) is, of course, equivalent to (3.1). The advantage of (3.4) is
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due to the richer structure of the phase-space matriz A in (3.3). It has two
important properties:

yT Ay = —(Ly'y)TCLyYyy <0 forall vy, (3.5)
AT = JAJ (3.6)
where
10
—[10) -

The property (3.6) is called J-symmetry, a general real J-symmetric matrix
A has the form

_ All A12 T __ T __
A= |:_A’{2 A22:| ) A11—A117 A22—A227

so, A is "symmetric up to signs”.
Moreover, for y = y(t) satisfying (1.1)
1yl = lyall* + lyal® = o Kz + &7 M. (3.8)

Since 7 Kz /2 is the potential energy of the system and &7 M /2 its kinetic
energy we see that ||y||? is twice the total energy of the system (1.1). That
is why we call the representation (3.2), (3.3) of the system (1.1) the energy
phase space representation. For g(t) = 0 (freely oscillating damped system)
we have by (3.5)

d d . .
lyl? = vy =9"y+y"y =T (A+ ATy = 29" Ay <0 (3.9)

that is, the energy of such a system is a non-increasing function of time. If
C = 0 then the energy is constant in time.
The property (3.5) of the matrix A is called dissipativity.

Exercise 3.1 Show that the dissipativity of A is equivalent to the contrac-
tivity of the exponential:

et <1, t>o0.

Remark 3.2 There are infinitely many decompositions (2.16). Most com-
mon are

e The Cholesky decomposition. This is numerically the least expensive
choice.

o L1 =070, Ly =T, where &, 2 are given by (2.4). Then Ly'L; = 2
and

(o @ e
A_[QD}, D =a"Co. (3.10)
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This is the modal representation of the phase-space matrix.
e The positive definite square roots: L1 = VK, Ly = v M.

but some others will also prove useful. Whenever no confusion is expected
the matrix D in (3.10) will also be called the damping matrix (in modal
coordinates).
In practice one is often given a damped system just in terms of the matrices
D and (2 in the modal representation. A common damping matrix is of the
form
D=pQ+WW7T

where p is a small parameter (a few percent) describing the inner damping of
the material whereas the matrix W is injective of order n x m with m < n.
The term WW7T describes a few damping devices (dashpots) built in order
to prevent large displacements (see [17]).

Any transition from (1.1) to a first order system with the substitution
y1 = Wiz, yo = Wai where Wy, Wy are non-singular matrices is called a
linearisation of the system (1.1). As we have already said we use the term
linearisation’ in two quite different senses, but since both of them are al-
ready traditional and very different in their meaning we hope not to cause
confusion by using them thus.

Exercise 3.3 Prove that any two linearisations lead to phase-space matrices
which are similar to each other. Investigate under what linearisations the
corresponding phase-space matriz will be (i) dissipative, (i) J-symmetric.

The transformation of coordinates (2.19) — (2.21) can be made on any damped
system (1.1) and with any non-singular transformation matrix @ thus leading
to (2.20). The energy expressions stay invariant:

#TMi ="Mz, 2TKx=2TK'2.

We now derive the relation between the two phase-space matrices A and A’,
built by (3.3) from M,C, K and M’,C’, K', respectively. So we take Li, Lo
from (2.16) and L}, L} from

K =oT0, LTe=1/L'7, M =oTL,LT0 =L,LT.
Hence the matrices Uy = LT ®L™" and Uy = LY®LS " are unitary. Thus,
Ly =u Ly Ly

and

Lyto'Ly T = Uy Lyt CLy U,
Altogether
_ 0 Ur'L{Ly "0y ]
T UL LUy U L e T, |
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Ut oo 0 ;" U, 0]
0 U '||-Ly'Ly —Ly'CLy;T | | 0 Uz —

U AU

U= {Ul 0 ] (3.11)

with

0 Us

which is unitary.

Although no truly damped system has a normal phase-space matrix some-
thing else is true: among a large variety of possible linearisation matrices the
one in (3.3) is closest to normality. We introduce the departure from normality
of a general matrix A of order n as

n

n(4) = Al =Y N

=1

Az = [ lail?
\

is the Euclidean norm of A and ); its eigenvalues. By a unitary transformation
of A to triangular form it is seen that n(A) is always non-negative. Moreover,
n(A) vanishes if and only if A is normal. The departure from normality is a
measure of sensitivity in computing the eigenvalues and the eigenvectors of
a matrix.

where

Theorem 3.4 Among all linearisations
y1 = Whx, yo=Wsoi, Wiy, Wy real, non-singular (3.12)

of the system (1.1) the one from (3.3) has minimal departure from normality
and there are no other linearisations (3.12) sharing this property.

Proof. The linearisation (3.12) leads to the first order system

y = Fy,
- 0 wawy ] _1
F= [—WQM_lKI/Vll —WQM_10W21] = LAL

with
r— WLyt 0
0 WL

and A from (3.3). The matrices A and F' have the same eigenvalues, hence

n(F)—n(A) = |FIIE — A% = n(Fo) +n(WaLy "Ly CLy "Ly Wy ') (3.13)
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where Ay, Fy is the off-block diagonal part of A, F', respectively. The validity
of (3.13) follows from the fact that Ag, Fy are similar and Ag is normal; the
same holds for Ly *C Ly T and Wo Ly 'Ly 'CLy T LYW, . Thus, n(F) > n(A).
If the two are equal then we must have both

n(Fo) =0 and n(WolLy; ' Ly*CLyTLITW, 1) =o.

Thus, both Fy and WQLZ_TLQ_ICLQ_TLQ_IW;l are normal. Since Fy has
purely imaginary spectrum, it must be skew-symmetric, whereas

WoLy Ly CLy T Ly ' Wyt (being similar to Ly 'CLy T) has real non-negative
spectrum and must therefore be symmetric positive semidefinite. This is just
the type of matrix A in (3.3). Q.E.D.

Taking C = 0 in (3.3) the matrix A becomes skew-symmetric and its
eigenvalues are purely imaginary. They are best computed by taking the
singular value decomposition (2.17). From the unitary similarity

vT 0 0o rTLy;"1[vo]l J[o 0
0 U”||-L;'L; 0 oU| |-R0

the eigenvalues of A are seen to be +iws, ..., tiw,.

Exercise 3.5 Compute the matriz A in the damping-free case and show that
et is unitary.

Exercise 3.6 Find the phase-space matriz A for a modally damped system.

Exercise 3.7 Show that different choices for Ly s given in Remark 3.2 lead
to unitarily equivalent A’s.

Exercise 3.8 Show that the phase-space matriz A from (3.8) is normal, if
and only if C = 0.



Chapter 4
The singular mass case

If the mass matrix M is singular no standard transformation to a first order
system is possible. In fact, in this case we cannot prescribe some initial veloc-
ities and the phase-space will have dimension less than 2n. This will be even
more so, if the damping matrix, too, is singular; then we could not prescribe
even some initial positions. In order to treat such systems we must first sep-
arate away these 'inactive’ degrees of freedom and then arrive at phase-space
matrices which have smaller dimension but their structure will be essentially
the same as in the regular case studied before. Now, out of M, C, K only K
is supposed to be positive definite while M, C' are positive semidefinite.

To perform the mentioned separation it is convenient to simultaneously
diagonalise the matrices M and C which now are allowed to be only positive
semidefinite.

Lemma 4.1 If M,C are any real, symmetric, positive semidefinite matrices
then there exists a real non-singular matrix @ such that

STMS and STCP

are diagonal.

Proof. Suppose first that V(M) N N(C) = {0}. Then M + C is positive
definite and there is a @ such that

T(M+C)Vp =1, IT'MP = p,

p diagonal. Then
dTCop=1I-p

is diagonal as well. Otherwise, let wuq,...,u; be an orthonormal basis of
N(M)NN(C). Then there is an orthogonal matrix

U= [Uul'u uk]

29
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such that )
MO

00

T —
UMU—[ 00

| e [52).
where ./\((M) NN(C) = {0} and there is a non-singular ¢ such that ¢7 M
and 7 C® diagonal. Now set

. [o0
o-u[30]

Q.E.D.

We now start separating the ’'inactive’ variables. Using the previous lemma
there is a non-singular @ such that

M/ 00
M =¢"M&=|0 00
000
Cl 00
C'=dTCo=|0 CL0
0 00
where M{, C} are positive semidefinite (C} may be lacking). Then set
K1y Kip Kig
K' =¢"K® = | K{} Kjy Kby
Ky K3§ Kig

where K%, is positive definite (as a principal submatrix of the positive definite
K). By setting

/

1
r=¢x', 2= |z, K =¢TKd

1,/

3

we obtain an equivalent system
My + Crin + Koy + Kipry + Kipes = ¢
Chiy + Kihxy + Khpah + Kjzah = oo (4.1)

K5 + Kjfah + Kigah = s
with ¢ = &7 f. Eliminating x4 from the third line of (4.1) gives
Mi + Ci+ K& = ¢(t) (4.2)

with
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R - M0
B K Kot
= ®1 Kl/3](3_31903:|, (44)
P2 — fLgz4833 Y3
5 C1 0
“=1lo Cg}
j -Kn Km} _ K/il - KisKégllKig Kiy - K13Ké§1Ké§
_K12 Ko Klg - K§3K3§ Klg K§2 - K§3K3§ K2§
The relation 1 1 1
T Mi =i TM'i = ZiT Mi, (4.5)
2 2 2

is immediately verified. Further,

2
1 1 1 1
—aT Ko = 5:v'TK’x’ =3 E T Ky, + o)l Kigah + o Kygaly + - abf Kbgal

2 ; 2
J,k=1

= Z o Ky, + o K3 Kig ' (o3 — Kihah — Kobah)+
]k 1
+ oy Ky Kl (ps — Ko — Kifah)+
1
+ 5(905 — 2\ Ky — a5 Kby) Kz (03 — K132 — Kyyh)
1
§$ TKi+ 2" K{3 K3 o3 + 2" K23K33 ©3

+ (—aT Kz — o K ) Kz s + 903 5 Kig'los

2

1
§$TK1‘ + 2<P3 5 Ki3' o3 (4.6)

Exercise 4.2 Show that K is positive definite.

In particular, if f = 0 (free oscillations) then

1, 1 o
—z- Kz =-2" Kz.

2 2

Note that quite often in applications the matrices M and C' are already
diagonal and the common null space can be immediately separated off. Any-
how, we will now suppose that the system (1.1) has already the property

N(M)NN(C) = {0}.

For future considerations it will be convenient to simultaneously diago-
nalise not M and C' but M and K. To this end we will use a coordinate
transformation @ as close as possible to the form (2.4).
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Proposition 4.3 In (1.1) let the matriz M have rank m < n and let N'(M)N
N(C) ={0}. Then for any positive definite matriz 25 of order n —m there
is a real non-singular @ such that

I, 0 20
T _ | Im T _2_ {1
@M@-[OO], @K@—Q—[Ogg}, (4.7)
21 positive definite. Furthermore, in the matriz
Dyy D12
D=9¢"Co = . 4.8
[D1T2 DQJ (4.8)

the block Das is positive definite. Moreover, if any other ' performs (4.7),
possibly with different 27, (25 then

P =9 {Ual 92_1822%} (4.9)
where
U= [Uél UZJ (4.10)
s unitary and
2 = U Un. (4.11)
Proof. There is certainly a ® with
T MP = Pgl 8} , ®TK® =1 (4.12)

where M, is positive definite diagonal matrix of rank m; this can be done by
the simultaneous diagonalisation (2.1) of the pair M, K of symmetric matrices
the second of which is positive definite and ® is said to be K-normalised (the
M-normalisation as in (2.1) is not possible M being singular). For given {2,

and (2 = Ml_l/2 the matrix
MY

o= |1
Moo

is obviously non-singular and satisfies (4.7). Moreover, the matrix D from
(4.8) satisfies

N QI()" 8]) AN(D) = {0},

hence Do is positive definite.

Now we prove the relations (4.9) — (4.11). Suppose that we have two trans-
formations ¢ and &' both performing (4.7) with the corresponding matrices
2, 29, 2, 2}, respectively. Then the transformations
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(ot oo ;e o
<I>_¢|: 0 921}, =2 | ot

are K-normalised fulfilling (4.12) with My, M7, respectively. Hence, as one
immediately sees,

' = U
where
-]
is unitary and
M| = U, M Uy or, equivalently 27! = U], 07 Uy, (4.13)

Hence

7t 0 } {(le 0
43/ 1 : :43 1 11 3 ]
[ 0 5t 0 02, Uy

Since the matrix Uy is orthogonal (4.13) is rewritten as QflUuQi = Up
and we have L
07 U182 0
=) 1
[ 0 Q25 Uy 82 |7

— & U11 0
0 25 Us0y |
QE.D.

We now proceed to construct the phase-space formulation of (1.1) which,
after the substitution = @y, @ from (4.7), reads

i1 + D1191 + Diage + 22y1 = é1, (4.14)
Dy + Dagijo + 23y2 = ¢2, (4.15)
with
o1 T
= f.
[¢2 /

By introducing the new variables
21 =y, 22={hy, 23=1
the system (4.14), (4.15) becomes
4 = (2 (4.16)

iy = D5y (¢2 — Diyzs — 2:25)

—~

4.17)
23 = ¢1 — D123 — D12D3y' (¢2 — Diyzs — (o) — (12

—~

4.18)
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or, equivalently

0
i=Az+G, G= 2:D5.' ¢y
¢1 — D12D5y o
where
0 0 o)
A= | 0 —2Dy' 2 —2D5,' DY, (4.19)
—21 D13Dyt 62 -D

is of order n +m and A
D = Dy, — D12Dy,' DY,

is positive semidefinite because D itself is such. Conversely, let (4.16) — (4.18)
hold and set
z1 =y, 2= (hys.

Then by (4.16) we have ¢; = z3 and (4.17) implies (4.15) whereas (4.18) and
(4.15) imply (4.14).
The total energy identity

121* = llzal® + llz2ll* + ll2s]* = 2" K2 + 2" M

is analogous to (3.8). As in (3.5), (3.6) we have

2T Az <0 for all 2, (4.20)

and
AT = JAT (4.21)

with
J= {Ig _(}m] . (4.22)

There is a large variety of @’s performing (4.7). However, the resulting A’s in
(4.19) are mutually unitarily equivalent. To prove this it is convenient to go
to the inverses. For A from (4.19) and 2 = diag({21, {22) the identity

P [—Q—lDQ—l -F

-1
PT Om} with F:[Ql ] (4.23)

0

is immediately verified. Suppose now that &’ also performs (4.7) with the
corresponding matrices §2], 2%, D' A’~1, respectively. Then, according to
(4.9), (4.10) in Proposition 4.3,

! __ FIT /I Uﬂ 0 Ull 0
Di=¢r e = { 0 UL Dy 25 Usp 02}
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and, using (4.13),

_ _ Q7o Un2™ o0

-1 /-1 _ 1 11 11947

ot [ [ [P o)
— [Qi_lUlj;l 0 :| D |:‘Ql_1U11 0 :| _ UTQ_IDQ_lU.

0 ULt 0 025U
Similarly,
F = [Qi_l} _ [UlTlﬂflUﬂ] = U'FU,,.
0 0
Altogether,
ATt =07'ATT

and then R )

A =UTAU
where the matrix

~ U 0

o-[v 2] »

is unitary.

In numerical calculations special choices of {25 might be made, for instance,
the ones which possibly decrease the condition number of the transformation
@. This issue could require further consideration.

Exercise 4.4 Prove the property (4.20).

Example 4.5 Our model example from Fig. 1.1 allows for singular masses.
We will consider the case with n = 2 and

m;=m>0, me=0, ki,ko>0,k3=0,
=0, di=0, do=d>0.

This gives

~[mo oo k1t ko =k
w=[a]. e=foa] =)

Obviously here N (M) NN (C) = {0}, so the construction (4.19) is possible.
The columns of @ are the eigenvectors of the generalised eigenvalue problem

M¢p=vKe
whose eigenvalues are the zeros of the characteristic polynomial

det(M — vK) = kikov® — mkov
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and they are

The corresponding eigenvectors are

(251011[1}, 2 = a2 {ﬂ

We choose a; = ag = 1/4/m. This gives

wlzvkl/m, OJQZ\/]CQ/TTL

(we replace the symbols §21, 25, D;; etc. from (4.19) by their lower case re-
lateds since they are now scalars).

Then
10
¢=[¢1¢2]_{11} /Vm,
T o 10 T w1 0
(] Mgﬁ_{oo], (] K@_[O w%
Hence

d |11
T — —
P C’(P—D—m[ll].

Finally, by d = di; — d2,/dss = 0 the phase-space matrix (4.19) reads

0 0 \/kl/m
A: 0 —kg/d —\/kg/m .
7\//{71/771 ka/m 0

Exercise 4.6 If the null space of M is known as

M; 0

M:{oo

] , My positive definite
try to form a phase space matriz A in (4.19) without using the spectral de-
composition (2.1) and using Cholesky decompositions instead.

Exercise 4.7 Find out special properties of the matriz A from (4.19) in the
modal damping case.

Exercise 4.8 FEstablish the relation between the matrices A from (3.8) and
from (4.19). Hint: Replace in (3.3) the matriz M by M. = M + €I, ¢ > 0.
build the corresponding matrix A. and find

lim A;l.

e—0
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Exercise 4.9 Consider the extreme case of M = 0 and solve the differential
equation (1.1) by simultaneously diagonalising the matrices C, K .

If not specified otherwise we shall by default understand the mass matrix M
as non-singular.






Chapter 5
”Indefinite metric”

The symmetry property of our phase-space matrices gives rise to a geometri-
cal structure popularly called ’an indefinite metric’ which we now will study
in some detail.

In doing so it will be convenient to include complex matrices as well. More
precisely, from now on we will consider matrices over the field = of real or
complex numbers. Note that all considerations and formulae in Chapters 2 - 4
are valid in the complex case as well. Instead of being real symmetric the ma-
trices M, C, K can be allowed to be Hermitian. Similarly, the vectors z, v, ...
may be from =" and real orthogonal matrices appearing there become uni-
tary. The only change is to replace the transpose 7 in AT, 27 y* LT LT ..
by the adjoint *. For a general A € =™"™ the dissipativity means

Rey*Ay <0, yeC™ (5.1)

While taking complex Hermitian M, C, K does not have direct physical mean-
ing, the phase-space matrices are best studied as complex. Special cases in
which only complex or only real matrices are meant will be given explicit
mention. (The latter might be the case where in numerical applications one
would care to keep real arithmetic for the sake of the computational effi-
ciency.)

We start from the property (3.6) or (4.21). It can be written as

[Az,y] = [z, Ay] (5.2)
where
[2,y] =y Jx = (Jz,y) (5.3)
and
J = diag(+1). (5.4)

More generally we will allow J to be any matrix J with the property

39
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J=J1t=J" (5.5)

Such matrices are usually called symmetries and we will keep that termi-
nology in our text hoping to cause not too much confusion with the term
symmetry as a matrix property. In fact, without essentially altering the the-
ory we could allow J to be just Hermitian and non-singular. This has both
advantages and shortcomings, see Chapter 11 below.

The function [z, y] has the properties

lax + By, 2] = alz, 2] + By, 2]

[ ]
b [JU,Z] = [Z’x]
e [z,y=0 forall ye =", ifandonlyif z=0.

The last property — we say |-, -] is non-degenerate — is a weakening of the
common property [z, 2] > 0, whenever x # 0 satisfied by scalar products. This
is why we call it an ’indefinite scalar product’ and the geometric environment,
created by it an ’indefinite metric’.

The most common form of a symmetry of order n is

i= 2] (56)

but variously permuted diagonal matrices are also usual. Common non-

diagonal forms are i
J— 0r1 0 il
10}’ —il 0

(700
J=1001
070

or

Remark 5.1 Different forms of the symmetry .J are a matter of convenience,
dictated by computational or theoretical requirements. Anyhow, one may
always assume J as diagonal with the values +1 on its diagonal in any desired
order. Indeed, there is a unitary matrix U such that

J=U*JU = diag(£1)

with any prescribed order of signs. If a matrix A was, say, J-Hermitian then
its 'unitary map’ A = U* AU will be J-Hermitian. The spectral properties of
A can be read-off from those for A.

We call vectors  and y J-orthogonal and write x[ L]y, if
[z,y] =y*Jz =0. (5.7)

Similarly two sets of vectors Sp, 52 are called J-orthogonal — we then write
S1[L]S2 — if (5.7) holds for any x € S; and y € Sa. A vector is called



5.1 Sylvester inertia theorem 41

J-normalised, if |[z, z]| = 1,
J-positive, if [z,z] > 0,

J-non-negative, if [z,z] > 0 (and similarly for J-negative and J-non-
positive vectors),

J-definite, if it is either J-positive or J-negative,

J-neutral, if [z, 2] = 0.

Analogous names are given to a subspace, if all of its non-zero vectors sat-
isfy one of the conditions above. In addition, a subspace X is called J-non-
degenerate, if the only vector from X, J-orthogonal to X is zero. The syn-
onyms of positive/negative/neutral type for J-positive/negative/neutral will
also be used.

Proposition 5.2 A subspace X is J-definite, if and only if it is either J-
positive or J-negative.

Proof. Let 24 € X, [z4,2z4] > 0, [z_,z_] < 0. Then for any real ¢ the
equation

0=[zy +tz_,zy +tz_]=[ry,24] + 2t Refwy, x|+ ?[r_,z_]
has always a solution ¢ producing a J-neutral x; + tx_ # 0. Q.E.D.

A set of vectors uq,...,u, is called J-orthogonal, if none of them is J-
neutral and

[uj,urg] =0 for j#k

and J-orthonormal, if
[, ukl| = djk-

Exercise 5.3 J-orthogonal vectors are linearly independent.

Exercise 5.4 For any real matriz (3.5) implies (5.1).

5.1 Sylvester inertia theorem

Non-degenerate subspaces play an important role in the spectral theory of
J-Hermitian matrices. To prepare ourselves for their study we will present
some facts on Hermitian matrices which arise in the context of the so-called
Sylvester inertia theorem. The simplest variant of this theorem says: If A is
Hermitian and 7" non-singular then 7% AT and A have the same numbers of
positive, negative and zero eigenvalues. We will here drop the non-singularity
of T, it will even not have to be square. At the same time, in tending to
make the proof as constructive as possible, we will drop from it the notion of
eigenvalue. Inertia is a notion more elementary than eigenvalues and it can
be handled by rational operations only.
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First we prove the indefinite decomposition formula valid for any Hermitian
matrix A € Z™"™. It reads

A = GaG* (5.8)

where G € =™" is non-singular and « is diagonal.

A possible construction of G, « is obtained via the eigenvalue decomposi-
tion A = UAU*. Eigenvalue-free construction is given by Gaussian elimina-
tion without pivoting which yields

A=LDL*

where L is lower triangular with the unit diagonal. This elimination breaks
down, if in its course zero elements are encountered on the diagonal. Common
row pivoting is forbidden here, because it destroys the Hermitian property.
Only simultaneous permutations of both rows and columns are allowed. The
process is modified to include block elimination steps. We shall describe one
elimination step. The matrix A is given as

A=D g
A: O A(nk+1):|, k‘=1,,n—1

where A%~V is of order k — 1 and is void for k = 1. We further partition

EC*
(n—k+1) _
w65 ]

where F is square of order s € {1,2} and is supposed to be non-singular. For
s =1 the step is single and for s = 2 double. Set

0
0

X = I
CE71 In7k+1fs

I
0
0

Then
A=1 0 0
XAX* =10 E0
0 0 A(nkarlfs)

In order to avoid clumsy indices we will describe the construction by the
following algorithm (the symbol := denotes the common assigning operation).

Algorithm 5.5

VU:.=1,, Dy:=1I,; k:=1;
while k <n—1

Find j such that |ax;| = max;>k |ag|;
If akj = 0
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k=k+1;
End if
If \akk| > \akj|/2 >0
Perform the single elimination step;
A= XAX* ¥ .= X*U;
k=k+1;
Else
If |aj;| > |ax;|/2 >0
Swap the k-th and the j-th columns and rows in A;
Swap the k-th and the j-th columns in ¥;
Perform the single elimination step;
A= XAX* ¥ .= XU,
k:=k+1,;
Else
Swap the k + 1-th and the j-th columns and rows in A;
Swap the k + 1-th and the j-th columns in ¥;
Perform the double elimination step;
A= XAX* ¥ .= XU,
k:=k+2;
End if
End if

End while

The choices of steps and swappings in this algorithm secure that the necessary
inversions are always possible. On exit a non-singular matrix ¥ is obtained

with the property
VAP* = diag(Ay,...,4p)

where A; is of order ng € {1,2}. In the latter case we have

A, = {Z IC’} . with [b| > 2max{|al, [e]}. (5.9)

This 2 x 2-matrix is further decomposed as follows:

YQFH(H F_Z], (5.10)

T 2B[+a—c [o]

then
Y AYS = 0 alb|?

2[b| +a+c 0 ]
T 2[b[+a—c
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Here again all divisions are possible by virtue of the condition in (5.9).!
Finally replace ¥ by diag(Yy",...,Y, )¥ where any order-one Y; equals to
one. Then

WAV = a, (5.11)

a as in (5.8). Now (5.8) follows with G = w1,

Remark 5.6 The indefinite decomposition as we have presented it is, in fact,
close to the common numerical algorithm described in [4]. The factor 1/2 in
appearing in line 7 of Algorithm 5.5 and further on is chosen for simplicity; in
practice it is replaced by other values which increase the numerical stability
and may depend on the sparsity of the matrix A.

If A is non-singular then all a; are different from zero and by replacing ¥
by diag(|ag|71/2,.. ., |an| 71 /?)¥ in (5.11) we obtain

AP = diag(+1). (5.12)

Theorem 5.7 (Sylvester theorem of inertia) If A is Hermitian then the
numbers of the positive, negative and zero diagonal elements of the matriz
a in (5.8) depends only on A and not on G. Denoting these numbers by
ty(A),t—(A),10(A), respectively, we have

L4 (T*AT) S Li(A)

for any T for which the above matrix product is defined. Both inequalities

become equalities, if T™ is injective. If T is square and non-singular then also
Lo (T*AT) = l0 (A)

Proof. Let
B =T*AT (5.13)

be of order m. By (5.8) we have A = GaG*, B = FBF* with G, F non-

singular and

o = diag(a+7 _a*70no), /6 = diag(16+7 _ﬁ—a Omo)

where a4, 3, are positive definite diagonal matrices of order ny,m4, re-
spectively.? The equality (5.13) can be written as

Z*aZ =B (5.14)

with Z = G*TF~*. We partition Z as

1 One may object that the matrix Y; needs irrational operation in computing |b| for a
complex b, this may be avoided by replacing |b| in (5.10) by, say, | Reb| + |Imb|.

2 Note that in (5.8) any desired ordering of the diagonals of o may be obtained, if the
columns of G are accordingly permuted.
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Lyt Ly Zyo
Z=\7Z_ 7 _ 7,
Zo+ Zo- Zoo

Here Z,, is of order ny x my etc. according to the respective partitions
in a, 3. By writing (5.14) blockwise and by equating the 1, 1- and the 2, 2-
blocks, respectively, we obtain

Zi+a+Z++ — Zi+a7Z7+ = ,8+7 Zifa+Z+, — Zi,afsz = _ﬂ,'

Thus, the matrices 2} o, Zy = B, +Z* ,a_Z_ and Z* _a_Z_ _ =
B_ +Z;_ayZ,_ are positive definite. This is possible only if

my <ng, m_<n_.

If T is square and non-singular then Z is also square and non-singular. Hence
applying the same reasoning to Z~*BZ~! = a yields

my =Ny, m_ =n_

(and then, of necessity, mo = ng). The proof that the numbers ¢4 ,¢_, 19 do
not depend on G in (5.8) is straightforward: in (5.13) we set T' = I thus
obtaining ¢4 (A) = ny. The only remaining case is the one with an injective
T* in (5.13). Then T'T* is Hermitian and positive definite and (5.13) implies

TBT* =TT*ATT*,
hence
te(B) <14(A) =1 (TT*ATT™) = 14(B).

The last assertion is obvious. Q.E.D.

The triple
U(A) = (14(A),1-(A),10(A4))
is called the inertia of A. Obviously, ¢4 (A) +¢_(A) = rank(A).

Corollary 5.8 Let A be any principal submatriz of a Hermitian matriz A
then

t+(A) < 11(A4).

Corollary 5.9 If A is block diagonal then its inertia is the sum of the iner-
tiae of its diagonal blocks.

Corollary 5.10 The inertia equals the number of the positive, negative and
zero eigenvalues, respectively.

Proof. Use the eigenvalue decomposition to obtain (5.8). Q.E.D.
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We turn back to the study of non-degenerate subspaces.
Theorem 5.11 Let X be a subspace of =" and x1,...,x, its basis and set
X = [Jcl mp].

Then the following are equivalent.

(i) X =R(X) possesses a J-orthonormal basis.
(ii) X is J-non-degenerate.
(i11)  The J-Gram matric of the vectors x1, ...,

H=(z;Jz;) = X"JX

18 non-singular.
(iv)  The J-orthogonal companion of X defined as

Xyy={yezZ":2"Jy=0 foral xe€iX}

is a direct complement of X i.e. we have

X—i—z’\,’m =5"
and we write
X[+ Xy = ="
In this case X[1) is called the J-orthogonal complement of X
Proof. Let uq,...,u, be a J-orthonormal basis in X then x = ayuy +--- +
oy is J-orthogonal to X, if and only if oy = -+ = o, = 0 i.e. & = 0. Thus,

(i) = (ii). To prove (ii) < (iii) note that
Hao=X*"JXa=0 forsome a€ZP a#0

if and only if
X*Jx=0 forsome xze€X, x+#0

and this means that X is J-degenerate.

