
T

J

1

D
a
e
o
g
a
t
e
d
d
p
m
i
t
m
d
c

w
t
M
a

e
5
f
s

2

emporal filtering by double diffraction

ürgen Jahns and Adolf W. Lohmann

We present a theoretical analysis of the temporal behavior of double-diffraction setups. It applies, in
particular, to Talbot and Montgomery interferometers, whose operation is based on the self-imaging
effect. The use of both types of interferometer as temporal filters for optical and terahertz applications
was recently suggested. We show that double-diffraction setups can be modeled as communications
channels with dispersive behavior caused by diffraction. We develop mathematical expressions for the
phase delay, the group velocity, and the group-velocity dispersion for both quasi-monochromatic and
polychromatic case. Based on these results, the temporal impulse response of a double-diffraction setup
is derived. Finally, a general description of its practical implementation are presented. © 2004 Optical
Society of America

OCIS codes: 050.1970, 070.6020, 070.6760.
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. Introduction: The Optical Setup

ouble-diffraction experiments based on the Talbot
nd the Lau effects1,2 were shown to be useful, for
xample, in building interferometers for the analysis
f spatial objects.3,4 Recently Jahns et al.5,6 sug-
ested considering double-diffraction experiments
lso for the temporal filtering of optical signals. In
hose papers, however, the theoretical analysis of the
xperiments was based on behavior in the spatial
omain. Temporal behavior was implicitly intro-
uced in terms of path-length differences. This
oint of view is limited, however, to the monochro-
atic and stationary case and does not allow one an

n-depth analysis of the temporal behavior of the in-
erferometers. Hence it is necessary to develop a
athematical framework for the description of

ouble-diffraction setups to explain their temporal
haracteristics. That is the purpose of this paper.

Temporal filtering requires the implementation of
ell-defined time delays. The implementation of

ime delays by interferometric devices �e.g., by a
ichelson interferometer� has a long tradition. Our

pproach differs significantly in that we use not two-
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ay interferometers but multiple-beam interferom-
ters acting as beam splitters, diffraction gratings, or
odifications thereof.
The basic experimental setup to be analyzed is

hown in Fig. 1. It consists of two optical compo-
ents �called masks�, M1 and M2, separated by a
nite distance, z0. The wave field that emerges be-
ind M2 is spatially filtered such that only the com-
onent traveling parallel to the optical axis passes
hrough the exit pupil. Depending on the spatial
tructure of masks M1 and M2, we distinguish among
hree cases described below. Note that, in what fol-
ows, we use a one-dimensional representation for
implicity. A tilde denotes a Fourier transform, x is
he spatial coordinate, � is the spatial frequency, and
t is the temporal frequency.
Case 1 is a general case, where M1 and M2 are

ontinuous objects mathematically described as

M1� x� � � A���exp�2�i�x�d�, A��� � M̃1���, (1)

M2� x� � � B���exp�2�i�x�d�, B��� � M̃2���. (2)

Case 2 comprises periodic masks, as used in the
albot case:

M1� x� � �
m

Am exp�2�im�0 x�,

M̃1��� � �
�N�2

N�2�1

Am��� � m�0�, (3)
1 August 2004 � Vol. 43, No. 22 � APPLIED OPTICS 4339
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M2� x� � �
n

Bn exp�2�in�0 x� and

M̃2��� � �
�N�2

N�2�1

Bn��� � n�0�. (4)

ote that the same spatial period p 	 1��0 is as-
umed for both masks.
Case 3 includes quasi-periodic masks as used for

he Montgomery interferometer6,7:

M̃1��� � A0 � �
m
0

Am��� � �m�0� � �
m�0

Am���

� ��m��0�, (5)

M̃2��� � B0 � �
n
0

Bn��� � �n�0� � �
n�0

Bn���

� ��n��0�. (6)

. Theoretical Analysis: from the Monochromatic
ource to the Exit

n this section we calculate the optical field at the exit
upil as a function of time. To simplify the analysis
e limit ourselves to one lateral coordinate, x. In
hat follows, we assume the validity of scalar diffrac-

ion theory and the paraxial approximation. Fur-
hermore, we consider first the idealized case of
uasi-monochromatic illumination at a specific fre-
uency vt, i.e., one component of the spectrum math-
matically represented as

