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THE TAN 20 THEOREM FOR INDEFINITE QUADRATIC FORMS

LUKA GRUBISIC, VADIM KOSTRYKIN, KONSTANTIN A. MAKAROV, AND KRE SIMIR VESELIC

ABSTRACT. A version of the Davis-Kahan Ta2® theorem [SIAM J. Numer. Anal7 (1970),

1 — 46] for not necessarily semibounded linear operatorsiel@éfby quadratic forms is proven.
This theorem generalizes a recent result by Motovilov arth $ategr. Equat. Oper. Theory
56 (2006), 511 — 542].

1. INTRODUCTION

In the 1970 paper [3] Davis and Kahan studied the rotatiorpetsal subspaces farx 2
operator matrices under off-diagonal perturbations. htigaar, they proved the following re-
sult, the celebrated “Ta2© theorem”: LetA_ be strictly positive bounded operators in Hilbert
spaces)., respectively, andl” a bounded operator froM_ to §, . Denote by

_(Ay O B (AL W
A_<O A) and B_A+V_<W* —A>

the block operator matrices with respect to the orthogoeabrhposition of the Hilbert space
H=HydH_. Then
2
(1.2) || tan 20| < y, spec(©) C [0,7/4),
where© is the operator angle between the subspatesE 4 (R, ) andRan Eg(R ) and
d = dist(spec(Ay),spec(—A_))

(see, e.g., [8]).
Estimate (1.1) can equivalently be expressed as the failpiviequality for the norm of the
difference of the orthogonal projectio#s= E4(Ry) and@ = Eg(Ry):

1 2|V
(1.2) |P — Q| <sin | - arctan 2Vl ,
2 d
which, in particular, implies the estimate
V2
(1.3) 1P =-Qf <

Independently of the work of Davis and Kahan, inequalit@)has been proven by Adamyan
and Langer in [1], where the operatafs. were allowed to be semibounded. The cdse
0 has been considered in the work [9] by Kostrykin, Makarowl &otovilov. In particu-
lar, it was proven that there is a unique orthogonal praject) from the operator interval
[Eg ((0,00)),Ep (]0,00))] such that
V2

P-_Q| <Xz
IP-Ql <%
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whereP € [E4 ((0,00)),E4 ([0,00))] is the orthogonal projection onto the invariant (not nec-
essary spectral) subspake. C H of the operatord. A particular case of this result has been
obtained earlier by Adamyan, Langer, and Tretter, in [2]cé&gly, a version of the Ta2© The-
orem for off-diagonal perturbatiorig that are relatively bounded with respect to the diagonal
operatorA has been proven by Motovilov and Selin in [11].

In the present work we obtain several generalizations catbeementioned results assuming
that the perturbation is given by an off-diagonal symmetin.

Given a sesquilinear symmetric formand a self-adjoint involution/ such that the form
ay|z,y] := alz, Jy| is a positive definite and

alz, Jy] = a[Jz,y],

we call a symmetric sesquilinear formoff-diagonal with respect to the orthogonal decompo-
sition $H = H4 @ H_ with H1 = Ran(I + J) if

o[Jz,y] = —vo[z, Jy|.

Based on a close relationship between the symmetric &iry| + v[x, y] and the sectorial
sesquilinear forma|x, Jy|+iv[z, Jy] (cf. [11], [13]), under the assumption that the off-diagiona
form v is relatively bounded with respect to the foumn, we prove

() an analogue the First Representation Theorem for blgmkaior matrices defined as
not necessarily semibounded quadratic forms,
(ii) arelative version of the Ta2© Theorem.

We also provide several versions of the relative Z&Theorem in the case where the form
a is semibounded.
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2. THE FIRST REPRESENTATIONTHEOREM FOR OFFDIAGONAL FORM PERTURBATIONS

To introduce the notation, it is convenient to assume tHeviahg hypothesis.