Now for (ii) < (iv). The J-orthogonal companion of X is the (standard)
orthogonal complement of JX; since J is non-singular we have dim JX =
dim X = p and so, dim X1} = n — p and we have to prove

XQX[J_]:{O}

but this is just the non-degeneracy of X. Since the latter is obviously equiv-
alent to the non-degeneracy of &7; this proves (ii) = (iv). To prove (iv) <
(ili) complete the vectors z1,...,z, to a basis z1,...,z, of =™ such that
Tpt1,---,Tpn form a basis in A7 ) and set

X =[a1 2]
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Then the matrix

H:X*JX:{H 0}

0 Hy
is non-singular. The same is then true of H and this is (iii).
It remains to prove e.g. (iii) = (i). By (5.12)
H=X"JX =FJF}

because H is non-singular. Then the vectors u; = XF| “e; from X are J
orthonormal:
* _ * _ 5.
|ujJuk\ = \ejJ16k| =0jk-

Q.E.D.

Corollary 5.12 Any J-orthonormal set can be completed to a J-orthonormal
basis in =™.

Proof. The desired basis consists of the columns of the matrix U in the proof
of Theorem 5.11. Q.E.D.

Theorem 5.13 Any two J-orthonormal bases in a J-non-degenerate space
have the same number of J-positive (and J-negative) vectors.

Proof. Let two J-orthonormal bases be given as the columns of
U=lui,...,up] and V =[v1,...,0p),

respectively. Then
U Ju =J,, V*JV =J,

Jp = diag(£1), Jo = diag(£1).
On the other hand, by R(U) = R(V) we have
U=VM, M non-singular,

SO
J=MV*JVM = M*JoM.

By the theorem of Sylvester the non-singularity of M implies that the num-
ber of positive and negative eigenvalues of J; and Je — and this is just the
number of plus and minus signs on their diagonal — coincide. Q.E.D.
Corollary 5.14 For any subspace X C =™ we define

UX) = (14:(X), 0(X), 1 (X)) = o(H)

where H = X*JX and X = [x1,...,2p] is any basis of X. Then 1(X) does
not depend on the choice of the basis x1,...,xp, € X. If X is non-degenerate
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then obviously 1o(X) = to(X]1)) =0 and
b (X) + e (K1) = 2 (J). (5.15)

Exercise 5.15 If X1 and X are any two non-degenerate, mutually J-
orthogonal subspaces then their direct sum X is also non-degenerate and

LX) = (X)) + o(AXs)

(the addition is understood elementwise).



Chapter 6
Matrices and indefinite scalar products

Having introduced main notions of the geometry based on an indefinite scalar
product we will now study special classes of matrices intimately connected
with this scalar product. These will be the analogs of the usual Hermitian and
unitary matrices. At first sight the formal analogy seems complete but the
indefiniteness of the underlying scalar product often leads to big, sometimes
surprising, differences.

A matrix H € ™" is called J-Hermitian (also J-symmetric, if real), if
H*=JHJ < (JH)"=JH
or, equivalently,
[Hz,y|=y*"JHz =y"H"Jz = [z, Hy].

It is convenient to introduce the J-adjoint Al*! or the J-transpose ATl of a
general matrix A, defined as

A = ga*g, AT = AT,

respectively. In the latter case the symmetry J is supposed to be real. Now
the J-Hermitian property is characterised by

A =24
or, equivalently by
[Az,y] = [z, Ay] for all z,y € =™,
A matrix U € ™" is J-unitary (also J-orthogonal, if real), if

vl=uM=Jgurg & UJU=J.
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50 6 Matrices and indefinite scalar products
Obviously all J-unitaries form a multiplicative group and satisfy
|detU| = 1.
The J-unitarity can be expressed by the identity
[Uz,Uy| =y U JUzx = [z,y].
Exercise 6.1 Prove
=7
(aA + B! = @Al 4 3Bl
(AB)I] = Bl Al
(AL = (411
AM = A7 — A is J-unitary

10

In the particular case J = [O 7

} a J-Hermitian A looks like

| A Ar . .
A= |:_A»1«2 A22:| ) A11 - All; A22 - A22

whereas for J = {?. é} the J-Hermitian is
A A * .
A= [Az Aﬂ , Aly=An, Aj = A (6.1)

By the unitary invariance of the spectral norm the condition number of a
J-unitary matrix U is

w(U) = UIIITH =TT JI| = U™ = U]* > 1
We call a matrix jointly unitary, if it is simultaneously J-unitary and unitary.

Examples of jointly unitary matrices U are given in (3.11) and (4.24).

Exercise 6.2 Prove that the following are equivalent

(i) U is jointly unitary of order n.

(i) U is J-unitary and |U|| = 1.

(i) U is J-unitary and U commutes with J.
(iv) U is unitary and U commutes with J.
(v) U is J-unitary and |U||% = TrU*U = n.

Example 6.3 Any matrix of the form

Y_H(W)(gl(‘)/z>, H(W)_(VI;VV,E/W*\/J/W> (6.2)
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is obviously J-unitary with J from (5.6); here W is an m X (n — m)-matrix
and Vi, V5 are unitary. As a matter of fact, any J-unitary U is of this form.
This we will now show. Any J-unitary U, partitioned according to (5.6) is

written as
Ui Urz
U= .
{Um Uzz]

By taking the polar decompositions U1 = W11 V7, Usg = Woo Vo with Wiy =

VULUT, Way = /Us2U3, we have

U= Wit Wiz | | V10
Waor Woa | [0 Vo |©

Now in the product above the second factor is J-unitary (V7 2 being unitary).
Thus, the first factor — we call it H — is also J-unitary, that is, H*JH = J
or, equivalently, HJH* = J. This is expressed as

W121 — Wy War =1, W121 — WioWiy =1,
WiiWia — W3 iWaa =0 Wi W3 — WiaWas =0
Wf2W12 - W222 =—In-m W21W2*1 - W222 =—In-m

This gives (note that Wiy, Way are Hermitian positive semidefinite)

Vi + W35 WoiWia = Woi\/In—m + Wa1 W5

or, equivalently,
Wia(In—m + WisWiz) ™2 = (I + W3 Way)~/2W3,

= W2*1 (Infm + VV21VV2*1)_1/2 = W2*1 (Infm + W1*2W12)_1/2

hence W3, = Wis. Here the second equality follows from the general identity
Af(BA) = f(AB)A which we now assume as known and will address in
discussing analytic matrix functions later. Now set W = Wj5 and obtain
(6.2).

Jointly unitary matrices are very precious whenever they can be used in
computations, because their condition is equal to one.
If A is J-Hermitian and U is J-unitary then one immediately verifies that

A =U'AU = UM AU

is again J-Hermitian.

If J is diagonal then the columns (and also the rows) of any J-unitary
matrix form a J-orthonormal basis. It might seem odd that the converse is
not true. This is so because in our definition of J-orthonormality the order
of the vectors plays no role. For instance the vectors
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1 0 0
0], 0], 1
0 1 0
are J-orthonormal with respect to
1
J = -1
1

but the matrix U built from these three vectors in that order is not J-
orthogonal. We rather have

1
UsJu =J' = 1
-1

To overcome such difficulties we call a square matrix J, J'-unitary (J,J'-
orthogonal, if real), if
UsJu =J (6.3)

where J and J’ are symmetries. If in (6.3) the orders of J and J do not
coincide we call U a J, J'-isometry. If both J and J’ are unit matrices this
is just a standard isometry.

Exercise 6.4 Any J, J'- isometry is injective.

Proposition 6.5 If J,J' are symmetries and U is J, J' -unitary then J and
J' are unitarily similar:

J =V=JV, V  unitary (6.4)

and
U=wVv (6.5)

where W is J-unitary.

Proof. The eigenvalues of both J and J’ consists of & ones. By (6.3) U must
be non-singular but then (6.3) and the theorem of Sylvester imply that J and
J’ have the same eigenvalues including multiplicities, so they are unitarily
similar. Now (6.5) follows from (6.4). Q.E.D.

If A is J-Hermitian and U is J, J'-unitary then
A =UTAU
is J'-Hermitian. Indeed,

A =U*A' U =U"AJUJ' .
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Here AJ, and therefore U* AJU is Hermitian so A”* is J’-Hermitian.

Using only J-unitary similarities the J-Hermitian matrix

10-5 1
A=| 02 of, J=| 1 (6.6)
50 1 -1

cannot be further simplified, but using the J, J'-unitary matrix

100 1
om=|o0o01|, J=| -1
010 1

we obtain the more convenient block-diagonal form

1-50
H'AIT=1-5 10
0 02

which may have computational advantages. Since any J, J/-unitary matrix U
is a product of a unitary matrix and a J-unitary matrix we have

K(U) = UII* =1

where the equality is attained, if and only if U is unitary.
Mapping by a J, J'-unitary matrix U preserves the corresponding ”indefi-

nite geometries” e.g.

o if /' =Ux, o =Uythen a*Jy=2a"*J"y, a*Jx=2"*J2

e if X' is a subspace and X/ = UX then X’ is J'-non-degenerate, if and only
if X is J-non-degenerate (the same with 'positive’, 'non-negative’, ‘neutral’
etc.)

e The inertia does not change:

b (X) = 1 ()

where ¢/, is related to J'.

The set of J, J'-unitary matrices is not essentially larger than the one of
standard J-unitaries but it is often more convenient in numerical computa-
tions.

Exercise 6.6 Find all real J-orthogonals and all complex J-unitaries of or-
der 2 with
10 01
J—{O_l] or J—[lo].

Exercise 6.7 A matriz is called jointly Hermitian, if it is both Hermitian
and J-Hermitian. Prove that the following are equivalent
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(i) H is jointly Hermitian.
(i) H is J-Hermitian and it commutes with J.
(i) H is Hermitian and it commutes with J.



Chapter 7
Oblique projections

In the course of these lectures we will often have to deal with non-orthogonal
(oblique) projections, so we will collect here some useful facts about them.
Any square matrix of order n is called a projection (or projector), if

pP?=P.
We list some obvious properties of projections.
Proposition 7.1 If P is a projection then the following hold.
(i) R(P)={xe€ZE":Px=uzx}.
(is) @Q=1— P is also a projection and
Q+P=I. PQ=QP=0,

(iii) R(P)FR(Q)=Z", R(P)=N(Q), R(Q)=N(P).
(tv) Ifxi,...,xp is a basis in R(P) and xpy1,...,Tn a basis in R(Q) then
X = [scl a:n] 18 non-singular and

e [1p0
X PX{OO .

(v) rank(P) = Tr(P).
(vi) A set of projections Py, ..., P, is called a decomposition of the identity
if
P1+"'+Pq:I, P,PJ:PjPlszéw

To any such decomposition there corresponds the direct sum
Xt X, =27

with X; = R(P;) and vice versa.
(vii) P* is also a projection and R(P*) = N(Q) . .
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56 7 Oblique projections
The proofs are straightforward and are omitted.
Exercise 7.2 If Py, P> are projections then
1. R(P1) C R(P,) is equivalent to
P = PPy (7.1)
2. R(Py) = R(P,) is equivalent to
P=PP & P,=PP,; (7.2)

3. if, in addition, both Py, Py are Hermitian or J-Hermitian then (7.2) im-
plies P, = Py.

Exercise 7.3 Any two decompositions of the identity Py,..., Py, Pi,..., P,
for which Tr P; = Tr P]{,j = 1,...,q, are similar, that is, there exists a
non-singular S with

STIPS=P, i=1,...,q
if all P;, P! are orthogonal projections then S can be chosen as unitary.

K2

Define 6 € (0,7/2] as the minimal angle between the subspaces X and X’
as

6 = min{arccos |[z*y|,z € X,y € X', ||z| = ||ly|| = 1} (7.3)
= arccos(max{|z"y|,z € X,y € X', [lz] = |lyl| = 1}). (7.4)

A simpler formula for the angle 6 is
cos 0 = |PP'|| (7.5)
where P, are the orthogonal projections onto X, X', respectively. Indeed,

Pz)*P’
zy#0 ||z]l[|yll

and this maximum is taken on a pair x € X,y € X’. In fact, for a general =
we have ||Pz|| < ||z|| and

|(P2) P'y| _ [(Pz) P'y| _ |(P(Px))"Py|
iyl = [Pyl [Bz|[[yl

and similarly with y. Thus,
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Px)*P'y|
PP maX{K, Pz, P’y # 0 7.6
el APy Y7 (70
_ [u*vl /
= max , ueX, velX', wu,v#0 (7.7)
[[ull o]
=max{|ju*v|, weX, veX, |ul=]|v|=1} (7.8)

which proves (7.5).

Theorem 7.4 Let P be a projection and let P be the orthogonal projection
onto R(P). Then for @ =1 — P and Q =1 —P we have

1
1Pl = 191l = = (79)

1P* =Pl =[Q" =@l =[P - Pl = Q- Q| = cot b, (7.10)
where 6 is the minimal angle between R(P) and R(Q).

Proof. Take any orthonormal basis of R(P) and complete it to an orthonor-
mal basis of =™. These vectors are the columns of a unitary matrix U for
which

PR |10
vovew-[1Y],
P11P12:|

P =U*PU =
[Pm Py

where P’ is again a projection with R(P’) = R(IP').
Now apply (7.2). PP’ = P’ gives
Py Pia| [Py Pro] _ _
[ 0 0 } = | Py Po = Pu=Py»=0,

whereas P'P' = P gives

P 0] [I0]
00 00]

= Py=1

Thus, we can assume that P and P already are given as

P= [é)o(] = [é] [1X] (7.11)
P— [ég] (7.12)

Furthermore,
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oerpe 1] [For

whereas the orthogonal projection onto N (P) = R(Q) is

P= [‘IX] (I+X*X)"'[-Xx*1I]. (7.13)

According to (7.5) we have

0
=spr((I + X*X) ' X*X).

cos? 0 = ||PPP|| = spr ({ } I+XxX"X)7'[-Xx~ o]>

To evaluate the last expression we use the singular value decomposition
X =U¢v* (7.14)

with U, V unitary and £ diagonal (but not necessarily square). Then X*X =
VEEY™, €€ = diag(|&i %, €2/, .. ) and

2, _ &2 maxi &)
cos” 6 = max =
i 1+ ‘§z|2 1—|—maxi |§i‘2

X
L+ X2 L+ X”?
Hence
X || = cot 6. (7.15)
Now

P = e ([ -] o1 [ 17x7)

B I+XX0]\ _ 2
e ([ L

1
sin? 0
Then obviously ||P| = ||Q| and (7.9) holds.
Also

N B 0 X|| _ .
1P =Pl = || 3 ||| = 11 = cone

0X
- |[33] -
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and similarly for [|@* — Q| and |Q — Q]. Q.E.D.

Corollary 7.5
|IPl=1 < P*=P

i.e. a projection is orthogonal, if and only if its norm equals one.

Theorem 7.6 If P is a projection and P the orthogonal projection onto R(P)
then there exists a non-singular S such that

STlpS =P

and

1
ISIIIS™HI = 5 (2 + cot?  + V4 cot? § + cot* §)

2
1
=§(2+HP||2—1+\/||P||2—1\/3+||P||2)- (7.16)

Proof. As in the proof of Theorem 7.4 we may assume that P, P already have
the form (7.11), (7.12), respectively. Set

[t

Then

w3237

| IX||I0| |10 _p
“|or||joo| |o00|
We compute the condition number of S
- X*TI+X*X

S

Then using (7.14)

e [UO][T —¢ ][U 0
SS—{ovH—gug*gHov*]’

so those eigenvalues of S*S which are different from 1 are given by

2484 TG
i 92 ’
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where ; are the diagonal elements of £. Hence

_ 241X+ VAIXTP + X

Amaz (S™5) 5
Anin(9*8) = —————
( ) Amaz (9*5)
and
Amaz (S*S)
S = —_— =
H( ) >\7nzn(S*S)
B 2+ cot? 0 + Vdcot? 0 + cot* 9
N 2

and this proves (ii). Q.E.D.

This theorem automatically applies to any decomposition of the identity
consisting of two projections P and I — P. It can be recursively applied to any
decomposition of the identity P, ..., P, but the obtained estimates get more
and more clumsy with the growing number of projections, and the condition
number of the transforming matrix .S will also depend on the space dimension
n.

Exercise 7.7 Let P be a projection and H = I — 2P. Prove

(i) H?=1I,
(i) k(H)=1+2(|P|]> - 1) +2|P[l\/P[? - 1.

Hint: use the representation for P from Theorem 7.4.



Chapter 8
J-orthogonal projections

J-orthogonal projections are intimately related to the J-symmetry of the
phase space matrices which govern damped systems. In this chapter we study
these projections in some detail.

A projection P is called J-orthogonal if the matrix P is J-Hermitian i.e.
if
PH =P J =P
A subspace X is said to possess a J-orthogonal projection P, if X = R(P).

Theorem 8.1 (i) A subspace X C =™ is J-non-degenerate, if and only if
it possesses a J-orthogonal projection P. (ii) Any J-orthogonal projection P
can be represented as

P=UJ'U*J (8.1)

where U is a J,J -isometry of type n x m and R(P) = R(U). (iii) The
J-orthogonal projection P is uniquely determined by X. (iv) We have
1+ (JP) = 14(J") = 14 (X). (8.2)

(v) @ = I — P is the J-orthogonal projection onto Xj,j.

Proof. (i) Let P be a J-orthogonal projection and X = R(P). Then for
reX and z € E"
[z, Pz] = [Pz, 2] = [z, 2]

holds. Thus, z[L]X is equivalent to x[L]=™. Since =™ is non-degenerate the
same is true of X'. Conversely, let X be non-degenerate of dimension p < n.
Then by Theorem 5.11 and Corollary 5.12 there is a J-orthonormal basis

U1,...,U, of " such that uq,...,u, spans X. Then P, defined as
- Ujajﬁp
Puj = { 0,7 >p
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62 8 J-orthogonal projections

is the wanted projection. This proves (i).
(ii) If P is given by (8.1), (6.3) then

P:=UJU*JUJU*]=UJ JJU*] =P,
PH = gp g =J2U0U* T =UJU*T =P

hence P is a J-orthogonal projection. The injectivity of U follows from (6.3),
hence also rank(U) = p := rank(P). Conversely, let P be a J-orthogonal
projection. Then, according to Theorem 5.11 X = R(P) is J-non-degenerate

and there is a J-orthonormal basis uq,...,u, of =™ such that the first p
vectors span X. With U = [ug,...,u, | we have
U*JU = J' = diag(+1). (8.3)

The wanted projection is
P=UJU*J (8.4)

Obviously X € R(U). This inclusion is, in fact equality because rank(U) = p.
This proves (ii).
(iii) If there are two J-orthogonal projections with the same range
UJu*J, VJLV*J, RV)=RU)
then V = UM for some non-singular M and from

Jo=V*JV = M*U*JUM = M*J' M

it follows
VIV =UMJIMU*J =UJ'U*J.

This proves (iii).
(iv) Let P = UJ'U*J. The second equality in (8.2) follows, if in Corollary
5.14 we take X as U. Further, since J is a symmetry,
1+ (JP) =1 (UJU™)
and since U is injective, by the Sylvester inertia theorem,
1 (UJ'U*) =1 (J").
This proves (iv). The assertion (v) is obvious. Q.E.D.
Let Py,..., P. be J-orthogonal projections with the property
PP = 051

then their sum P is again a J-orthogonal projection and we say that the
system Pi,..., P, is a J-orthogonal decomposition of P. If P = I then we
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speak of a J-orthogonal decomposition of the identity. To any J-orthogonal
decomposition there corresponds a J-orthogonal sum of their ranges

R(P) = R(P)[+] - [+]R(P")

and vice versa. The proof is straightforward and is left to the reader.

Theorem 8.2 Let P, ..., P, be a J-orthogonal decomposition of the identity
and n; = Tr(P;) the dimensions of the respective subspaces. Then there exists
J, JO-unitary U such that

J? = o (J)) =1 (JPy) (8.5)

and

U'PU =P = I,

Proof. By Theorem 8.1 we may write
P =U;JjU;J, UXJU; = J;.

Then U = [Ul Up] obviously satisfies

Ut T
UJU= | : | J[UL- Up] = =: J°
Up Ty

and
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U'PU =J'U*JU;JJU; JU =
JUT ]

=| | JU LU [JUy - JU, ]
JpU; |

0

Q.E.D.

Corollary 8.3 Any two J-orthogonal decompositions of the identity
Py,....,P, and Pi,...,P,

satisfying 1+ (JP;) = 14.(JP}) are J-unitarily similar:
P, =U"'P;U, U J-unitary.

Theorem 8.4 Let P, P’ be J-orthogonal projections and ||P'— P|| < 1. Then
there is a J-unitary U such that

P =U"'PU. (8.7)

Proof. The matrix square root

is defined by the known binomial series

7 — i(_l)k <Z> (P' — P)2*, (Z) _ ala—1)- -]-C!(a —k+ 1)7

k=0

which converges because of |P’ — P|| < 1. Moreover, Z is J-Hermitian and
(P' — P)? (and therefore Z) commutes with both P and P’. Set

U=Z[PP' +(I—P)(I— P,

then
PU=ZPP' =Z[PP'+(I-P)I-P)|P =UP,

so (8.7) holds. To prove J-unitarity we compute
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U*JU =
JZ[P'P+(I—P)(I—-P)[PP+(I-P)I-P)JZ
=JZ[I-(P'-P?|Z=1.

QED.

Corollary 8.5 Under the conditions of the theorem above we have
Li(JP/) = Li(JP).

In particular, if JP is positive or negative semidefinite then JP' will be the
same. Also, a continuous J-orthogonal-projection valued function P(t) for t
from a closed real interval, cannot change the inertia of JP(t).

Proof. Apply the Sylvester inertia theorem to
JP'=JU'PU =U*JPU.

Then cover the interval by a finite number of open intervals such that within
each of them ||P(t) — P(¢')|| < 1 holds and apply Theorem 8.4. Q.E.D.

Exercise 8.6 Let Py, P, be projections such that Py is J-orthogonal and Ps
J' — orthogonal. Then they are J, J -unitarily similar, if and only if

Li(JlPQ) = Li(Jpl).

Exercise 8.7 A non-degenerate subspace is definite, if and only if it pos-
sesses a J-orthogonal projection P with one of the properties

2*JPx >0 or 2*JPx <0 for allz € E"

that is, the matriz JP or —JP is positive semidefinite.

A J-orthogonal projection with one of the properties in Exercise 8.7 will be
called J-positive and J-negative, respectively.

Exercise 8.8 Try to prove the following. If P,Q are J-orthogonal projections
such that P is J-positive (J-negative) and PQ = Q, then

1. QP =Q,
2. Q is J-positive (J-negative),
s lel <Pl

Hint: use Exercise 7.2, the representation (8.1) and Theorem 8.1.






Chapter 9

Spectral properties and reduction of
J-Hermitian matrices

Here we start to study the properties of the eigenvalues and eigenvectors of
J-Hermitian matrices. Particular attention will be given to the similarities
and differences from (standard) Hermitian matrices.

We begin with a list of properties which are more or less analogous to the

ones of common Hermitian matrices.

Theorem 9.1 Let A be J-Hermitian. Then

™o o~

&

If both A and J are diagonal, then A is real.

The spectrum of A is symmetric with respect to the real axis.

Any eigenvalue whose eigenvector is not J-neutral, is real.

If X\ and ju are eigenvalues and X # p, then the corresponding eigenvectors
are J-orthogonal.

If a subspace X is invariant under A, then so is its J-orthogonal com-
panion.

The following are equivalent

(i) There is a J-non-degenerate subspace, invariant under A.
(ii) A commutes with a non-trivial J-orthogonal projection.
(i) There is a J,J - unitary U with

A O

1 .
U AU{OA2

] ,J = diag(+1). (9.1)

If the subspace from (i) is J-definite then U can be chosen such that the
matriz Ay in (9.1) is real diagonal and

J = [j;[ })2] L T4 = diag(+1). 9.2)

Proof. The proofs of 1,2,3,4,5 are immediate and are omitted. To prove 6 let
X be J-non-degenerate. Then there is a J-orthogonal basis in X, represented
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68 9 Spectral properties and reduction of J-Hermitian matrices
as the columns of Uy, so
Ul*JUl = J1 = diag(il)

and
AU =UM

with
M = J,U{ JAU,

and with P = U, J,U;J we have P2 = P, P¥l = P and
AP = AU U J = Uy JLUF JAU, J,U*J = PAP.

By taking [#]-adjoints, we obtain AP = PA.
Conversely, if
AULJLUYT = U WU JA,

then by postmultiplying by Us,
AU1 = U1J1U1*JAU17

i.e. X = R(U;) is invariant under A. Thus, (i) and (ii) are equivalent. Now,
U from (iii) is obtained by completing the columns of U; to a J-orthonormal
basis, see Corollary 5.12. Finally, if the subspace is J-definite then by con-
struction (9.2) will hold. Since U AU is J’-Hermitian the block A; will be
Hermitian. Hence there is a unitary V such that V=14,V is real diagonal.
Now replace U by
Vo
U=U { 0 I] .
Q.E.D.

Example 9.2 Let A be J-Hermitian and Au = Au with [u, u] = u*Ju # 0.
Then the J- orthogonal projection along u, that is, onto the subspace spanned
by u is

uu*J

u*Ju

and it commutes with A. Indeed, since ) is real we have

AuutJ )\uu*J _u(Au)*J

AP = = =
u*Ju u*Ju u*Ju
wu*A*J uwu*JA
= = PA.
u*Ju u*Ju
Also )

(w*Ju)2  (u*Ju)?’

hence
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u*u

P|| = .
1P = g

(9.3)

We call a J-Hermitian matrix A J, J'-unitarily diagonalisable, if there is a
J, J'-unitary matrix U such that the J’-Hermitian matrix

A =U1AU

is diagonal. Note that J’ itself need not be diagonal but, if it is then the
diagonal elements of A’, i.e. the eigenvalues, must be real. The J, J'-unitary
block-diagonalisability is defined analogously.

Example 9.3 We consider the one dimensional damped system
mi+ct+kxr=0, m,c,k>0. (9.4)

The phase-space matrix

A= [5 “C’l] w=/km, d=c/m 9.5)

is J-symmetric with
10
J= [0 —1} '

Any 2 x 2 real J-orthogonal matrix (up to some signs) is of the form

U=0 = |G o 0)
with U(z)~! = U(—z). We have
U-TAU = { wsinh 2z + dsinh? 2z w cosh 2z + g sinth]
—w cosh 2z — g sinh 2z —wsinh 2z — d cosh? z
Requiring the transformed matrix to be diagonal gives
tanh 22 = 72% =— 4/0ch (9.7)

which is solvable if and only if c¢? > 4km. To better understand this, we will
find the eigenvalues of A directly:

leads to
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wy = Az
—wzr —dy = \y
and finally to
mA? +cA+k=0
which is the characteristic equation of the differential equation (9.4). The

roots are
—c+ V2 —4km

A =
= 2m

(9.8)
According to the sign of the discriminant we distinguish three cases.

1. ¢ > 4km, the system is ’overdamped’.

There are two distinct real eigenvalues and the matrix U in (9.6) exists

with

Ar O
-1 _ | M
= 0] o)

2. ¢? < 4km, the system is "weakly damped’.

Here diagonalisation is impossible, but we may look for U such that in

U~'AU the diagonal elements are equal, which leads to

d c?
tanh 2z = —— = —/ <1
anh e 2w 4km

and
—1 o Re >\+ Im A_;'_
U AU = [Im A ReA, (9.10)
(here, of course, A_ = A, ). The transformed matrix is not diagonal but
its eigenvalues are immediately read-off. Note that in this case we have
k
|>‘i|2 =
m

that is, as long as the eigenvalues are non-real, they stay on the circle
with radius w = y/k/m around the origin.

3. ¢? = 4km, the system is ‘critically damped’.
Here we have only one real eigenvalue A = —¢/(2m) = —y/k/m and

A= \/z(—HN), N = [_1 _}] .

This matrix is not diagonalisable.

We come back to the first case. To the eigenvalues A, A_ there corre-
sponds the J-orthogonal decomposition of the identity
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coshx .
P = {sinhx] [coshx — Slnhx}
sinh x .
= [coshx} [—smhx coshx]
with 1
| P+|| = cosh® z 4 sinh® 2 = cosh 22 =
1— 4km
(32
and also

IUI1* = £(U) = 2! = | Pe]| + VP2~ 1

B 1+ 62 0— c _i
“Ve—7p T ovkm 2w’

The matrix U from (9.10) is computed analogously with

1+ 62
AU =\ Tz






Chapter 10
Definite spectra

In this chapter we begin to study J-Hermitian matrices which most resemble
the standard Hermitian ones, and hence have some or all real eigenvalues.
The most important property of these eigenvalues is that they remain real
under small J-Hermitian perturbations. Sometimes, as in the standard Her-
mitian case these eigenvalues are expressed by minimax formulae.

A real eigenvalue A\ of a J-Hermitian matrix is called J-definite, if each
corresponding non-vanishing eigenvector is J-definite. Since the set of all
eigenvectors belonging to A is a subspace this immediately implies that the
whole subspace is either J-positive or J-negative (Proposition 5.2). We then
say that A\ is J-positive or J-negative, respectively. The synonyms of posi-
tive /negative/definite type will correspondingly be used here as well. Other-
wise we call A to be of mized type.

