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Abstract

This work motivates a new approach to type checking functional programs building a bridge
between static typing and soft typing. A type language for this approach can be very precise;
e.g. it may contain large and detailed subtyping hierarchies. Furthermore, certain require-
ments on the type language must be met that differ from usual type definitions. A type
language appropriate for the new typing approach is defined in the first part of this work.

It turns out that it is a central question for our new type checker to check whether two types
denote sets of values that are non-disjoint. Since our type language allows for the occurrence
of type variables we are furthermore interested in restricting these variables as much as possi-
ble without reducing the set of common elements of two types. The second part of this work
specifies an algorithm CFE that approximates this question and proves the main properties of
CE.
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Chapter 1

Introduction

When type inference and type checking for functional programs were considered in [Mil78] for
the first time different types denoted disjoint sets of values. Type checking was done using the
binary relation =, i.e. for every function call (f @) in the analyzed program the type inferred
for the argument a and the input type expected by f had to be equal.

By introducing type languages with non-disjoint types equality of types became a too strong
restriction. Therefore, subtyping relations C where introduced modeling the question whether
a type t; denotes a subset of the values denoted by t5. The type checkers based on C test for
a function call (f a) whether the type inferred for an argument a is a subtype of the expected
input type of f. The test fails for all the cases where a contains at least one value f is not
applicable to.

This sound approach to type checking can be used in the following ways:

e In a strictly typed language as e.g. Haskell [HPF97] the type checker prevents ill-typed
programs from execution. It is integrated in the language definition excluding ill-typed
programs from the set of valid programs.

e When using a sound static type checker for a dynamically typed functional language
the set of valid programs in the language is not affected by the type checker. Since
dynamically typed languages are not designed with a precise static type checking in
mind extensive use of the language’s expressiveness can easily confuse the type checker.
The output messages are therefore interpreted as warnings instead of errors yielding
the concept of soft-typing (see e.g. [CF91]).

For dynamically typed languages like e.g. Scheme [KCE98| a static type checker has the
disadvantage that there is the possibility of rejecting programs that can be executed without



a type error. Soft typing on the other hand does not reject any programs even if they contain
fatal type errors.

A new approach to type checking is a type checker that is complete in the sense that it accepts
every well-typed program and that every rejected program must indeed contain a type error
[WBO00]. A promising scenario for using a complete type checker is a combination with a soft
typing system or a system with an output similar to a soft typing system [F1a97, FF99]:

e Errors that are overlooked by the complete type checker are caught by the soft typing
system and are presented as warnings.

e The complete type checker emphasizes a small set of errors that otherwise could be
overlooked in a large number of type warnings given by the soft typing system.

Example 1.0.1 Consider the function call ¢ = (vector-ref v i) in the functional language
Scheme with a vector expression v and an index expression i. Assume that k is an expression
with inferred type posint (the type of all positive integers). Depending on the expression i
the type checkers behave as follows:

o [fi = (+ k 3) then the type posint can be inferred fori. The function call ¢ is well-typed
in every type checker.

o Fori= (— k 3) just the type int (the type of all integers) can be inferred. A soft typing
system raises a warning because ¢ may be a negative integer causing an error in c. A
complete type checker accepts the call c.

o Ifi=(xk —2) the most special type inferred for i is negint (the type of all negative
integers). A soft typing system still raises a warning. A complete type checker raises
an error for ¢ because this call cannot succeed with a negative number as vector index.

As the example shows complete type checking allows a very powerful type language that e.g.
divides intergers into positive intergers, negative integers and zero (not used in the example).
For a sound type checker refining the expected input types of function definitions causes more
erroneous warnings to be risen because the refined input types are not precisely met by the
types of the arguments in every case.

In this work we define a type language that covers most typing constructs found in the
literature and therefore allows very precise types. We give this definition in order to provide
a powerful type language for Scheme, but we believe that the core of the type language can
be carried over to different functional languages easily.

We furthermore introduce a binary relation on types that is defined by an algorithm CFE(t1, t5)
and that approximates the test whether there is a common element denoted by ¢; and t5. A



type checker based on this relation checks for every function call (f a) whether the type
inferred for a and the expected input type of f have common elements. The test fails if no
common elements are detected. In this case no evaluation of the call can succeed. (We assume
the usual situation that a type t of an expression e denotes all values e can be evaluated to,
but may denote additional values.) Thus, CE turns out to be a main component of a complete
type checker.

The rest of the work is organized as follows: In Chapter 2 some tools and techniques used
throughout the work are summarized. The topics mentioned there are:

e Term rewriting systems: Besides summarizing results known from literature an extended
syntax is presented that fits into the context of term constructors with variable arity.

e Graph theory: Especially strongly connected components in directed graphs are needed
to express dependencies in type assignments.

Chapter 3 introduces the type language and some algorithms working on types: In Sec. 3.1
syntax and semantics of types are defined as usual. Furthermore a normalized form of set
operators in types is introduced. Section 3.2 introduces so called value assignments, i.e. types
denoting exactly one value. The goal of value assignments is to increase the precision of types
available throughout type inference. In Sec. 3.3 we discuss problems caused by the usual
function type constructor in our framework and give an alternative definition of function
types. Section 3.4 finishes the introduction of types by defining a subtype relation on types.
This relation is defined constructively by presenting an algorithm.

One of the main questions in a complete type checker is whether two given types (more
precisely certain instances of them) have common elements or not. A formal definition of
common elements and an algorithm approximating a solution to this question are presented
in Chapter 5. After presenting some preliminaries in Sec. 5.1 the problem is divided into two
subproblems: In Sec. 5.2 we describe how constraints on the instances of the types can be
collected by recursively traversing the types. Section 5.3 explains how the collected sets of
constraints can be transformed into idempotent substitutions.

The proofs of the theorems stated throughout the work are given in the appendix. Appendix
A contains the proofs of Chapter 3 and App. B for Chapter 5.

Though the system presented here was designed generally enough to work on several purely
functional languages it was primarily designed to work on programs written in Scheme
[KCE98]. The general types used in the Chapters 3 and 5 can be specialized in order to
fit the properties of Scheme. These specializations of the type language are done in App. C.



Chapter 2

Preliminaries

2.1 Term Rewriting Systems

Term rewriting systems as presented in this section provide a formalism for transforming
terms. First we give the usual definition of terms in Subsec. 2.1.1 and summarize term
rewriting systems and their main properties in Subsec. 2.1.2. Since we are going to apply
term rewriting systems to terms containing constructors of variable arity, we introduce an
appropriate term rewriting framework in Subsec. 2.1.3.

For introductory literature on term rewriting see e.g. [DJ90], [Jou95].

2.1.1 Terms

The set of terms over a given signature is defined as follows:

Definition 2.1.1 (terms) Let F,, be a set of function symbols of arity n for all n € Ny with
FuNFm =0 forn#m, let F = Upen, Fn and let X be a set of variable symbols. The set of
terms T (F,X) over F and X is the smallest set with:

e €T (F,X) forallz € X.

o Ift,eT(F,X) fori=1,...,nand f € F, then f(t1,... ,t,) € T(F,X).!

For n = 0 we often write f instead of f().



Terms can be transformed into other terms by instantiation and by selecting or updating
subterms:

Definition 2.1.2 (positions and subterms) Let t € T(F,X) be a term. A position is a
list of integers: p = iy.ia. ... .ip.€ with the empty list denoted by €. The subterm of t at position
p (denoted by ty,) is defined as follows:

o t), =1t forp=ce.

o Ift=f(ti,... tn) and p =ir.is. ... g with 1 <4y <n then t), = t"p, with t' = t;, and
L .
P =g, ... .

e In all other cases t, = undefined.

If t is a term and p a position with t, # undefined then p is called a position in t.

When t is a term and p is a position in ¢ then the update of t at p is defined as follows:

Definition 2.1.3 (term update at a position) Lett,t' € T(F,X) and let p be a position
in t. The term update of t at p to t' (denoted by t[p|t']) is defined as follows:

o tle|t'] =1.
o f(tr, ... to)livio. ... dglt'] = f(t,...  ti—1, b tis1, ... ,1n) with the new subterm at
position iy defined as t = t; [is. ... ig|t'].
Note that ¢[p[t'] is undefined if ¢, is undefined.