Sin�t� � exp��2�i�t t�. (7)

elow, we extend our analysis to polychromatic illu-
ination.
Let the first mask, M1, be located in the plane z 	

. Immediately behind the first mask, i.e., for z 	
0, the complex amplitude u�x, z 	 �0, t� is given as

u� x, z � �0, t�

� Sin�t� M1� x�

� � M̃1���exp
2�i��x � �t t��d�. (8)

ig. 1. Optical double-diffraction setup with masks M1 and M2.
he optical output is observed in the zeroth order behind M2.
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For z 
 0 we obtain the field by multiplying the
ngular spectrum by a propagation factor exp�2�i�z�:

u� x, z � 0, t� � � M̃1���exp
2�i��x � �z � �t t��d�.

(9)

Note that the letter � was chosen here because it is
eminiscent of the propagation constant, despite the
act that it is different by a factor of 2�. One can
erive � by inserting Eq. �9� into the wave equation:

��xz �
1
c2

�

�t2�u� x, z, t� � 0. (10)

Here �xz is the two-dimensional Laplace operator
n x and z. Combination of Eqs. �9� and �10� yields

2�i�2 � M̃1�����2 � �2 � ��t

c �
2�exp
2�i��x � �z

� �t t��d� � 0. (11)

Because Eq. �11� has to hold for arbitrary values of
and t, the expression in braces has to be equal to

ero, or

�2 � ��t�c�2 � �2. (12)

Immediately before mask M2, the field is therefore
iven as

u� x, z � z0 � 0, t�

� � M̃1���exp
2�i��x � �z0 � �t t��d�, (13)

ith � 	 
��t�c�2 � �2�1�2. The root is real if evanes-
ent waves are ignored, and behind M2 it is

u� x, z � z0 � 0, t�

� �� M̃1��1�M̃2��2�exp
2�i���1 � �2� x � �z0

� �t t��d�1d�2. (14)

The field in the exit plane z 	 z0 � 2f is given as the
ourier transform of u�x, z0 � 0, t� with respect to
patial coordinate x. We call the lateral coordinate
n the output plane x�. Then

u� x�, z0 � 2f, t� � � u� x, z0

� 0, t�exp��2�ixx���f �dx

� ��� M̃1��1�M̃2��2�exp(2�i� x
�1

� �2 � x���t�cf �� � �z0

� �t t�)d�1d�2dx. (15)

The integration over x yields � . . . dx 	 �
�1 � �2 �
��� �cf ��; the subsequent integration over v results
t 2
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n transformation of the frequency coordinate: �23
���t�cf � � �1. To simplify the following expression,
e omit the term �� 	 �1� and write �� 	 x���t�cf �.
ith this we obtain

u� x�, z0 � 2f, t� � � M̃1���M̃2��� � ��

� exp
2�i��z0 � �t t��d�. (16)

he exit pupil is located at x� 	 0; hence

uex�t� � u�0, z0 � 2f, t�

� � M̃1���M̃2����exp
2�i��z0 � �t t��d�. (17)

sing

� � ��vt

c �
2

� �2�1�2

�
�t

c
� ��t

c
� ���t

c �
2

� �2�1�2	 ,

(18)

e can rewrite Eq. �17� as

uex�t� � � M̃1���M̃2����exp[2�i(�t�z0

c
� t�

� z0��t

c
� ���t

c �
2

� �2�1�2	)]d�

� � M̃1���M̃2����exp�2�i�t�z0

c
� t�

� i�D����d�. (19)

In the exponent, the first term 2��t
�z0�c� � t�, is
he phase delay that is due to propagation in the z
irection and

�D��� � 2�z0��t

c
� ���t

c �
2

� �2�1�2	 (20)

s the phase delay that is due to diffractive dispersion.
he analogy between the diffraction blur in the spa-

ial domain and the group-velocity dispersion in the
ime domain was pointed out earlier in Ref. 8. Here
e present a result that links the two effects. In any

ptical system that is spatially multimodal �i.e., with
n extended angular spectrum�, a temporal blur is
ntroduced if we consider propagation along one spe-
ific direction �e.g., along the optical axis, as in our
ase�. By rearranging Eq. �20� we may also write