Hypothesis 2.1.Let a be a symmetric sesquilinear form @vm/[a] in a Hilbert spacef). As-
sume that/ is a self-adjoint involution such that

J Dom|[a] = Dom[a].
Suppose that
a[Jx,y] = a[z,Jy] forall z,y € Doma;] = Dom][a],
and that the formu; given by
aj[z,y] = a[z, Jy], z,y € Dom[a;] = Domla].

is a positive definite closed form. Denote ty. the greatest lower bound of the foray
restricted to the subspace

$H+ =Ran(l £ J).
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Definition 2.2. Under Hypothesis 2.1, a symmetric sesquilinear foron Dom[o] D Dom]a]
is said to be off-diagonal with respect to the orthogonalateposition

H=HrdH-
o[Jx,y] = —v[x,Jy], x,y € Domla].
If, in addition,

(2.1) vp = sup [ofz] < 00
0#z€Dom|[a] &J [.%']

the formu is said to be arm-bounded off-diagonal form.

Remark 2.3. If v is an off-diagonal symmetric form and= x, +z_ is a unique decomposition
of an element: € Dom|[a] such thatry € $H1 N Dom[a], then

(2.2) o[z] = 2Rev[z4,z_], x € Domla].
Moreover, ifvg < oo, then
(2.3) o] < 2v0\/a [z 4Jas o]
Proof. To prove (2.2), we use the representation
o[z] =v[zy +2_, 24 +x_]| =v[zy] +o[z_]+o[zr,z_| +o[z_,x1], =z € Doma].

Sincev is an off-diagonal form, one obtains that

lzy] = vlzy, zy] =v[Jay, Joi] = —vlzy, z4] = —vlzy] =0,
and similarlyv[z_] = 0. Therefore,
o[z] = vxy,z_]+o[r_,z4] = 2Rev[ry,2_], = € Domlal.

To prove (2.3), first one observes that
aj[z] = ay[z4] + ay[z_]
and, hence, combining (2.2) and (2.1), one gets the estimate
|2Re vz, z_]| <woay(z] = vo(as[z4] +ayfz_]) forall zi € $Hi N Domlal.
Hence, for any > 0 (and, therefore, for all € R) one gets that
voag[zy]t? — 2[Rev[ry,z ]|t + voas[z_] >0,
which together with (2.2) implies the inequality (2.3). O

In this setting we present an analog of the First Representdtheorem in the off-diagonal
perturbation theory.

Theorem 2.4. Assume Hypothesis 2.1. Suppose th& an a-bounded off-diagonal with re-
spect to the orthogonal decomposition= 9 @ H_ symmetric form. OMom[b] = Dom|a]
introduce the symmetric form

blz,y] = alz,y] +v[z,y], =,y € Domlb].
Then
(i) there is a unique self-adjoint operatdt in $ such thatDom(B) C Dom/[b] and
blx,y] = (z,By) forall z € Dom[b], y € Dom(B).

(i) the operatorB is boundedly invertible and the open interyalm_,m) > 0 belongs
to its resolvent set.
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Proof. (i). Givenu € (—m_,m), onDomla,| = Dom/[a] introduce the positive closed form
a, by

au[:v,y] :a[x,Jy] —,U,<$,Jy>, x>y€Dom[au]a
and denote by, the Hilbert spacé®om|a,| equipped with the inner produ¢t, -),, = a,[-, .

We remark that the norm- ||, = \/a,[-] on $,, = Doml[a,] are obviously equivalent. Since
v is a-bounded, one concludes then that

_ [ofz]] B
vy i=  sup < oo, foralue (—m_,my).
0#zcDoml[a] Y [x]
Along with the off-diagonal fornv, introduce a dual forne’ by
v'[z,y] = iv[z, Jy], =,y € Domla].
We claim thato’ is ana-bounded off-diagonal symmetric form. It suffices to shoatth
v, =, <00, pE(=m_,my),

where

U/
@4 R

0#z€Dom[a] Gy [x]

Indeed, letr = x; + z_ be a unique decomposition of an element Dom|a] such that
x4 € 91 NDom[a]. By Remark 2.3,

o[z] = vxy,z_]+o[r_,z4] = 2Rev[ry,2_], = € Domlal.
In a similar way (since the forny’ is obviously off-diagonal) one gets that
o'[z] = ivfzy + 2, J(zy +2_)] =0 [z ] —iv[z_] —iv[z, x| +ivz_, 2]
= —iv[z,,z_|+iv[z,, x| = 2Imolz,,z_], 2 € Doma].
Clearly, from (2.4) it follows that

|ImU[CC+,CU,]| |RGU[CC+,CC,]|

UL =2 sup =2 sup

=V s
0#xz€Dom|d] L [x] 0#xz€Dom|a] au [:C] g

e (—mo,my),
which completes the proof of the claim.
Next, onDom|t,] = Dom/[a] introduce the sesquilinear form

t,=a,+i0, pe(—m_,my).