We can now define substitutions and instances of terms:

Definition 2.1.4 (substitutions, instances of terms) A substitution is a function o :
X — T(F,X) that differs from the identity for a finite number of inputs only. o can be
extended to a function from terms to terms as follows: o(t) =t' where t' is generated from t
by updating all these positions p of t with t;, € X and o(t,) # t), to o(tp).

2.1.2 Usual Term Rewriting Systems

A term rewriting system is given by a set of rewriting rules [ — r:



Definition 2.1.5 (term rewriting system) Let X be a set of variables and F a set of
function symbols. A term rewriting rule is a pair (I,r) usually written as | — r with l,r €

T(X,F) fulfilling:

o [ & X.

o [fx € X occurs in r, i.e. if there is a position p in r with r, = x then x also occurs in

L.

A term rewriting system is a set of term rewriting rules.

A term rewriting system R induces a rewrite relation —x on 7 (X, F):

Definition 2.1.6 (rewrite relation, normal form) Let X be a set of variables, F a set
of function symbols and R a term rewriting system. The rewrite relation — g induced by R
is the binary relation containing all pairs (t,t') of terms (written t —g t') with the following
property: There is a variable-renamed instance of a rewrite rule | — r € R (not containing
any variables occurring int)?, a substitution o just changing variables in | and r and a position
p int such that o(l) = t, and t' = t[p|o(r)].

If — R is a rewrite relation then its reflexive, transitive closure is denoted by —7%.

A term t with t /gt for every term t' is called normal form (with respect to R).

For a term rewriting system termination and confluence are the main properties. Termination
guarantees that applying a term rewriting system R to a term ¢ yields a term ¢ in normal
form after a finite number of steps:

Definition 2.1.7 (termination of term rewriting systems) Let R be a term rewriting
system. R is terminating if every chain t¢ —gr ti —gr ts —gr ... leads to a term t, with
tr Rt for every term t after a finite number of steps.

For a given term ¢ there might be different positions rules from R are applicable to or different
rules might by applicable. The confluence of R states that whenever ¢ can be transformed
into different terms ¢; and ¢, by several steps of R there must be a term ¢’ both ¢; and ¢, can
be transformed to:

Definition 2.1.8 (confluence of term rewriting systems) Let R be a term rewriting
system. R is confluent if for all terms t with t —75 t; and t —7, to there is a term t' with
tl —ﬁ} t' and tg —ﬁ} t.

2This situation can always be achieved by renaming the variables in | — 7.



Unfortunately termination and confluence are undecidable properties. But for a terminating
term rewriting system R confluence is equivalent to local confluence and therefore decidable
[KB67]. Local confluence is defined as follows:

Definition 2.1.9 (local confluence of term rewriting systems) Let R be a term rewrit-
ing system. R is locally confluent if for all termst witht —g t; and t —g to there is a term
t" with t; =5t and ty —5 t.

An algorithm for checking local confluence provided in [KB67] just has to check critical pairs:
Definition 2.1.10 (critical pairs) Let r =l « ry and r' = ly « ry be rewriting rules in
R not containing a common variable. Let p be a position in l; such that:
o (Iy)p ¢ X.
o There is a substitution o with o((l1),) = o(lz). (o should be the most general unifier,
i.e. 0 is not more restrictive than necessary in order to fulfill this property.)

Then (o(r2),0(li[p|r1])) is a critical pair.

A term rewriting system R is locally confluent if all critical pairs have a common normal form.

2.1.3 Extended Term Rewriting Syntax

The terms we want to transform using term rewriting systems differ from the definition in
Subsec. 2.1.1 in the fact that our function symbols need not have a fixed arity. For example,
we will use unions, intersections and Cartesian products of arbitrary arities. We want to
transform terms using these constructors independently of the arity a function symbol actually
occurs with in a given term.

In principle such function symbols can be understood as function symbols of arity 2 with
associativity as additional property. Methods developed in [PS81], [JK86] can be used to
express associativity. But since parts of this work spots on functional programming languages
with operators of variable arity (like e.g. Scheme [KCE98]) we prefer a notion that corresponds
to the understanding of function symbols with variable arity.

The notions presented in the following are a subset of syntactic constructs presented in
[WB99]. They are realized in the interpreter for term rewriting systems described in [Fro98].

For processing function symbols of variable arity we introduce the following notions:
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e For i € {1,2,...} the pattern <i...> represents an argument list of variable arity.
A pattern < 7...> is always instantiated with the sequence of its elements without
parentheses. When showing substitutions in examples we will use square brackets [| to
make the start and the end of a list visible. The concatenation of lists is just written
as <i...><7j...>. Note that the whole expression < ... > is handled as a single
syntactic keyword. Several of these expressions can occur in one rule and have to be
distinguished from each other by 7. ¢ is called list counter. Two occurrences <i...>
and <j...> with ¢« = j denote the same list.

Example:
(+ <l...> (+ <2...>) <3..>) = (+<1...><2...><3...>)

transforms a nested sum (e.g. (+ a b ¢ (+ d e) f)) to a single sum containing all
elements of the original sum in the same order (e.g. (+ a b ¢ d e f)). The one step
reduction of (+ a b ¢ (+ d e) f) in the given example is achieved by the pattern
matching {< 1... >« [a,b,c],< 2... > [d,e],< 3... >— [f]}. The nested sum
(+ab(+c(+de)) f)of depth 2 can be flattened either by the sequence

(+ab(+c(+de))f)
—(+abc(+de)f)
—(+abcdef)

or by the sequence

(+ab(+c(+de))f)
—(+ab(+cde)f)
—(+abcdef).

e The pattern < a;...e; > is used instead of <i...> if the individual list elements are

changed in a uniform manner. < a;...e; > is a syntactical keyword, too, where the
reader can think of a; as the first list element and of e; as the last one. There is only
one common list counter ¢ for <7...> and <a;...e; >, and constructs of different kinds
must not share the same index.
There is an alternative form <t(a;) . ..t(e;) > where #(x) stands for any term containing
a variable x. This form expresses a list where all elements are instances of the pattern
t(x). The pattern <t(a;)...t(e;) > matches every list (vq vy ...v;) where each v; is of
the form t(u;), i.e.

VJ € {1, ce ,k} El’dj LU = O'](t(l')) with 0; = {.CI? — Uj}

Please note the following correspondence between the patterns < t(a;)...t(e;) > and
<a;...e;>: If some substitution 7 assigns the list (v va...vx) to <t(a;)...t(e;)>
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it implicitly contains the assignment of (u; wug...uy) to < a;...e; > as well as the
assignment of (v} vy...v;) (v := 0;(¥'(x))) to <t'(a;)...t'(e;) > and vice versa. This
ensures that all patterns < a;...e; > and < t'(a;)...t'(e;) > occurring on the right
hand side of a rule are well-defined whenever any of the patterns <t(a;)...t(e;) > or

<a;...e;> occurs on the left hand side of the rule.

Example: The rule
(x (+ <ap...e1>)t) = (+ <(xart)...(x e t)>)

eliminates sums inside of products by distributivity: E.g. it transforms the input term
(% (4 t1 ty t3) t') in one step to (+ (x t1 t') (x to ') (% t3 t')) with the substitution
{<CL1 e > [tl, to, tg],t — t,}

As in the example, a rule usually contains some < a;...e; > together with the corre-
sponding <t(a;)...t(e;) >, one on each side of the rule.

Termination and confluence of a term rewriting system using the extended syntax can be
checked by the following observations:

e Every rewriting rule using the extended syntax represents a rule scheme of (usually an
infinite number of ) standard rewriting rules. For an extended term rewriting system R
we denote the set of represented standard rewriting rules by ¢(R).

e An reduction step in the extended TRS R is possible iff it is possible in the represented
standard TRS ¢(R). It is therefore sufficient to check p(R) for termination and local
confluence.

e Since the represented standard rules steaming from one extended rule process the given
terms uniformly it is sufficient to consider a finite subset of the rules in ¢(R) in order
to find a termination ordering or critical pairs. (The maximal number of arguments to
a single function can be calculated from R.)

Thus, while providing a convenient way of dealing with function symbols of arbitrary arity, the
extended syntax for TRS represented in this section can be reduced completely to standard

TRS techniques [WBO1].

2.2 Graph Theory

This section gives an overview over directed graphs and operations to be performed on them.
The main notions used in graph theory can be found in [GLS93].
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Definition 2.2.1 (directed graph) A directed graph is a pair G = (V, R) with a set V' of
nodes and a set R CV x V' of arcs r = (v,v") where v is called the initial node of v and v’
the terminal node.