� �
�t

c
�

�D

2�z0
. (21)

The inverse of the derivative of the propagation
onstant with respect to the temporal frequency is
nown as the group velocity vg of the light signal.9
n our notation it is

1
vg

�
��

��t
�

1
c

�
1

2�z0

��D

��t
. (22)

Dispersive constant D �or the group-velocity dis-
ersion� is given as

D �
�2�

��t
2 . (23)

. Case Study

n this section we consider three specific cases as
isted in Section 1: �1� i.e., the general case; �2� M1
nd M2 are arbitrary, M1 and M2 are linear gratings
f the same period 1��0; �3� M1 and M2 are quasi-
eriodic functions.
Case 1 �general case�. Starting from Eq. �19� and

sing the following approximation:

���t

c �
2

� �2�1�2

�
�t

c �1 � ��c
�t
�2�1�2



�t

c �1 �
1
2 ��c

�t
�2� , (24)

e obtain the following expression for the diffractive
elay:

�D��� 
 ��
cz0

�t
�2. (25)

We now develop 1��t into a Taylor series about a
enter frequency �� t. With �t 	 ��t � �� t, we obtain

1
�t



1
�� t
�2 �

��t
�� t
� ; (26)

ence we can write

�D��� 
 �2�
cz0

�� t
�1 �

��t
2�� t

��2. (27)

Notable in expression �27� is the quadratic depen-
ency of the dispersive delay on spatial frequency
oordinate �. With Eq. �22� and expression �25� we
an derive the following expression for the group ve-
ocity:

vg
�1� 


2c�t
2

2�t
2 � �c��2 , (28)

nd for the dispersion constant:

D�1� � �
4�t

3

c�2 . (29)

Case 2 �linear gratings�. We use Eqs. �3� and �4�
nd assume that B�m 	 A*m. This is not a necessary
ondition, in general. However, it describes the sit-
ation of the Talbot and Montgomery interferometers
s time filters, for which two complementary phase
asks are used; see Fig. 2 and Refs. 5 and 6. We can
1 August 2004 � Vol. 43, No. 22 � APPLIED OPTICS 4341
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hen show, by inserting the expressions for M̃1��� and
˜

2��� and by evaluating the integral over �, that

uex�t� � � � Am�2 exp�i�2��t�z0

c
� t� � �D,m����	 ,

(30)

ith

�D,m��� � ��
cz0

�t
�m�0�

2. (31)

With expression �26� we may write

�D,m��� 
 �2�
cz0

�� t
�1 �

��t
2�� t

��m�0�
2. (32)

The group velocity in this case is

vg
�2� 


2c�t
2

2�t
2 � �mc�0�

2 , (33)

nd the dispersion constant is

D�2� � �
4�t

3

c�m�0�
2 . (34)

Because spatial period 1�v0 will, in general, be
much� larger than the center wavelength of the light
c��� t�, we can approximate expression �33� as

vg
�2� 
 c 1 � �m

�p

�0
�2

 , �p � c�p.

Case 3 �quasi-periodic Montgomery object�. We
nd the following expression for the diffractive delay:

�D,m��� � ��
cz0

�t
m�0

2 
 �2�
cz0

�� t
�1 �

��t
2�� t

�m�0
2.