Proposition 10.1 Let A be a J-definite eigenvalue of a J-Hermitian matrixz
A. Then there is a J, J -unitary U such that

A0

0 A (10.1)

1 .
U AU—{ 0 J

},Uvszz[iQO]
where A is J4-Hermitian, p is the multiplicity of X and A & o(A%).

Proof. Let \ be, say, J-positive. Then the corresponding eigenspace X, is
J-positive and therefore J-non-degenerate. Thus, there is a J-orthonormal
basis

ULy ooy Up, Upt1y ..., Un
of =™ such that uy,...,u, span X\ and ujJu; =--- = upJupy = 1. Set J' =
diag(uf Juy, ..., u’ Juy,). Then the matrix U = [ug ... u,] is J, J'-unitary as

in (10.1) and
AU = [Mug ... Aup Aupyr ... Auy

and
UTPAU =[Ner ... ey * ... %]

73



74 10 Definite spectra

where e; are the canonical basis vectors in Z”. Since U ! AU is J'-Hermitian,
it takes the form (10.1). It is clear from the construction that A cannot be
among the eigenvalues of A5. Q.E.D.

A J-Hermitian matrix is said to have definite spectrum, if each of its eigen-
values is J-definite. Then the reduction in Proposition 10.1 can be continued
and we obtain the following corollary.

Corollary 10.2 Any J-Hermitian matriz with a definite spectrum is J, J’-
unitarily diagonalisable with a diagonal J'. The number of the J-positive
and J-negative eigenvalues (counting multiplicities) is given by 14 (J), re-
spectively.

If A is J-Hermitian and p a real polynomial then obviously p(A) is again
J-Hermitian. We call p normalised if its highest-power coefficient is +1.

Theorem 10.3 Let A be J-Hermitian. Then it has definite spectrum, if and
only if there is a real normalised polynomial p such that Jp(A) is positive
definite.

Proof. If Jp(A) is positive definite then
Ar =Xz, z#0
implies p(A)x = p(A\)z and
0 < z*Jp(A)x =p(N)z*Jz.

Hence z*Jx # 0 i.e. any eigenvalue is definite. To prove the converse we first
assume that both A and J are diagonal:

A:dlag(Ahv)\n) J:dlag(]b,]n)

with
M<...<N\ il =1

Now, the definiteness of every spectral point implies
Ai = A = Ji = Jk-

Thus, we can partition the sequence A1, ..., A, into sign groups that is, max-
imal contiguous subsequences having the same sign in J. The sign groups are
increasingly ordered. E.g. for

A = diag(—2,0,1,3,5) J =diag(1,—1,—1,1,1)

the sign groups are (—2), (0,1), (3, 5) and their signs are those on the diagonal
of J. We take the polynomial p such that it has a simple zero between each
two neighbouring sign groups. When properly signed this polynomial will
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give
Jip(N) >0, i=1,....n

i.e. Jp(A) is positive definite. In our example above we could choose p(\) =
A=2)(A+1).

For a general A take a J, J'-unitary matrix U such that both J = U*JU
and A’ = Ut AU are diagonal (Corollary 10.2). Now,

J'p(A") =U*JUp(UAU) = U* Jp(A)U
is again positive definite by virtue of the Sylvester theorem. Q.E.D.

To any J-Hermitian A with definite spectrum we associate the sequence
s(A) = (n1,...,n,, +)

characterising the r sign groups (in increasing order); the first r numbers carry
their cardinalities whereas + € {—1, 1} indicates the first of the alternating
signs. We shall call s(A) the sign partition of A or, equivalently, of the pair
JA,J. The sign partition is obviously completely determined by any such
p(A) which we call the definitising polynomial.

If a matrix with definite spectrum varies in a continuous way then the
spectrum stays definite and the sign partition remains constant as long as
the different sign groups do not collide. To prove this we need the following
lemma.

Lemma 10.4 Let T >t — H(t) be a Hermitian valued continuous function
on a closed interval Z. Suppose that all H(t) are non-singular and that H (o)
is positive definite for some to € . Then all H(t) are positive definite.

Proof. For any t; there is an e-neighbourhood in which the inertia of H(t)
is constant. This is due to the continuity property of the eigenvalues. By
the compactness the whole of Z can be covered by a finite number of such
neighbourhoods. This, together with the positive definiteness of H () implies
positive definiteness for all H(¢). Q.E.D.

Theorem 10.5 LetZ >t — A(t) be J-Hermitian valued continuous function
on a closed real interval I such that

1. A(tg) has definite spectrum for some tog € T and
2. there are continuous real valued functions T 3t fr(t), k=1,...,p—1
such that

a.
o1 < fl(tO) <o < - < fp_l(to) < 0op

where 01 < 09 < --- < 0, are the sign groups of A(ty) and
b. fe(t)No(A(t)) =0 for all k and t.

Then A(t) has definite spectrum for all t and s(A(t)) is constant in t.
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Proof. Let o1 be, say, J-negative. Set

pe(A() = (A(t) = LD (A®) — fa())(A(E) = f3(0)T) ---

then H(t) = Jp:(A(t)) satisfies the conditions of Lemma 10.4 and the state-
ment follows. Q.E.D.

From the proof of Theorem 10.3 it is seen that the definitising polynomial
p can be chosen with the degree one less than the number of sign groups of
A. In the case of just two such groups p will be linear and we can without loss
of generality assume p(\) as A — p. Then Jp(A) = JA—pJ and the matrix A
(and also the matrix pair JA, J) is called J-definitisable or just definitisable.
Any p for which JA — uJ is positive definite is called a definitising shift. Of
course, completely analogous properties are enjoyed by matrices for which
JA — pJ is negative definite for some p (just replace A by —A).

Theorem 10.6 Let A be J-Hermitian. The following are equivalent:

(i) A is definitisable.
(ii)  The spectrum of A is definite and the J-positive eigenvalues are larger
then the J-negative ones.

In this case the set of all definitising shifts form an open interval whose ends
are eigenvalues; this is called the definiteness interval of A (or, equivalently,
of the definitisable Hermitian pair JA, J.

Proof. If JA — uJ is positive definite, then
Ax =Xz
or, equivalently, (JA — uJ)z = (A — p)Jz implies
2 (JA = pJ)r = (A — p)z*Jx.

Thus, x is J-positive or J-negative according to whether A > por A < p (p
itself is not an eigenvalue). Thus 0_(A) < p < 04 (A) where o4 (A) denote
the set of J-positive/J-negative eigenvalues. Conversely, suppose o_(4) <
o4 (A). The matrix A is J, J'-unitarily diagonalisable:

A1lq ey
A/:U—lAU: , J/:U*JU: .
AT el

where Aq,...,\, are distinct eigenvalues of A and ¢; € {—1,1}. Take any p
between o_(A) and o4 (A). Then
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(M —p)hy
JA —pJ = (10.2)
Ep(>‘p - H)Ip

and this matrix is positive definite because the product ¢;(\; — u) is always
positive. Now,

JA — pJ =U*JUU AU — upU*JU = U*(JA — pJ)U

and JA—p.J is positive definite as well. The last assertion follows from (10.2).
Q.E.D.
The following theorem is a generalisation of the known fact for standard
Hermitian matrices: the eigenvalues are ’counted’ by means of the inertia.
From now on we will denote the eigenvalues of a definitisable A as

Al S SAT <A S S ALL (10.3)
Theorem 10.7 Let A be definitisable with the eigenvalues as in (10.3) and
the definiteness interval (A, \]). For any A > X[, A\ & o(A) the quantity
t—(JA—=XJ) equals the number of the J-positive eigenvalues less than A (and
similarly for J-negative eigenvalues).

Proof. Since the definitisability is invariant under any J, J'-unitary similarity
and A is J, J'-unitarily diagonalisable, we may assume A and J to be diagonal,
ie.

A:diag()\,tr,...,)\;_), J =diag(I, ,In_).
Then
Lo (JA = NJ) = o_(diag(\}, — A, .. AT A=A =), (N =)

and the assertion follows. Q.E.D.
The following ’local counting property’ may be useful in studying general
J-Hermitian matrices.

Theorem 10.8 Let A be J-Hermitian and let A\g be a J-positive eigenvalue
of multiplicity p. Take ¢ > 0 such that the open interval T = (Ao — €, Ao + €)
contains no other eigenvalues of A. Then for

A — €< A <A< Ap < Ap+e

we have
L+(JA — )\7J> = L+(JA — )\+J) +p

Proof. By virtue of Proposition 10.1 and (10.1) and the fact that

WJA = \T') = ((U*(JA = A)U) = o(JA — \J)
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(Sylvester!) we may suppose that A, J have already the form

A= a] =1 ] e -

0 Al 0 Jb
Now ( )
B [0 =201, 0
JA- A = [ 0 JQA’Q—AiJJ
and

b (JA=A_T) =p+ 14 (JoAy = A J3) =
P+ (JoAy = A J5) = 1 (JA = Ay ).

Here we have used two trivial equalities
te(Mo—A) L, =p, tx(Mo—Ap), =0
and the less trivial one
b (JaAy = A d3) = 0 (JA = M)

the latter is due to the fact that for A € T the inertia of JjA, — AJ) cannot
change since this matrix is non-singular for all these A. Indeed, by the known
continuity of the eigenvalues of J5A5 — AJj as functions of A the matrix
J4 AL — AJ) must become singular on the place where it would change its
inertia, this is precluded by the assumption Z N o (A45) = 0. Q.E.D.

Theorem 10.9 Let A be J-Hermitian and o(A) negative. Then JA — uJ is
positive definite, if and only if —JA™Y + J/u is such.

Proof. Let JA — puJ be positive definite. Then A{ < p < Af. Obviously, the
matrix —A~! is J-Hermitian as well and it has the eigenvalues

0<—1/\, < < —1/A] < —1/pu<—1/A\f <o <—1/\F

ny

where —1/\f < ... < —1/X}, are J-positive and —1/A; < --- < —1/A]
J-negative. The converse is proved the same way. Q.E.D.

Exercise 10.10 Try to weaken the condition o(A) < 0 in the preceding the-
orem. Produce counterexamples.

We now consider the boundary of the set of definitisable matrices.

Theorem 10.11 If JA — \J is positive semidefinite and singular then we
have the following alternative.

1. The matriz A is definitisable and X lies on the boundary of the definiteness
interval; in this case A is a J-definite eigenvalue.

2. The matriz A is not definitisable or, equivalently, there is no X' # X\ for
which JA—NJ would be positive semidefinite. In this case all eigenvalues



10 Definite spectra 79

greater than X\ are J-positive and those smaller than \ are J-negative
whereas the eigenvalue A itself is not J-definite.

Proof. As in the proof of Theorem 10.6 we write Az = Xz, N > ) as
(A= M)z = (N — Nz,

hence
2 (JA =Xz =\ = Na*Jz,

which implies z*Jz > 0. Now, 2*Jx = 0 is impossible because z*(JA —
AJ)x = 0 and the assumed semidefiniteness of JA — A\J would imply
(JA—AJ)xz = 0 ie. Az = Ax. Thus, z*Jx > 0 and similarly for ' < .
So, if A itself is, say, J-positive, then the condition (ii) of Theorem 10.6 holds
and the non-void definiteness interval lies left from A. Finally, suppose that
A is not definite and that there is, say. N’ < A for which JA — \'J would
be positive semidefinite. Then, as was shown above, A would be J-positive
which is impossible. Q.E.D.

The definitisability of the pair JA, J can be expressed as
[(A=AXD)z,z] >0
for some A and all non-vanishing .

The eigenvalues of definitisable matrices enjoy extremal properties similar
to those for standard Hermitian matrices. Consider the functional

*JA A
xHr(m):sz [Az, x]

v*Jr  [w,a] ]

which is obviously real valued and defined on any non-neutral vector x. It
will be called the Rayleigh quotient of A (or, which is the same, of the pair
JA, J).

Theorem 10.12 Let A € =Z™™ be J-Hermitian. Then A is definitisable, if
and only if the values

ry = JEIEH:I}L r(z), r_= max r(z) (10.4)
z*J;>O a:*J;<O

exist and r— < ry holds. In this case (r_,ry) is the definiteness interval of
the pair JA,J. If J =1 then, by convention, r_ = —o0.

Proof. If A is definitisable then by Theorem 10.6 and Corollary 10.2 there
is a J, J' unitary such that

U'AU = diag(\ ...\, ),

nyo > M
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I, 0
! 4
T = [ 0 —In} ’

and the eigenvalues are given by (10.3). Under the substitution 2 = Uy we
obtain

Aoy Pt My P = ATy P = = Ay 1P

e e i e T e b

r(xz) =

(the components of y are denoted accordingly). By

)\-‘r

N AT AT A A > AT

and by taking, say, y*Jy > 0 we have
r(x) > A7

while the equality is obtained on any eigenvector y for the eigenvalue /\1+ and
nowhere else. Thus, the left equality in (10.4) is proved (and similarly for the
other one).

Conversely let r(zg) = r4. For any vector h and any real ¢ we have

r(xo +eh) =

(zo +eh)*JA(xo +¢ch)  xfjJAxo + 2eReafJAh +eh* JAh
(zo +eh)*J(zo +ch) vt Jwo(1 4 2e Re 200 | g2 htJh )

xgJxo xgJxo

2e zo J Az Jh
_~ R * JARp — 202770707 7

T+t x5Jxo ¢ (xo x5z ) *

e? Rexi{JAhRexiJh xyJh

h*(JA —ryJ)h — 4—2 0 4(Re =X )2z5 T A
x5J T ( r+J) x5JTo +4 exz‘).]xo) o ATo| +
O(£?).

This is a geometric series in € which has a finite convergence radius (depend-
ing on h). Since this has a minimum at € = 0, the coefficient at ¢ vanishes
ie.

Re(zy(JA—ryJ)h) =0
and since h is arbitrary we have JAxy = ry Jxo. Using this we obtain

52

r(zo +eh) = h*(JA —ryJ)h + O(?).

x5Jxo

From this and the fact that zo is the minimum point it follows h*(JA —
ryJ)h > 0 and this is the positive semidefiniteness of JA — r,J. The same
for JA —r_J is obtained analogously. By Theorem 10.11 this implies that A
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is definitisable and that (r_,r,) is its definiteness interval. Q.E.D.

In contrast to the standard Hermitian case the ’outer’ boundary of the
spectrum of a definitisable A is no extremum for the Rayleigh quotient. As

an example take
2 0 1 0
a=fas] =]

_ | cosho
v [sinhgb]’

and

then z*Jxz = 1 and
r(z) =1+ cosh? ¢

which is not bounded from above. However, all eigenvalues can be obtained
by minimax formulae, similar to those for the standard Hermitian case. We
will now derive these formulae. We begin with a technical result, which is
nonetheless of independent interest.

Lemma 10.13 (The interlacing property) Let the matriz A be J-Hermitian
and definitisable and partitioned as

A= |:A11 A12

10.5
Agy As (10.5)

] and, accordingly, J = [Jl O] .

0 Jy

Here A1y is square of order m. Then Ayy is Jy-Hermitian and definitisable
and its definiteness interval contains that of A. Denote by (10.3) the eigen-
values of A and by

— — +
f <o <pp <pf <-o<pho o omyp4+mo=m,

those of A11. Then
+ oot oot
A Sy < Ak+n+7m+

Ae 2 M Z Agn_

(here an inequality is understood as void whenever an index exceeds its range).

Proof. If JA — uJ is Hermitian positive definite then so is the submatrix
J1A11 — pJi. By the J-Hermitian property of A we have Ay = JoAf,Jy
hence

JA — pJ = |:J1A11 —pd J1A12 }

AikQ;]l J2A22 — MJQ

o JiAy—pJy 0 *
= 2oy | AR 2w
with
I, 0
2w = |:AT2J1(J1A11 —pJi) 7t In—m:| ’
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and
W(p) = JoAgg — pudo — Aoy (J1 A — pdr) 1 Asa.

By the Sylvester inertia theorem,
1+ (JA = pJ) = 12 (J1 A — pJr) + 1 (W (),
hence
t_(J1A11 — pdr) <o (JA—pJ) <o (J1A11 — pJ1) —n—m. (10.6)

Assume now u: < )\; for some k. Then there is a u such that JyAj; — pJy
is non-singular and p,j <p< )\:. By Theorem 10.7 we would have

L_(J1A11—[LJ1)Z]€, L_(JA—,LLJ) <k

+

which contradicts the first inequality in (10.6). Similarly, ,uz > > AL ng—my

would imply
L_(J1A11—uJ1)Z]€, L_(JA—,UJ) <k

which contradicts the second inequality in (10.6). Q.E.D.

Theorem 10.14 For a definitisable J-Hermitian A the following minimax
formulae hold:

o*JAx Ar,x
A = min max ——— = min max [ ] (10.7)
S% meSki x*Jx Ski ucESki [xvx]
x* Jx#0 [z, z]#0
where S,:ct C E™ is any k-dimensional J-positive/J-negative subspace.
Proof. Let S,: be given and let uy,...,u, be a J-orthonormal basis of ="

such that wuq, ..., u; span S,j. Set
Ut =Tluy - up], U=[u - u,|]=[UTU'].

Then U is J,J -unitary with

J1 0 I, O .
J = {01 JJ:[;JJ’ Jo = diag(+1)

and o
Al _ U—IAU — l: 11 12:|
Aby Ay
is J'-Hermitian:

A/11 = A/1*17 A/21 = J2A/1*27 A/22 = J2A/2*2J2-

Moreover, A and A’ have the same eigenvalues and the same definiteness in-
terval. By Lemma 10.13 we have the interlacing of the corresponding eigen-
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values

+ + + —
)\k: Sﬂk S)\k+n+_m+, kfl,...m_,_

(the eigenvalues p;; are lacking). The subspace S,': consists of the vectors
Yy =k
U {0} , YEZE

thus for arbitrary = € S,:r we have

o JAx  y*Aly
zJr  yty

Since Aj; is (standard) Hermitian,

* A x*JAx
Mz = maxu = max > )\;
y#A0  y*y ves; T*Jw
x#0
and since S;' is arbitrary it follows
. ¥ JAx
inf max > )\:.
Si west x*Jw
x#0
Now choose S,j' as the linear span of J-orthonormal eigenvectors vy, ..., vk,
belonging to the eigenvalues A}, ..., /\Z of A. Then any x € S,j is given as

T =Q1v1 + -+ Qg

. T
and, with o = [al ak} ,
k
*
*JAzx
max ——— = max E lo;|PAT = A
cest x*Jxr  ara=14 J
k j=1
x#0

This proves the assertion for J-positive eigenvalues (the other case is analo-
gous). Q.E.D.

Remark 10.15 In the special case J = I Theorem 10.14 gives the known
minimax formulae for a Hermitian matrix A of order n:

. ¥ Ax

Ar = min max
Sk =€Sk  x*T

240

)

where S}, is any k-dimensional subspace and A\ are non-decreasingly ordered
eigenvalues of A. Now we can prove the general formula (2.8): by setting
M = LyLs and A= Ly;'KL;* we obtain
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x* Az y* Ky
max = max
w€Sk x*w o yeryts, YTMy
i y#0

and L3 *S) again varies over the set of all k-dimensional subspaces. This
proves the 'min max’ part of (2.8), the other part is obtained by considering
the pair —K, M. Note, however, that for a general J-Hermitian matrix no
'max min’ variant in the formulae (10.7) exists.

The following extremal property could be useful for computational purposes.

Theorem 10.16 Let A be J-Hermitian. Consider the function
X — Tr(X*JAX) (10.8)
defined on the set of all J, Jy-isometries X € E™™ for a fized symmetry

Jl = diag(IM+, 7Im_), m4 < ni.

If A is definitisable with the eigenvalues (10.3) then the function (10.8) takes
its minimum on any X of the form

X=[X"X"]

where R(X ™) is the subspace spanned by m+ J-orthonormal eigenvectors for
the eigenvalues Ali, .. AEof A, respectively — and nowhere else.

my
Proof. Without loss of generality we may suppose J to be of the form

_ Iy O
1=t 0]

Indeed, the transition from a general J to the one above is made by unitary
similarity as described in Remark 5.1. The trace function (10.8) is invariant
under these transformations. Also, by virtue of the Sylvester inertia theorem,
applied to X*JX = J;, we have

my <ng, m-<n_.

First we prove the theorem for the case m4 = n4 i.e. the matrices X are
square and therefore J-unitary.
Since A is definitisable we may perform a J-unitary diagonalisation

UTAU = A, A=diag(Ay,A-), Ay =diag(A\},...\L,), U*JU =J.
Now

Tr(X*JAX) = Te(X*JUAU ' X) = Te(X*U*JAU ' X) = Tr(Y*JAY)
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where Y = U1 X again varies over the set of all J-unitaries. By using the
representation (6.2) we obtain

TeX*JAX = TeY*JAY = TeH (W) JAH (W) =
Tr(VI+ WW*ALVT + WW* — WA_W™)
+Te(W*ALW — T+ WWA_VT + W*W)

= to+ 2(TtWW* A, — TrW*WA_)

=to+ 2QTeWW*(Ay — pl) + TeW*W (pul — A,

where p is a definitising shift and
to=TrAy — TrA_.
Since Ay — pl and ul — A_ are positive definite it follows
Tr(X*JAX) = TrY*JAY

= to+ 2Te (W* (Ay — p) W) + 2Tx (W (ul — A)W*) > to,  (10.9)

moreover, if this inequality turns to equality then W = 0, hence H(W) = I
and the corresponding X reads

X=U diag(Vh ‘/2)a

V1,V from (6.2). This is exactly the form of the minimising X in the state-
ment of the theorem.

We now turn to TrX*JAX with a non-square X. Take C = (X X) as
a completion of any J, Ji-isometry X such that the columns of C form a
J-orthonormal basis, that is,

Cc*JC = diag(Jl, Jg) = JI
is diagonal (note that the columns of X are J-orthonormal). Then the matrix

A; = C~1AC is J'-Hermitian and we have

A, = C*JAC — {JlX JAX 1 X JAX] ,

JoX*JAX J,X*JAX

J'Ar = C*JAC — {X*JAX X*JAX]

X*JAX X*JAX

and the eigenvalues of A; are given by (10.3). Then by Lemma 10.13 the
eigenvalues ,u,f of the Ji-Hermitian matrix J; X*JAX satisfy

ACSils A =y

Using this and applying the first part of the proof for the matrix J; X*JAX
we obtain
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my

m_— my m_—
TeX*JAX > pl = uy =) AN =D A
j=1 i=1 j=1

i=1

This lower bound is attained, if X is chosen as in the statement of the theo-
rem, that is, if

AX*E = X*EAE, AF =diag(\, .. AL ).

It remains to determine the set of all minimisers. If X is any minimiser then
we may apply the formalism of Lagrange with the Lagrange function

L£=Tr(X*JAX) - To(I(X*JX — J1))

where the Lagrange multipliers are contained in the Hermitian matrix I" of
order m. Their number equals the number of independent equations in the
isometry constraint X*JX = J;. By setting the differential of £ to zero we
obtain

AX =XT

and by premultiplying by X*J,
X*JAX = JiI.
Hence I' commutes with Ji:
I =diag(I't, 7).
This is the form of the minimiser, stated in the theorem. Q.E.D.

When performing diagonalisation the question of the condition number of
the similarity matrix naturally arises. We have

Proposition 10.17 Let A be J-Hermitian and have a definite spectrum.
Then all J,J - unitaries that diagonalise it with any diagonal J' have the
same condition number.

Proof. Suppose

UTTAU, = Ay, UFJU = Jy
Uyt AUy = Ay, Uy JUy = Jo

where A, Ay are diagonal and Jp,Jo are diagonal matrices of signs. The
J-definiteness means that there exist permutation matrices I1y, Il such that
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here ¢; € {—1, 1} are the signs of the corresponding subspaces and A1,..., A,
are the distinct eigenvalues of A with the multiplicities nq,...,n,. Then both
Ul = U;Il; and UQ = UyIl, are J, J%-unitary and
UTTAU, = A = Uy P AU, (10.10)
or, equivalently,
AV =V A
where the matrix V = U 'U, is JO-unitary. Since the eigenvalues Ay, ..., \,
are distinct, (10.10) implies
JV=VvJ°

that is, V is unitary and
Uy =UpIl] = U, VIIY = U vt
where the matrix H1VH2T is unitary, so Us and U; have the same condition
numbers. Q.E.D.
Note that the previous theorem applies not only to the standard, spectral
norm but to any unitarily invariant matrix norm like e.g. the Euclidian norm.

Exercise 10.18 Show that the ’if " part of the Theorem 10.12 remains valid,
if the symbols min/mazx in (10.4) are substituted by inf/sup.

Exercise 10.19 Try to estimate the condition of the matriz X in (10.9), if
the difference Tr(JA) — to is known.






Chapter 11
General Hermitian matrix pairs

Here we briefly overview the general eigenvalue problem Sx = ATz with two
Hermitian matrices S, T and show how to reduce it to the case of a single
J-Hermitian matrix A.

The important property, characterised by Theorem 10.14, was expressed
more naturally in terms of the Hermitian matrix pair JA,J, than in terms
of the single J-Hermitian matrix A. In fact, the eigenvalue problem Az = Az
can be equivalently written as JAx = A\Jz. More generally, we can consider

the eigenvalue problem
Sx =Tz (11.1)

where S and T are Hermitian matrices and the determinant of S — AT does
not identically vanish. Such pairs are, in fact, essentially covered by our the-
ory. Here we outline the main ideas.

If T is non-singular, then we may apply the decomposition (5.8) to the
matrix T, replace there G by G|a|'/? and set J = sign(a), then

T =GJG" (11.2)

where G is non-singular and J = diag(+1). By setting y = G*z, (11.1) is
equivalent to

Ay =Xy, A=JG'SG™*, (11.3)
where A is J-Hermitian. Also,
det(S — \T")
det(A—A)= ——=
et ) det T
To any invariant subspace relation
AY =Y A

89
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with Y injective, there corresponds
SX=TXA, Y=GX
and vice versa. The accompanying indefinite scalar product is expressed as
y*Jy = a*Ta'

with y = G*z, ¥ = G*2'. Thus, all properties of J-Hermitian matrices
studied in the two previous chapters can be appropriately translated into
the language of matrix pairs S, T with non-singular T and vice versa. The
non-singularity of T' will be tacitly assumed in the following. (If T" is singular
but there is a real p such that 7' — uS is non-singular then everything said
above can be done for the pair S, T — uS. Now, the equations

A Tx
1—p

Sz =XNT — puS)x, Szx=

are equivalent. Thus the pair S, T — uS has the same eigenvectors as S, T
while the eigenvalues A of the former pair are transformed into A/(1 — Au)
for the latter one.)

The terms 'definite eigenvalues’ and ’definitisability’ carry over in a natural
way to the general pair S, T by substituting the matrix JA for S and the
symmetry J for T. Theorems 10.6 - 10.16 can be readily formulated and
proved in terms of the matrix pair S,T. This we leave to the reader and, as
an example, prove the following

Theorem 11.1 Let S, T be definitisable and «(T') = (ny,0,n_). Then there
s a ¥ such that
T = J = diag(I,, , —I_),

U S¥ = diag(\} A=A =)

nyo

with )\;L > e > )\f > A > -+ > A, . Moreover, for my < ny and
Ji = diag(Ly, ., — I _) the function

¢ — Tr(P*SP),
defined on the set of all @ with
&*Th = J; (11.4)
takes its minimum >t A — Y02, A on any
o= [0,0_]

where R(Py) is spanned by J-orthonormal eigenvectors belonging to the
eigenvalues \E, ... /\fi — and nowhere else.
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Proof. In (11.2) we may take J with diagonals ordered as above. Then with
A= JG 1SG~* for any u we have

JA— pJ =0 (S — uT)¥

so by the non-singularity of ¥ the definitisability of the pair S, T is equivalent
to that of JA, J that is, of the J-Hermitian matrix A. By Corollary 10.2 there
is a J-unitary U such that

U AU = diag(\f .. A A, 0 ).

ny » Mn_
By setting ¥ = G~*U we have the diagonalisation

UHSY = U*JAU = JU AU = diag(\} ..., A\, =2, =)

ni )

Now set X = G*®, then the 'T, J-isometry condition’ (11.4) is equivalent to
X*JX = J; and we are in the conditions of Theorem 10.16. Thus, all asser-
tions of our theorem follow immediately from those of Theorem 10.16. Q.E.D.

Remark 11.2 A definitisable pair S, T with T non-singular, can be diago-
nalised by applying the decomposition (2.1) to K =T and M = S — uT, p
a definitising shift:

(S —uT)P =1, O'TP=diag(as,...,an).
Then ¥ = @ diag(|as|71/2, ..., |a,|71/?) satisfies W*TW = J' = diag(sign(a;))
and
* * 7 9. 1 1
VSO =0 (S -yl +pl\Wo=J dlag(a—+u,...,a—+u).
1

n

The desired order of the signs in J’ can be obtained by appropriately per-
muting the columns of V.

The system (1.1) can also be represented as follows. We set 1 = x, z2 = %,
then (1.1) goes over into

a7 [m] =5 [a]+ o) (115)
" T= [Io( —(1)\4} , §= LO(IO(] (11.6)

where the matrix T is non-singular, if both K and M are such.
The representations (3.2), (3.3) and (11.5), (11.6) are connected by the
formulae (11.2), (11.3), where
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(Lo
G[o LJ'

The choice of the representation is a matter of convenience. A reason for
choosing the 'normalised representation’ (3.2), (3.3) is the physically natural
phase space with its energy norm. Another reason is that here we have to do
with a single matrix A while J is usually stored as a sequence of signs which
may have computational advantages when dealing with dense matrices. Also
the facts about condition numbers are most comfortably expressed in the
normalised representation.