For an arc r its initial node is denoted by a(r) and its terminal node by w(r).

An arc r is called a loop if a(r) = w(r).

For a given graph we are often not only interested in the relation R directly but in elements
of its transitive closure. This motivates the following definition of paths:

Definition 2.2.2 (paths and circuits in a directed graph) Let G = (V| R) be a directed

graph. A path in G is a finite sequence w = ry,ry, ..., 1 withr; € R for alli=1,...  k and
w(ry) = alrigy) fori=1,...  k—1.

We extended o and w to paths w =11, ... 7 as follows: a(w) = a(ry) and w(w) = w(rg).

A path w is called a circuit if o(w) = w(w).

When w = ry,... ,rym and w' = r,... 7, are paths in G with w(w) = a(w’) then the

concatenation of w and w' iswow =1y, .. Ty, T, T

y'n”

Definition 2.2.3 (connected nodes, strongly connected components) Let G = (V| R)
be a directed graph and let v,v" € V. We say v is connected to v' (written v = v') if either
v =" or there exist paths w and w' with a(w) = w(w') =v and a(v') = w(w) =v'.

= is an equivalence relation. The equivalence classes are called the strongly connected com-
ponents of G.

Definition 2.2.4 (component graph) Let G = (V, R) and let ZK, ... , ZK}, be the strongly
connected components of G. The component graph of G s

G' = (V',R') with
V' ={ZKy,...,ZK;} and
R ={(ZK,ZK') e V! x V' | ZK # ZK' N Jv € ZK,v' € ZK' . (v,v') € R}.

The component graph is especially useful in the following sense: Every graph that does not
contain a circuit visiting more than one node induces a partial ordering on the set of nodes.
Two nodes m,n € V with m # n fulfill m < n if there exists a path from m to n in G.
When a graph G contains a circuit visiting more than one node (this is equivalent to the fact
that G has at least one strongly connected component consisting of more than one node) a
partial ordering can no longer be defined in the same manner. In this case there is still some
ordering information given in G because there is a partial ordering on the strongly connected
components of G that is induced by the component graph of G' (see [CLR90, Ex. 23.5-4]) in
the manner stated before.
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Chapter 3

The Type Language

In this chapter we define the type language used throughout this work and certain operations
on types. Types in this work can essentially be understood as sets of values. The definition
of the type language is given in two steps: Section 3.1 introduces the standard types. The
concept of standard types is similar to the usual approach of types. In Section 3.2 the
concept of types is extended by value assignments. They introduce types containing exactly
one constant value. The goal of introducing value assignments is a uniform framework of types
which also allows the use of values directly instead of generalizing them to types. Section 3.3
introduces an external representation for function types that is special to this approach due
to the non standard requirements of complete type inference. An algorithm approximating a
subtype hierarchy is presented in Sec. 3.4.

The type language presented in this chapter is a general one that is appropriate to different
functional programming languages. In order to adapt it to a certain programming language
some definitions have to be refined and instantiated. For Scheme [KCE98] this is done in
App. C. The instantiations given in this appendix are already used for examples throughout
this chapter.

3.1 The Standard Types

Standard types are terms built from base types, type constructors and type variables. In the
following we will formally define these components of standard types.
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3.1.1 Syntax of the Standard Types

This section gives a definition of type terms (types for short). Types are built from a set of
base types, a set of type constructors, type variables, and syntactic constructs for binding
type variables.

The following definition Def. 3.1.1 introduces the set of all standard types for a given set
of variables V. The set V = V; UV, is divided into sets V} of free variables and V, of
quantified variables where free variables can be instantiated but the quantified ones must
not. To distinguish free and quantified variables easily quantified variables are denoted by a
subscript V, e.g. Ay, By, .. ..

The different type constructors are explained in detail later.

Definition 3.1.1 (standard types) Let V = V; UV, be a set of type variables. The set
Ts(V') of all standard type terms (or standard types for short) over V is defined as the smallest
set fulfilling the following properties:

1. B C T5(V) where B is the set of all type constants or base types introduced in Def.
3.1.12. Especially sym e B.
2. VCTs(V).

3. c € Ker,...eq0) € Ts(V) = (cer ... eqe) € Ts(V) where K is the set of type
constructors as introduced in Def. 3.1.13.

€1, e,50 € Tg(V) = (Uer ... ex),(Ner ... e) € Tg(V).
e € Ts(V), e does not contain a subterm e’ € V = Ce € Tg(V).

e1,es € T5(V), eq does not contain a subterm e € V= e \ e3 € Tg(V).

S S

Tfunc, Tfuncp, Tfuncy € Ts(V') with the function types Tfunc, Tfuncp, Tfuncy given in
Def. 3.1.16.

8. s € symt € Tg(V) = (bind s t) € Tg(V) with the binding type constructor bind
described in Def. 3.1.17.

9. wy = (bind s; t;) € Tg(V),s; # s; fori # j = (frame uy ... u,) € Tg(V) with the

frame type constructor frame given in Def. 3.1.17.

10. e is an environment type and f a frame type = (enve f) € Tg(V') with the environment
type constructor env introduced in Def. 3.1.19.
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11. If X € V; is a free variable and t € Tg(V') contains X then uX.t € Tg(V'). The recursive
type constructor is explained in detail in Def. 3.1.21.

An important restriction is made by (5) and (6): The argument of the complement type
constructor must not contain any type variables. This is also true for the second argument of
the difference type constructor that is internally represented using complements.

Definition 3.1.2 ((semi-)closed/ground standard types) The set Tscs(V) C Ts(V) if
semi-closed standard types consists of all type not containing any free type variables X € V;
not bound by .

The set Tos(V) C Tscs(V) of closed standard types consists of all semi-closed standard
types not containing any quantified type variables Xy € V. The set Tgs C Tog(V') of ground
standard types consists of all types not containing any variables.

Since the only variables occurring in 7¢g(V') are bound by p and can be renamed the set V'
does not matter for closed types. We therefore often write Z¢g instead of Zog(V).

With the set of standard type terms defined we can now define the notion of positions in
standard types and subterms at a given position. Most parts of this definition are standard
except of recursive types and environment types: Environment types are handled as lists of
frames. Instead of choosing the 1% subterm j — 1 times and the 2"¢ subterm once in order
to get the j'™ frame one can specify the j*" subterm of the environment directly. When the
second subterm of a recursive type is selected this implicitly performs an unfolding step.

Definition 3.1.3 (positions and subterms at positions) A position in a term is a list p
of the form p = p1.pa. ... .pp. with p; € N. The empty list is denoted by €. For a type t € Tg
and a position p the subterm of t at p, written ty,, is either t), = undefined or t, € Tg

defined as follows:

® 7f|E =1.

e Fork>1, t|p:t1

o with p':=pa.... .py. and t' calculated as follows:

—Ift=Ut ... t),t=MNt ... t)ort=(ty ... t;) withc € K and if
p1€4{L,... 7} thent' =1, .

— Ift =t \ty and p; € {1,2} thent' =1,.

— Ift=Ct andp, =1 thent' =t.

— Ift = (bind s t) then:
x Ifpr =1 thent = s.
* If pr =2 then t' =t.

13



— Ift = (frame uy ug ... uj) andpy € {1,...,75} then t' =uy,.
— Ift = (env e f) then:

x Ifpp=1thent' = f.

* If p1 > 1 and ey, —1) # undefined then t' = e, 1)
— Ift = uX.t then:

x Ifpr =1 thent = X.

x If pp = 2 then t' = t[X/t], i.e. the type generated from t by unfolding it
(replacing every free occurrence of X by t).

— If py is greater than the number of direct subterms of t or if t = undefined then
t' := undefined.

For expressing a position p in a term t = t"p, in terms of ¢ we need the concatenation of
positions:

Definition 3.1.4 (concatenation of positions) Let p = pi.ps.... .pm. be a position in t
and p' = pi.ps.... .pl, a position in ty,. The concatenation of p and p’ defined by p.p' =
DP1-P2- - PPy Doy ... Dl 1S a position in t.