Since the forma,, is positive definite and the forn' is ana,-bounded symmetric form, the
form tis a closed sectorial form with the vertéxand semi-angle

(2.5) 0, = arctan(v,) = arctan(uv,).
Let 7}, be a uniquen-sectorial operator associated with the fagmintroduce the operator
B, =JT, on Dom(B,)=Dom(T,), p€ (—m_,my).
One obtains that
(z, Buy) = (x,JT,) = (Jz,Ty) = au[Jz,y) +iv' [Tz, y|
(2.6) = alz,y] — p(Jz, Jy) +io[Jz, Jy]
= alz,y] — plz, y) + vz, y),

for all z € Dom[a], y € Dom(B,,) = Dom(7T},). In particular,B,, is a Ssymmetric operator on
Dom(B,,), since the forms andv are symmetric, anbom(5,,) = Dom(7},) C Dom|a].
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For the real part of the forrt, is positive definite with a positive lower bound, the operato
T, has a bounded inverse. This implies that the operBfor= JT,, has a bounded inverse and,
therefore, the symmetric operatBy, is self-adjoint orDom(B5,,).

As an immediate consequence, one concludes gptt 0) that the self-adjoint operator
B := By is associated with the symmetric fotimand thatDom(B) C Dom|[a].

To prove unigueness, assume tlitis a self-adjoint operator associated with the farm
Then for allz € Dom(B) and ally € Dom(B’) one gets that

(z,B'y) = b[z,y] = bly, 2| = (y, Bx) = (Bx,y),
which means thaB = (B')* = B'.
(ii). From (2.6) one concludes that the self-adjoint opardt,, + 1./ is associated with the
form b and, hence, by the uniqueness
B,=B—-pul on Dom(B,)=Dom(B).

SinceB,, has a bounded inverse for alle (m_, m. ), so does3 — nI which means that the
interval (—m_, m4.) belongs to the resolvent set of the operaBgr O

Remark 2.5. In the particular case = 0, from Theorem 2.4 it follows that there exists a unique
self-adjoint operatorA associated with the forna.

For a different, more constructive proof of Theorem 2.4 ab agfor the history of the subject
we refer to our work4].

Remark 2.6. For the part (i) of Theorem 2.4 to hold it is not necessary tuiee that the form
as in Hypothesis 2.1 is positive definite. It is sufficient tauass thata s is a semi-bounded from
below closed form (see, e.f12]).

3. THE TAN 20 THEOREM

The main result of this work provides a sharp upper boundiferaingle between the positive
spectral subspacé®n E4 (R, ) andRan Eg(RR;.) of the operatorsi and B respectively.

Theorem 3.1. Assume Hypothesis 2.1 and suppose tha off-diagonal with respect to the
decompositioy = $H. & $H_. Let A be a unique self-adjoint operator associated with the form
a and B the self-adjoint operator associated with the fobm= a + v referred to in Theorem
2.4.

Then the norm of the difference of the spectral projectibns E4 (R, ) and@ = Eg(R.)
satisfies the estimate

1 2
|P— Q| <sin( =arctanv | < i,

2 2

where
0
V= inf ’UM = inf sup ’ [1'”’
neE(—m_,my) HE(=m—m4) 0£ze€Dom]d] au[x]

with

aulz,y] = alz, Jy] — p(z,Jy), 2,y € Domla,] = Domla].
The proof of Theorem 3.1 uses the following result borroweedf[14].

Proposition 3.2. LetT be an m-sectorial operator of semi-angle< 7 /2. LetT = U|T'| be its
polar decomposition. I/ is unitary, then the unitary operatdr is sectorial with semi-angle.

Remark 3.3. We note that for a bounded sectorial operatBrwith a bounded inverse the
statement is quite simple. Due to the equality

(@, Tx) = (IT|7 2y, UIT|"?y) = (y,|T|VPUITPy),  y =TV,



cor:

pi 8

6 L. GRUBISIC, V. KOSTRYKIN, K. A. MAKAROV, AND K. VESELIC

the operatorsT” and |T'|~'/2U|T|'/? are sectorial with the semi-angte The resolvent sets of
the operatorgT’|~'/2U|T|'/? and U coincide. Therefore, sindg is unitary, it follows thatl/
is sectorial with semi-anglé.