On the other hand, if we have to deal with large sparse matrices S, T,
then the sparsity may be lost after the transition to JA,J and then the
‘non-normalised’ representation (11.5), (11.6) is more natural in numerical
computations.



Chapter 12

Spectral decomposition of a general
J-Hermitian matrix

A general J-Hermitian matrix A may not have a basis of eigenvectors. In this
chapter we describe the reduction to a block-diagonal form by a similarity
transformation S~'AS. We pay particular attention to the problem of the
condition number of the transformation matrix S which is a key quantity in
any numerical manipulation.

The formal way to solve the initial value problem

y=Ay, y(0)=1wo

is to diagonalise A:!

ST1AS = diag(\, ..., \n). (12.1)
Then
S71eAtS = diag(eM?, ..., e,
Set
S = [sl sn]

Then the solution is obtained in two steps:

e compute y; from the linear system
Syo = yo (12.2)

e set
y=eMyp s+ eyl s (12.3)

This method is not viable, if A cannot be diagonalised or if the condition
number of the matrix S is too high. The latter case will typically occur when
the matrix A is close to a non-diagonalisable one. High condition of S will

I In this chapter we will consider all matrices as complex.
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spoil the accuracy of the solution of the linear system (12.2) which is a vital
step in computing the solution (12.3).

Things do not look better, if we assume A to be J-Hermitian — with the
exception of definite spectra as shown in Chapter 10. An example of a non-
diagonalisable J-Hermitian A was produced in (9.5) with d = 2w (critical
damping).

Instead of the ’full diagonalisation’ (12.1) we may seek any reduction to a
block-diagonal form

S™1AS = diag(A, .. .,A;).
so the exponential solution is split into
SleAts = diag(eAllt, ce eA;t).

A practical value of block-diagonalisation lies in the mere fact that reducing
the dimension makes computation easier.

So the ideal would be to obtain as small sized diagonal blocks as possible
while keeping the condition number of S reasonably low.

What we will do here is to present the spectral reduction, that is, the
reduction in which the diagonal blocks have disjoint spectra. We will pay
particular attention to matrices A that are J-Hermitian.

The approach we will take will be the one of complex contour of analytic
functions of the complex variable A\. We will freely use the general properties
of matrix-valued analytic functions which are completely analogous to those
in the scalar case. One of several equivalent definitions of analyticity is the
analyticity of the matrix elements.? Our present considerations will be based
on one such function, the resolvent :

RO\ = (M- 4)7,

which is an analytic, more precisely, rational function in A as revealed by the
Cramer-rule formula
Aagi (M)

~ det(\ — A)

where the elements of A,q4;(A\) are some polynomials in A.

R(X)

The fundamental formula of the ”analytic functional calculus” is

f(A) = %m /F FONV — A)~tdA (12.4)

2 The non-commutativity of matrix multiplication carries only minor, mostly obvi-
ous, changes in the standard formulae of the calculus: (A(A)B(\)) = A'(AN)B(X) +
AMNB'(\), (AN)™H = —-AN)"TA (M) A(N) ! and the like.
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where f()) is any analytic function in a neighbourhood O of o(A) (O need
not be connected) and I"' C O is any contour surrounding o(A4). The map
f+— f(A) is continuous and has the properties

(afy + 8f2)(A) = afi(A) + 5f2(A) (12.5)
(f1- f2)(A) = f1(A) f2(A) (- is the pointwise multiplication of functions)
(12.6)

(fio f2)(A) = f1(f2(A4)) (o is the composition of functions)
1(A) =1, where 1(\) =1 (12.7)

A(A) = A, where A(\) = A (12.8)
o(f(A)) = f(o(A4)).

All these properties are readily derived by using the resolvent equation
R(A) — R(p) = (A = p)R(A) R(p) (12.9)

as well as the resulting power series
RO =) S (12.10)
k=0

valid for |A| > ||A]].
We just sketch some of the proofs: (12.5) follows immediately from (12.4),
for (12.6) use (12.9) where in computing

AARA) = = [ A= 4)ax [ s =g

2mi Jp,

the contour I is chosen so that it is contained in the I'j-bounded neighbour-
hood of o(A).
(12.7) follows from (12.10) whereas (12.8) follows from (12.7) and the
identity
MM —A) = -A)"1 -1
The properties (12.5), (12.6), (12.7), (12.8) imply that the definition (12.4)
coincides with other common definitions of matrix functions like matrix poly-

nomials, rational functions and convergent power series, provided that the
convergence disk contains the whole spectrum. For example,
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1
ol + -+ apA? = —/(ao+---+ozp)\p)()\I—A)’1d)\, (12.11)
r

2mi
(ul — A~ = % Fﬁ()\I—A)*ldA, (12.12)

et = ki:o %f = % /F M — A)ld), (12.13)

Ao = 2% [ eor- At = zk: <Z‘) (A-DF. (12.14)

Here A® depends on the choice of the contour I" and the last equality holds
for |I—A|l < 1 (it describes the branch obtained as the analytic continuation
starting from A = I, A% = I). We will always have to work with fractional
powers of matrices without non-positive real eigenvalues. So, by default the
contour I" is chosen so that it does not intersect the non-positive real axis.

Exercise 12.1 Find conditions for the validity of the formula
A% AP = AP,
Another common expression for f(A) is obtained by starting from the
obvious property

f(STTAS) = 2% /F FO)STHAT — A)~1Sd\ = ST f(A)S. (12.15)

Now, if S diagonalises A i.e. ST1AS = diag(\y, ..., \n) then (12.15) yields

f(A) = Sdlag(f()‘l)7 IR f()\n))S_l

Similarly, if S block-diagonalises A ie. ST!AS = diag(Aj, ..., A},) then
(12.15) yields
f(A) = Sdiag(f(A}), ..., f(A,))S ™.

Exercise 12.2 Show that the map A — f(A) is continuous. Hint: for A =
A+ §A show that the norm of the series

P - 1) = Y ok [ 00T - 47 AT -4 ) iy (1210
k=1

can be made arbitrarily small, if ||0A|| is small enough.

Other fundamental functions f are those which have their values in {0, 1},
the corresponding P = f(A) are obviously projections. Obviously, any such
projection (called spectral projection) is given by

1

=P, =—— —A)! 1
P =P = F()\I A)~lax (12.17)
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where I' separates the subset o C o(A) from the rest of o(A). Also obvious
are the relations

PUPU':PG"PU:()7 PU+PU’:PU’UU

whenever o No’ = ).
Thus, any partition o1, ..., 0, of 0(A) gives rise to a decomposition of the
identity
Psy..., P,

commuting with A. Taking a matrix S whose columns contain the bases of
R(Ps,),...,R(P,,) we obtain block-diagonal matrices

Ay
A =5"1A8 = , o(AL) =0y, (12.18)

S™'p,,S = I, = PY. (12.19)

Here n; is the dimension of the space R(FP, ). If oy, is a single point: o3 = {Ax}
then the space R(P,, ) is called the root space belonging to A € o(A) and is
denoted by Ex. If all R(F,;) are root spaces then we call (12.18) the spectral
decomposition of A.

Here we see the advantage of the contour integrals in decomposing an
arbitrary matrix. The decomposition (12.18) and in particular the spectral
decomposition are stable under small perturbations of the matriz A. Indeed,
the formula (12.16) can be applied to the projections in (12.17): they change
continuously, if A changes continuously. The same is then the case with the
subspaces onto which they project.

Exercise 12.3 Show that

1
TP =Tr— [ (M — A)~td)\ 12.2
P =g [ (-4 (12.20)

equals the number of the eigenvalues of A within I' together with their mul-

tiplicities whereas

. 1
A=Tr— [ MM —A)"tdx
2mi Jp

equals their sum. Hint: reduce A to the triangular form.
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Exercise 12.4 Show that R(P,) and R(Ps) have the same dimensions.
Hint: use (12.20).

Exercise 12.5 Show that for a real analytic function f and a real matriz A
the matriz f(A) is also real.

Exercise 12.6 Let A, B be any matrices such that the products AB and BA
exist. Then

o(AB)\ {0} = o(BA) \ {0} (12.21)

and

Af(BA) = f(AB)A.
Hint: Use (12.21) and the identity
AN —BA)™' =\ - AB)'A
(here the two identity matrices need not be of the same order).

Exercise 12.7 Show that any simple real eigenvalue of a J-Hermitian A is
J-definite.

Proposition 12.8 Let £y, be the root space belonging to any eigenvalue A\
of A. Then

Ex, ={zeC": (A—\I)kzx =0 for some k}. (12.22)

Proof. Let A\; correspond to the matrix, say, A} in (12.18) and suppose
(A= I)Fx = 0 for some k. By setting 2 = Sz’ and noting that the matrices
A% — My, from (12.18) are non-singular for j # 1 it follows

= (12.23)

that is, ' € R(Pl(o)) or equivalently © € R(P;).
Conversely, if x € R(Py) that is, (12.23) holds then

(A} = M1n, )}
(A= DFe=SA — M\, =S O
0
Now the matrix A} has a single eigenvalue A\; of multiplicity n;. Since we

know that A; is a pole of the resolvent (AI,, — A})~! the function

(A=A (A, — A}
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will be regular at A = A; for some k. Thus,

1

A=\, )= —
( 1 1 1) 27TZ 1"1

A= A)F(, — A ~tax =o.

This implies (4 — A\ I)*z = 0. Q.E.D.

The matrix
Ny = A} — M1,

has the property that some power vanishes. Such matrices are called nilpotent.
We now can make the spectral decomposition (12.18) more precise

Ml + Ny
A =8571A8 = (12.24)
Ao, + N

with
o(A)={A1,...., N}, Ni,..., N, nilpotent.

Obviously, the root space £, contains the eigenspace; if the two are equal
the eigenvalue is called semisimple or non-defective, otherwise it is called de-
fective, the latter case is characterised by a non-vanishing nilpotent Ny in
(12.24). Similarly a matrix is called defective, if it has at least one defective
eigenvalue. A defective matrix is characterised by the fact that its eigenvec-
tors cannot form a basis of the whole space. The Jordan form of a nilpotent
matrix will be of little interest in our considerations.

If the matrix A is real then the spectral sets o can be chosen as symmetric
with respect to the real axis: G = 0. Then the curve I, surrounding o can
also be chosen as I' = I' and we have

1 1

P e — by — -1 7: D — — -1 =
Poy = =g | M= A= 5o | (A= A)7HdA = P,

So, all subspaces R(P,, ) are real and the matrix S appearing in (12.18) can
be chosen as real.

Another case where this partition is convenient is if A is J-Hermitian (even
if complex) since o(A) comes in complex conjugate pairs as well. Here we have

N — A =JN - AT

and

1 _ o
pP* = I—A)'d= — I—A)! =JP,
= = /F (=) %= o [ T0T— A i3 = TP
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i.e. the projections P,, are J-orthogonal, hence by Theorem 8.2 the matrix
S in (12.18) can be taken as J, J'-unitary with

Ji
J' =8*JS = . (12.25)
J/
p

In this case we call (12.18) a J, J'unitary decomposition of a J-Hermitian
matrix A. Achieving (12.24) with a J, J'-unitary S is possible if and only if
all eigenvalues are real. Indeed, in this case A’ from (12.24) is J'-Hermitian,
hence each A\i I, + Ny, is J)-Hermitian. Since its spectrum consists of a single
point it must be real.

Proposition 12.9 If the spectral part oy consists of J-definite eigenvalues
(not necessarily of the same sign) then all these eigenvalues are non-defective
and 14 (JP,,) yields the number of the J-positive and J-negative eigenvalues
in oy, respectively (counting multiplicities) and each root space is equal to the
eigenspace. If all eigenvalues in oy are of the same type then in (12.25) we
have Jj, = £1I,,, .

Proof. The non-defectivity follows from Proposition 10.1. All other state-
ments follow immediately from the identity (8.2) and Corollary 10.2 applied
to the corresponding A}, from (12.18). Q.E.D.

Exercise 12.10 Let A be J-Hermitian and \; a J-definite eigenvalue. Then
(1) \;j is non-defective i.e. N; = 0 in (12.26) and (ii) A; is a simple pole of
the resolvent (A — A)~L.

The J, J'-unitary decomposition (12.18) can be further refined until each A;
has either a single real eigenvalue A; in which case it reads

Al = NI, + N;, Nj nilpotent (12.26)

(see Proposition 12.8) or its spectrum is {\, A}, A # . This is the 'most
refined’” decomposition which can be achieved with a diagonal matrix J',
here also the real arithmetic is kept, if A was real. If we allow for com-
plex J, J'-unitary transformations and non-diagonal J’ then a further block-
diagonalisation is possible.

Proposition 12.11 Let A be J-Hermitian of order n and o(A) = {\, A}, A #

X. Then n is even and there exists a complex J, J' -unitary matriz U such that

-1 _OtO ’r % _OI
U AU—[OQ*], J—UJU—L.O],

where &« = A + N and N is a nilpotent matriz of order n/2.
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Proof. We know that in this case C" = &,4+&; and dim(&,) = dim(&y)
(Exercise 12.4). Now we need the following fact: Any root space corresponding
to a non-real eigenvalue is J-neutral. Indeed, let

(A=XDFzx =0, (A—pul)ly=0
for some k,l > 1. For k =1 =1 we have
0=y "JAx — A\y*Jex =y*" A" Jr — Aa*Jz = 2Im \)y* Jz (12.27)

hence, y*Jz = 0, which is already known from Theorem 9.1. For k = 2,1 =1,
we set & = (A—Al)x, then & € &, and (A—AI)& = 0 and by applying (12.27)
to £ we have

0=y"Ji=y"(A— Az =(2ImN)y* Jz.
The rest is induction. Q.E.D.

Now let the matrix X, X_ carry the basis of &y, &, respectively, in its
columns. Then

X =Xy X_]
is non-singular and
N | 0 B
X*JX = {B* 0}

hence B is square and non-singular. By using the polar decomposition
B =U(B*B)'/?
and
Y, =X, UB*B)"? Y. =X (B*B)"Y?
we see that Y = [V, Y_ | satisfies

" |01
vy [01]

and also
AY+ = Y+a, AY_ =Y_ o_

i.e.

y-lay = |@ 0
0 o )

Since the last matrix is J'-Hermitian by (6.1) we have a_ = a*. Q.E.D.

Note that the block-diagonalisation in which each diagonal block corre-
sponds to a single eigenvalue cannot be carried out in real arithmetic, if
there are non-real eigenvalues hence the matrix a cannot be real.
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Thus refined, we call (12.18) a complex spectral decomposition of a J-
Hermitian matrix A.
If a non-real eigenvalue A is semisimple then we can always choose

01 I 0
f= |\ "”2} . J = { /2 } . 12.28
k | k||:_Ink/2 0 k O_Ink/2 ( )

Exercise 12.12 Derive the formula (12.28).

In view of ’the arithmetic of pluses and minuses’ in Theorems 8.1, 8.2
and Proposition 12.11 the presence of 2s non-real spectral points (includ-
ing multiplicities) ’consumes’ s pluses and s minuses from the inertia of J.
Consequently, A has at least

e () = ()] = n— 20.(A)
real eigenvalues.

Example 12.13 Consider the matrix

which is J-Hermitian with

The matrix

-

I
O R W
[
CRISEIN
[
— o N

-2 1 0
U 'AU=|-1-2 0
0 0-1

whereas

3V2/2 — /20 3v/2/2 + /21 —2
S=| V2-V2i/2 V2++2i/2 -2
V2—V2i V242 -1

is J, J'-unitary with
01 0
J =110 0
00-1
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and induces the block-diagonalisation (in fact, the full diagonalisation)

—2+41 0 0
ST1AS = 0-2—-i 0
0 0-1

There is no general information on the non-vanishing powers of the nilpotents
appearing in the J, J'-unitary decomposition of a J-Hermitian matrix. More
can be said, if the matrix pair JA, J is semidefinite.

Theorem 12.14 Let A be J-Hermitian, JA — AJ positive semidefinite and
JA — XNJ not positive or negative definite for any other real X'. Then X\ is an
eigenvalue and in the decomposition (12.18) for A\, = X we have

Al =My, + Ny, N2 =0

and Nj =0 for A\j # Ap.

Proof. According to Theorem 10.6 A must be an eigenvalue of A — otherwise
JA—)\J would be positive definite and we would have a non void definiteness
interval (points with JA—\J negative definite are obviously precluded). Also,
with J' from (12.25) the matrix J'A’—A.J" and therefore each block J; A’ —AJ;
is positive semidefinite and A is the only spectral point of A; From the general
theory IV; = A;- — Al,; must be nilpotent i.e. NJ' = 0 for some r < n. At the
same time J ]’ Nj is positive semidefinite. Assuming without loss of generality
that 7 is odd and writing 7 = 1 + 2q¢ the equality N; = 0 implies

0=2"JNjz = (Njz)"JN;Nix

which by the positive semidefiniteness of JIN; implies N ;{ = 0. By induction
this can be pushed down to N7 = 0. Q.E.D.

In the theorem above the eigenvalue A\ need not be defective, an example
isA=1.

The developed spectral theory can be used to extend Theorem 10.5 to
cases in which only some spectral parts of A are J-definite. They, too, will
remain such until they cross eigenvalues of different type. As in Theorem 10.5
we will have to ’erect barriers’ in order to prevent the crossing, but now we
have to keep out the complex eigenvalues as well.

Theorem 12.15 Let A be J-Hermitian and oo C o(A) consist of J-positive
eigenvalues and let I’ be any contour separating o from the rest of o(A). Let
I >t~ A(t) be J-Hermitian-valued continuous function on a closed interval
T such that A = A(to) for some ty € T and such that

I'no(A(tg)) = 0.
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Then the part of o(A(t)) within I' consists of J-positive eigenvalues whose
number (with multiplicities) is constant over I (and analogously in the J-
negative case).

Proof. The key fact is the continuity of the total projection

P(t) = L / (AT — A(t))"'dA
2mi Jp
as a function of t, see Exercise 12.2. We can cover Z by a finite family of
open intervals such that within each of them the quantity ||[P(¢') — P(t)|| is
less than 1/2. Now use Theorem 8.4; it follows that all P(t) are J-unitarily
similar. Then the number of the eigenvalues within I', which equals TrP(t),
is constant over Z and all P(t) are J-positive (Corollary 8.5). Q.E.D.

Note that as in Theorem 10.5 the validity of the preceding theorem will
persist, if we allow I" to move continuously in ¢.

Example 12.16 We shall derive the spectral decomposition of the phase-
space matrix corresponding to a modally damped system which is charac-
terised by the property (2.24). Then according to Theorem 2.3 there is a
(real) non-singular @ such that T M® = I, T K& = 2% = diag(w?, ..., w?2),
w; >0, 8TC® = D = diag(dy1,. . .,dnn), dii > 0. The matrices

Uy=LToen ™, Uy=Lien™!
are unitary and

- 0 WU
A= [U29U11 U, DU | vAY

where

_ Ul() ’ 0 0
U_|:0 UQ]’ A_[QD]

and U is jointly unitary. This A’ is essentially block-diagonal — up to a
permutation. Indeed, define the permutation matrix Vy, given by Vpeg;—1 =
ej, Voea; = e;1n, (this is the so called perfect shuffling). For n = 3 we have

100000
001000
000010
010000
000100
000001

Vo

The matrix Vj is unitary and J, J'-unitary with
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. . . . 1 0
Jl:dlag(ja"'a.])a J= |:0_1:|

and we have
A" =V AV = diag(AY, ..., AY), (12.29)

" _ 0 wy
A= [_Wi —dn‘] '
Altogether, V. = UV} is J, J'-unitary (and unitary) and we have the real

spectral decomposition
VAV = A"

Exercise 12.17 Use perfect shuffling and a convenient choice of Ly, Lo in
(2.16) so as to make the phase-space matriz for our model example in Chapter
1 as narrowly banded as possible.

Exercise 12.18 Derive the analog of (12.29) for the phase-space matriz
(4.19).

12.1 Condition numbers

We now turn back to the question of the condition number in block-
diagonalising a J-Hermitian matrix. More precisely, we ask: are the J, J'-
unitaries better than others, if the block-diagonalised matrix was J-Hermitian?
The answer is positive. This makes J, J' unitaries even more attractive in nu-
merical applications. The rest of this chapter will be devoted to this question.

Most interesting is the case in which in (12.18), (12.19) the spectra of
A} are disjoint and symmetric with respect to the real axis, i.e. o(A) is
partitioned as

or =0(4y), o(Ad)=01U---Uoy, 7j=0j, j=1,...,p,

Jl—ﬂaj:@if 7174]

Then the relation (8.6) is equivalent to the block-diagonalisation (12.18) and
it is sufficient to study the transformation (8.6).

Theorem 12.19 Let Py,...P, be any J-orthogonal decomposition of the
identity and S non-singular with

S7Ps=P", j=1,..p (12.30)

with Pj(o) from (12.19). Then there is a J, J -unitary U such that
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Ji
UTlPU =P, J = , Ji = diag(L,s,~1,-)
Jp
and
k(U) < &(S5).

The same inequality holds for the condition number measured in the Euclidian
norm.

Proof. Any S satisfying (12.30) will be called block-diagonaliser. By repre-
senting S as

S=[S - 5,]
(the partition as in (12.18)) we can write (12.30) as
SkPj = 5ijk-
Then S*JS is block-diagonal:
S;JSy = S I Py Sk = S; P J Sy, = (PpS;)" J Sk = 615 J Sk

Hence each matrix S} JSy is Hermitian and non-singular; its eigenvalue de-
composition can be written as

SETSE = Wi dgWi = Wi | A 2 T ARV 2W5, k=1,....p

where Ay, is diagonal and non-singular, W, is unitary and Jy = sign(Ag). By
setting

A =diag(Ay,...,4,), J' =diag(J1,...,Jp), W =diag(Wi,...,W))

the matrix
U= SW|A|~Y/?

is immediately seen to be J, J'-unitary. Now, since A and J’ commute,
R(S) = [UAM2W (WA~ 20| =
WA 2T 1AI7 20| = |U1A]2 (1A 20|
> |7 = w(U).
The proof for the Euclidian norm also uses the property

kp(F) = FlelF e = 1FlelhF*Ile = IFlelF e = |1FllE,
(12.31)
valid for any J, J'unitary F'. Thus,

kp(S)? = Tr(S*S)Tr(S~1S™*) = Tr(F*F|A|)Tr(|A| " F*F)
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(zn:MkTr (F*F)y ) <zn:Tr (F*F) klc/|)\k|> > Tr(F*F)?
k

k

due to the inequality
mek Z Or/Pk = Z o
k k k

valid for any positive p; and non-negative ¢. Q.E.D.

According to Theorem 12.19 and Proposition 10.17 if the spectrum is
definite then the best condition number of a block-diagonalising matrix is
achieved, by any J, J'-unitary among them. If the spectrum is not definite
or if the spectral partition contains spectral subsets consisting of eigenvalues
of various types (be these eigenvalues definite or not®) then the mere fact
that a block-diagonalising matrix is J, J'-unitary does not guarantee that
the condition number is the best possible. It can, indeed, be arbitrarily large.
But we know that a best-conditioned block-diagonaliser should be sought
among the .J, J'-unitaries. The following theorem contains a construction of
an optimal block-diagonaliser.

Theorem 12.20 Let Py,...,P, € =™, J" be as in Theorem 12.19. Then
there is a J, J' -unitary block-diagonaliser F' € Z™™ with

kp(F) < rp(S)

for any block-diagonaliser S.

Proof. We construct F' from an arbitrary given block-diagonaliser S as fol-
lows. By setting S = [Sl e Sp] and using the properties established in the
proof of Theorem 12.19 we may perform the generalised eigenvalue decom-
position
Uy Sy Sk = diag(af,...,0f By, ... B8 ), (12.32)
k k

UESE ISy, = Jf, = diag(,,+, —1,-), (12.33)

k=1,...,p. An optimal block-diagonaliser is given by
F=[F - F], Fp=_85%. (12.34)

It is clearly J, J'-unitary by construction. To prove the optimality first note
that the numbers n% and a?, ﬁf do not depend on the block-diagonaliser .S.

Indeed, any block-diagonaliser S is given by

= [Slf’l Spfp} , TI1h,..., I}, non-singular.

3 Such coarser partition may appear necessary, if a more refined partition with J-definite
spectral sets would yield highly conditioned block-diagonaliser.
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By the Sylvester theorem nk is given by the inertia of S;.JS; which is the

same as the one of §¥.JS, = I'FS;.JS) ;. Furthermore, the numbers a;?, —ﬁf
are the generalised eigenvalues of the matrix pair S;Sj, S;JSk and they do
not change with the transition to the congruent pair I} S} Sy, I} S; JSkI}.
In particular, the sums

to=of+-+ak, +8+-- 4B, to=)_t§

are independent of S. By Theorem 12.19 there is a J, J'-unitary block-
diagonaliser U with
ke(U) < kg(9S). (12.35)

If we now do the construction (12.32) — (12.34) with S replaced by U then
(12.33) just means that ¥, is Ji-unitary. From Theorem 10.16 and from the
above mentioned invariance property of t& it follows

th = Te(FY Fy) < Tre(URUR)
and, by summing over k,

to =Tr(F*F) < Te(U*U).
By (12.31) this is rewritten as

to = HE(F)2 § KE(U)Q.
This with (12.35) and the fact that S was arbitrary gives the statement.
Q.E.D.

The numbers o, ﬁ]’? appearing in the proof of the previous theorem have
a deep geometrical interpretation which is given in the following theorem.

Theorem 12.21 Let F be any optimal block-diagonaliser from Theorem
12.20. Then the numbers af, 6;“ from (12.32) are the non-vanishing singular
values of the projection Py. Moreover,

P ny ny, P
kp(F) = FIZ =YY ab+ Y 88 | =Y Tvy/PP;. (12.36)
k=1 =1 1=1 k=1

Proof. We revisit the proof of Theorem 12.20. For any fixed k we set @ =
diag(af, ..., 3% ). Since the numbers of, . .., 3%_ do not depend on the block
nk nk

diagonaliser S we may take the latter as J, J'-unitary:

S=U=[U - U], UJU, =38yl Pp=UJULJ,
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Now (12.32), (12.33) read
GU U, = o, U0, = J)

and we have Fy = Up¥,. It is immediately verified that the matrix V =
UpWro—'/? is an isometry. Moreover, its columns are the eigenvectors to the
non-vanishing eigenvalues of P P}. To prove this note the identity

PPy = (Up JLUR)?.
On the other hand, using ¥y J, ¥} = Jj, gives
U L URV = Up J 0 U UpWa Y2 = U, J) 0 ?
and, since both a and Jj, are diagonal,
U LUV =V Ja,

so the diagonal of J} a consists of all non-vanishing eigenvalues of the Hermi-
tian matrix Uy J,U}. Hence the diagonal of o consists of the non-vanishing
singular values of Pj;. Then also

e 2
1l = Trae =Y af + ) 8 = Try/ Py,
i=1 i=1

so (12.36) holds as well. Q.E.D.

The value Try/PP; (this is, in fact, a matrix norm) may be seen as a
condition number of the projection Pj. Indeed, we have

ny, = TrPy < Try/Po Py (12.37)

where equality is attained, if and only if the projection Py is orthogonal in
the ordinary sense.
To prove (12.37) we write the singular value decomposition of Py as

Pk =UaV*

where U,V are isometries of type n X ng. The identity P]f = P, means (note
that a is diagonal positive definite)

aV*U =1,,.

Now
ng = TrP, = Tr(UaV*) = (Va'/?,Ua'/?)g

where
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(T,S)g = Te(S*T)
denotes the Euclidian scalar product on matrices. Using the Cauchy-Schwartz
inequality and the fact that U,V are isometries we obtain

ng = TePy < |[Val/?||g||Ua/?| g < [|a!/?||% = Tra = Try/P Py

If this inequality turns to an equality then the matrices Va'/2, Ua'/2, and
therefore V, U must be proportional, which implies that Py is Hermitian and
therefore orthogonal in the standard sense. If this is true for all k£ then by
(12.36) the block-diagonaliser F is jointly unitary.

There are simple damped systems in which no reduction like (12.18) is
possible. One of them was produced as the critical damping case in Example
9.3. Another is given by the following

Example 12.22 Take the system in (1.2) — (1.4) with » = 2 and
25
my =1, mg = Z7

5
ky =0, k2 =5, k3 = —,

4
40
o= [ : O} .
Tedious, but straightforward calculation (take Ly, L as the Cholesky factors)
shows that in this case the matrix (3.3) looks like

0 0 v5-2/V5

| 0 0 0 1/V6 | _
A= _VE 0 -4 0 =-I+N (12.38)

2/V5-1/v/50 0

where N2 # 0, N* = 0. So, in (12.18) we have p = 1 and no block-
diagonalisation is possible.? Analogous damped systems can be constructed
in any dimension.

Exercise 12.23 Prove (12.38).

Exercise 12.24 Modify the parameters mo, k1, ko, k3, ¢ in Example 12.22 in
order to obtain an A with a simple real spectrum (you may make numerical
experiments).

Exercise 12.25 Find a permutation P such that PTAP (A from (12.38))
1s tridiagonal.

4 This intuitive fact is proved by constructing the Jordan form of the matrix N which we
omit here.



Chapter 13
The matrix exponential

The matrix exponential, its properties and computation play a vital role in a
study of damped systems. We here derive some general properties, and then
touch a central concern of oscillations: the exponential decay which is crucial
in establishing stability of vibrating structures.