The set of all subterms of a given term ¢ can now be formalized as follows:

Definition 3.1.5 (set of all subterms) For a given term t the set of all subterms of t is
defined as

subterms(t) = {t' | Ip.t' = t|, # undefined} .
Note that in the presence of recursive type constructors the set of all subterms has some
unusual properties:

Remark 3.1.6 (properties of the set of all subterms) Let t = uX.t with X occurring
freely int. Then

subterms(t) = subterms(t)s)

because especially t € subterms(t|z) and therefore subterms(tz) also contains all subterms of
t.

subterms(t) has a finite cardinality because after the first unfolding of every recursive type
constructor in t there is just a finite number of subterms to generate without further unfoldings
and every further unfolding step yields a term already seen before.
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Example 3.1.7 (set of all subterms) Consider the type of all lists of argument type A:
t=pX.(Unit (A.X))
This term has the following subterms:

te = uX.(Unil (A. X))

th=X
to = (U nsl (A . 1))
t21 = ntl
too=(A. 1)
o1 = A
lo22 =1

Calculating subterms of t3.02 does not yield any new terms because tp 92 =t. Therefore

subterms(t) = {uX.(U nil (A . X)), X, (U nil (A.1t)),nil,(A.t),A}.

As the following examples states defining the proper subterms of a term t as usual is not
sufficient:

Example 3.1.8 (proper subterms (1)) Consider the term t given in Fx. 3.1.7.

e Usually one can define the set of all proper subterms of t as the set of all subterms of t
at a position p # €. As Ex. 3.1.7 shows for t = pX.(U nil (A . X)) we get tjg00 =1 as
proper subterm of t.

e In a different definition the set of all proper subterms of t is the set of all subterms of t
except t itself. The relation of proper subterms given by this definition has the following
properties:

— It is not antisymmetric because t = t3.22 s a proper subterm of tj3o = (A.t) and
(A . t) =tj22 is a proper subterm of t.

— It is not transitive because in the case of transitivity from t, tjoo and tjp22 =1 we
get that t = pX.(U nil (A . X)) must be a proper subterm of itself.

The following definition yields a relation of proper subterms without the disadvantages stated
above:

Definition 3.1.9 (proper subterm) Lett be a term. A term t' is a proper subterm of t if
one of the following conditions holds:
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1. t"is a direct proper subterm of t, i.e. t' = t; with i € N and with i # 2 or t is not a
recursive type.

2. t' is a proper subterm of a direct proper subterm of t type.

By not allowing unfolding steps in calculating proper subterms we circumvent the problems
stated before as the following example shows:

Example 3.1.10 (proper subterms (2)) Reconsidering the terms of Ex. 3.1.7 we get:

o Thetermt=puX.(Unil (A. X)) just has X as proper subterm.

e For the term t' = (U nil (A . t)) with t as above we get {nil,(A . t),t, X} as the set
of proper subterms.

We can now formalize the update of a type term at a position.

Definition 3.1.11 (term update at a position) Let t be a type term, p a position and
tp, # undefined. Then t[p|t'] is the term update of ¢t at position p to t', i.e. the term
generated from t by replacing ty, by t'.

The following definitions will introduce the different syntactic components used to build types
in Def. 3.1.1.

Definition 3.1.12 (base types) The set B = {L,O0,symby,... ,b,} for some v € N is
called the set of base types or type constants. L is called the empty type, O is called the
zero type, and sym is called the type of all symbols.

Definition 3.1.13 (free type constructors) The set K = {c1,...,¢,} for some w € N
is called the set of free type constructors or tuple like type constructors. Fvery free type
constructor ¢; € IC has a fived arity a(c;).

Some base types and free type constructors used in the following are given in Ex. 3.1.14. A
full set of base types and type constructors can be found in App. C.

Example 3.1.14 (base types and free type constructors) The set B of base types con-
tains the types bool of boolean values, int of integer values, posint of positive integer values
and string of string values.

The set IC of type constructors contains the pair type constructor (- . -).

Definition 3.1.15 (set oriented type constructors) The following type constructors are
called set oriented type constructors:
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U with arbitrary arity a(U) € Ny is called the union type constructor.

N with arbitrary arity a(N) € Ny is called the intersection type constructor.

\ with a(\) = 2 is called the difference type constructor.

C with a(C) =1 is called the complement type constructor.

The typing of functions in our approach is done differently from the usual approach. Usually
one defines a function type constructor A — B that expresses the type of functions mapping
the values in A to values in B. This function type constructor is anti-monotonic in its first
element. Thus, the domain type A usually denotes a subtype of the exact domain of a given
function. (An exception is given by certain partial functions like e.g. the division operator /.
It usually contains the value 0 in the second argument position of its domain type, but is not
defined for the value 0 in the second argument.)

In our approach it is important to express all values a function is applicable to, i.e. we need a
supertype of the exact domain. Since this would cause problematic properties of the function
type constructor (neither monotonic nor anti-monotonic in the first argument) we just intro-
duce a type of all functions with two subtypes that distinguish user defined from predefined
functions.

More precisely when talking about functions we mean function definitions, i.e. internal def-
initions of predefined functions inside an interpreter and user defined function definitions
given in a program’s source code. In the following we will use functions instead of function
definitions again.

Definition 3.1.16 (function types) The type Tfunc is called the function type. The two
restricted function types Tfuncp and Tfuncy are called the type of predefined functions and
the type of user defined functions, respectively.

The function types described here do not carry much information compared to the usual
function types in functional type systems. In fact we expect a complete type checker or type
inference system using the type system described here to use value assignments (i.e. types
whose semantics contains exactly one value) as described in Sec. 3.2 for functions very often.
An external representation providing information similar to usual function types is presented
in Sec. 3.3.

In the presented type language environments are handled as first class objects. Thus, we need
a type constructor to define types of environments. This constructor is given by the following
definitions:

Definition 3.1.17 (symbol bindings and frame types) bind is called the binding type
constructor. The generated symbol bindings have the form (bind s t) where s € sym and t is
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a type.
frame is called the frame type constructor. The frame types generated by this constructor have

the form (frame uy ... wuy) for every k € N where the u; = (bind s; t;) are symbol bindings of
parrwise disjoint symbols s;. For

(frame (bind sy t1) ... (bind si ty))
we often use the notation
(frame sy ity ... Sk :tx).
frame is an abbreviation for the type of all frames.
A frame F' can be understood as a partial function mapping symbols to types. The function
given by F' = (frame sy : t; ... s : ;) is defined exactly for the symbols sy, ... , s, and maps

every s; to t;. Especially the order of the s; occurring in the frame type definition does not
matter.

Instead of (frame sy :t; ... s : ) we often write frame types as [s; +— t1, ..., s, — tx].
Example 3.1.18 (frame types) Ezamples for frame types are

Fy = (frame z : int s : string f: Tfunc)
Fy = (frame x : posint y : posint)

or in the alternative notation

Fy =[xz — int, s — string, f — Tfunc]

Fy = [z +— posint,y — posint|

Definition 3.1.19 (environment types) Environment types are either the empty environ-
ment type envy or are generated by the environment type constructor env and have the form
(env f e) where e is an environment type and f is a frame type.

The type of all environments is denoted by enwv.

By Def. 3.1.19 all environment types have the form
(env Fy (env Fy ...(env F), envg)...))

with frame types Fi,... ., F,. They are generated from frame types as lists of frames with
env behaving as the cons-operator and envy as list terminator. We introduce the additional
notation

(F\ Fy ... F,)
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for the environment
(env Fy (env Fy ...(env F), envg)...))

In the context of abstract interpretation we will refer to environment types as simple abstract
environments and use the list notation introduced above.

Example 3.1.20 (environment types) An ezample for an environment type is
E = (env Fy (env Fy enwp))

where Fy and Fy are as in Fx. 3.1.18. In the notation of simple abstract environments we
Just write the list

E=(F F)

When a type t has to be defined in a recursive manner i.e. t is defined by a term containing
itself as subtype the recursive type constructor p has to be used.

Definition 3.1.21 (recursive types) Recursive types are defined by the recursive type con-
structor p and are of the form uX.t where X € V; is a free type variable and t is a type
containing X .

Example 3.1.22 (recursive types) The classic example for recursive types are lists gen-
erated recursively from pairs: For every element type A the type of all lists with elements of
type A is defined as

uX.(Unil (A. X))

where nil stands for the type just containing the empty list ().!