(35)

The important difference from Eq. �31� in describ-
ng linear gratings is that the propagation constant
nd hence the diffractive phase delay is now linear in
. Accordingly, it is

vg
�3� �

2c�t
2

2�2 � m�c� �2 
 c�1 � m��p

� �2� , (36)

ig. 2. Paths of the different orders in the double-diffraction ex-
eriment. The zeroth order behind M2 is composed of the com-
ined orders �0�0�, �1,�1�, etc., where the first digit is the index of
he diffraction order generated by M1. Am and Bm are the ampli-
udes of the respective diffraction orders.
t 0 t
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nd

D�3� � �
4�t

3

cm�0
2 . (37)

. Polychromatic Illumination and Temporal Impulse
esponse

o far we have considered the response to monochro-
atic input. Here we want to derive the equations

or polychromatic response U�t� for an arbitrary input
ource characterized by its spectrum S̃��t�, which is
entered about �� t. U�t� is given as

U�t� � � S̃��t�uex�t; �t�d�t. (38)

We may again distinguish among our three cases;
owever, we shall limit the discussion to the inter-
sting cases, 2 and 3. Using expression �26� and
qs. �30� and �31�, we can express both by

uex�t� � � � Am�2 � S̃���t � �� t�exp�2�i
�m���t� z0

� ���t � �� t�t��d��t, (39)

ith

�m �
��t � �� t

c
�

c
�� t
�1 �

��t
�� t
��m

2 ,

�m
2 � �m2�0

2 �case 2�
m�0

2 �case 3�
. (40)

The exponent in brackets in Eq. �39� can be written
s

�. . .� � ��� t t � �� t

z0

c
�

c�m
2 z0

�� t
� � ��t�t �

z0

c
�

c�m
2 z0

2�� t
2 � .

(41)

The first expression can be pulled out of the inte-
ral in Eq. �39�. The terms that depend on ��t are

S̃���t � �� t�exp��2�i��t�t �
z0

c
�

c�m
2 z0

2�� t
2 ��d��t

� exp��2�i�� t�t �
z0

c
� �m��S�t �

z0

c
� �m� , (42)

ith

�m � �m2�1 �case 2�
m�1 �case 3�

, (43)

�1 �
c�0

2z0

2�� t
2 . (44)

Overall, we obtain for the temporal output, U�t�,

U�t� � � � Am�2 exp��2�i�� t�m�S�t � �m�. (45)

ere the trivial time shift z0�c that is due to propa-
ation was omitted.
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The temporal impulse response, denoted U��t�, of a
ouble-diffraction setup is derived for S̃��t� 	 con-
tant. For simplicity, one can set the constant to be
qual to 1. Then the integral in Eq. �42� yields

� S̃���t�. . . d��t � � exp
�2�i��t�t � �m��d��t

� ��t � �m�. (46)

he impulse response, denoted U��t�, is then deter-
ined to be

U��t� � � � Am�2 exp�2�i�m
2 �� t

c
z0���t � �m�. (47)

With these equations we have now a relationship
etween the temporal impulse response and the ex-
erimental parameters in a double-diffraction setup.
o make this point clear, we may make the replace-
ents �03 1�p �spatial period� and �� t�c 	 �� �central
avelength of illumination� to write

�1 �
z0

zT

��

c
. (48)

Here zT 	 2p2��� is the well-known Talbot distance
or self-imaging for monochromatic illumination of
avelength �� 	 c��� t. For z0 	 MzT �M 	 1, 2, 3 . . .�

he time delay of the mth diffraction order relative to
he zeroth order is given by m2M���c �case 2� and by
M���c �case 3�. Then the phase factor in the im-

ulse response becomes unity, simplifying the result
o

U��t� � � � Am�2��t � �m�, (49)

ith

�m � m2�1 �case 2�, (50a)

�m � m�1 �case 3�. (50b)

Equation �49� gives the impulse response for the
olychromatic case; however, it is important to note
hat we have made simplifying assumptions to obtain
his result. In particular, we have assumed con-
tant behavior of the diffractive elements and of the
nterferometer with temporal frequency �or wave-
ength�. Both assumptions are, of course, not true in
eneral. The topological phase of a diffractive ele-
ent is wavelength dependent, and so is the self-

maging distance for the interferometric setup.
ence for broadband signals consisting of femtosec-

nd pulses an exact description would have to take
hese effects into account. For practical implemen-
ations, one might possibly also have to consider ad-
itional effects such as material dispersion. Quasi-
onochromatic behavior may be assumed as long as

he bandwidth of the signal �� is much smaller than
he center frequency �� t. �� is, in turn, given as the
nverse of the signal pulse duration, �p. We may
istinguish two cases: first, �p 
 �1 and second, �p �
. The first case, in which the typical time delay of
1
he filter is shorter than the pulse duration, is typical
or signal-processing applications �see Section 5 be-
ow�. In the second case, however, the interferome-
er would generate a sequence of individual output
ulses from a single input pulse. Obviously, the as-
umption of quasi-monochromaticity is more easily
atisfied in the first case.