Proof of Theorem 3.1Givenyu € (—m_,my.), letT, = U,|T,,| be the polar decomposition of
the sectorial operatdf,, with vertex0 and semi-anglé,,, with

(3.2) 6, = arctan(v,)
(as in the proof of Theorem 2.4 (cf. (2.5)). SinBg = JT,,, one concludes that
IT,| =|B,| and U, =J 'sign(B,).
SinceT), is a sectorial operator with sem-iandlg, by a result in [14] (see Proposition 3.2), the

unitary operatotUU,, is sectorial with vertex) and semi-anglé,, as well. Therefore, applying
the spectral theorem for the unitary operatfrfrom (3.1) one obtains the estimate

1
|J —sign(B,)|| = |I — J 'sign(B,)|| = |I — U,|| < 2sin <§ arctan Uu) .
Since the open intervél-m_, m..) belongs to the resolvent set of the operdioe By, the
involution sign(B,,) does not depend gm € (—m_,m..) and hence one concludes that
sign(B,) = sign(Bo) = sign(B), p € (~m_,m).
Therefore,
1 . 1 . (1
(3.2) |IP— Q| = §HJ —sign(B)|| = §||J — sign(B,)|| < sin <§ arctanvu>
and, hence, since € (—m_, m.) has been chosen arbitrarily, from (3.2) it follows that
1 1
|IP—Q| < inf sin <— arctan vﬂ> < sin (— arctan v> .
peE(—m—_ ,my 2 2
The proof is complete. O

As a consequence, we have the following result that can beidemred a geometric variant of
the Birman-Schwinger principle for the off-diagonal foparturbations.

Corollary 3.4. Assume Hypothesis 2.1 and suppose thawff-diagonal. Then the formn; + v
is positive definite if and only if the;-relative bound(2.1) of v does not exceed one. In this
case

1P - Q| <sin(g).
whereP and @ are the spectral projections referred to in Theorem 3.1.
Proof. Sincewv is ana-bounded form, one concludes that there exists a self+adpmunded
operator) in the Hilbert spac®om/[a] such that
v[z,y] = aslz,Vy], z,y € Dom]|a].

Sinceuv is off-diagonal, the numerical range Bfcoincides with the symmetric about the origin
interval [—||V]], || V]|]. Therefore, one can find a sequerasg, }°° ; in Dom[a] such that

b[zn]
n—00 a[y]

which proves thaf{V|| < 1 if and only if the forma; + v is positive definite. If it is the case,
applying Theorem 3.1, one obtains the inequality

[P —QJ < sin <% arctan (HVH)) < sin (g)

which completes the proof. O

==Vl
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Remark 3.5. We ramark that in accordance with the Birman-Schwinger @ple, for the form
as + v to have negative spectrum it is necessary thautheelative bound|V|| of the perturba-
tion v is greater than one. As Corollary 3.4 shows, in the off-di@@erturbation theory this
condition is also sufficient.

4, TWO SHARP ESTIMATES IN THE SEMIBOUNDED CASE

In this section we will be dealing with the case of off-diagbform-perturbations of a semi-
bounded operator.

Hypothesis 4.1.Assume thatl is a self-adjoint semi-bounded from below operator. Suppos
that A has a bounded inverse. Assume, in addition, that an oper firt¢rval (o, 3) belongs
to the resolvent set of the operatdr
We set
Y._ =spec(A)N(—o0,a] and X =spec(4)N[F, 0]

Suppose thai is a symmetric form oom[v] > Dom(|A|'/?) such that

o[x

@y Vim0 TR
Assume, in addition, that is off-diagonal with respect to the orthogonal decomposith =
He D H_, with

H+ =RanEs((,00)) and $H_ = RanEy((—o0,)).
That is,
(4.2) o[Jz,y] = —v[z,Jy], =,y € Domla],
where the self-adjoint involutiod is given by
(4.3) J=Ea((8,00)) —Ea((—00,a)).

Let a be the closed form represented by the operatoA direct application of Theorem 2.4
shows that under Hypothesis 4.1 there is a unique self+atdpoiundedly invertible operatds
associated with the form

b=a+wv.