As stated in Def. 3.1.3 calculating the second subterm of a recursive type term pX.t yields
a term t’ generated from a subterm of ¢ by certain syntactical changes. This kind of change
is called unfolding. The following definition provides an operation unfold that explicitly
performs such changes on a given term:

Definition 3.1.23 (unfolding recursive bindings) Let t € Tg be type. We define the
function unfold as unfold(t) = t" where t' differs from t at exactly those positions p with:

® 1, = uX.tis a recursive type.

LA different way of representing the type of the empty list is given by the value assignments presented in
Sec. 3.2.
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o There is no proper prefiz p’ of p such that t,y is a recursive type, i.e. t), is not a subterm
of any recursive type except of itself.

For each of these positions p the returned type term t' fulfills tip = tj2.p-

The sequence of unfoldings of t is defined by:

unfold’(t) =t
unfold (t) = unfold(t) = unfold(unfold®(t))

unfold® (t) = unfold (unfold**(t))

Example 3.1.24 (unfolding a recursive type) The first unfolding results of the type of
lists with element type A are given as follows:

unfold®(uX.(U nil (A . X))) = uX.(U nil (A . X))
unfold' (uX.(U nil (A . X))) = (Unil (A. uX.(Unil (A. X))))
unfold*(uX.(U nil (A . X))) = (U nil (A . (Unil (A. puX.(Unil (4. X))

Note that every unfolding step affects exactly those recursive subterms in a type that are
not a proper subterm of another recursive type: When several recursive bindings occur in a
nested manner every unfolding step unfolds just the outermost binding. If on the other hand
a type contains several recursive bindings that are not nested these bindings are unfolded in
parallel.

Definition 3.1.25 (type of all values) The type of all values is denoted by T and is defined
as

T:=upuX.(UB U(c X X ... X) frame env Tfunc)
CG’C a(c)

3.1.2 Semantics of the Standard Types

Defining the semantics for most types is straight forward. But since our type language contains
the recursive type constructor a special kind of values called cyclic values occurs. Example
3.1.26 shows how these values can be used before we formally define the semantic domain of
types in Def. 3.1.27.
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Example 3.1.26 (days of week) Consider a calendar tool that cycles the sequence of week
days. A first way to provide the week days could be the following list:?

L= (“mon” . (“tue” . (“wed” . (“thu” . (“fri” . (“sat” . (“sun” . ())))))))

For switching from Sunday to Monday we need a test whether the list of week days is empty
and a Further symbol holding the whole list to start over again.

The situation becomes much easier when a list I can contain itself as a sublist. Analogously
to recursive types the following notion is used in the example:

U= pv.(“mon” . (“tue” . (“wed” . (“thu” . (“fri” . (“sat” . (“sun” . v)))))))

Now traversing the list I' yields an infinite sequence of week days.

The semantics of closed types is defined by a semantic function (). : 7. — P(V) where V
denotes the semantic domain, i.e. the set of all values expressible in a functional language. V
is defined as follows:

Definition 3.1.27 (semantic domain of types) The semantic domain 'V of types consists
of the following (pairwise disjoint) subsets:

A set Vs of simple values.

o SetsV.={(cvy ... vg) | v; €V} for every type constructor ¢ with arity k. Thus, every
tuple like type constructor corresponds to a free data constructor of the same arity.

e PFunc is the set of predefined functions.
o LC (lambda closures) is the set of user defined functions.

e ['rame s the set of frames, i.e. the set of all functions mapping a finite number of
symbols to values.

e Env s the set of environments, i.e. the set containing exactly the element emptyenv
and all pairs (¢ f) with ¢ € Env and f € Frame.

o The set V,e. contains values with a cyclic definition. Cyclic values are written in the
form v = px.v" where v' is a value that contains v (denoted as x) as a component of a
data constructor or as the value bound to a symbol in a frame. 3

2We use the same notation for data constructors as for type constructors.
3We use the same constructor p for both recursive types and cyclic values. This should not cause confusion
since usually the context implies whether a term is a type or a value.
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Example 3.1.28 (cyclic value) The standard example for cyclic values is given by struc-
tures as e.q. nested pairs containing themselves as arqguments:

vi=px.(l.(2.(3.x))

We can define positions in value terms and subterms at a position analogously to type terms
(where the elements of PFunc and LC have no subtypes at positions other than €). The cyclic
data constructor p behaves identically to the recursive type constructor when selecting the
second subterm.

We can now define the unfolding of recursive values analogously to recursive types:

Definition 3.1.29 (unfolding of values) Let v = V be a value. The operation unfold,,
transforms v to a value v' as follows: unfoldy(v) = v where v and V' differ exactly on the
positions p fulfilling:

® v, = px.v 1s a cyclic value.

o There is no proper prefix p' of p such that vy, is a cyclic value, i.e. vy, is not a subterm

of any cyclic value except of itself.
The sequence of unfoldings of v is defined by:
unfoldy,(v) = v

unfoldy,(v) = unfold,,(v) = unfold,, (unfolds(v))

unfold?, (v) = unfoldy (unfold ' (v))
The function unfoldy implies a equivalence relation induced by
vy = unfoldy (ve) = v1 = vy.
In the following we consider the equivalence classes on cyclic values instead of the values them-

selves. The individual representants of an equivalence class are considered as representations
of the same value.

Example 3.1.30 (unfolding values) The results of the first unfolding steps of the cyclic
value v from Fx. 3.1.28 are:

unfold) (ux.(1 . (2. (3. 1)) =px.(1.(2.(3.12)))
unfoldy, (pr.(1. (2. 3. 2))=(1.(2.03 . ur(1.(2.(3.2))))
unfoldy (pr.(1. (2. 3. 2))=01.2.63.1.2.6.pz.(1.(2.6.2)))))
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In the following we define the semantic function (-). for the different standard types. We
often use the notation e : ¢ for e € (t)..*

Definition 3.1.31 (base types) The object L € V denotes non-termination of a computa-
tion. The value set (t). of every closed type t contains L. The value set of the empty type L
jJust contains the value for non-termination, i.e. (L), = {1}.5

The only value of the zero type O (except of L that is value of every type but is often not
mentioned explicitly) is the zero value O denoting an empty input or output of a function.
(One can interpret the zero type O as a Cartesian product of 0 elements.)

For all base types by, ... b, there are sets (b;).. For our example type language the sets (b;).
are explained in App. C.

Definition 3.1.32 (intersection existence property) Let B a set of base types and {-).
a semantic function. B has the intersection existence property if the following holds:
If b, € B with (b). N (V). # O then there exists some b € B with (b). = (b N ().

In the following we assume the intersection existence property to hold for B.

Definition 3.1.33 (type constructors) The semantic function (-). is extended to con-
structed types as follows:

(U t))e = (U (ti)e .. {te)e). For k =1, (U t1))e = (t1)e and for k =0
(U)D = (1)..

(Nt ... t))e = (O (t1)e .. (te)e). Fork =1, {((Nt1))e = (t1)e and for k =0
(e = (T)e.

{
{
{
{

o {t1\tae = (t:1Dec \ (ta)e-

o (Ct)e =V \ (t)he =: Cy(t)e..

e For every tuple like type constructor ¢; (with i € {1,... ,w}) there is a corresponding
data constructor d; such that ((c; t1 ... coe))e ={(di €1 ... €are))) | €1 :t1, ... €aey)
ta(ci)}~

4The notation -} (sometimes with subscript) for the semantics of types is a non-standard one here because
we will use the usual notation [-] for the semantic function of the functional language.

5We use the same notation L for the empty type and its only value, the non-terminating computation.
This should not cause confusion because usually it is clear from the context whether we speak of the type or
the value L.
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Example 3.1.34 (semantics of constructed types) Fort:= (posint . lower-char) we
have

(the = {(v1 . v2) | v1 € (posint)., vy € (lower-char).} ={(1.a),(1.0),...,(2.f),...}.
The function types express the set of all functions, of all predefined functions and of all user

defined functions. This is formalized in the following definition:

Definition 3.1.35 (function types) The set of function definitions in our framework is
divided into a set PFunc of predefined function definitions and a set LC of user defined function
definitions. The semantics of the function types is given by:

e (T funcp). = PFunc.
o (T funcy). = LC.

o (T func). = (T funcp).U (T funcy)..

In the following we will use function as an abbreviation of function definition.

Knowledge of the internal structure of the semantic domains of function types is not essential
at the moment. This can be deferred to the definition of a type inference system.