The decomposition (12.18) can be used to simplify the computation of the
matrix exponential needed in the solution (3.4) of the system (3.2). We have
ALt

eM=S5ettg = 8 s, (13.1)

with a J, J'-unitary S and J' from (12.25). As was said a 'most refined’

decomposition (13.1) is obtained, if o(A’) = A; is real, with

A;, = Ajl,, + N;j, N; nilpotent

or o(A%) = {X;, A;} non-real with

77 Ly 0 0 0 o

and
a; = \jl,, + M;, M; nilpotent.

Thus, the computation of et reduces to exponentiating e+t with N

nilpotent:

T tk

(M+N)t _ At Nt _ At k

e =eVe'' =e g k!N (13.2)
k=0

111



112 13 The matrix exponential

where N7 is the highest non-vanishing power of N. (In fact, the formulae
(13.1), (13.2) hold for any matrix A, where S has no J-unitarity properties,
it is simply non-singular.)

Example 13.1 We compute the matrix exponential to the matrix A from
(9.5), Example 9.3. First consider D = d? — 4w? > 0 and use (9.7) — (9.9) to
obtain

oAt — o—dt/2 (cosh(\/ﬁt/Q)I—i— smh(\/\/gt/Q) [255 2‘2}) , (13.3)

A similar formula holds for D < 0. This latter formula can be obtained from
(13.3) by taking into account that e is an entire function in each of the
variables w, d,t. We use the identities

cosh(vV/Dt/2) = cos(v/—=Dt/2), Sinh(\/\/gt/Q) _ sin(gt/g)

thus obtaining
in(v/—Dt/2
(Al — g=dt/2 (cos(\/—Dt/2)I + w [2 ﬁ 2‘2]) (13.4)

which is more convenient for D < 0. For D = 0 using the L’Hospital rule in
either (13.3) or (13.4) we obtain

eAt = /2 (I—I—wt [1 ”) .

It does not seem to be easy to give an exponential bound for the norm of
(13.3) and (13.4) which would be both simple and tight. By introducing the
functions

sinc(7) = sin(7)/7, sinhc(r) = sinh(7)/7

we can express both exponentials by the ’special matrix function’ e2(r,6)

given as
0 1
e2(r,0) = exp ([_1 _20] T> =

e 07 | cos(v1 — 627)I + 7sinc(v/1 — 627) {f H) <1
e=97 ( cosh(v/02 — 17)I + 7sinhc(v/02 — 17) [_f _H) 0>1

~(ree[ 1)

defined for any real 7 and any non-negative real 6. So, we have
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On Fig. 13.1 we have plotted the function 7 — |e2(7, 8)| for different values
of 6 shown on each graph. We see that different viscosities may produce
locally erratic behaviour of ||e2(r, 6)|| within the existing bounds for it. An
‘overall best behaviour’ is apparent at § = 1 (critical damping, bold line).

0 I I I I I ]
0 1 2 3 4 5 6

Fig. 13.1 Norm decay of e2

The 2x2 case studied in Example 13.1 is unexpectedly annoying: the formulae
(13.3) or (13.4) do not allow a straightforward and simple estimate of the
exponential decay of the matrix exponential. What can be done is to compute

vt e2(wt, 0)|| = vt/9le2(7, 0)|| = £2(k, 0
maxe e2(wt, 0) || maxe le2(r, 0)[| = f2(k,0)

with
f2(k,0) = maxe"|[e2(r, O)]].

The function f2 can be numerically tabulated and we have

le2(@n)l < e=r2(,9).
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Remark 13.2 The function f2 is defined whenever § > 0 and 0 < Kk = Ky,
where

o 0—vV02—-1,0>1

"7 8, 0<1

is the negative spectral abscissa of the 'normalised’ matrix

]

— with one exception at 8 = 1; kK = kg, where f2 is infinite.

The two dimensional matrix exponential studied above shows another annoy-
ing phenomenon, characteristic for damped systems: the spectral condition
number, that is the condition of the similarity which diagonalises the phase-
space matrix A, may become infinite without any pathology at all by the
matrix exponential. This is the case when the system is critically damped
and the phase-space matrix defective. However, at this point the system is
optimal in the sense that its spectral abscissa is the lowest there (see also the
fat line in Fig. 13.1). This means that the method of spectral decomposition
may be insufficient to describe the solution of the differential equation (1.1)
just on configurations that exhibit an optimal behaviour.

Exercise 13.3 Prove the identity
le2(r, V|| =e " (t+V1+72).

Exercise 13.4 Compute e for any real J-symmetric matriz

s [ ai a12].

—a12 a22
Hint: Consider A — ay1I or A — asel and use Example 13.1.
Exercise 13.5 Using (13.2) compute e for A from (12.38).

We turn back to A from (13.1). We have
el < m(S)le (13.5)
where )
le? ] < ere'p(t), (13.6)

and
Ao = Ao (A) = maxRe(c(A4))

is the spectral abscissa of A and p(t) is a polynomial of degree < n whose
coefficients are built up from the powers of the nilpotents IV;, M;. This is not
very useful since (i) the formulae are inconvenient both for computing and for
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estimating,! (ii) there is no simple connection to the input data contained in
the matrices M, C, K and (iii) there is no a priori control on x(S). Anyway,
from (13.1) — (13.2) it follows that for any ¢ > 0 there is a Cc > 0 such that

|e4t]] < C.ePatelt (13.7)

where naturally one would be interested to find a best (that is, the smallest)
C. for a given € > 0.

If
|edt]| < Fe vt (13.8)

holds with some v > 0, F > 1 and all t > 0 then we say that the matrix A is
asymptotically stable and e exponentially decaying. The following theorem
is fundamental.

Theorem 13.6 For a general square matriz A the following are equivalent:

(i) A is asymptotically stable.

(ii)) Reo(A) <O0.

(iii) et — 0, t— oo.

(iv)  For some (and then for each) positive definite B there is a unique
positive definite X such that

A*X + XA=-B. (13.9)

(v) |le?|| < 1, for somet =t; > 0.

In this case we have

edt]| < K(X)e /P (13.10)
with .
(8 = max v Xy = ||B_1/2XB_1/2||.
y y*By

Proof. The equivalences (i) <= (ii) <= (iii) obviously follow from (13.1)

— (13.2). The equation (13.9) is known as the Lyapunov equation and it can

be understood as a linear system of n? equations with as many unknowns.
Thus, let (i) hold. Then the integral

X:/ et Betdt (13.11)
0

(which converges by (13.8)) represents a positive definite matrix which solves
(13.9). Indeed, X is obviously Hermitian and

I This difficulty is somewhat alleviated, if the block-diagonalisation went up to diagonal
blocks of dimension one or two only; then we may use the formulae derived in Example
13.1.
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o0 *
Yy Xy = / y* et tBeMty dt > 0
0

where the equality sign is attained, if and only if
Bety =0

which implies y = 0. The matrix X solves the Lyapunov equation. Indeed,
by partial integration we obtain

© d . . -~
A*X = —eVt Bet dt = e tBeAt| -
dt 0
0

7/ eA*tBieAt dt = —B— XA.
0 dt

The unique solvability of the Lyapunov equation under the condition (ii) is
well-known; indeed the more general Sylvester equation

CX+XA=-B

is uniquely solvable, if and only if ¢(C) No(—A) = () and this is guaranteed,
if C* = A is asymptotically stable. Thus (i) implies (iv).
Now, assume that a positive definite X solves (13.9). Then

d * .
% (y*eA tXeAty> :y*eA t(A*X+XA)6At’y:

—y*eA*tBeAty < —y*eA*tXeAty/ﬂ
or
%m (y*eA*tXeA@ < _%.
We integrate this from zero to s and take into account that e = I:
yreA" XeAsy < y* Xye~ /8
which implies
yret ety <yt Xyl X e/

Hence
led*)1® < [IX X em/?

and (13.10) follows. This proves (iv) = (iii). Finally, (iii) = (v) is obvious;
conversely, any t can be written as t = kt; + 7 for some k = 0,1, ... and some
0 <7 <t;. Thus,

le* ] = (e ) eAT|l < fle ¥ max [le?T] =0, t— cc.
0<7<ty
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Thus, (v) = (iii). QE.D.

Exercise 13.7 Suppose that A is dissipative and o = ||e*|| < 1, for some
t1 > 0. Show that (13.8) holds with

1
F=1/a, v= e
tq

Corollary 13.8 If A is asymptotically stable then X from (13.11) solves
(13.9) for any matriz B.

Exercise 13.9 Show that for an asymptotically stable A the matriz X from
(13.11) is the only solution of the Lyapunov equation (18.9) for an arbitrary
B. Hint: supposing A*Y +Y A =0 compute the integral

/ eAHAYY + YV A)edt.
0

Ezxercise 13.10 Show that already the positive semidefiniteness of B almost
always (i.e. up to rare special cases) implies the positive definiteness of X in
(13.9). Which are the exceptions?

The matrix X from (13.9) will be shortly called the Lyapunov solution.
Exercise 13.11 Show that the Lyapunov solution X satisfies

2 < _%. (13.12)

where A, s the spectral abscissa. Hint: compute y* By on any eigenvector y

of A.
If A were normal, then (13.8) would simplify to
et =
as is immediately seen when A is unitarily diagonalised, i.e. here the spectrum

alone gives the full information on the decay. In this case for B = I (13.12)
goes over into an equality because the Lyapunov solution reads

X=—-(A+4""
and 20(X) = —1/Reoc(A).

Each side of the estimate (13.12) is of a different nature: the right hand
side depends on the scalar product in =™ (because it involves the adjoint of
A) whereas the left hand side does not. Taking the matrix A; = H/?AH~1/?
with H positive definite (13.9) becomes

ATXI —|—X1A1 = —Bl
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with
X, =H 'Y?XH'? B =H'?BH /2

This gives rise to a (1 which again satisfies (13.12). It is a non-trivial fact
that by taking B = I and varying H arbitrarily the value —1/8; comes
arbitrarily close to 2)\,. The proof is rather simple, it is similar to the one
that ||[H'/2AH~'/?| is arbitrarily close to spr(A) if H varies over the set of
all positive definite matrices. Here it is.

Since we are working with spectra and spectral norms we can obviously as-
sume A to be upper triangular. Set A’ = DAD~!, D = diag(1, M, ..., M" 1),
M > 0. Then A" = (aj;) is again upper triangular, has the same diagonal as
A and

a;j = aij/Mjii
hence A — Ay = diag(ai1,...,an) a8 M — oo. The matrix Ay is normal
and the Lyapunov solution obviously depends continuously on A. This proves

the statement.
On the other hand we always have the lower bound

le]) > e, (13.13)

Indeed, let A be the eigenvalue of A for which ReA = A\,. Then Az = Az
implies ||eAtz| = e*af||z| and (13.13) follows.

Exercise 13.12 Show that whenever the multiplicity p of an eigenvalue is
larger than the rank r of the damping matriz C then this eigenvalue must
be defective. Express the highest non-vanishing power of the corresponding
nilpotent by means of r and p.

Exercise 13.13 Replace the matriz C' in Example 12.22 by
c0
]

Compute numerically the spectral abscissa for 2 < ¢ < 6 and find its mini-
mum.



Chapter 14
The quadratic eigenvalue problem

Thus far we have studied the damped system through its phase space ma-
trix A by taking into account its J-Hermitian structure and the underlying
indefinite metric. Now we come back to the fact that this matrix stems from
a second order system which carries additional structure commonly called
'the quadratic eigenvalue problem’. We study the spectrum of A and the be-
haviour of its exponential over time. A special class of so-called overdamped
systems will be studied in some detail.

If we set f = 0in (3.2), and make the substitution y(¢) = ey, y a constant
vector, we obtain

Ay =Xy (14.1)

and similarly, if in the homogeneous equation (1.1) we insert z(t) = eMz, =

constant we obtain

(MM +X\C+ K)x =0 (14.2)

which is called the quadratic eigenvalue problem, attached to (1.1), A is an
eigenvalue and x a corresponding eigenvector. We start here a detailed study
of these eigenvalues and eigenvectors constantly keeping the connection with
the corresponding phase-space matrix.

Here, too, we can speak of the ’eigenmode’ x(t) = e*xz but the physical
appeal is by no means as cogent as in the undamped case (Exercise 2.1) be-
cause the proportionality is a complex one. Also, the general solution of the
homogeneous equation (1.1) will not always be given as a superposition of
the eigenmodes.

The equations (14.1) and (14.2) are immediately seen to be equivalent via
the substitution (for generality we keep on having complex M, C, K)

Lix " "
Y= [Al}’z‘x] , K=1,L7, M = LoL3. (14.3)

119
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(14.2) may be written as
QN)z =0
where Q(-), defined as

Q) =NM+)\C+ K (14.4)

is the quadratic matriz pencil associated with (1.1). The solutions of the
equation Q(A)x = 0 are referred to as the eigenvalues and the eigenvectors
of the pencil Q(-). For C' = 0 the eigenvalue equation reduces to (2.3) with
A2 = —pu. Thus, to two different eigenvalues +iw of (14.2) there corresponds
only one linearly independent eigenvector. In this case the pencil can be
considered as linear.

Exercise 14.1 Show that in each of the cases

1. C=aM

2. C=pK

the eigenvalues lie on a simple curve in the complex plane. Which are the

curves?

The set X\ = {z : Q(A\)x = 0} is the eigenspace for the eigenvalue X of the
pencil Q(), attached to (1.1). In fact, (14.3) establishes a one-to-one linear
map from X onto the eigenspace

Iy ={y e C™: Ay = My},

in particular, dim(Yy) = dim(Xy). In other words, ”the eigenproblems (14.1)
and (14.2) have the same geometric multiplicity.”

As we shall see soon, the situation is the same with the algebraic multiplici-
ties. As is well known, the algebraic multiplicity of an eigenvalue of A is equal
to its multiplicity as the root of the polynomial det(AI — A) or, equivalently,
the dimension of the root space £y. With J from (3.7) we compute

3 I 0 ][-» 0 I —LiLy*/A

where Ly, Lo are from (14.3). Thus, after some sign manipulations,
det(M — A) = det(Ly; *(\2M + X\C + K)L;*) = det Q(\)/ det M.
Hence the roots of the equation det(AI — A) = 0 coincide with those of
det(\2M +\C + K) =0
including their multiplicities. This is what is meant by saying that the alge-

braic multiplicity of an eigenvalue of A is equal to its algebraic multiplicity
as an eigenvalue of Q(-).
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The situation is similar with the phase-space matrix A from (4.19). The
linear relation

=y, 2z =y, 2 =1y, z3=An (14.6)

establishes a one-to-one correspondence between the eigenspace Z, for A and
the eigenspace X, for (14.2) (here, too, we allow complex Hermitian M, C, K).
To compute a decomposition analogous to (14.5), we consider the inverse in
(4.23):

_ 1 7 'DR'+in, F
JAT + )\J— { I _}\Im:| (14.7)
Z 0
—w [ } we
—§Im
where A is real and
I, —\F
W= {O I, ]
and
P A27IDO Y 4 I, + N2 FF*
N A
Q[0 2\ -1
-2 (5 s o)
‘Qil * -1
Now, using this, (14.7) as well as the equality
det A = det(£2)%(det Dog) ™ (—1)"+™ (14.8)
we obtain
det(A — A) = det <—J/\ <i - JAl) A) = (det Day) ! (det @) det Q(N)

where @ is from (4.7) and Dy from (4.8). From this it again follows that the
algebraic multiplicity of an eigenvalue of A equals the algebraic multiplicity
of the same eigenvalue of the pencil Q(-).

That is why we have called the phase-space matrix a ’linearisation’: the
quadratic eigenvalue problem is replaced by one which is linear and equiva-
lent to it.

Let us now concentrate on the eigenvalue equation (14.2). It implies
Nao*Mz 4+ \*Cr+2*Kr =0, 2 £ 0 (14.9)

and hence
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Ae{pi(a), p-(x)} (14.10)

with
palr) = “TEVEE) (14.1)
A(z) = (2*Cz)? — 4o* Kza* M. (14.12)

The functions p+ are homogeneous:

p+(az) = pi(z)

for any scalar a and any vector x, both different from zero. If the discriminant
A(x) is non-negative, then py(x) is real and negative. If = is an eigenvector
then by (14.10) the corresponding eigenvalue A is also real and negative. Now
for the corresponding y from (14.3) we have

y*Jy = 2" Ko — \N22* Mz

=2r"Kz + Az Cux

_Ax*Mzz*Kr — (2% Cx)? £ 2*Cay/Ax)

B 2z* Mz

_ A(x) £ 2*Co/A(z)

= 5 M a = F\/A(z) (14.13)

where we have used the identity (14.9) and the expressions (14.11), (14.12).
Since —A is positive, we see that the eigenvector y of A is J-positive or J-
negative according to the sign taken in (14.11). The same is true of A from
(4.19) and z from (14.6). Indeed, with J from (4.22), we have

2 Jz =yl D1y + yd Qays — Nyiy =

yT 0y — 2%yT [I(Sn 8} y=aT Kz —NazT Mz

as in (14.13). We summarise:
Proposition 14.2 The following statements are equivalent

1. X is an eigenvalue of (14.2) and every corresponding eigenvector satisfies
A(x) > 0.

2. X is a J-definite eigenvalue of the phase-space matriz A from either (3.3)
or (4.19).

In this case X is J-positive (J-negative) if and only if A = p(x) (A =p_(z))
for any corresponding eigenvector x.

The appellation positive/negative/definite type will be naturally extended to
the eigenvalues of Q(-).

The reader will notice that we do not use the term ”overdamped” for such
eigenvalues (as we did for the one-dimensional oscillator in Example 9.3).
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The overdampedness property in several dimensions is stronger than that as
will be seen in the sequel.
If all eigenvalues of (14.2) are real and simple then they are of definite
type (cf. Exercise 12.7).
We call the family Q(-) (or, equivalently, the system (1.1)) overdamped, if
there is a p such that
Qu) = M + uC + K

is negative definite.
Proposition 14.3 For A negative we have
e (JA=XT) =1 (Q\) +n
and consequently
L (JA=A) = 11 (Q(N))-

for A, J from (8.3), (3.7), respectively. In particular, Q(\) is negative defi-
nite, if and only if JA — \J is positive definite.

Proof. The assertion immediately follows from (14.5) and the Sylvester in-
ertia theorem (Theorem 5.7). Q.E.D.

Corollary 14.4 Let Q(-) be overdamped with eigenvalues
Ao << <)\ir§...§)\:+

and the definiteness interval (A, \[). Then for any A\ > A, with Q(\)
non-singular the quantity ¢ (Q(X)) is equal to the number of the J-positive
eigenvalues less than A (and similarly for the J-negative eigenvalues).

Proof. The statement follows from Proposition 14.3 and Theorem 10.7.
Q.E.D.

Thus, the overdampedness of the system M,C, K is equivalent to the
definitisability of its phase-space matrix. By Theorem 10.6 the eigenvalues
are split into two groups: the J-positive eigenvalues on the right and the J-
negative ones on the left. They are divided by the definiteness interval which
will go under the same name for the pencil Q(-) as well.

The overdampedness condition means
*MxA? 4+ 2*Car+ 2" Kz = 2" Max (XA — p_(2))(A — py(x)) <0 (14.14)

for any fixed A from the definiteness interval and for all non-vanishing z, that
is
p_(l‘) <)‘5 p+(ll') >)‘a
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in particular,
p-(z) < pi(x),

or equivalently
A(z) >0 (14.15)

for every x # 0. Prima facie the condition (14.15) is weaker than (14.14). It is
a non-trivial fact that the two are indeed equivalent as will be seen presently.

The overdampedness is not destroyed, if we increase the damping and/or
decrease the mass and the stiffness, that is, if we replace M,C,K by
M' C’', K" with

Mz <x*Mz, z*C'z>2*Czx, 2*K'z <z*Kx for all z.

In this situation we say that the system M’ C’, K’ is more viscous than
M, C, K. The viscosity is, in fact, an order relation on the set of all damped
systems.

We now formulate a theorem collecting together several equivalent defini-
tions of the overdampedness.

Theorem 14.5 The following properties are equivalent:

(i) The system (1.1) is overdamped

(i)  The discriminant A(x) from (14.12) is positive for all non-vanishing
zeC".

(iti)  The pair JA,J or, equivalently, S,T from (11.6) is definitisable.

Proof. The relations (i) < (iii), (i) = (ii) are obvious. To prove (ii) =
(i) we will use the following, also obvious, facts:

e The property (ii) is preserved under increased viscosity.

e The property (i) is preserved under increased viscosity, moreover the new
definiteness interval contains the old one.

e The set of all semidefinite matrices is closed.

e The set of all overdamped systems is open, that is, small changes in the
matrices M, C, K do not destroy overdampedness.

Suppose, on the contrary, that (ii) = (i) does not hold. Then there would
exist an ¢y > 1 such that the pencils

QN €) = XN°M + \eC + K

are overdamped for all € > €y but not for € = ¢y (obviously the overdamped-
ness holds, if € is large enough). Since the corresponding phase-space matrix
A.) depends continuously — and the definiteness intervals monotonically —
on € > ¢y there is a real point A\ = Ao, contained in all these intervals and
this is an eigenvalue of A.,— otherwise JA., — AoJ would be not only posi-
tive semidefinite (which it must be), but positive definite which is precluded.
Thus JA., — \oJ is singular positive semidefinite, but by (ii) the eigenvalue
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Ao is of definite type. By Theorem 10.11 the pair JA.,,J is definitisable
ie. JA,, — AJ is positive definite for some A in the neighbourhood of .
This proves (ii) = (i). Q.E.D.

Exercise 14.6 Let the system M, C, K be overdamped and let C' be perturbed
into C' = C + 6C with

leT6Cx| < ex”Cx for all x,

1 TC
e<1l—— d:min#.

d’ z aTMzxTKx
Show that the system M,C’, K is overdamped.

Exercise 14.7 Let M,C, K be real symmetric positive definite matrices.
Show that A(z) > 0 for all real x # 0 is equivalent to A(zx) > 0 for all
complex x # 0.

Exercise 14.8 Let the damping be proportional: C = aM + K, a, 3 > 0.
Try to tell for which choices of a, B the system is overdamped. Show that this
is certainly the case, if aff > 1.

Exercise 14.9 Prove the following statement. If u is negative and Q(u) non-
singular then A has at least

2(n — - (Q(w)))

real eigenvalues (counting multiplicities).

Exercise 14.10 Prove the following statement. Let Q(-) have p eigenvalues
A, ..., Ap (counting multiplicities). If all these eigenvalues are of positive type
then corresponding eigenvectors x1,...,x, can be chosen as linearly indepen-
dent. Hint: Use the fact that the J-Gram matriz X*JX for the corresponding

phase space eigenvectors
L)
T ALy

1s positive definite.

Exercise 14.11 Prove the identity (14.8). Check this identity on the system
from Example 4.5.






Chapter 15
Simple eigenvalue inclusions

Although, as we have seen, the eigenvalues alone may not give sufficient in-
formation on the behaviour of the damped system, knowledge of them may
still be useful. In this chapter we will derive general results on the location

of the eigenvalues of a damped system.

In fact, the parameters obtained in such 'bounds’ or ’inclusions’ may give
direct estimates for the matrix exponential which are often more useful than

(13.5), (13.6). An example is the numerical range or the field of values

r(A) ={z"Az: € C", ||z|| =1}
which contains o(A). This is seen, if the eigenvalue equation
Ar — Az =0

is premultiplied with z* which gives

Now (3.9) can be strengthened to
d. ., d
G I" = 2y y =gty Tyt =yT(AT + Ay

2Rey" Ay < 2maxRe(r(4)) [yl* = Aalyl*.

By integrating the inequality

d 2
Llyl? _d 1 _

= — < 2maxRe(r(A
lyll* dtlyl[? (r(4)

we obtain
ly[|* < e MRy (0)(|2.

127
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Similarly, the inequality
d, 2 % . 2
2 WII" = 2Rey" Ay > 2min Re(r(A))[|y]

implies .
lyl> > e mm Ry (0))2.

Altogether we obtain

eminRe(r(A))t < ||6AtH < emaxRe(T(A))t' (]_5]_)

This is valid for any matrix A. If A is our phase-space matrix then max Re(r(A4)) =
0 which leads to the known estimate ||e4*|| < 1 whereas the left hand side
inequality in (15.1) yields

HeAt” > e—HCHt.

The decay information obtained in this way is rather poor. A deeper insight
comes from the quadratic eigenvalue equation (14.2). We thus define the
numerical range of the system M,C, K also called the quadratic numerical
range as

w(M,C,K)={\eC: Na*Mz+ \a*Cx+2*Kz =0, z € C"\ {0}}

or, equivalently,
w(M,C, K) = R(ps) UR(p-)

where the symbol R denotes the range of a map and p4 is given by (14.11); for
convenience we set a non-real p; to have the positive imaginary part. By con-
struction, the quadratic numerical range contains all eigenvalues.! Due to the
obvious continuity and homogeneity of the functions p1 the set w(M,C, K)
is compact. (That is, under our standard assumption that M be positive defi-
nite. If M is singular, then w(M, C, K) is unbounded. This has to do with the
fact that the 'missing’ eigenvalues in this case can be considered as infinite.)

The non-real part of w(M,C, K) is confined to certain regions of the left
half plane:

Proposition 15.1 Let A € w(M,C, K) be non real. Then

c- < —Rel<cy (15.2)
w1 <A < wp (15.3)
where o o
. 2 Cx 't Cx
C_ = Imin m, C+ = Sup m, (154)

1 This is a special case of the so called polynomial numerical range, analogously defined
for general matrix polynomials.
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'Kz 'Kz
————, W. =SuUp ———.
T Mz " P T Mz

Here infinity as sup value is allowed, if M has a non-trivial null space and

only those x are taken for which 2™ Mxz > 0. In particular, any non-real
eigenvalue X\ satisfies (15.2), (15.3).

(15.5)

w? = min

Proof. If ) is non-real, then

\ o —2*Cz + i\/4v* Kxz*Mx — (z*Cx)?

2z* Mz
and o
z*Cz
Red=—
¢ 2x* Mx
from which (15.2) follows. Similarly,
r*Kx
AP =
Al x*Mx

from which (15.3) follows. Q.E.D.
Note that for M non-singular the suprema in (15.4), (15.5) turn to maxima.

The eigenvalue inclusion obtained in Proposition 15.1 can be strengthened
as follows.

Theorem 15.2 Any eigenvalue A outside of the region (15.2), (15.3) is real
and of definite type. More precisely, any A < max{—c_, —w1} is of negative
type whereas any A > min{—cy, —w,} is of positive type.

Proof. The complement of the region (15.2), (15.3) contains only real nega-
tive eigenvalues A. Hence for any eigenpair A, x of (14.2) we have A(z) > 0

and A € {p, (), p_(2)}.

Suppose
A=pi(r) < —c_
that is,
z*Cx . w*Cz \> 2*Kz - y*Cy
- — — max .
2x* Mx 2x* M x z*Max v 2y*My
Then

z*Cz © ma y*Cy
X .
2z*Mx y 2y*My
— a contradiction. Thus, A # p;(z) and A = p_(x), hence A(x) > 0 and A
is of negative type. The situation with A = p_(z) > —c; is analogous.

Suppose now
A=py() < —wn
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that is
z*Cx z*Kx xz*Cx [x*Kx z*Cx y* Ky
+ - < — 4 /max
2a*Mx x*Mx 2u*Mx z*Mx 2x* Mx v y*My
< z*Cx r*Kx
— 20*Ma N x*Ma
So, we would have
z*Cx n [x*Kx < z*Cx x*Kx
2c*Mx *Mx  2x*Mx x*Mx

— a contradiction. Hence A # pi(x), A = p_(x), A(z) > 0 and by Proposi-
tion 14.2 X is of negative type. Suppose

—w1 < A=p_(x).

Then

1 2*Cx \/( z*Cx )2 _z*Maz y* My

= — < .
p—(x) 20 Kz 20 Kax z*Kx m;xx y* Ky
or again
z*Cx x*Mx xz*Cx z*Mzx z*Cx y* My
+ - < — 4 /max .
20*Kx z*Kx 2r*Kx x*Kax 2r*Kx vy y*Ky

This leads to a contradiction similarly as before. Q.E.D.

Remark 15.3 Another set of eigenvalue inclusions is obtained if we note
that the adjoint eigenvalue problem

(1P K + pC + M)z =0

has the same eigenvectors as (14.2) and the inverse eigenvalues u = 1/A.
Analogously to (15.2) non-real eigenvalues A are contained in the set differ-
ence of two circles

2 2
+ipg: |1 + 1 + 3 < 1 \
# 2 ! 2y_ 2= 27—
prtipe (45— M2 =\ 5 -
274 ? 274

with
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z*Cx . 2*Cx
max ~v_ =mi
z 20*Kz’

2 20Kz
(the analog of (15.3) gives nothing new).

T+ =

Proposition 15.4 Let M be non-singular and n eigenvalues (counting mul-
tiplicities) of A are placed on one side of the interval

[—ct, —c_] N [—wp, —wi] (15.6)
with c+ as in Proposition 15.1. Then the system is overdamped.

Proof. Let n eigenvalues ], ..., A} be placed, say, in
(—min{c_,w;},0).

Then their eigenvectors are J-positive and all these eigenvalues are J-positive.
Therefore to them there correspond n eigenvectors of A: yi,..., 4" with
y;Jyr = djx and they span a J-positive subspace X, invariant for A. Then
the J-orthogonal complement X_ is also invariant for A and is J-negative
(note that n = ¢4 (J) = «_(J)) hence other eigenvalues are J-negative and
they cannot belong to the interval (15.6). Thus we have the situation from
Theorem 10.6. So there is a p such that JA — uJ is positive definite and the
system is overdamped. Q.E.D.