Under Hypothesis 4.1 we distinguish two cases (see Fig. 2and

Case L Assume thatv < 0 andg > 0. Set

dy = dist(inf(X4),0) and d_ = dist(inf(X_),0)

and suppose that, > d_.
Case Il. Assume thaty, 5 > 0. Set

dy = dist(inf(X4),0) and d_ = dist(sup(X_),0).

As it follows from the definition of the quantitie$., the sumd_ + d coincides with the
distance between the lower edges of the spectral compohkentnd Y. _ in Case |, while in
Case Il the differencé, — d_ is the distance from the lower edge i to the upper edge of
the spectral componedt . Therefored, — d_ coincides with the length of the spectral gap
(a, ) of the operatorA in latter case.

We remark that the conditiod, > d_ required in Case I, holds only if the length of the
convex hull of negative spectrubi_ of A does not exceed the one of the spectral @ap) =
(sup(S_), inf (%))

Now we are prepared to state a relative version of theZBaifheorem in the case where the
unperturbed operator is semi-bounded or even positive.
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d_ dy

o I} 5,

O - ———

3

FIG. 1. The spectrum of the unperturbed sign-indefinite semibodiirdesrtible op-
eratorA in Case |.

QU
+

J&

x5

S ¢

FIG. 2. The spectrum of the unperturbed strictly positive operdtavith a gap in its
spectrum in Case Il

thmesti:pri ma\ Theorem 4.2. In either Cases | or Il, introduce the spectral projections

spp| (4.4) P =Ea((-00,0]) and Q =Ep((—o0,ql)

of the operators4d and B respectively.
Then the norm of the difference Bfand () satisfies the estimate

(4.5) |P— Q| <sin (% arctan [2%}) < ?,

where
1 {d+ +d_  inCasel

del t 4.6 0=
( ) /d+d_ dy —d_  inCasell

andv stands for the relative bound of the off-diagonal farrfwith respect tai) given by(4.1).

Proof. We start with the remark that the form- ., wherea is the form of A, satisfies Hypoth-
esis 2.1 withJ given by (4.3). Set

aH:(a—,u)J, Me(aaﬁ)a
that is,
Clu[.%',y] :a[m,Jy] _M[wajy]v x,yeDom[a].

Notice thata,, is a strictly positive closed form represented by the opesatA—.J; = |A|—puJ
andJA — pJ = |A — ul]in Cases | and Il, respectively.
Sincev is off-diagonal, from Theorem 3.1 it follows that

1
4.7) |[Ea—pur(Ry) — Ep—_pr(R4)|| < sin <§ arctanvu> forall ue(a,p),
with
(4.8) vy =t sup [ol]]

0#z€Dom[a] M [QL’] .

Sincev is off-diagonal, by Remark 2.3 one gets the estimate

[v[z]] < 2vov/aglzy]ag[z-], 2 € Domla],
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wherex = = + z_ is a unique decomposition of the element Dom/[a] with
z+ € $H3 N Domlal.
Thus, in these notations, taking into account that
Vo = U,
wherev is given by (4.1), one gets the bound
(“9) P S 2 0ce Dol %'

Sincea,, is represented by A — Ju = |A| — pJ andJA — uJ = |A — pl|in Cases | and
I, respectively, one observes that

aolz] — plla|? + aole_] + pllz—||%, inCasel,
(4.10) a,lz] = .
w7 = k) — s 2 = aolo] + o |%, in Casell.
Introducing the elementg. € 4,
(A F p) 22y, inCasel
| £(A—puD)Y224, inCasell
and taking into account (4.10), one obtains the representat
aglzJaglz—] _ [|AI"2(|Al — pD) " Py | IA]Y2(=A + pl) 2y |
aylz] g l1* + lly- 12 ’
valid in both Cases | and Il. Using the elementary inequality

1
ly+ 1yl < 5 (g1 + ly-117)
one arrives at the following bound

aolz4ag[z]
ay[z]

It is easy to see that

1 _ _
< SIAM2(Al = nD ™2l |1 A2 (= A+ pD) 5]

eins| (4.11)