Frame types and environment types essentially emulate the structure of frames and environ-
ments. The semantics of these types is described in the following definition:

Definition 3.1.36 (frame types and environment types) For a frame type
f=(frame sy :ty ... s, :t,)

the set (f). is the set of those frames f, € Frame that are defined exactly on the symbols
S1y. -, Sy and assign a value v; € (t;). to s;.

For an environment type e = (env € f) with another environment type € and a frame type
f (e)e contains exactly those environments (€l f,) that consist of a parent environment e! €

(€')e and a frame f, € {f)..

(envg) . contains just the empty environment emptyenv.

Example 3.1.37 (semantics of frame and environment types) Consider the frame
types given in Fx. 3.1.18. They have the following semantics:

(Fi)e = {[z = v1,8 = vy, f = v3] [0y € (nt).,va € (string)., v € (Tfund).} =
= {[x — 42, s — “Hello world!”, f — fy],[x — =3,s— “abc”, f > fmap,- - }°
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(F2)e = {[z = v1,y = vo] | vy € (posint]., vy € (posint].} =
={lzr— 1Ly 1],[x — 256,y — 42],...}

The semantics of the environment E in Fx. 3.1.20 is given by a list of frames taken from the
semantics of the corresponding frame types:

(E)e = {(fr fo) | fi € (Fide} = {([x = =3,5 = “abc”, f = fogp] [x— 256,y — 42]),... }

The semantics of a frame does not depend on the order in which the symbol bindings are
given. We therefore define the function fs that expects a frame type as argument and returns
the set of all frame types with the same semantics:

Definition 3.1.38 (shuffles of frame types) Let F' = [y +— t1,... x5 — tg] be a frame
type. The function fs (frame shuffle) on frame types is defined by:

F(F) = {[wi, = tiys .oy = ] | Loy g = {1,... , k}}

Every F' € fs(F) is called a shuffle of F'.

The types that do not have a defined semantics up to now are the types containing variables.
Types with free variables are defined under a given assignment of types to the variables:

Definition 3.1.39 ((closed) type substitution) A type substitution is a function map-
ping type variables X € V' to types tx. A type substitution o assigning the type t; to the type
variable X; for alli € {1,... k} is denoted by [ Xy < ty,..., Xy < ti]; its domain is denoted
by dom(o) = {X1,..., Xy}

A substitution is called idempotent if the assigned values tx do not contain any variables
Y € dom(o) as subterms. It is called closed if it assigns closed types to all variables.

The set of all type substitutions is denoted by TS. T'S¢ is the set of all closed type substitutions.

The effect of type substitutions to types is formalized by the following definition of substitution
applications:

Definition 3.1.40 (application of type substitutions) If ¢t is a type and 0 = [x; «—
t1, ..., & < tg| is a type substitution then o(t) denotes the application of o to t, i.e. the
type generated from t by replacing every free occurrence of x; € dom(o) by t;.

SFor a symbol zyz f,,. denotes the function usually bound to zyz.
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Sometimes we need a special kind of type substitution transforming a given type to a closed
type. A set of such substitutions is given by the following definition:

Definition 3.1.41 (appropriate closed type substitutions) A closed type substitution o
is appropriate for a type t if o assigns a type to all type variables occurring freely in t.

Definition 3.1.42 (semantics of types with variables) Let t be a type containing the
type variables X1, ... , Xy and let o be an appropriate closed type substitution for t.

The semantic function for types with variables is (-)(-) : T x TS — V. It is based on the
semantic function for ground types as follows:

{h(o) = {o(®))e

In the following we write (t) instead of (t)(o) if ¢ is a closed type and the semantics is
independent from a certain type substitution.

The semantics of a recursive type t is defined by finite approximations of ¢, i.e. finite unfoldings
of t:

Definition 3.1.43 (finite approximation of recursive types) Lett € T5(V) a type and
let & denote an additional type that does not contain any values (even not the non-termination
L ). Then the k™ approzimation of t is

approz®(t) = cut(unfold®(t))
where cut replaces every occurrence of a recursive type in its argument by <.

Example 3.1.44 As in Fx. 3.1.2} the first approximations of lists with element type A are
presented:

approz’ (uX.(U nil (A . X))) =

approz’ (uX.(U nil (A . X))) = (U nil (A . 9))
approz®(uX.(U nil (A . X)) = (U nil (A. (U nil (A4 .9))))

Definition 3.1.45 (semantics of recursive types (1)) The semantics of recursive types
(with respect to finite values) is defined by

(uXt) ={veV|3keN.ve (approzt(uX.t))} = U (approd*(uX.t))

k>1

Example 3.1.46 Let t := pX.(U nil (int . X)) the definition above yields for (t)) the set
of all lists of finite length with arguments of type int. FE.g. the list v := (1 2 3) fulfills
v € (approz*(t)) and therefore v € (t).
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Unfortunately this definition does not cover infinite values as they are given by cyclic value
definitions. To cover these values too we must define finite approximations of values:

Definition 3.1.47 (finite approximation of values) Let v be a value and let x denote a
variable for a value whose type does not matter, i.e. ¥t € T .x : t (even x : ©). The finite
approximations of v are defined as follows:

approxt, (v) = cuty (unfolds (t))

where cuty replaces all occurrences of a cyclic value in the given value (more exactly value
representation) by x.

Example 3.1.48 The first approzimations of the cyclic value v = px.(1 . (2 . (3 . x)))
introduced in Ez. 3.1.28 are:

approry (px.(1 . (2. (3. 2)))) =*
approzy, (pr. (1. (2. (3. 2)))) = (1. (2
approzy (px.(1 . (2. (3. (1.(2

(
(

%))

3.
3.(1.(2.(3.%))))

Now we can define an improved semantics of recursive types.

Definition 3.1.49 (semantics of recursive types (2)) The semantics of recursive types
is defined by

(uXt) ={veV |3k eN.v e (approx*(uX.t))} U
U{v € Ve | Vi € N 3j € N. approz’,(v) € (approz? (uX.t))}

In Def. 3.1.49 the first union element is identical to Def. 3.1.45. The second element contains
all recursive values denoted by the recursive type.

Example 3.1.50 Forv=puz.(1.(2.(3.2))) andt = pX.(U nil (int. X)) we have
Vi € N. approzi, (v) € (appror®*+i(t))

and therefore v € (t). Analogously the list ' of all week days as defined in Ex. 3.1.26 fulfills
I'e (nX.(U nil (string . X))).

3.1.3 Set Normalized Standard Types

The type constructors U, N, \ and C model the behaviour of the corresponding set operations
for types. These set operators allow the representation of sets in different ways. Since some
of the algorithms presented in Sec. 3.4 and 5 rely on a certain representation we define types
in set normalized form:
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Definition 3.1.51 (set normalized form) A typet is in set normalized form if the follow-
ing properties are fulfilled:

1. t does not contain a difference type constructor \.

2. There are no directly nested occurrences of the complement type constructor of the form
CCt'.

3. For every occurrence Ct' of the complement type constructor the argument t' has no
union or intersection as top level constructor.

An algorithm to transform every type ¢ to set normalized form is given in form of a term
rewriting system. Since type constructors of variable arity occur we use the extended notion
of term rewriting rules as presented in Sec. 2.1:

Definition 3.1.52 The term rewriting system Rgy s defined by the following term rewriting
rules:

(\ t1 t2) — (N t1 Cty)
CU <ay...eq>)— (N <Cay...Ce1>)
C(N <ay...es>) — (U <Cay...Ce;>)
CCt —t

We now prove several properties of this term rewriting system:

Lemma 3.1.53 (termination of Rgy) The term rewriting system Rgy terminates for ev-
ery input type.

Proof: See App. A.1, Page 113. O

Lemma 3.1.54 (confluence of Rgy) The term rewriting system Rgy is confluent.

Proof: See App. A.1, Page 114. O

Lemma 3.1.55 (syntactic correctness of set-normalize) The result type t' returned
when applying Rsy to an arbitrary type t is in set normalized form.

Proof: See App. A.1, Page 114. O
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Lemma 3.1.56 (semantic correctness of set-normalize) Lett be an arbitrary type and
t' be the result of applying Rsn to a type t. Then (t) (o) = (t') (o) for every appropriate closed
type substitution o.

Proof: See App. A.1, Page 115. O
Example 3.1.57 (set normalized form) Consider the type
t = num\ (U Cposreal int-e).