. Modeling of a Double-Diffraction Experiment as a
apped-Delay-Line Filter

n the language of linear systems theory, Eq. �49�
epresents a tapped-delay-line �or finite-impulse-
esponse� filter that can be used to implement dis-
rete convolutions. A finite-impulse-response filter
s shown schematically in Fig. 3. Incoming signal
�t� is split into N branches. The branches are
eighted and are then recombined. We point out

pecific properties of a double-diffraction setup: No-
ably, the weighting factors are nonnegative if the
wo elements are implemented as phase-
omplementary elements and the output is observed
n the zeroth order. Also, in Ref. 5 it was pointed out
hat one may also place the detector in another out-
ut order, in which case the weighting factors are
athematically expressed as discrete convolutions.
hen they may assume negative or even complex
alues; however, their design may become awkward.

. Implementations of Double-Diffraction Systems and
utlook for the Future

everal implementations of double-diffraction setups
xist. Well-known examples are the Gires–Tournois
nterferometer10,11 and the 4f system for pulse
haping.12–14 Figures 4–6 show several generic op-
ical setups. Figure 4 is based on conventional 4f
maging �called version 1�. Figure 4a shows a trans-

issive version consisting of two refractive lenses.
or systems that work with picosecond and femtosec-
nd pulses a diffraction-based filter might be used to

ig. 3. Schematic of a tapped-delay-line filter. Here constant
elays of duration � are shown. The weights in the branches are
enoted am.

ig. 4. Version 1 of a double-diffraction setup based on a 4f im-
ging system: a, transmissive system with two refractive lenses;
, refractive–reflective version obtained by placing a mirror in the
ourier plane.
1 August 2004 � Vol. 43, No. 22 � APPLIED OPTICS 4343
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educe or to completely eliminate material disper-
ion. One does this for version 1 by placing a flat
irror in the Fourier plane 
Fig. 4b�. Figures 5 and
show different variations of this scheme. Figure 5

version 2� is a purely reflective system: a shows the
nalog of version 1a and consists of two parabolic
irrors and b is the reflective analog of version 1b.
inally, in Fig. 6 the telecentric 4f setup is replaced
y a single lens imaging system �version 3�. In this
ase, self-imaging with a noncollimated beam is used.
igures 6a and 6b represent the analogs of versions
a and 1b, respectively.
Applications of double-diffraction devices may exist

n temporal filtering of ultrafast signals. For short
istances between the two masks, i.e., small values of
, the time delays are in the femtosecond range; thus

he applications of a double-diffraction device will be
imited to optical frequencies. For applications in
he terahertz domain, time delays of the order of a
icosecond are required. Devices with such a large
eparation between M1 and M2 may be implemented
n a waveguide-optical configuration, as suggested
arlier by Bryngdahl15 and Ulrich.16

For spectral applications, interesting implementa-

ig. 5. Version 2 of a double-diffraction setup: purely reflective
-f systems with a, two parabolic mirrors and b, one parabolic
irror and a planar mirror in the Fourier plane.

ig. 6. Version 3 of a double-diffraction setup based on 2f–2f
maging systems: a, a system that uses a refractive lens in trans-

ission and b, a purely reflective system.
344 APPLIED OPTICS � Vol. 43, No. 22 � 1 August 2004
ions may be found along the lines of Ref. 17, in which
he “emulation” of a Lyot–Öhman filter by means of a
ascade of Talbot cells of suitable lengths was sug-
ested. Our interest in this approach to double dif-
raction is to a large extent based on the possibility of
sing lithographically generated diffraction masks.
uch masks would allow one to implement a variety
f impulse responses and thus would offer the possi-
ility of flexibility in filter design.
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