Vd
zwei | (4.12) IAY2(|A] = uI)~2 g, || < \/ﬁ p € (a,3), inCaseslandll
L

while

Jd_ .
, ne(0,8), inCasel
. 1/2/_ -1/2 Vid-—tu
drei | (4.13) A =(=A+pd)™ =g || < 7

Jia M€

Choosingu = > 0in Case | (recall that, > d_ by the hypothesis) and = “+1% in
Case Il, and combining (4.11), (4.12), (4.13), one gets stienates

Volrilaolr_] _ dyd-

ad+;d7 [iE] - d+ + d_

ﬂ

(o, 8), inCasell

dy—d_

in Case |

and

\/ao[x+]ao[x_] - \/d+ +d-

in Case Il
Qdy+d_ IE] - d+ —d_
2

Hence, from (4.9) it follows that
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dyd— oo
—a. < 20— InCasel
?}d+2d_ < ?)dJr —|—d,
and
dyd-o
Ud+~2rd_ § 2UH n Case ”
Applying (4.7), one gets the norm estimates
(1 | Jdid ]
(414) ”EA—d+;d_I(R+) — EB—d+;d_I(R+)H § S1n (5 arctan QW’U )
in Case | and
(1 [ Jdid_ ]
(415) ”EA_d+Jgd_I(R+) — EB—d-ng_I(R—’_)H S Sin (5 arctan QH’U )

in Case Il. In remains to observe thd? — ||, where the spectral projectioisand( are given
by (4.4), coincides with the left hand side of (4.14) and®}ih Case | and Case Il, respectively.
The proof is complete. O

Remark 4.3. We remark that the quantity given by(4.6) coincides with theelative distance
(with respect to the origin) between the lower edges of tleetspl componenty, and>_ in
Case | and it has the meaning of thadative length(with respect to the origin) of the spectral
gap(d_,dy) in Case Il.

For the further properties of the relative distance and was relative perturbation bounds
we refer to the papell0] and references quoted therein.

We also remark that in Case I, i.e., in the case of a positperator A, the bound(4.5) di-
rectly improves a result obtained jf], the relativesin © Theoremthat in the present notations
is of the form

(Y
P - < -.
IP-Ql <3

We conclude our exposition with considering an example ®fxa2 numerical matrix that
shows that the main results obtained above are sharp.

Example 4.4. Let $ be the two-dimensional Hilbert spage= C?, o < § andw € C.

We set
(B0 (0w (10
A_<O a), v_<w* 0) and J_<0 _1).

Let v be the symmetric form represented by (the operdtor)
Clearly, the formv satisfy Hypothesis 4.1 with the relative boundiven by

|w]
Vel

provided thato, 3 # 0. SinceVJ = —JV, the formv is off-diagonal with respect to the
orthogonal decompositiofy = $H, ® H_.

In order to illustrate our results, denote Bythe self-adjoint matrix associated with the form

a + v, that is,
B=A+V = (ﬁ* w).

w [0

Denote byP the orthogonal projection associated with the eigenvaloéthe matrixA, and
by @ the one associated with the lower eigenvalue of the matrix
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Itis well know (and easy to see) that the classical Davisafahan20 theorem (1.2) is exact
in the case o2 x 2 numerical matrices. In particular, the norm of the diffaenf P andQ can
be computed explicitly

(4.16) [P — Q| =sin (% arctan [;@L]) .
Since, in the case in question,
|v[]] |
(4.17) v, = sup = , e (o, f),
: 0#xz€Dom|a] au[x] (ﬁ - u)(,u - a)
from (4.17) it follows that
. 2[wl
inf v, =

pe(@B) ' -«

(with the infimum attained at the poipt= #).

Therefore, the result of the relativen 20 Theorem 3.1 is sharp.

Itis easy to see that it < 0 < 3 (Case ), then the equality (4.16) can also be rewritten in
the form

1 \did_
(4.18) |P - Q| =sin | = arctan [2~——0] |,
2 dy +d-
whered, = 3,d_ = —a andv = _wl
+ B « v \/W .
If 0 < o < G (Case Il), the equality (4.16) can be rewritten as

(4.19) [P — Q| = sin (% arctan [27‘d+dv]> :

dy —d_

withd, = 3,d_ = a, andv = %
The representations (4.18) and (4.19) show that the egti(dah) becomes equality in the
case of2 x 2 numerical matrices and, therefore, the results of Theor@na# sharp.
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