The systems having one or more purely imaginary eigenvalues in spite of
the damping have special properties:

Proposition 15.5 An eigenvalue X in (14.2) is purely imaginary, if and
only if for the corresponding eigenvector x we have Cx = 0.

Proof. If Cx = 0 then )\ is obviously purely imaginary. Conversely, let A = iw
with w real i.e.
—w*Mz +iwCx +Kr =0

hence
—W2r* Mz + iwr*Cx 4+ 2*Kx = 0.

By taking the imaginary part we have z*Cz = 0 and, by the positive semidef-
initeness of C, Cx = 0. Q.E.D.

The presence of purely imaginary eigenvalues allows to split the system
into an orthogonal sum of an undamped system and an exponentially decay-
ing one. We have

Proposition 15.6 Whenever there are purely imaginary eigenvalues there
s a non-singular @ such that

QNG = [Kl(A()) Kz()\ﬂ 7
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Kl(/\):)\QMl—FKl, Kg(/\):)\ZMQ—F/\CQ-i-KQ
where the system My, Co, Ko has no purely imaginary eigenvalues.

Proof. Take any eigenvector of Q(-) for an eigenvalue iw. Then by completing
it to an M-orthonormal basis in =" we obtain a matrix @, such that

oo~

and, if needed, repeat the procedure on
K\) =X M+ + K.

and finally set & = &P, ---. Q.E.D.

Corollary 15.7 The phase-space matriz A from (3.3) or (4.19) is asymptot-
ically stable, if and only if the form x*Cz is positive definite on any eigenspace
of the undamped system. Any system which is not asymptotically stable is con-
gruent to an orthogonal sum of an undamped system and an asymptotically
stable one.

Proof. According to Proposition 15.5 A is asymptotically stable, if and only
if Cx # 0 for any non-vanishing = from any undamped eigenspace. By the
positive semidefiniteness of C' the relation C'z # 0 is equivalent to x*Cz > 0.
The last statement follows from Proposition 15.6. Q.E.D.

If iw is an undamped eigenvalue of multiplicity m then C' must have rank
at least m in order to move it completely into the left half-plane. (That
eigenvalue may then, of course, split into several complex eigenvalues.) In
particular, if C' has rank one then the asymptotic stability can be achieved,
only if all undamped eigenvalues are simple.

In spite of their elegance and intuitiveness the considerations above give
no further information on the exponential decay of e4?.

Exercise 15.8 Show that the system from Example 1.1 is asymptotically sta-
ble, if any of ¢; or d; is different from zero.



Chapter 16
Spectral shift

Spectral shift is a simple and yet powerful tool to obtain informations on the
decay in time of a damped system.

If in the differential equation

y=Ay

we substitute
y=eMu, = pettu 4+ et

then we obtain the ’spectral-shifted’ system
u=Au, A=A—pul.

Now, if we know that A has an exponential which is bounded in time and
w1 < 0 this property would yield an easy decay bound

let]| < e sup [|e?]).
t>0

In the case of our phase-space matrix A it does not seem to be easy to find

or to estimate the quantity sup,- llet|| just from the spectral properties of

A. However, if an analogous substitution is made on the second order system

(1.1) the result is much more favourable. So, by setting x = e**z and using
&= peltz + et

&= pletts + 2uetts + ettt

the system (1.1) (with f = 0) goes over into
MzZ+C(u)z+Q(u)z=0

with Q(p) from (14.4) and

133
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C(p) = K'(n) = 2uM + C.

As long as C'(u), Q(p) stay positive definite this is equivalent to the phase-
space representation

0 QM
{_M1/2Q(M)1/2 —Mﬁl/QC(,u)Mfl/z ’

v [Q(u)”ﬂ 7

W= Aw, A= (16.1)

M1/2;

whose solution is given by eAt. We now connect the representations (16.1)
and (3.2). We have

Y1 = K20 — oitgr1/2, MemKl/zQ(u)—l/le,

Yo = MY25 = ,ue“tMl/zQ(u)*l/le + eHtws.

Thus,
y = e L{pw,

_ [ KV2Quu2 0
L(p) = ﬂMl/QQ(N)—l/Z Il

This, together with the evolution equations for y, w gives
L(u)A = (A= pul) £(p) (16.2)

or, equivalently A
e = L7 ()L (p).

Hence an elegant decay estimate
eI <MLL~ e, (16.3)

This brings exponential decay only, if there are such u < 0 for which
C(p), Q(p) stay positive definite, in fact, C(u) may be only positive semidef-
inite. By continuity, such p will exist, if and only if C is positive definite.
That is, positive definite C insures the exponential decay.

The next task is to establish the optimal decay factor u in (16.3). We set

v = mgé(Rep+(z) = maxRew(M,C, K),

this maximum is obtained because w(M,C, K) is compact.

Theorem 16.1 Let all of M,C, K be all positive definite. Then

*
C
v > —inf LT

16.4
z 20*Max’ (6 )
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moreover, 7 is the infimum of all u for which both Q(u) and C(u) are positive
definite.

Proof. The relation (16.4) is obvious. To prove the second assertion take any
@ > . Then

2 Qu) = (16.5)
2" Ma(i — p_())(u — ps(2)) > &*Ma(u — Repy () > a* Ma(n — )

(note that p_(z) < pi(x) whenever A(x) > 0). Thus, Q(u) is positive def-
inite. By (16.4) C(u) is positive definite also. By continuity, both Q(v) and
C() are positive semidefinite. Conversely, suppose that, say, C(7) is positive
definite; we will show that Q(v) must be singular. Indeed, take a unit vector
o such that

Rep. (z0) = 1.

Then by inserting in (16.5) = v we obtain z*Q(y)zo = 0, i.e. Q(y) is sin-
gular. Q.E.D.

The previous theorem gives a simple possibility to compute ~ by iterating
the Cholesky decomposition of Q(x) on the interval

*

Cr
—inf <p<0
S 2w Mz =
and using bisection.

Exercise 16.2 Show that the constants in the bound (16.3) do not depend
on the transformation of coordinates of type (2.19).

Exercise 16.3 Compute the constants in (16.3) for the matrices A from the
Example 9.3. Show that they are poor in the overdamped case and try to
improve them. Hint: reduce A to the diagonal form.

Exercise 16.4 Compute the constants in (16.3) for the matrices A from the
Example 12.22.

Exercise 16.5 IfQ(u) is negative definite for some u derive a formula anal-
ogous to (16.2) in which A is symmetric.

Exercise 16.6 Investigate the behaviour of the departure from normality of
the matriz A from (16.1) as a function of u.

Solution. The function n(A) is shift invariant; this and the fact that the
eigenvalues of A — ul and A coincide imply

n(A) = n(A) = |All} — 1A - pll|E =

2T (M~1Q(w)) + Tr (M~1C(p)) —
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T (1) = 2T (MUK = T ((u + M~Y20M7112)2)
=2Tr (I +pM'C+ M7'K) + Tr (4°T + 4uM ' C + (M~1C)?)
—Tr (4p°1) = 2Tx (M7'K) — Tr (p*1 4+ 2uM ' C + (M~1C)?)
= dnp® + 4Ty (M*1/2CM*1/2)
which is minimal at

Tr (M~Y/20M~1/2) Yt T

p=Ho== 2n - 2n -

1/2

where 71, ..., 7, are the eigenvalues of M ~1/2CM~1/2 and the last inequality

is due to (16.4).



Chapter 17
Resonances and resolvents

We have thus far omitted considering the inhomogeneous differential equa-
tion (1.1) since its solution can be obtained from the one of the homogeneous
equation. There are, however, special types of right hand side f in (1.1) the
solution of which is particularly simply obtained and can, in turn, yield valu-
able information on the damped system itself. So they deserve a closer study.

Suppose that the external force f is harmonic, that is,
f(t) = facoswt + fpsinwt (17.1)

where w is a real constant and f,, f, are real constant vectors. So called
steady-state vibrations in which the system is continuously excited by forces
whose amount does not vary much in time are oft approximated by harmonic
forces.

With the substitution

x(t) = xq coswt + xp sinwt (17.2)

(1.1) gives the linear system (here we keep M, C, K real)

—wM+ K wC [za] | fa
—wC w2M+K] |:£L'b:| - |:fb:| ) (173>

The function (17.2) is called the harmonic response to the harmonic force
(17.1). By introducing complex quantities

To = Ta — T, fo=fa—1ifp
the system (17.3) is immediately seen to be equivalent to
Q(iw)zo = fo. (17.4)

By Proposition 15.5 we have the alternative
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e The system is asymptotically stable or, equivalently, the system (17.4) is
uniquely solvable.
e The system (17.4) becomes singular for some w € o(£2), {2 from (2.5).

Exercise 17.1 Show that Q(iw) is non-singular whenever w & o(§2).

Exercise 17.2 Show that (17.4) is equivalent to
(ZWI — A)yo = Fo (175)

with .
o Ll Zo o 0
Yo = |:iwL5$0:| ’ FO - [Lglfo]

t is a solution of § = Ay + Fye™!.

and y(t) = yoe™
Exercise 17.3 Which harmonic response corresponds to a general right hand
side vector Fy in (17.5)?

From (17.5) we see that the harmonic response in the phase-space is given
by the resolvent of A taken on the imaginary axis. In analogy we call the
function Q(A)~! the resolvent of the quadratic pencil (14.4) or simply the
quadratic resolvent. In the damping-free case Q(iw) will be singular at every
undamped frequency w = wj.

Proposition 17.4 If the system is not asymptotically stable then there is an
f(t) such that (1.1) has an unbounded solution.

Proof. There is a purely imaginary eigenvalue iw and a real vector zg # 0
such that Kzg = w?Muzy and Cxy = 0. Take f(t) = arge? and look for a
solution z(t) = &£(t)xo. Substituted in (1.1) this gives

é+w2§ _ aeiwt

which is known to have unbounded solutions. Q.E.D.

Exercise 17.5 Prove the identity

IR B gt el it 2y s TN Sy

O =4) IO Ly LT Ly |

(17.6)

Exercise 17.6 Show that the singularity at A =0 in (17.6) is removable by
conveniently transforming the 1,1- block.

Any system in which the frequency of the harmonic force corresponds to a
purely imaginary eigenvalue as in Proposition 17.4 is said to be in the state
of resonance. The same term is used, if an eigenvalue of (14.4) is close to
the imaginary axis. In this case the amplitude is expected to have a high
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peak at the point w equal to the imaginary part of the close eigenvalue. In
practice, high peaks are just as dangerous as true singularities; both result in
large displacements which may break the structure or, to alter the elasticity
properties of the material with equally disastrous consequences. In any case,
large displacements do not warrant the use of a linearised theory anymore.

Given a linear system of equations like that in (17.4) one is interested in
its accurate numerical solution which involves the condition number of the
matrix Q(iw). One would wish to have an efficient algorithm exploiting this
structure. Remember that the non-singularity of these matrices, as that of
Q(iw) is generally a consequence of a rather subtle interplay of M, C, K. Most
interesting values of w lie between w; and w,,, so K — w?M will typically be
a non-definite symmetric matrix.

Exercise 17.7 Show that the condition number of the coefficient matriz in
(17.3) equals that of Q(iw).

We can measure the size of the harmonic response by the square of its norm,
averaged over the period 7 = 27 /w which equals

l /T ||1'(t)||2dt _ ”l‘a”2 + ”szQ _ ||£C0||2
T Jo

2 2
_ [5Q(=iw) 1 Q(iw) ™ fy
5 .

The square root of this quantity is the average displacement amplitude. An-
other measure is the total energy

L[ , _ M 0

_ [ QUiw) (@M + K)Qiw) " fy
. .

This is the average energy amplitude.

Exercise 17.8 Compute the harmonic response of a modally damped system
and its average energy amplitude. Hint: go over to the transformed system
with the transformation matriz @ from (3.10).

The free oscillations (those with f = 0) are also called ¢ransient oscillations
whereas those with harmonic or similar forces which produce responses not
largely varying in time are called steady state oscillations.






Chapter 18
Well-posedness

Having studied the asymptotic stability in previous chapters we are now in
a position to rigorously state the problem of well-posedness, that is, the de-
pendence of the solution of a damped system on the right hand side as well
as on the initial conditions.

We will say that the system (1.1) or, equivalently its phase-space formu-
lation (3.2) is well posed, if there is a constant C such that

sup [[y()[| < C(sup [lg®)[ + llyoll) (18.1)
t>0 t>0

for all initial data yyq.

Theorem 18.1 The system (3.2) is well-posed, if and only if it is asymptot-
ically stable.

Proof. Let the system be asymptotically stable. From (3.1), (13.8) as well
as the contractivity of e* we have

t
ly@)I < llyoll + Fe™" sup Hg(t)ll/ e’tdr =
t>0 0

17€Vt

lvoll + F sup [lg(®)] ;
t>0 v

so (18.1) holds with C = 1 + F/v. Conversely, if the system is not asymp-
totically stable then Proposition 17.4 provides an unbounded solution. Q.E.D.

Of course, in applications the mere existence of the constant C =1+ F/v

is of little value, if one does not know its size. To this end the bounds (13.10)
and (16.3) may prove useful.

141



142 18 Well-posedness

If the system is not asymptotically stable we may modify the definition of
well-posedness so that only the homogeneous system is considered in which
case 1o ¢(t) appears in (18.1). Then any damped system is trivially well-posed
with C = 1.



Chapter 19
Modal approximation

Some, rather rough, facts on the positioning of the eigenvalues were given
in Chapter 15. Further, more detailed, information can be obtained, if the
system is close to one with known properties. Such techniques go under the
common name of 'perturbation theory’. The simplest 'thoroughly known’
system is the undamped one. Next to this lie the modally damped systems
which were studied in Chapter 2. Both cases are the subject of the present
chapter. In particular, estimates in the sense of Gershgorin will be obtained.

A straightforward eigenvalue estimate for a general matrix A close to a
matrix Ag is based on the invertibility of any matrix I + Z with [|Z|| < 1.
Thus,

A— X = (I+(A—Ag)(Ag—A)7") (Ao — AI)

which leads to
a(A) CGr={\: [[(A— Ag) (Ao — AI)7|| < 1} (19.1)
Obviously G; C G with
Go={A: (Ao = ADTHT! < [|A = Aoll}-
where we have used the obvious estimate
(A= Ao)(Ao =AM < [A = Ao[l[[ (Ao — AD) 1.

If A is block-diagonal
A= diag(AH, [N 7App)
then [|(Ag — M)~} simplifies to max; ||(As; — Al,) Y| and

i

o(A) € {A+ max||(Aii = ML) < [|A = Aol}-

143
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This is valid for any matrices A, Ayg. We will first consider the phase-space
matrix A from (3.10). The matrix Ay (this is the undamped approximation)
is obtained from A by setting D = 0. Thus,

A—AO:[O 0]

0—-D
The matrix Ay is skew-symmetric and therefore normal, so ||(Ag—AI) "} 7! =
dist(X, 0(Ap)) hence
Go = {\: dist(\,0(Ap)) < ||A— Ao} (19.2)
where T
A4~ 4]l = D] = |15 CL; ) = max SO (19.3)

is the largest eigenvalue of the matrix pair C, M. We may say that here 'the
size of the damping is measured relative to the mass’.

Thus, the perturbed eigenvalues are contained in the union of the disks of
radius || D|| around o(Ap).

Exercise 19.1 Show that o(A) is also contained in the union of the disks
{A: A Fiws| < R;}

where w; are the undamped frequencies and
Ry =Y |d;l. (19.4)
k=1

Hint: Replace the spectral norm in (19.1) by the norm || - ||1.

The bounds obtained above are, in fact, too crude, since we have not taken
into account the structure of the perturbation A — Ag which has so many
zero elements.

Instead of working in the phase-space we may turn back to the original
quadratic eigenvalue problem in the representation in the form (see (2.4) and
(3.10))

det(\2T + AD + 22) = 0.

The inverse
(NT+ XD+ 2%t =

(N1 + Q%)Y I + AD(NT 4+ 2*)~H)~ !

exists, if

DN+ 2%) 7Y\ < 1
which is implied by
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I DI[IAl
minj(|)\ — iwj||)\ + iwj|)

(X2 + 2*)7HIDII|IA] =
Thus,
o(A) C U;Cliw;, —iwj, || DI)), (19.5)

where the set
COL ) ={A: A=A ||A = 2| < |Ar} (19.6)

will be called stretched Cassini ovals with foci A+ and extension r. This is
in analogy with the standard Cassini ovals where on the right hand side
instead of |A|r one has just r2. (The latter also appear in eigenvalue bounds
in somewhat different context.) We note the obvious relation

CAy, Ao,r) CC(A4,A_,7"), whenever r < r'. (19.7)

The stretched Cassini ovals are qualitatively similar to the standard ones;
they can consist of one or two components; the latter case occurs when r is
sufficiently small with respect to [A;L — A_|. In this case the ovals in (19.5)
are approximated by the disks

: 1D

and this is one half of the bound in (19.2), (19.3).
Exercise 19.2 Show that 0(A) is also contained in the union of the ovals
Cliwj, —iw;, |27 DO27H|w3).
Hint: Instead of inverting A>T 4+ AD + 22 invert N0~ 2 + A2 'DQ~' + 1.
Exercise 19.3 Show that o(A) is contained in the union of the ovals
C(iw;, —iwj, R;)
and also
Cliw;, —iwj, pjw?)
with .
P = Z jf:}]

k=1
k#j

Exercise 19.4 Show that any of the inequalities

min(2w; — R;) > 0, (19.8)
J

min 2w; — ||D|| > 0,
j
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with R; from (19.4) and

2
min — — [|27'DR7| >0

] Wy
precludes real eigenvalues of (14.2).

Solution. If an eigenvalue A is real then according to Exercise 19.3 we must

have
A2 + WJQ- < ‘)\|R7

for some j and this implies R — 4w? > 0. Thus, under (19.8) no real eigen-
values can occur (and similarly in other two cases).

The just considered undamped approximation was just a prelude to the
main topic of this chapter, namely the modal approximation. The modally
damped systems are so much simpler than the general ones that practitioners
often substitute the true damping matrix by some kind of 'modal approxi-
mation’. Most typical such approximations in use are of the form

Cprop = oM + BK (19.9)

where a, 3 are chosen in such a way that Cp,, be in some sense as close as
possible to C', for instance,

Tr[(C — aM — BK)W(C — aM — SK)] = min,

where W is some convenient positive definite weight matrix. This is a pro-
portional approxrimation. In general such approximations may go quite astray
and yield thoroughly false predictions. We will now assess them in a more
systematic way.

A modal approximation to the system (1.1) is obtained by first represent-
ing it in modal coordinates by the matrices D, {2 and then by replacing D
by its diagonal part

D° = diag(di1, ..., dnn). (19.10)

The off-diagonal part
D'=D-D° (19.11)

is considered a perturbation. Again we can work in the phase-space or with
the original quadratic eigenvalue formulation. In the first case we can make
perfect shuffling to obtain

0w o o
A= (Aij), Au= [_wi _dii:| , A= [0 _dij:| (19.12)

AO = diag(All, RN 7Ann)
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So, forn =3
0 w 0 0 0 0
—wi —di1| 0 —dia| 0 —di3
A 0 0 0 (wo 0 0
0 —dig|—ws —daa| 0 —do3
0 0 0 0 0 w3
0 —diz| 0 —dos|—w3 —ds3
Then

(Ao = AN~ ™! = max [|(Aj; — M) HIT

Even for 2 x 2-blocks any common norm of (A;; — AI;)~! seems complicated
to express in terms of disks or other simple regions, unless we diagonalise
each A;; as

J ) —djjj:’/dz.lewz
S7YA;S; = [M O}, Ny = 22 (19.13)

0\ + 2

As we know from Example 9.3 we have

1+M2' ..
\ i j

Set S = diag(S11,...,Sum) and

S

A =8"1AS = Aj+ A", A" =S"1(A—- Ap)S

then
A = diag( ML, ..., A1),

e = S Ak Sk
Now the general perturbation bound (19.2), applied to Ay, A”, gives
o(A) CU;e{X: A= X.| <&(S)|D||}. (19.14)

There is a related 'Gershgorin-type bound’

o(A) CUje{A: A= M| < K(S))r;} (19.15)

with .
ry =3 lldjill (19.16)

o
To show this we replace the spectral norm || - || in (19.1) by the norm ||| - |||1,

defined as
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Al = mjaxz [ Akl
k

where the norms on the right hand side are spectral. Thus, (19.1) will hold,
if
max Y |(A = Aoy [1(4s; = M) < 1.
k

Taking into account the equality

dijl, k #J
(4= Aol = {15 4 24

X € o(A) implies

min{]A — N |,[A = AL |}

ri > [[(Ay =D > w(S,)
J

and this is (19.15).

The bounds (19.14) and (19.15) are poor whenever the modal eigenvalue
approximation is close to a critically damped eigenvalue. Better bounds are
expected, if we work directly with the quadratic eigenvalue equation. The
inverse

NPT+ XD+ 2%t =
NI+ AD° + Q3" NI+ AD' (VT + AD° 4 %)~ 1)t
exists, if

| D'(N2T + AD° + %)~ ||\ < 1,
D’ from (19.11), which is insured if

DI
min; (A = XA = AZ))

I(A21 +AD° + %)M [[D']|1A] =

Thus, o
o(A) CU;C(N, AL, [ D). (19.17)

These ovals will always have both foci either real or complex conjugate. If =

| D’ is small with respect to [N, — X | = \/|d2; — 4w?| then either [\ — A

or [\— M | is small. In the first case the inequality |\ — )\iH)\ — M| <\ is
approximated by

Wi

; VaZ,—1w? djj < 2w
|)\.Z"_"r 73 J

T
AR P
VB AT

A- <
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and in the second

. T G <2y
J 3j J
; |AL|r
A=A 5= =
[N, — AL djj /4%, —4w? dy; > %,

V5 —4w]

This is again a union of disks. If d;; ~ 0 then their radius is ~ r/2. If
d;j; = 2wj i.e. Ao = Ay = —d;;/2 the ovals look like a single circular disk.
For large d;; the oval around the absolutely larger eigenvalue is ~ r (the same
behaviour as with (19.15)) whereas the smaller eigenvalue has the diameter
~ 2rw? /d5; which is drastically better than (19.15).

In the same way as before the Gershgorin type estimate is obtained

a(A) CUC(N,, XL, 7). (19.18)

We have called D° a modal approximation to D because the matrix D
is not uniquely determined by the input matrices M, C, K. Different choices
of the transformation matrix @ give rise to different modal approximations
DO but the differences between them are mostly non-essential. To be more
precise, let @ and @ both satisfy (2.4). Then

M=¢Tp-'=¢ T ",
K=¢T0?p = T2¢p!

implies that U = &~ '® is an orthogonal matrix which commutes with 2
which we now write in the form (by labelling w; differently)

N =diag(wiln,, ..., wsly,), w1 < - <ws. (19.19)
Denote by D = (D;;) the corresponding partition of the matrix D and set
U° = diag(Ur1, ..., Uss),
where each Uj; is an orthogonal matrix of order n; from (19.10). Now,
D:=¢"Cd =U"Td*CoU = UT DU,
Dij = U;; Di;Uj;

and hence _
D' =UTD'U.

Now, if the undamped frequencies are all simple, then U is diagonal and
the estimates (19.3) or (19.5) — (19.6) remain unaffected by this change of
coordinates. Otherwise we replace diag(di1, ..., dns) by
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D° = diag(Dy, ..., Dss) (19.20)
where D° commutes with 2. In fact, a general definition of any modal ap-
proximation is that it

1. is block-diagonal part of D and
2. commutes with (2.

The modal approximation with the coarsest possible partition — this is the
one whose block dimensions equal the multiplicities in 2 — is called a maz-
imal modal approzimation. Accordingly, we say that CY = &=1D%T is a
modal approximation to C' (and also M,C° K to M,C, K).

Proposition 19.5 Each modal approzimation to C is of the form
C'=> PiCP;
k=1

where Py, ....Ps is an M-orthogonal decomposition of the identity (that is
P = MPkal) and P, commute with the matriz

VM=K = M~V M-12KM-1/2M"/2,

Proof. Use the formula .
D= PDP}
k=1
with

P = diag(0,...,I,,...,0), D=&TC®, D°=oTC'

and set P, = P91, Q.E.D.

Exercise 19.6 Characterise the set of all mazimal modal approximations,
again in terms of the original matrices M,C, K.

It is obvious that the maximal approximation is the best among all modal
approximations in the sense that

1D = D°llp < ||D = D°|| s, (19.21)

where R A R
D° = diag(Dyy,...,D..) (19.22)

and D = (D;;) is any block partition of D which is finer than that in (19.20).
It is also obvious that DU is better than any diagonal damping matrix e.g. the
one given by (19.9).

We will now prove that the inequality (19.21) is valid for the spectral norm
also. We shall need the following
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Proposition 19.7 Let H = (H;;) be any partitioned Hermitian matriz such
that the diagonal blocks H;; are square. Set

HY = diag(Hy1,...,Hss), H =H— H°.

Then
Me(H) = A (H) < XN (H') < MNe(H) — M\ (H) (19.23)

where \i(-) denotes the non-decreasing sequence of the eigenvalues of any
Hermaitian matriz.

Proof. The estimate (2.14) yields

e (H) — maxmaxo(Hj;) < \p(H') < \p(H) — minmin o (H,;).
J j

By the interlacing property,

Altogether we obtain (19.23). Q.E.D.

From (19.23) some simpler estimates immediately follow:
|H'|| < An(H) — M\ (H) =: spread(H) (19.24)
and, if H is positive (or negative) semidefinite
\B) < 1] (19.25)
Hence, in addition to (19.21) we also have
ID - D% < D - D).

So, a best bound in (19.17) is obtained, if D® = D — D’ is a maximal modal
approximation.

If D° is block-diagonal and the corresponding D’ = D — D° is inserted
in (19.17) then the values d;; from (19.13) should be replaced by the cor-
responding eigenvalues of the diagonal blocks D;;. But in this case we can
further transform (2 and D by a unitary similarity

U = diag(Uy,...,Us)

such that each of the blocks Dj; becomes diagonal ({2 stays unchanged).
With this stipulation we may retain the formula (19.17) unaltered. This shows
that taking just the diagonal part D® of D covers, in fact, all possible modal
approximations, when @ varies over all matrices performing (2.4).

Similar extension can be made to the bound (19.18) but then no improve-
ments in general can be guaranteed although they are more likely to occur
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than not.

By the usual continuity argument it is seen that the number of eigenvalues
in each component of U;,C(\, A, ;) is twice the number of involved diago-
nals. In particular, if we have the maximal number of 2n components, then
each of them contains exactly one eigenvalue.

A strengthening in the sense of Brauer ([8]) is possible here also. We will
show that the spectrum is contained in the union of double ovals, defined as

DN N AL AL rprg) =

NIV = AN = AN = ALIA = AL | < ryrg A}

where the union is taken over all pairs p # ¢ and M| are the solutions of
N+ dpp A+ wg = 0 and similarly for A%. The proof just mimics the standard
Brauer’s one. The quadratic eigenvalue problem is written as

(A2 4 My + wl)ap = =AY dyjaj, (19.26)
j=1

J#p

(A2 + Myg + wl)zg = =X dgjaj, (19.27)
i
where |z,| > |z4| are the two absolutely largest components of z. If z, = 0
then z; = 0 for all j # p and trivially X € DAL, N AL AL rprg). If g # 0
then multiplying the equalities (19.26) and (19.27) yields

A= ARJIA = A2 = AL |IA = X2 |z ||zq| <

n o n
MDD Idpslldarllz |zl
j=1 k=1

i#p k#q

Because in the double sum there is no term with j = k = p we always have
|zj||zk] < |zp||zq|, hence the said sum is bounded by

n n
|>\|2|xp||$q| Z |dp; | Z |dgk|-
j=1 k=1

i#p kg

Thus, our inclusion is proved. As it is immediately seen, the union of all
double ovals is contained in the union of all stretched Cassini ovals.

The simplicity of the modal approximation suggests to try to extend it
to as many systems as possible. A close candidate for such extension is any
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system with tightly clustered undamped frequencies, that is, {2 is close to an
2° from (19.19). Starting again with

(NI +AD+ 2%~ =
(A2T + AD° + (2921 (I + (AD’ + Z) + (AT + AD° + (£2°)2)~1)~!
with Z = 2% — (2Y)? we immediately obtain
a(A) C U CO AL D' (1 Z1). (19.28)
where the set

CO AT g) = A A=A |A = A < [Alr + ¢}

will be called modified Cassini ovals with foci AL and extensions r, q.

e I B R e 15

— @

15 1 1 1 1 1 1 1 -15 1 1 1 1 1 1 1 1 1

I I
A0 A1 A A5 A4 A2 A 8 A% AN 0 S N S A O A O |

Fig. 19.1 Ovals for w =1;d =0.1,1; »r = 0.3

Remark 19.8 The basis of any modal approximation is the diagonalisation
of the matrix pair M, K. Now, an analogous procedure with similar results
can be performed by diagonalising the pair M, C or C, K. The latter would
be recommendable in Example 1.8 because there the corresponding matrices
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U= 1§

1 1

[ [

0 0

05 05

1 1

Y Y Y 15 | | | |

YL L VS S | V| ] 15 1 15 0

I T T
1
0§

b 15 1 5 0

Fig. 19.2 Ovals forw=1;d=1.7,2.3,2.2; r = 0.3,0.3,0.1
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R and K are already diagonal. There is a third possibility: to approximate
the system M,C, K by some My, Cy, Ky which is modally damped. Here
we change all three system matrices and expect to get closer to the original
system and therefore to obtain better bounds. For an approach along these
lines see [46].