Applying Rsy to t yields the following transformation sequence (writing —; for rule number
1 applied:

t —1 (N num C(U Cposreal int-e)) —5 (N num (N CCposreal Cint-e)) —y
—4 (N num (N posreal Cint-e))

Since the term rewriting system Rgy is confluent it shows a functional behaviour. In the
following we often write set-normalize(t) for the result of applying Rsx to t.

3.1.4 Equivalence Classes of Types

The idea behind the set normalized form of types is the fact that different types can be
semantically equivalent, i.e. denote the same set of values. This is the case not only for types
not in set normalized form as the following example shows:

Example 3.1.58 (semantically equivalent types) The following set of types are seman-
tically equivalent:

o {T,(UTt)} for every type t.

o {t, (Ut L), (Utt),(NTt)} for every type t.

For several of these equivalences one can define normal forms and present algorithms normaliz-
ing the types. We do not want to discuss here whether it is possible to define a unique normal
form for every type such that semantically equivalent types have the same normal form. We
rather define equivalence classes on the types as usual. In the following (unless stated other-
wise) we will consider equivalent types as equal, i.e. we will not consider syntactical differences
of semantically equivalent types.
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3.2 Value Assignments

During type inference there are sometimes exact values known for certain argument positions
of a function call. This is usually due to constant values occurring in the program source
code. For a type inference system just working on standard types we have to transform every
constant value to its most special type. This usually causes loss of information and may result
in fewer type errors to be caught.

Example 3.2.1 Suppose the following piece of code:

(let ((x 5)
(y 3)
(z 2))
(/ -x (+y 2))))

When using the type posint-e (type of exact positive integers) for x, y and z we can only
infer the type int-e (type of exact integers) for the argument to /. But taking into account
the given values for x, y and z yields the value 0 for the argument to / which causes a type
error.

The following definition of a wvalue assignment allows to work directly on constant values as
long as this is possible:

Definition 3.2.2 (value assignment) Let v € V be a value with v : t, for some base type
ty.

Then the value assignment A(v) is a type with (A(v)) = {v}. We identify (A(v)]) with its
only element v.

Definition 3.2.3 ((semi-)closed/ground types) The setT of all types can now be defined
analogously to Tg in Def. 3.1.1 except of adding value assignments and types containing value
assignments as subterms to 7. The sets Tgc of all semi-closed types 1o of all closed types
and Tg of all ground types are defined analogously to Tscs, Tcs and Tgs in Def. 3.1.2.

3.3 1I/0-Representations of Function Types

The usual definition of function types (cf. e.g. [Mil78]) is done by a function type constructor
— with the following semantics:
A type t; — t9 represents all functions f with
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o (ti) € dom(f)
o f({t:]) C (t2)

This definition of function types is appropriate for sound type systems. For an argument type
t and an input type t; those systems usually perform the test (t) C (1) approximated by a
subtype relation C with

tCty = (t) C (t:) C dom(f)

This implies that the test t C ¢; is a sound approximation of the test for the applicability of
f tot.

In a complete type checker we rather want to approximate the test (t) N dom(f) # 0, i.e.
instead of raising an error when some elements of ¢ cause an error we raise an error when
all elements of ¢ are no valid arguments to f. Unfortunately a function type defined in the
way above is not of use for a complete type checker because there might be cases in which
(t) Ndom(f) # B, but (t) N {t1]) = 0 raises a type error.

Example 3.3.1 According to the usual definition of function types the unary division operator
should have the type num\ zero — num. But because of the problem of deciding whether the
argument is 0 one often states the division-by-zero problem to be outside the scope of the type
checker.

Putting the division-by-zero problem into the scope of the type checker is easily possible for
a complete type checker that can detect some of the division-by-zero errors, but not all of
them. To do this a complete type checker needs a function type definition different from that
given above.

A type inference system based on the type language described here could e.g. use the directed
data flow properties of abstract interpretations to infer abstract predefined functions or ab-
stract lambda closures that can be understood as value assignments for predefined and user
defined functions, respectively, instead of function types. Since it seems quite difficult to find
a short and understandable representation for the output of such function value assignments
we will define I/O-representations for functions. The I/O-representations expressing the main
properties of a function can be used in the output of types.

Definition 3.3.2 (I/O-representations) An I/O-representation of a function is given by
a set of 1/O-representation pairs IN; --» OUT; with:

e dom(f) C UZ (IN;)
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e V,f({IN;)) C (OUT;) U{error} (where error denotes a type error caused by applying
a function to an inappropriate argument).

By the first part of the definition every value that can be processed by a function must be
member of at least one IN;. A type checker cannot raise an error because of calling a function
f with an input argument v € dom(f) that is not member of f’s input type.

By the second part of the definition applying the function to an argument v : IN; cannot yield
a result that is not of type OUT; (except of error). Thus, uniting all those OUT; such that
IN; has common elements with the argument type yields a type that covers all values possible
for a function application.

Example 3.3.3 (I/O-representations of functions) Consider the following 1/O-repres-
ention of the function add where every line represents one I/O-represention pair, e.g. one
element of the 1/O-representation set:

posint X posint ——» posint
wnt X int ——» int
num X num -—> num

string X string ——+ string

One could imagine that add is the usual addition on the three mentioned number types and
the concatenation function on strings.

I/O-representations can occur in every place a function type could occur.

When a function f expects a function f’ as input the inferred output type of f’ is known just
from checking uses of f’ for non-empty intersection with other types. Thus, the input type of f’
is not completely known, but we know a types PIN; Furthermore, when an output type POUT;
is inferred for a given input PIN; we can just expect the property f({PIN;))U (POUT;) # 0
to hold. Therefore we define the output-partial I/O-representation (PI/PO-representation)
of a function as follows:

Definition 3.3.4 (PI/PO-representations) A PI/PO-representation of a function f is
given by a set of PI/PO-representation pairs PIN; -5 POUT; with:

e Vi.dom(f)N (PIN;) #0
e Vi.f({PIN;)) N (POUT;) # 0

The set of all Pi/PO-representations is denoted by pipo.
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Example 3.3.5 (PI/PO-representation) Consider the following function mapl imple-
menting the usual map operation for just unary functions and one list and its use:

(define (mapl f 1)
(if (null? 1) O
(cons (f (car 1)) (mapl f (cdr 1)))))

(define (usemapl f 1)
(let ((1-new (mapl f 1)))
(+ (car l-new) (car (cdr l-new)))))

An I/O-representation for usemapl is
{A -5 num} x (list A) --+ (list B)

From the use of l-new in usemapl we know that the output type of the first argument of
usemapl must contain numbers. But as long as the input function is not known further
output values might be possible. Analogously from applying f to carl) we know that f must
be applicable to some values of the element type of . But again, f may be applicable to other
values, too.

3.4 The Subtype Hierarchy on Semi-Closed Types

An important property of the type language presented in this chapter is a partial ordering
on the set of ground types we will describe here. We call this partial ordering the subtype
hierarchy on ground types. In usual sound type inference the existence of a type hierarchy
allows to restrict types to common subtypes or generalize them to common supertypes. Work
on sound type inference with subtyping can be found e.g. in [Smi94].

It is important for a type inference system with subtyping to decide whether a type t; is
subtype of another type t5 or not. Such an algorithm is described in [AC93]. The algorithm
described in this section shares many ideas with that one in [AC93] but employs certain
modifications to work on the function types specific to this work as well as on intersection
types and complement types. We do not consider the work presented in [Dam94| on subtyping
in the presents of union types, intersection types and recursive types because of its restriction
to infinite base types.

Since the main question for a pair of types in this work is the non-empty intersection property
discovered in Sec. 5 rather then the subtype property a sound subtyping algorithm is sufficient.
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3.4.1 The Algorithm ST

In this section the algorithm ST defining the subtype relation on semi-closed types is pre-
sented. The definition of ST is based on an algorithm STbase that checks the subtype property

for base types. The definition of base types in App. C contains the corresponding definition
of STbase.

Assumption 3.4.1 (termination and correctness of STbase) Let by and by be base
types or value assignments. There is an algorithm STbase such that the call STbase(by,bs)
terminates and approximates the subset property of the denoted sets of values as follows:

SThase(by, by) = true = (b)) C (b2)

The algorithm ST approximates the question whether a type ¢; denotes a subset of the values
denoted by t, for arbitrary closed types. In one case it calls an algorithm CFE that tests types
for common elements and is presented in Chap. 5. Since ST and CFE are mutually recursive
we start the presentation with ST and use certain assumptions on the behaviour of CE to
state the needed properties of ST. The algorithm ST is defined as follows:

Algorithm: ST
Input: Two semi-closed types t; and ts.
Output: A boolean value.