Exercise 19.9 Try to apply the techniques of this chapter to give bounds to
the harmonic response considered in Chapter 18.






Chapter 20

Modal approximation and
overdampedness

If the systems in the previous chapter are all overdamped then estimates are
greatly simplified as complex regions become just intervals. But before go-
ing into this a more elementary — and more important — question arises:
Can the modal approximation help to decide the overdampedness of a given
system? After giving an answer to the latter question we will turn to the
perturbation of the overdamped eigenvalues themselves.

We begin with some obvious facts the proofs of which are left to the reader.

Proposition 20.1 If the system M,C, K is overdamped, then the same is
true of the projected system

M = X*MX, C' =X'CX, K =X'KX

where X is any injective matriz. Moreover, the definiteness interval of the
former is contained in the one of the latter.

Proposition 20.2 Let
M = diag(Mll, ceey Mss)
C = diag(C11, ..., Css)
K = diag(Kll, ‘e 7Kss)~

Then the system M,C, K is overdamped, if and only if each of the systems
M;;,Cjj, Kjj is overdamped and their definiteness intervals have a non trivial
intersection (which is then the definiteness interval of M,C, K )

Corollary 20.3 If the system M,C, K is overdamped, then the same is true
of any of its modal approximations.

Exercise 20.4 If a mazimal modal approximation is overdamped, then so
are all others.

157
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In the following we shall need some well known sufficient conditions for neg-
ative definiteness of a general Hermitian matrix A = (a;;); these are:

aj; < 0
for all j and either

|A — diag(ai1, .-, ann)|| < — mjaxajj

(norm-diagonal dominance) or

n

Z \akj| < —aj; for all j
o

(Gershgorin-diagonal dominance).

Theorem 20.5 Let £2, D, r; be from (2.5), (2.22), (19.16), respectively and

D° = diag(dy1,...,dn,), D' =D — DO,

Let
Aj = (dj; — | D'|))* — 4w3 > 0 for all j (20.1)
and
—d;; + | D'l — /4, —d;; + | D' + /4,
¢ = max —37 +ID'| - /4, < min — 9 + 1D + I ge (202)
J 2 J 2
or R
Aj = (dj; — ;)% — 4w} >0 for all j (20.3)
and
—djj+1; — /4 —djj +r; + /4
G- = max 2 ; \/7] < min 2 2] A 4y (20.4)
J J

Then the system M,C,K is overdamped. Moreover, the interval (q—,q+),
(G-, G+ ), respectively, is contained in the definiteness interval of M,C, K.

Proof. Let q_ < p < q+. The negative definiteness of
w2 I 4 pD + 2% = 42T + uD° + Q0% + uD’
will be insured by norm-diagonal dominance, if
—pl|D'|| < —p? = pdj; — w3 for all j,

that is, if u lies between the roots of the quadratic equation
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1* + p(dj; — | D'||) + w? = 0 for all j

and this is insured by (20.1) and (20.2). The conditions (20.3) and (20.4) are
treated analogously. Q.E.D.

We are now prepared to adapt the spectral inclusion bounds from the
previous chapter to overdamped systems. Recall that in this case the defi-
niteness interval divides the 2n eigenvalues into two groups: J-negative and
J-positive.

Theorem 20.6 If (20.1) and (20.2) hold then the J-negative/J-positive
eigenvalues of Q(+) are contained in

Uil pl g, Uil s i),

respectively, with

P e L VIR I IR
Hir = 5 (20.5)

—dj; + ||D'|| £ \/(djj —[|D[)? — 4w?
i
ey = 3 .
-+
An analogous statement holds, if (20.3) and (20.4) hold and (7, , i, _ is
- -+

(20.6)

replaced by [, , i, where in (20.5,20.6) |D'|| is replaced by ;.
- -+

Proof. First note that the function 0 > 2z +— 2+ /22 — 4wj2. is decreasing, so
/j,ﬂ__ < ,uﬂ_ + and similarly pj_ _< ,uj_ 4

Take first r = || D’||. All spectra are real and negative, so we have to find
the intersection of C(A\_, X, r) with the real line the foci X, , A from (19.13)

being also real. This intersection will be a union of two intervals. For A < A\’
and also for A > M, the j-th ovals are given by

L =NV =) < —ar

ie.
A= (VM —mA+ NN <0

where )‘i +X = —d;; and )\i N o= wjz. Thus, the left and the right boundary

point of the real ovals are “jj i

For M <\ < )\i the ovals will not contain A, if

A= M) =) < =r
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i.e.
/\2+(djj *T’)/\er? <0

Wlth the SOlullOH
M7+ M+,~

The same argument goes with r = r;. Q.E.D.
Note the inequality

(il y) < (phosphy)

for all j, k.

The results obtained in this chapter can be partially extended to non-
overdamped systems which have some J-definite eigenvalues. The idea is to
use Theorem 12.15.

Theorem 20.7 Suppose that there is a connected component Cy of the ovals
(19.17) containing only foci )\;r with d?j > 4w]2. Then the eigenvalues of Q(-)
contained in Cy are all J-positive and their number (with multiplicities) equals
the number of the foci in Cy. For these eigenvalues the estimates of Theorem
20.6 hold (the same for J-negatives).

Proof. Let A be from (3.10) and D = D° + D’ as in (19.10),

|0 o | 0 £
el ) )
A 0 0
A(t)_[_Q_DO_tD/:|7 0<t<1
where D (and therefore DY + tD’) is positive semidefinite. The set of all
such A(t) satisfies the requirements in Theorem 12.15. In particular, by the
property (19.7) the ovals of each A(t) are contained in the ones of A and by
taking a contour I" which separates Cy from the rest of the ovals in (19.17)
the relation I' N o (A(t)) will hold and Theorem 12.15 applies. Now the ovals
from Cy become intervals and Theorem 20.6 applies as well. Q.E.D.

Monotonicity-based bounds. As it is known for symmetric matrices
monotonicity-based bounds for the eigenvalues ((2.14), (2.15) for a single ma-
trix or (2.12) for a matrix pair) have an important advantage over Gershgorin-
based bounds: While the latter are merely inclusions, that is, the eigenvalue
is contained in a union of intervals the former tell more: there each inter-
val contains ’its own eigenvalue’, even if it intersects other intervals. In this
chapter we will derive bounds of this kind for overdamped systems.

A basic fact is the following theorem
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Theorem 20.8 With overdamped systems the eigenvalues move asunder un-
der growing viscosity. More precisely, let

A< <AT <A << AP <o

be the eigenvalues of an overdamped system M,C, K. If M,CA’,AIA( is more
viscous than the original one then its corresponding eigenvalues )\f satisfy

A <A, AF <A

A possible way to prove this theorem is to use Duffin’s minimax formulae
[20]. Denoting the eigenvalues as in (10.3) the following formulae hold

Af = mi A = in p_(z).
= minmaxp(z), A =max minp_(z)

where S is any k-dimensional subspace and pi is defined in (14.11). Now
the proof of Theorem 20.8 is immediate, if we observe that

pr(z) >py(x), p_(v)<p_(x)

for any x (p4 is the functional (14.11) for the system M, C, K). Note that in
this case the representation

(z) = —2z*Kx
P = z*Cx + / A(x)

is more convenient.

As a natural relative bound for the system matrices we assume
|[z*0Mz| < ex*Mz, |2"6Cx| <ex*Cx, |2"0Kz|<ex"Kuz,
with R R R
M=M-M, 6C=C-C, H=K-K, e<l.

We suppose that the system M, C, K is overdamped and modally damped. As
in Exercise 14.6 one sees that the overdampedness of the perturbed system
M,C, K is insured, if

d—1 Jd — min z*Cx

€< ——, :
d+1 ¢ 2Vrr*Mzxx*Kzx

So, the following three overdamped systems
1+eM,(1-€)C,(1+eK; M,CK; (1—eM 1+¢C, (1-eK

are ordered in growing viscosity. The first and the last system are overdamped
and also modally damped while their eigenvalues are known and given by
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1—c¢ 1+e
\E NE(—
(ree) (%)
—djjni,/d?an —4wj2-
Ao (n) =

2 )

respectively, where

wj,dj; as in (19.12), are the eigenvalues of the system M, nC, K. We suppose
that the unperturbed eigenvalues \if = Aif(1) are ordered as
)\_S"'S)\I<)\fr§"'§>\j{-

n

By the monotonicity property the corresponding eigenvalues are bounded as

- 1—c¢ “ ~ 1+e¢
A <A< Af
k(l—i—e)kk 1—¢)’

where ;\z (n) are obtained by permuting A, (n) such that

A () << M)

for all n > 0. It is clear that each S\I(n) is still non-decreasing in 7. An anal-
ogous bound holds for 5\,; as well.

The proof of the minimax formulae which were basic for the needed mono-
tonicity is rather tedious. There is another proof of Theorem 20.8 which uses
the analytic perturbation theory. This approach is of independent interest
and we will sketch it here. The basic fact from the analytic perturbation
theory is this.

Theorem 20.9 Let A\g be, say, a J-positive eigenvalue of Q(-) and let m be
its multiplicity. Set

N(M + eMy) + MN(C + €Cy), +K + €K, (20.7)
My, Cy, Ky arbitrary Hermitian. Choose any
U ={XeC; A= x| <1)}

with
((Q()\ { o}) NUr = 0.
Then there is a real neighbourhood O of € = 0 such that for € € O the

eigenvalues of Q(+, €) within U, together with the corresponding eigenvectors
can be represented as real analytic functions

AL(E), - Am(e), (20.8)
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z1(€), -+ s Tm(€), (20.9)

respectively. All these functions can be analytically continued along the real
axis, and their J-positivity is preserved until any of these eigenvalues meets
another eigenvalue of different type.

The proof of this theorem is not much simpler than that of the minimax
formulae (see [26]). But it is plausible and easy to memorise: the eigenpairs
are analytic as long as the eigenvalues do not get mixed. Once one stipulates
this the monotonicity is easy to derive, we sketch the key step. Take any pair
A, x from (20.8), (20.9), respectively (for simplicity we suppress the subscript
and the variable €). Then differentiate the identity

QN e)z=0
with respect to € and premultiply by z* thus obtaining

.”L'*()\QMl + \Cq + Kl).’lf

N =
20z* (M + eMy)z + 2*(C + eCy)x

o*(A\2M; + \Cy + K1)z
= _ 20.10
VA ( )

where
A= Ale) = (x*(C + €Cy)x)* — 4x* (M + eMy)zz* (K + Ky )x

is positive by the assumed J-positivity. By choosing —M;, Cy, — K7 as positive
semidefinite, the right hand side of (20.10) is non-negative (note that A is
negative). So, A grows with e.

If the system is overdamped then the proof of the monotonicity in Theorem
20.8 is pretty straightforward. If the system M,C, K is more viscous than
M, C, K then by setting

My=M-M, Ci,=C-C, Ki=K-K,

we obtain positive semidefinite matrices —M;, C1, —K;. Now form Q(\, €) as
in (20.7), apply Theorem 20.9 and the formula (20.10) and set € = 0, 1.

A further advantage of this approach is its generality: the monotonicity,
holds ’locally’ just for any eigenvalue of definite type, the pencil itself need
not be overdamped. That is, with growing viscosity an eigenvalue of positive
type moves to the right (and an eigenvalue ov the negative type moves to the
left); this state of affairs lasts until an eigenvalue of different type is met.

Exercise 20.10 Try to extend the criteria in Theorem 20.5 for the over-
dampedness to the case where some undamped frequencies are tightly clustered
— in analogy to the bounds (19.28).
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Exercise 20.11 Try to figure out what happens, if in (20.10) the matrices
—M,Cy, —K; are positive semidefinite and the right hand side vanishes, say,
fore=0.

Exercise 20.12 Using (20.10) show that for small and growing damping the
etgenvalues move into the left plane.



Chapter 21
Passive control

Large oscillations may be dangerous to the vibrating system and are to be
avoided in designing such systems. In many cases the stiffness and the mass
matrix are determined by the static requirements so the damping remains as
the regulating factor.

How to tell whether a given system is well damped? Or, which quantity
has to be optimised to obtain a best damped system within a given set of
admissible systems (usually determined by one or several parameters)? These
are the questions which we pose and partly solve in this chapter.

A common criterion says: take the damping which produces the least spec-
tral abscissa (meaning that its absolute value should be maximal). This cri-
terion is based on the bounds (13.8) and (13.6).

Consider once more the one-dimensional oscillator from Example 9.3. The
minimal spectral abscissa is attained at the critical damping d = 2w and its
optimal value is

This value of d gives a best asymptotic decay rate in (13.7) as well as a ’best
behaviour’ at finite times as far as it can be qualitatively seen on Fig. 13.1
in Chapter 13. However, in general, optimising the spectral abscissa gives no
control for |leAt|| for all times.

Another difficulty with the spectral abscissa is that it is not a smooth
function of the elements of A and its minimisation is tedious, if using common
optimisation methods.

In this chapter we will present a viable alternative curing both shortcom-
ings mentioned above. We say: an optimal damping extracts as much energy
as possible from the system. A possible rigorous quantification of this require-
ment is to ask

/ y(t)T By(t)dt :/ yL e BeAtyodt = yT Xyo = min (21.1)
0 0

165
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where B is some positive semidefinite matrix serving as a weight and X is the
solution of the Lyapunov equation (13.9). This is the total energy, averaged
over the whole time history of the free oscillating system.! In order to get rid
of the dependence on the initial data yy we average once more over all yg with
the unit norm. We thus obtain the penalty function, that is, the function to
be minimised
5:5(A,p):/ Yo Xyodp
llyoll=1

where dp is a given non-negative measure on the unit sphere in R™.? This
measure, like the matrix B, has the role of a weight, provided by the user.
Such measures can be nicely characterised as the following shows.

Proposition 21.1 For any non-negative measure dp on the unit sphere in
R™ there is a unique symmetric positive semidefinite matriz S such that

/ y& Xyodp = Tr(X S) (21.2)
llyoll=1

for any real symmetric matriz X .

Proof. Consider the set of all symmetric matrices as a vector space with the
scalar product
(X)Y) = Tr(XY).
The map
X va Xyodp (21.3)

lyoll=1

is obviously a linear functional and hence is represented as
(X,8) =Tr(XS).

where S is a uniquely determined symmetric matrix. To prove its positive
semidefiniteness recall that by (21.2) the expression Tr(X.S) is non-negative
whenever X is positive semidefinite. Suppose that S has a negative eigenvalue
A and let Py be the projection onto the corresponding eigenspace. Now take

X:P)\#’G(I*P)\), € > 0.
Then X is positive definite and

Tr(XS) = AP\ + €I — P\)S

1 The integral in (21.1) has the dimension of ’action’ (energy x time) and so the princi-
ple (21.1) can be called a ’minimum action principle’ akin to other similar principles in
Mechanics.

2 In spite of the fact that we will make some complex field manipulations with the matrix
A we will, until the rest of this chapter, take A as real.
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would be negative for € small enough — a contradiction. Q.E.D.

Thus, we arrive at the following optimisation problem: find the minimum

min {Tr(XS): ATX+XA=-B} (21.4)

where B and S are given positive semidefinite real symmetric matrices and
A is the set of allowed matrices A. Typically A will be determined by the
set of allowed dampings C in (3.3). A particularly distinguished choice is
S = 1/(2n), which correponds to the Lebesgue measure (this is the measure
which ’treats equally’ any vector from the unit sphere).

Remark 21.2 The previous proposition does not quite settle the uniqueness
of S as we might want it here. The question is: do all asymptotically stable
A (or does some smaller relevant set of A-s over which we will optimise)
uniquely define the functional (21.3)7 We leave this question open.

Exercise 21.3 Let a real A be asymptotically stable and let (15.9) hold. Then
Tr(XS) =Tr(YB)

where Y solves
AY + Y AT = 5.

Exercise 21.4 For the system from Example 1.1 determine the matrix B in
(21.1) from the requirement

1. Minimise the average kinetic energy of the k-th mass point.
2. Minimise the average potential energy of the k-th spring.

Minimising the trace can become quite expensive, if one needs to solve a
series of Lyapunov equations in course of a minimisation process even on
medium size matrices. In this connection we note an important economy in
computing the gradient of the map X — Tr(SX). We set A(a) = A+ a4,
A; arbitrary and differentiate the corresponding Lyapunov equation:

A(a)T X (a) + X'(a)A(a) = —A'(a)T X (a) — X (a)A(a) =
—ATX(a) — X(a)A;.
Now, this is another Lyapunov equation of type (13.9), with A = A(a) and
B = AT X(a) + X(a)A; hence, using (13.11),
Tr(SX () = / Tr(e?*Se? ' A1 X ())dt + / Tr(e?'Se ' X () Ay )dt
0 0

and the directional derivative along A; reads
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% = Tr(SX(a)),_p = Tr(YATX) + Tr(X A Y) = 2Tr(X A, Y),
1
(21.5)

where Y solves the equation
AY +YAT = -8.

Thus, after solving just two Lyapunov equations we obtain all directional
derivatives of the trace for free. A similar formula exists for the Hessian
matrix as well.

21.1 More on Lyapunov equations

The Lyapunov equation plays a central role in our optimisation approach. We
will review here some of its properties and ways to its solution. As we have
said the Lyapunov equation can be written as a system of n? linear equations
with as many unknowns. The corresponding linear operator

L=A". + . A (21.6)

is known under the name of the Lyapunov operator and it maps the vector
space of matrices of order n into itself.

Thus, Gaussian eliminations would take some (n?)? = n% operations which
is feasible for matrices of very low order — not much more than n = 50 on
present day personal computers. The situation is different, if the matrix A is
safely diagonalised:

2)3

A=SAST A =diag(Ai, Ao, .. .).
Then the Lyapunov equation (13.9) is transformed into
AZ+ZA=-F, Z=S"XS, F=S8"BS

with the immediate solution

—F

i

z+>\J

The diagonalisation may be impossible or numerically unsafe if S is ill-
conditioned. A much more secure approach goes via the triangular form.
If the matrix A is of, say, upper triangular form then the first row of (13.9)
reads

(@11 + an)zyy + apwaj + -+ arjzi; = by

from which the first row of X is immediately computed; other rows are com-
puted recursively. The solution with a lower triangular 7" is analogous.
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A general matrix is first reduced to the upper triangular form as
T =U*AU, U unitary, possibly complex;
then (13.9) is transformed into
T'Y+YA=-V, Y=U"XU, V=U*BU.

which is then solved as above. (This is also another proof of the fact that
the Lyapunov equation with an asymptotically stable A possesses a unique
solution.) Both steps to solve a general Lyapunov equation take some 25n°
operations, where the most effort is spent to the triangular reduction.

Thus far we have been optimising the transient behaviour only. It is im-
portant to know how this optimisation affects the steady state behaviour of
the system. A key result to this effect is contained in the following

Theorem 21.5 Let A be real dissipative; then the integral

y— ! /ioo (N — ATY"IB(AT — A)~tdx (21.7)

211 —ioo

exists, if A is asymptotically stable. In this case Y equals X from (13.9).

Proof. For sufficiently large |A\| we have

2
J— _ — S A F
(M = ATY"LB(AT — A)~Y| < ||B] (Z &VC”H)
k=0

which is integrable at infinity. Thus, the integral in (21.7) exists, if there are
no singularities on the imaginary axis, that is, if A is asymptotically stable.
In this case we have

100

ATy = i [NAI — AT)™' —I] B(\XI — A)~'d),
Tt J—ico

YA= % (X — A")'B [NA — A)~" —I]dA.
T

—100
By using the identities

n n

lim (M — A)~rd\ =irl, lim (N — AT\ = inl,
n—0o0 —in 7n—00 —in
we obtain

ATY +YA=-B+ = / A+ N — AT PB(M — A)~td\ = —B.

21 J oo
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Since the Lyapunov equation (13.9) has a unique solution it follows Y = X.
Q.E.D.

Hence
Tr(XS)=/ vo Xyodp =
lyoll=1
oo 1 o0
/ dp / B2ty Pt = / dp / | B2 (itwT— A) g *des
llyoll=1 0 T Jllyoll=1 —00

This is an important connection between the ’time-domain’ and the 'frequency-
domain’ optimisation: the energy average over time and all unit initial data

of the free vibration is equal to some energy average of harmonic responses

taken over all frequencies and all unit external forces.

Exercise 21.6 Use the reduction to triangular form to show that a general
Sylvester equation CX + X A = —B is uniquely solvable, if and only if c(C)N
o(—A) = 0. Hint: reduce A to the upper triangular form and C to the lower
triangular form.

Exercise 21.7 Give the solution of the Lyapunov equation if a non-singular
S is known such that STYAS is block-diagonal. Are there any simplifications,
if S is known to be J-unitary and A J-Hermitian?

Exercise 21.8 The triangular reduction needs complex arithmetic even if the
matrixz A is real. Modify this reduction, as well as the subsequent recursive
solution of the obtained Lyapunov equation with a block-triangular T .

Exercise 21.9 Let A= —I + N, NP~1 £ 0, N? = 0. Then the solution of
the Lyapunov equation (13.9) is given by the formula

2p—1

L (7 arrk o ek
X:ZWZ<I€>(N)BN .
n=0 k=0

21.2 Global minimum of the trace

The first question in assessing the trace criterion (21.4) is: if we let the damp-
ing vary just over all positive semidefinite matrices, where will the minimum
be taken? The answer is: the minimum is taken at D = 22 in the representa-
tion (3.10) that is, at the 'modal critical damping’ — a very appealing result
which speaks for the appropriateness of the trace as a measure of stability.
Note that without loss of generality we may restrict ourselves to the modal
representation (3.10). As we know, the matrix A from (3.10) is unitarily sim-
ilar to the one from (3.3), the same then holds for the respective solutions X
of the Lyapunov equation
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ATX + XA =1, (21.8)
so the trace of X is the same in both cases.

First of all, by the continuity property of the matrix eigenvalues it is clear
that the set Cs of all symmetric damping matrices with any fixed M and
K and an asymptotically stable A is open. We denote by DI the connected
component of Cs containing the set of positive semidefinite matrices D. It is
natural to seek the minimal trace within the set D} as damping matrices.

Theorem 21.10 Let §2 be given and let in the modal representation (3.10)
the matriz D wvary over the set DF. Then the function D — Tr(X) where
X = X(D) satisfies (21.8) has a unique minimum point D = Dy = 2(2.

The proof we will offer is not the simplest possible but it sheds some light
on the geometry of asymptotically stable damped systems. The difficulty is
that the trace is not generally a convex function which precludes the use of
the usual uniqueness argument. Our proof will consist of several steps and
end up with interpolating the trace function on the set of the stationary
points by a function which is strictly convex and takes its minimum on the
modal damping matrix, thus capturing the uniqueness.

Lemma 21.11 If||C||? > 4||K ||| M]| then

2| K|
maxReo(A4) > ————.
1€

(21.9)
Proof. Let 2 be a unit vector with Cz = ||C||x. Then
"V M+ A .C+K)z=0
with
) 2" Ko K|
ICl + VICI? = 4aTKea™Max —  |IC]

)\+ ==
Since A2M +\C + K is positive definite for A negative and close to zero, there

must be an eigenvalue of A in the interval [A;,0) i.e. maxReo(4) > A;.
Q.E.D.

The Lyapunov equation ATX + XA = —TI for the phase-space matrix A
from (3.10) reads

(Ao — BDBT)'X + X(Ay — BDBT) = —1I, (21.10)

w5 519

The so—called dual Lyapunov equation is given by

where
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(Ag — BDBT)Y +Y(Ay — BDBT)T = —T. (21.11)

To emphasise the dependence of X and Y on D we write X (D) and Y (D).
By the J-symmetry of the matrix A it follows

Y (D) =JX(D)J. (21.12)
Let us define the function f: D — R by
f(D) = Tr(X (D)), where X (D) solves (21.10). (21.13)
Lemma 21.12 D, € DY is a stationary point of f, if and only if
BT X (Dy)Y (Dy)B = 0. (21.14)
Proof of the lemma. By setting in (21.5)
A; = BD,B"
where D is any real symmetric matrix the point Dy is stationary, if and only
! Tr(X (Do)BD1BTY (Dy)) = Tr(D1BTY (D) X (Dy)B) = 0.
Now, by (21.12) the matrix BTY (Dy)X (Dg)B is symmetric:
BYY (Do) X (Do)B = BT JX(Dy)JX(Dy)B,
(JX(Do)JX(Do))22 = —(X(Do)J X (Do))22

and (in sense of the trace scalar product) orthogonal to all symmetric matri-
ces D1, so it must vanish. Q.E.D.

Proof of Theorem 21.10. By (13.12), Lemma 21.11 and the continuity
of the map A — A,(A) the values of TrX become infinite on the boundary
of DF. Hence there exists a minimiser and it is a stationary point. Let now
D be any such stationary point. By Y = JXJ (21.14) is equivalent to

X3 = X5 X12, (21.15)

where X = X(D) = [;i ;;z } Let us decompose (21.10) into components.
We get

—0XL - X120 =1, (21.16)
N2X11 — DXy — X002 =0, (21.17)
02X19+ X502 — XooD — DXgg = —1. (21.18)

From (21.16) it follows
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1
Xip = 5(I -8yt (21.19)

where S is skew—symmetric. From the equation (21.17) and the previous
formula it follows

1 1
X1 = 5(2—1DQ—1 + 50—11)(2—15 + 0271 X500,
Since Tr(271D271S5) = 0 we have
1
Tr(X) = Tr(X11) + Tr(Xa) = 5Tr((z—lmz—l) +2Tr(X22).  (21.20)

From (21.15) it follows
X153 = UXos (21.21)

where U is an orthogonal matrix. Note that the positive definiteness of X
implies that Xao is positive definite. Now (21.18) can be written as

—Xo9D — DXoy = —1 — QU X9s — XosUT 0.

Hence D is the solution of a Lyapunov equation, and we have
D= / h e X2 ([ + QU Xoy + XopUT 2)e™*2214t.
0
This implies
D= %X;; + /0 " Xt Qe Xaat gy Xoo + Xoo /O " e Xeat T e Xaat gy,
From (21.19) and (21.21) follows
QU = % (X' — X5,'UTSU), (21.22)

hence

1 o0
D= X! — §X2_21 /O e X2yl SUe=X22tqt Xpo+

1 oo
§X22/ e X2ty SUe 2t dt X,
0

So, we have obtained

1 1
D= Xy — §X2_21WX22 + §X22WX2_21, (21.23)

where W is the solution of the Lyapunov equation
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—XooW — WXoy = —UTSU. (21.24)

Since UTSU is skew-symmetric, so is W.
From (21.24) it follows

XooWX5' = W +UTSUXS,,
which together with (21.23) implies
1 1
D= X5+ 5UTSUX2—21 - 5)(2—21 Ut su.
Now taking into account relation (21.22) we obtain
D=0oU +UT,

hence
Q'pe Tt =v Ut (21.25)

From (21.19) and (21.21) we obtain
S=1-2UX1, (21.26)

and from this and the fact that S is skew—symmetric it follows that

02X UT + UXoe2 =1. (21.27)
This implies

QU = 07 XL 0T - 0TI XL 0T U X0 2.
From the previous relation it follows that
Te(27'UT) = Te(7 XL 07 - Tr(UR™).

Now (21.20), (21.25) and the previous relation imply

Tr(X(D)) = g(X22(D))

with i
9(Z) = 5T_r(fz-lz—lfz—l) +2Tr(Z).

for any D satisfying (21.14). Obviously, g is positive-valued as defined on the
set of all symmetric positive definite matrices Z. We compute ¢, g

7 (Z)F) = ﬂ(—%g—lz*f/z—lg—l + oY) (21.28)

JZ)Y,Y)=Te(Q ' 27V Z7 vzl 7Y > 0
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for any symmetric positive definite Z and any symmetric Y # 0. (The
above expressions are given as linear/quadratic functionals; an explicit vec-
tor/matrix representation of the gradient and the Hessian would be clumsy
whereas the functional representations are sufficient for our purposes.)

By (21.28) the equation ¢'(Z) = 0 means

1 . N
T&(—ifrlz—lyz—ln—l +2Y)=0
for each symmetric Y. This is equivalent to
L, 12,1
—§Z 0777 +2I=0

ie. Z = Zy = %Q‘l and this is the unique minimiser with the minimum
value 2Tr(271) (here, too, one easily sees that g(Z) tends to infinity as Z
approaches the boundary of the set of positive definite symmetric matrices).
Now, 0271 = X5,(212) and Dy = 242 is readily seen to satisfy (21.14). Hence
the value

2Tr(27") = g(X22(Do)) = Tr(X (Do)

is strictly less than any other stationary value Tr(X(D)). Q.E.D.
As we see the optimal damping is always positive definite; this is in contrast
to the spectral abscissa criterion, where examples will be given in which the

minimal spectral abscissa is actually taken at an indefinite damping matrix
that is, outside of the physically allowed region.

Exercise 21.13 Prove that to the matrix Dy = 2{2 there corresponds the

damping matriz
C=Co=2Lo\/Ly'KL; LY. (21.29)

Exercise 21.14 Prove the formula

X(Do) =

21.3 Lyapunov trace vs. spectral abscissa

We will make some comparisons of the two optimality criteria: the spectral
abscissa and the Lyapunov trace. It is expected that the first will give a better
behaviour at ¢ = co whereas the second will take into account finite times as
well.

In comparisons we will deal with the standard Lyapunov equation
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ATX + XA=-1I
With this X (13.10) reads
le?*] < w(X)e=t/IX1

whereas (13.12) reads

1
20 < — o
[1X1]

A simple comparison is made on the matrix

_ 7]. (6% . At —t 71 at
A—{ 0_1} with e?* = ¢ { }

Here A\4(A) = —1 independently of the parameter o which clearly influences
le4t]|. This is seen from the standard Lyapunov solution which reads

X = {olﬁ 1/2+o%j] '

If A is a phase-space matrix of a damped system no such drastic differences
between A\, (A) and the growth of ||e4?|| seem to be known.3

Example 21.15 For the matrix A from Example 9.3 and B = I the Lya-
punov equation reads

0—w 11 12 + T11 T12 0 w o -1 0
w —d X221 22 T21 T22 —w —d o 0-11"

By solving four linear equations with four unknowns we obtain

d
X — [5611 !E12} _ [<11+2w12 2%}

T21 T22 50 4

where 5 p
Tr(X)==-+-—
H(X) d + 2w?
has a unique minimum at the critical damping d = 2w.

The spectral abscissa and the Lyapunov trace as functions of the damping d
are displayed in Fig. 21.1 (an additive constant sees that both curves better
fit to one coordinate frame). The minimum position is the same; the trace is
smooth whereas the spectral abscissa has a cusp at the minimum.

Example 21.16 Reconsider Example 13.13 by replacing the spectral ab-
scissa by the Lyapunov trace as a function of the parameter c.

3 This seems to be an interesting open question: how far away can be the quantities 2\, (A)
and —1/|| X || on general damped systems.
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0.5

-1 L L L I

1 15 2 25 3 35 4

Fig. 21.1 Spectral abscissa and Lyapunov trace (1D)

Concerning optimal spectral abscissae the following theorem holds

Theorem 21.17 ([25]) Set

where A is from (3.3), M, K are arbitrary but fized whereas C varies over the
set of all real symmetric matrices of order n. Then 7(C') attains its minimum

which is equal to
1
det(K)\ 2
T0 = .
det(M)

The minimiser is unique, if and only if the matrices K and M are propor-
tional.

The proof is based on a strikingly simple fact with an even simpler and very
illuminating proof:

Proposition 21.18 Let A be any set of matrices of order 2n with the fol-
lowing properties

1. det(A) is constant over A,

2. the spectrum of each A € A is symmetric with respect to the real axis,
counting multiplicities,

3. Reo(A) <0 for Ae A.
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Denote by Ay the subset of A consisting of all matrices whose spectrum con-
sists of a single point. If Ay is not empty then

in A, (A
min Aq(4)

1s attained on Ag and nowhere else.

Proof. Let Aq,..., Ao, be the eigenvalues of A. Then

0 <det(A) = [T M = [T 1Ml = [T IReAi)l = (Ma(A))*™ . (21.30)
k=1 k=1 k=1
Thus,
Aa(A) > — (det(A))? (21.31)

By inspecting the chain of inequalities in (21.30) it is immediately seen that
the equality in (21.31) implies the equalities in (21.30) and this is possible, if
and only if

A =X (A4), k=1,...,2n.

Q.E.D.

The set A, of all asymptotically stable phase-space matrices A with fixed
M, K obviously fulfills the conditions of the preceding proposition. Indeed,
det(A) = 72", hence the only thing which remains to be proved is: for given
M, K find a symmetric damping matrix C such that the spectrum of A
consists of a single point. This is a typical inverse spectral problem where one
is asked to construct matrices from a given class having prescribed spectrum.
This part of the proof is less elementary, it borrows from the inverse spectral
theory and will be omitted. As an illustration we bring a simple inverse
spectral problem:

Example 21.19 Consider the system in Example 4.5. We will determine the
constants m, k1, ko, ¢ by prescribing the eigenvalues

Ala )\Qa A3

with Re(A;) < 0 and, say, A real. Since the eigenvalues of (14.2) do not
change, if the equation is multiplied by a constant, we may assume that
m = 1. The remaining constants are determined from the identity

A4k + ko —ko

det ke Aet ks

= cA? 4 kod? + (k1 + k)N + kiko =

¢ (N = (A1 + A2 4+ A3)A% + (A1 A2 + A2As + A3A)A — A o)

The comparison of the coefficients yields
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ko = —C(/\l + Ao + /\3),

k1 4+ k2 = Ao 4+ Aodg + AzAq,
klk‘g = —C/\l/\g)\g,.

This system is readily solved with the unique solution

L e
1= A1+ Ao+ )\37
b — A (A2 4+ A3) + A3(A1 4+ A3) + AZ(A1 + Aa) + 2010203
? AL+ A2+ As ’
ko
c=——"7—.
A1+ A2+ As

Here we can apply Proposition 21.18 by taking first, say, Ay = Ay = A3 = —1
thus obtaining
k1:1/3, k2:8/3, C:8/9
Since Ag, A3 are either real or complex conjugate the values k1, ks, ¢ are all
positive.
Now with the fixed values ki, ko as above we let ¢ > 0 be variable. The
so obtained set A of phase-space matrices from Example 4.5 again satisfies

the conditions of Proposition 21.18 and ¢ = 8/9 yields the optimal spectral
abscissa.

For numerical comparison between the two criteria we will take an example

from [23]. Take

10 [k o
= fot] =[]

with the optimal-abscissa damping

1
R gl

A Uk
(0 =7

Here the different sign choices obviously lead to unitarily equivalent both
damping and phase-space matrices, so we will take the first one. According
to Theorem 21.10 our best damping in this case is

@:[%fyﬁb}

For comparing time histories it is convenient to observe the quantity

13 = Tr(e™"*e™)
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because (i) it dominates the square of the spectral norm of e4* and (ii) it
equals the average over all unit vectors o of the energy |etyo||? at each
time t. These histories can be seen in Fig. 21.2. The dashed line corresponds
to the optimal trace and the full one to the optimal abscissa. The values we
have taken are

ki =1, ko =4, 16, 33, 81

The optimal abscissa history is better at large times but this difference is al-
most invisible since both histories are then small. At k5 about 33 the matrix
C ceases to be positive semidefinite; the history for ko = 81 is even partly
increasing in time and this becomes more and more drastic with growing ks.
In such situations the theory developed in [23] does not give information on
an optimal-abscissa within positive-semidefinite dampings.

k,=4 k,=16
4 4
| \
3t 3
\ \
\ \
2 N\ 2 \
N \
~ \
1 N ~N N 1 h ~
0 = 0
0 50 100 150 200 0 50 100 150 200
k,=33 k,=81
4 4
\ |
3 31,
\ \
\ \
2 2t
\ \
\ AN
1 N 1 Sl
0 =— 0 ——
0 50 100 150 200 0 50 100 150 200

Fig. 21.2 Time histories



Chapter 22
Perturbing matrix exponential

Modal approximation appears to be very appealing to treat matrix exponen-
tial by means of perturbation techniques. We will now derive some abstract
perturbation bounds and apply them to phase-space matrices of damped sys-
tems.

The starting point will be the formula which is derived from (3.4)
¢ ¢
eBt — At = / eBU=3) (B — A)e?®ds = / eB3 (B — A=) ds.  (22.1)
0 0

A simplest bound is obtained, if the exponential decay of the type (13.8) is
known for both matrices. So, let (13.8) hold for A and B with the constants
F,v, Fy, vy, respectively. Then by (22.1) we immediately obtain

t
e — M| < |IB - Al / e =) P ds (22.2)
0

o _e*"lt
—v y V1 # v

FFl(, vt
= [|B — A
FFEite ™"t vy = .

If B is only known to be dissipative (F; = 1,v; = 0) then
F F
JeBt =M < B - Al (- e < B- A= (223)
v v
If A, too, is just dissipative (F' = 1, = 0) then
JeBt — ]l < |IB - Allt. (22.4)
The perturbation estimates obtained above are given in terms of general

asymptotically stable matrices. When applying this to phase-space matrices
A, B we are interested to see how small will B — A be, if M, C, K are subject

181



182 22 Perturbing matrix exponential

to small changes. This is called ’structured perturbation’ because it respects
the structure of the set of phase-space matrices within which the perturbation
takes place. An example of structured perturbation was given in Chapter 19
on modal approximations. If B is obtained from A by changing C into C
then as in (19.3) we obtain the following estimate

2T (C - O)x

(B =AY = max| ),

Exercise 22.1 Let C be perturbed as
12T(C - C)z| < exT C.

Prove T

z* Cx

2T Mz’

The dependence of A on M and K is more delicate. This is because M and
K define the phase-space itself and by changing them we are changing the
underlying geometry of the system.

First of all, recall that A is defined by M, C, K only up to (jointly) unitary
equivalence. So, it may happen that in order to obtain best estimates we will
have to take phase-space realisations not enumerated in (3.10). We consider
the case in which K is perturbed into K and M ,C' remain unchanged, that
is,

IB — A] < emax
x

K=K+0K =1L,LT

with X
Li=LWT+Z, Z=L'%6KL"

where we have assumed ||Z]| < 1. Now,

. = (1/2
LyY(Ly — Ly) :Lzlle( ]{: )Zk =

k=1
(172 LyYSKLTTZFY = LKL  f(Z
Z If 2 1 - 2 1 f( )
k=1
with ,
1+0'2-1 C#0
f— C ?
1<) { 0.¢=0
and |¢| < 1. By

A+ +17

SN =1 PO =—Garrar <

and by the fact that Z is a real symmetric matrix we have ||f(Z)|| <1 and
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IB— Al = [|Ly (L1 — Ly)|| < [|ILy KL

Thus (22.3) yields
Foo _
e — e < —[|L; 0K L. (22.5)

Note that here Ly will not be the Cholesky factor, if L1 was such. If we had
insisted L7 to be the Cholesky factor then much less sharp estimate would
be obtained.

We now derive a perturbation bound which will assume the dissipativity
of both A and B but no further information on their exponential decay —
there might be none, in fact. By 7 (A) we denote the set of all trajectories

S = {x = eAt;vo,t > 0} , for some vector xg.

Lemma 22.2 Let A, B be arbitrary square matrices. Suppose that there exist
trajectories S € T(A), T € T(B*) and an € > 0 such that for any y € S,
zxeT

|z*(B — A)y|* < &® Re(—x*Bx) Re(—y* Ay). (22.6)

Then for all such x,y
€
" (P — eyl < S llzllliyll

(Note that in (22.6) it is tacitly assumed that the factors on the right hand
side are non-negative. Thus, we assume that A, B are ’dissipative along a
trajectory’.)

Proof. Using (22.1), (22.6) and the Cauchy-Schwarz inequality we obtain

|$*(eBt . 6At)y‘2 §

t
/ (57 2)* (B — A)eAt=)ylds 2 <
0

t
52/ \/Re(f:r*eBsBeB*sz) Re(—y*eA"(t=9) AeAlt=9)y)ds 2 <
0

t t
62/ Re(—x*eBsBeB*sx)dS/ Re(fy*eA*sAeAsy)ds
0 0

By partial integration we compute

t
Z(Ay,t) :/ Re(—y*e"® Ae?*y)ds =
0

Jletsyl2] - T(A .t
lle™*yl%| = (A, 9,1),



184 22 Perturbing matrix exponential

1
Z(Ay,t) = 5 (lwl* = lle*y*)

(note that Z(A,y,t) = Z(A*,y,t)). Obviously
1
0<T(4,y,1) < 3yl

and Z(A,y,t) increases with ¢. Thus, there exist limits

leylI> . P(A,y), t— o0

I(Ay,t) /" I(A,y,00) = % lull> = P(A,y)), t— o0
with 1
0 < Z(A,y,00) < g [lyl*.
(and similarly for B). Altogether

2" (P! = eyl < 5 (2] = P(B*,2) (lyl® = P(A.y))

2
< S llzllyl®

Q.E.D.

Corollary 22.3 Suppose that (22.6) holds for all y from some S € T(A)
and all x. Then

€

(e = e y) I < 51yl

Proposition 22.4 For any dissipative A we have
P(A,y) =y P(A)y,

where the limit
P(A) = lim e? et (22.7)

t—oo
exists, is Hermitian and satisfies 0 < y*P(A)y < y*y for all y.
Proof. The existence of the limit follows from the fact that any bounded,

non decreasing sequence of real numbers — and also of Hermitian matrices
— is convergent. All other statements are then obvious. Q.E.D.

Theorem 22.5 If both A and B are dissipative and (22.6) holds for all x,y,
then

i~}

3

| (@, (e =) 2 < - (I2]* = 2" P(B)x) ([lyll* = v P(A)y) -
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In particular,

Bt — et < <. (22.8)

TN M

Exercise 22.6 With A dissipative prove tha
onal projection and find its range.

P(A) from (22.7) is an orthog-

Corollary 22.7 If in Theorem 22.5 we have € < 2 then the asymptotic sta-
bility of A implies the same for the B and vice versa.

Proof. Just recall that the asymptotic stability follows, if |[e4?|| < 1 for some
t> 0. Q.E.D.

We now apply the key result of this chapter, contained in Theorem 22.5
to phase-space matrices A, B having common masses and stiffnesses and dif-
ferent damping matrices C, C1, respectively. As is immediately seen then the
bound (22.6) is equivalent to

lz*(Cy — C)y|* < ®2*Cay*Chy. (22.9)

Example 22.8 Consider the damping matrix C' = Cj, from (1.4,1.5) and let

C1 be of the same type with parameters M and let the two sets of parameters

J
be close in the sense

|c§-1) —¢| < e\/c;-l)cj.

Then (everything is real)
270 = Oy = (i = e)ayn + () — )@y — 2i0) (w5 — yi-1)
j=2

1
+(C£H)-1 — Cnt1)TnYn

and, by the Cauchy-Schwartz inequality,

[z°(C1 = Oyl <

n
1 1 1
RY. Vel + RV CE— Vejlay — xjoally; — yj—1| + \/ A et [Tnyn]
j=2
< e/ zTCrayT Cy.

This shows how natural the bound (22.6) is.

Exercise 22.9 Do the previous example for the case of perturbed Cyyy in the
analogous way.

Note the difference between (22.6), (22.8) and (22.2) — (22.4): the latter use
the usual norm measure for B — A but need more information on the decay of
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et whereas the former need no decay information at all (except, of course,
the dissipativity for both), in fact, neither A nor B need be asymptotically
stable. On the other hand, the right hand side of (22.2) goes to zero as t — 0
while the right hand side of (22.4) diverges with ¢t — co.

Exercise 22.10 How does the bound (22.9) affect the phase-space matrices
of the type (4.19)%

We finally apply our general theory to the modal approximation. Here the
true damping C and its modal approximation C are not equally well known
that is, the difference between them will be measured by the modal damping
alone, for instance,

lz*(C — CNx| < nz*C’2z, n<1. (22.10)

Asis immediately seen this is equivalent to the same estimate for the damping
matrix D = #7C® and its modal approximation D° = &7 C°®; therefore we
have

ID" <n

with

)

0, ) Zj or diid]‘j =0
\/:UT’ otherwise.
iidj;
In other words,
for any z,y. By
2T D% = 2T Da + 27 (D° — D)x < 2T Dz + na2’ D%z
we obtain
2T Dx

2T D% <
I—n

and finally, for D’ = D — DO

2T D'y| < % VT DzyT DO%.

Thus, (22.10) implies (22.9) and then (22.6) with

n
Vi

and the corresponding matrix exponentials are bounded by

€ =

”eBt o eAt” <

_n__
“2/T =7



Chapter 23
Notes and remarks

General. The best known monographs on our topic are Lancaster’s book
[51] and the work by Miiller and Schiehlen [72]; the former is more mathe-
matical than the latter.

Chapter 1

1. Suitable sources on the mechanical background are Goldstein’s book [30]
as well as Landau-Livshitz treatise, in particular [60] and [61] where some
arguments for the symmetry of the damping matrix are given. A more
mathematically oriented (and deeper diving) text is Arnold [3].

2. Engineering points of view on vibration theory may be found in the mono-
graphs [42], [12], [71]. Rather exhaustive recent works on construction of
damping matrices are [76] (with a rich collection of references) and [78].

Chapters 2 — 4.

1. Accurate computation of low (undamped) eigenfrequencies is an impor-
tant issue, among others because in approximating continuum structures
the highest frequencies are present just because one increases the dimen-
sion in order to get the lower ones more accurately. This increases the
condition number — an old dilemma with any discretisation procedure.
We will illustrate this phenomenon on a simple example. Undamped os-
cillations of a string of length [ are described by the eigenvalue equation

—(a(x)y')" = Ap(2)y, y(0)=y()=0 (23.1)

where a(z), p(z) are given positive functions. By introducing the equidis-

tant mesh l

l‘j:jh, ji=1,...,n+1, h=

and the abbreviations

187
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y(xj):'zﬁ a('rj):a'j7 p(xj):pjv 20 = Zn+41 =0

we approximate the derivatives by differences

aj11(z541 — 25) —aj(z; — zj-1)
(a(@)y Vymy, o
(n+1)
== (~aizj—1 + (a5 + aj11)25 — Gjzi).

Thus, (23.1) is approximated by the matrix eigenvalue problem
Kz=AMz (23.2)

where K is from (1.3) with k; = a; while M is from (1.2) with

mj = % For a homogeneous string with a(xz) = 1, p(z) = 1 both
the continuous system (23.1) and its discretisation (23.2) have known

eigenvalues

_jcr ~7(n+1)2,2j7r
)\j— l2 , )\j—4 12 Sin 2’)’L+2'

For small j/n we have ;\j ~ )Aj, but the approximation is quite bad for
j close to n. So, on one hand, n has to be large in order to insure good
approximation of low eigenvalues but then

K(K) = ):—n ~ (n+1)? (23.3)
A1

which may jeopardise the computational accuracy. With strongly inho-
mogeneous material (great differences among k; or m;) the condition
number is likely to be much worse than the one in (23.3).
High accuracy may be obtained by (i) using an algorithm which computes
the eigenfrequencies with about the same relative error as warranted by
the given matrix elements and by (ii) choosing the matrix representation
on which small relative errors in the matrix elements cause about the
same error in the eigenfrequencies. The first issue was treated rather ex-
haustively in [21] and the literature cited there. The second was addressed
in [2], for numerical developments along these lines see, for instance, [77],
[1], [7]. To illustrate the idea of [2] we represent the stiffness matrix K of
order n from Example 1.1 as K = L LT with

K1 —K2 0 0 0
0 R9 —R3 0

Ll: . . ) K’l:\/k:

0 o - - 0
0 0 0 Kn Knt1
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The matrix Ly — called the natural factor — is not square but its non-
zero elements are close to the physical parameters: square root operation
takes place on the stiffnesses (where it is accurate) instead on the stiffness
matrix whose condition number is the square of that of L;. The eigen-
frequencies are the singular values of LT M~'/2. From what was said in
Chapter 2.2 it is plausible that this way will yield more accurate low
frequencies. Not much seems to be known on these issues in the presence
of damping.

3. The phase-space construction is even more important for vibrating con-
tinua, described by partial differential equations of Mathematical Physics
of which our matrix models can be regarded as a finite dimensional ap-
proximation. The reader will observe that throughout the text we have
avoided the use of the norm of the phase-space matrix since in continuum
models this norm is infinite that is, the corresponding linear operator is
unbounded. In the continuum case the mere existence and uniqueness of
the solution (mostly in terms of semigroups) may be less trivial to es-
tablish. Some references for continuous damped systems, their semigroup
realisations and properties are [47], [48], [49], [39], [40], [73], [13], [90].
The last article contains an infinite dimensional phase space construction
which allows for very singular operator coefficients M, C, K. This includes
our singular mass matrix case in Sect. 5. In [13] one can find a systematic
functional-analytic treatment with an emphasis on the exponential decay
and an ample bibliography.

4. The singular matrix case is an example of a differential algebraic sys-
tem. We have resolved this system by a careful elimination of 'non-
differentiated’ variables. Such elimination is generally not easy and a
direct treatment is required, see e.g. [10].

5. Our phase-space matrix A is a special linearisation of the second order
equation (1.1). There are linearisations beyond the class considered in our
Theorem 3.4. In fact, even the phase-space matrices obtained in Chapter
16 are a sort of linearisations not accounted for in Theorem 3.4. A rather
general definition of linearisation is the following: We say that a matrix
pair S, T or, equivalently, the pencil S— AT is a linearisation of the pencil

Q(N), if

{82@) ?] — E(OV)(S = AT)F(A)
where E()), F(\) are some matrix functions of A\ whose determinants are
constant in A\. A main feature of any linearisation is that it has the same
eigenvalues as the quadratic pencil, including the multiplicities (see [80]
and the literature cited there).! The phase-space matrices, obtained in
Sect. 16 do not fall, strictly speaking, under this definition, one has to
undo the spectral shift first.

! Here, too, special care is required, if the mass is singular, see [57].
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The advantage of our particular linearising (1.1) is that it not only enables
us to use the structure of dissipativity and J-symmetry but also gives a
proper physical framework of the energy phase space.

There is a special linearisation which establishes a connection with models
in Relativistic Quantum Mechanics. The equation (1.1) can be written in

the form )
d c?\
<dt+2> y+(K—4 y=nh
C=Ly'CL;t, Ky =L'KL;T, y=1L%x, fi=1L;'f

(L, O
nNn=vY Y= dt 9 Yy

dfm]_| =% I |[w L]0
dt | yo K+ S G e f1

1 2
Here the phase-space matrix is J-symmetric with

J:[m

This is formally akin to the Klein-Gordon equation which describes spin-
less relativistic quantum particles and reads (in matrix environment)

(ORI

where V, H are symmetric matrices and H is positive definite. The same
linearisation leads here to the phase-space equation

d Ty Y1 VI

1— =H H = .

dt {yz} L/z ’ HV
Note the main difference: here the time is ’imaginary’ which, of course,
changes the dynamics dramatically. Nevertheless, the spectral proper-
ties of phase-space matrices are analogous: the overdampedness condi-
tion means in the relativistic case the spectral separation (again to the

plus and the minus group) which implies the uniform boundedness of the
matrix exponential

with

The substitution

leads to

e‘mt7 —00 <t <00
which is here J-unitary — another difference to our damped system.

Chapters 5 — 10.
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There are authoritative monographs on the geometry and the spectral
theory in the indefinite product spaces. These are Mal’cev [67] and Go-
hberg, Lancaster and Rodman [26] and more recently, [29)].

Our Theorem 12.15 has an important converse: if all matrices from a
J-Hermitian neighbourhood of A produce only real spectrum near an
eigenvalue A\g of A then this eigenvalue is J-definite. For a thorough
discussion of this topic see [26].

Related to Exercise 10.10 is the recent article [35] where the spectral
groups of the same sign are connected through the point infinity thus
enlarging the class of simply tractable cases.

Theorem 10.7 may be used to compute the eigenvalues by bisection which
is numerically attractive if the decomposition JA — pJ = G*J'G can be
quickly computed for various values of p. In fact, bisection finds real
eigenvalues on a general, not necessarily definitisable A whenever the
decomposition JA — uJ = G*J'G shows a change of inertia. In order to
compute all of them this way one has to know a definitising shift, or more
generally, the roots of a definitising polynomial in Theorem 10.3. Indeed,
in the latter case the eigenvalues between two adjacent roots are of the
same type and by Theorem 10.8 all of them are captured by bisection.
Theorem 10.16 is borrowed from the work [45] which contains some fur-
ther results in this direction.

Chapter 12

Jordan canonical forms for J-Hermitian matrices are given in [56] or [79].
Numerical methods for block-diagonalising are described e.g. in [31].
J-orthogonal similarities were accepted as natural tool in computing J-
symmetric eigenvalues and eigenvectors long ago, see e.g. [11], [9], [38],
[85], [86] and in particular [37]. The latter article brings a new short proof
of the fact that for any J-orthogonal matrix U with a diagonal symmetry
J the inequality
H(DlUDQ) § ISI(U)

holds for any diagonal matrices D1, Dy (optimal scaling property). This
result is akin to our results in Proposition 10.17 and Theorem 12.19.
These are taken from [91] where some further results of this type can be
found.

The computation of an optimal block-diagonaliser, as given in Theorem
12.20 is far from satisfactory because its 'zeroth’ step, the construction of
the initial block-diagonaliser .S, goes via the Schur decomposition which
uses a unitary similarity which then destroys the J-Hermitian property
of the initial matrix A; J-unitarity of the block diagonaliser is only re-
covered in the last step. To do the block-diagonalisation in preserving
the structure one would want to begin by reducing A by a jointly J, J'-
unitary transformation to a ’'triangular-like’ form. Such form does exist
(cf. [75]) and it looks like
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! T B ! O I
A= {O T\’ S = 10
with T, say, upper triangular and B Hermitian. This form displays all
eigenvalues and is attractive to solve the Lyapunov equation, say A™*X +
X A" = —1I,, blockwise as

T X1+ XuT=—1,)
T X9+ X12T*=—-X;; — B
TXog + XooT™ = —1I,,/5 — BX12 — X{,B.

These are triangular Lyapunov/Sylvester equations of half order which
are solved in that succession. But there are serious shortcomings: (i) this
reduction is possible only in complex arithmetic (except in rare special
cases), (ii) no real eigenvalues are allowed, unless they have even multi-
plicities, (iii) there are no algorithms for this structure which would beat
the efficiency of the standard Schur-form reduction (cf. [22] and the liter-
ature cited there). To make a breakthrough here is a hard but important
line of research.

Chapter 13.

Some further informations on the matrix exponential are included in the
general monograph [34].

The fact that the knowledge of the spectrum alone is not enough for de-
scribing the behaviour of the differential equation was known long ago. A
possibility to make the spectrum ’more robust’ is to introduce so-called
'pseudospectra’ of different kinds. Rather than a set in C a pseudospec-
trum is a family of sets. A possible pseudospectrum of a matrix A is

o (A) ={reC: (M — A)7Y > 1/e}.

With € — 0 we have 0.(A) — o(A) but the speed of this convergence may
be different for different matrices and different eigenvalues. So, sometimes
for quite small e the component of the set o.(A) containing some spectral
point may still be rather large. The role of the pseudospectra in estimating
decay and perturbation bounds is broadly discussed e.g. in [81] and the
literature cited there. See also [24], [25].2

As it could be expected, our bounds for the exponential decay are mostly
much better than those for general matrices (e.g. [44], [64]) because of
the special structure of our phase-space matrix. Further improved bounds
are given in [74] and [89]. Some comparisons can be found in [89].

Chapter 14

2 The Russian school uses the term spectral portrait instead of pseudospectrum.
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The literature on the quadratic eigenvalue problem is sheer enormous. Nu-
merous works are due to Peter Lancaster and his school and co-workers.
Few of all these works are cited in our bibliography; a good source for
both the information and the biography is the monograph by Lancaster,
Gohberg and Rodman, [28]. More recent presentations [65] and [80] also
include numerical and approximation issues as well as selection of applica-
tions which lead to various types of the matrices M, C, K and accordingly
to various structural properties of the derived phase-space matrices. An-
other general source is [68]. For the properties of J-definite eigenvalues
see also [59].

Numerical methods for our problems have recently been systematically
studied under the ’structural aspect’ that is, one avoids to form any
phase-space matrix and sticks at the original quadratic pencil, or else
identifies the types of the symmetry of the phase-space matrix and devel-
ops ’structured’ numerical methods and corresponding sensitivity theory.
Obviously, 'structure’ can be understood at various levels, from coarser
to finer ones. This research has been done intensively by the school of
Volker Mehrmann, substantial information, including bibliography, can
be found e.g. in [66], [22] and [41]. Several perturbation results in the
present volume are of this type, too.

For quadratic/polynomial numerical ranges see e.g. [69], [58]. A related
notion is the ’block-numerical range’, see e.g. [63], [62], [82]. All these
numerical ranges contain the spectrum just like Gershgorin circles or our
stretched Cassini ovals in Sect. 19.

Concerning overdamped systems see the pioneering work by Duffin [20]
as well as [51]. Recent results concerning criteria for overdampedness can
be found in [36], [33].

(Exercise 14.10) More on linearly independent eigenvectors can be found
in [28].

Chapter 20. A rigorous proof of Theorem 20.9 is found in [26].

Chapter 21

For results on the sensitivity (condition number) of the Lyapunov oper-
ator (21.6) see [6] and references there. A classical method for solving
Lyapunov and Sylvester equations with general coefficient matrices is
given in [5]. For more recent results see [43], [50].

Theorem 21.10 is taken from [16] where also some interesting phenomena
about the positioning of dampers are observed. The problem of optimal
positioning of dampers seems to be quite hard and it deserves more atten-
tion. Further results of optimal damping are found in [14], [15]. Related
to this is the so called ’eigenvalue assignment’ problem, see [18] and the
literature cited there.

The statement of Theorem 21.10 can be generalised to the penalty func-
tion
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X — Tr(XS),

where S is positive semidefinite and commutes with (2, see the disserta-
tion [73] which also contains an infinite dimensional version and applica-
tions to continuous damped systems.

3. For references on inverse spectral theory, applied to damped systems see
e.g. the works of Lancaster and coauthors [23], [55], [54]. A result on an
inverse spectral problem for the oscillator ladder with just one damper in
Example 1.1 is given in [87], [88]. In this special case it was experimen-
tally observed, (but yet not proved) that the spectral abscissa and the
minimal trace criterion (21.4) yield the same minimiser (independently
of the number of mass points).

4. An efficient algorithm for solving the Lyapunov equation with rank-one
damping is given in [88]. Efficient solving and trace-optimising of the
Lyapunov equation is still under development, see e.g. [83], [84] and the
literature cited there.

Chapter 22 Our perturbation bounds are especially designed for dissipative
or a least asymptotically stable matrices. As could be expected most common
bounds are not uniform in ¢ (see e.g. [64]).
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