The algorithm is given by the following case distinction where N B represents the condition
that none of the cases given before is applicable.

1. If t; = t5 then ST(ty,ts) := true.

2. If t; = L or to = T then ST(t,t3) := true.

3. If t; and t, are base types or value assignments then ST(t1,ts) := STbase(ty,ts).

4. If t, € {Tfuncp, Tfuncy} and to = Tfunc then ST(ty,ts) := true.

5. Ifty =(ct1y ... tig) and to = (ctay ... toy) for ¢ € K then

k
ST(tl,t2> = /\ ST(t17Z’,t27Z’) .

i=1
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I fy = (frame sy ity ... sg i tg) and fo = (frame s| ) ... s) b)) with {sq, ...

{s},..., 8} then

ST(f1, f2) == Vieq,... i} Tjefi,.. k') - Si = S; N ST(t;, t;) .

. Ife; = (enve] f1) and es = (env €}y fo) then

ST(ey, ) := ST(€}, e5) N ST(f1, f2) -

7Sk}:

. Recursive types are unfolded before continuing the check until the same parameters

have already occurred in one of the recursive subcalls before:

(a) If the stack of function calls to ST already contains a call to ST with the same

pair (t1,ts) of arguments then ST(t,t5) := true.
(b) If NB and t; = pX.t} then ST(t1,t5) := ST(unfold(ty),ts).
(c) It NB and ty = pX.t) then ST(t1,ts) := ST(t1, unfold(ts)).
. For the set operations the following correspondences hold:
(a) fNBand t; = (Utyy ... t1y) then

k

ST(tl, tg) = /\ ST(tl,iu tg) .
i=1
(b) If NB and tQ = (U t2’1 e tg,k) then
k
ST(tl, tg) = \/ ST(tl, tgﬂ') .
i=1
(C) If NB and tl = (ﬂ t171 e tl,kz) then
k
ST(tl, tg) = \/ ST(tl,i, tg) .
i=1
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(d) If NB and tg = (ﬂ t271 e tgyk) then

k

ST(tl, tg) = /\ ST(tl, t?,i) .

i=1

(e) If NB and t; = Ct| and ty = Ct}, then ST(t1,t3) := ST(t5, ).
(f) If NB and ty = Ct, and CE(7(t;),ty) = 07 then ST(t,t3) := true where 7

instantiates every variable Xy € V, occurring in ¢; with T.

10. If NB then ST(ty,t,) = false.

We can now defined a subtype relation C on closed types that approximates the question
whether a type t; denotes a subset of the values denoted by a type t,. This subtype relation
is defined by the syntactical test performed by ST

Definition 3.4.2 (subtype relation on closed types) The subtype relation T on closed
types is defined using the algorithm ST by:

ty C ty < ST(ty, 1) .

3.4.2 Examples of ST

The following example presents some type pairs fulfilling the subtype property:
Example 3.4.3 (subtypes) The following pairs of types fulfill the subtype relation:
wnt C num
(int . string) C (num . string)
(U env (int . string)) C (U env (num . string))
The a calculation of ST is given in the following example:

Example 3.4.4 Consider the types

t1 = (U posint negint) . string) and ty = (num . string).

"Le. there are no common elements between 7(t;) and t} detected by CE.
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The call ST(t1,ty) is processed by case 5. It is transformed into the conjunction of the subcalls
c1 = ST((U posint negint), num) and cy = ST(string, string).®
c1 1S processed by case 9a and yields the conjunction of the subcalls
c11 = ST(posint, num) and c12 = ST(negint, num).

Both of these cases are processed by case 3 and yield the result true. This is also the result
of c1 and since co yields true by case 1 we get

ST(((U posint negint) . string), (num . string)) = true.

3.4.3 Properties of ST

In Case (9f) the algorithm ST is mutually recursive with the algorithm CFE that will be
defined in Chap. 5. More exactly there are chains of recursive calls of the form

ST— CF— S-CE — ST.

For the moment we formulate two assumptions on the properties of CE. A complete proof of
the algorithms occurring in this chain will be given when all the algorithms are defined.

Assumption 3.4.5 (termination assumption for CE) The algorithm CE terminates for
every input.

Assumption 3.4.6 (correctness assumption for CE) Letty, ty € T be closed types, both
in set normalized form. If there exists a v € (t1) N (t2) then CE(ty,ts) = true.

The following Lemma 3.4.7 states the main property of ST: The test syntactically performed
on two types is a sound approximation of the subset relation on the type semantics:

Lemma 3.4.7 Let CE be an algorithm fulfilling Assumption 3.4.5 and let STbase fulfill As-
sumption 3.4.1. Then every call to ST for an arbitrary pair of input arguments in set nor-
malized form terminates.

Proof: See App. A.2, Page 116. O

A prove for the termination of CF used in Lemma 3.4.7 is given in Theorem 5.3.14.

8We use = to denote syntactic equality of function calls (e.g. ST) in contrast to = denoting the equality
of the results.
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Lemma 3.4.8 Let ty,ty € Tsc be semi-closed types in set normalized form. Let STbase fulfill
Assumption 3.4.1 and let CE fulfill Assumption 3.4.6. Then

ST (t1,t2) = true = (o(t1)) C (o(t2))

for every closed type substitution o appropriate for t, and ts.

Proof: See App. A.2, Page 116. g

In the following we will always assume Assumption 3.4.1 to hold.
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Chapter 4

Checking Types for Common Elements

One main question occurring in complete type checking is the following: Given two types ¢;
and to. Is there a substitution o such that (o(t1)) N {o(t2)) # {L}? More precisely this
property should be independent from the instantiation of quantified variables i.e. members of
V. For every such substitution the property of common elements must not be violated by
changing the assignment to a quantified variable.

Example 4.0.9 Consider the types t; = (int . Xy) and ty = (posint . Y) where Xy € V
and Y € Vy. Then t; and ty have common elements because we can e.g. choose substitutions
pr =1{Y «— Xy} and p, = {Xv — int} and a value v =5 and get

v € (pg o ps(t)) N (pg 0 ps(ta)) -

Furthermore, when choosing an arbitrary pj, with p;(XV) # 1 there always exists a v’ with

v € {py 0 pr(t)) N py, © ps(ta)) -

On the other hand t; and t3 = (posint . negint) do not have common elements because we
can instantiate Xy € V, in a way such that no common elements exist.

The notion of common elements is formalized as follows:

Definition 4.0.10 Let t; and ty be two types. These types have common elements if

JpsVpe(dom(py) C Vi A dom(pg) Vg AV Xy € dom(py) . pg(Xe) # L A
N pg © py is appropriate for ti,ty) =
= v € {pg o ps(t)) N {pgops(t2)) Nv# L (41)
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We call every v with the properties given in (5.1) a common element of t; and ty and denote
the set of all common elements of t; and ty by ty [ts.

Note that quantified variables are treated in a special way in Def. 5.0.19: They must not
be instantiated in a special way in order to get common elements. Common elements of
types containing quantified variables are rather considered just for those types with common
elements for every instantiation of the quantified variables.

In this section an algorithm CF is introduced that approximates the answer in the following
sense: For every existing substitution with the given property CE returns a more general
substitution. On the other hand C'E may return a substitution even if ¢; and ¢, cannot have
common elements especially when one of the types already does not have any elements.

The description of CFE is done in the following subsections: Section 5.1 contains the pre-
liminaries used to define CFE. In Sec. 5.2 an algorithm S-CF is introduced that calculates
constraints on the variable instantiations. The algorithm CFE presented in Sec. 5.3 transforms
these constraint sets to idempotent substitutions o.

4.1 Preliminaries

In this section we will give some definitions needed to define CFE. First, we will define some
structures forming the result or intermediate values of CE. In a second step we will formulate
the needed properties of a function C'Ebase realizing C'E on base types and value assignments.

4.1.1 Structures used by CE

The goal of CFE is to find a set of type substitutions more general than the closed type
substitutions transforming two types t; and 5 to closed types with common elements. The
substitutions considered by CFE are restricted in the following way: If o is a substitution
returned by CF then o just assigns types to free type variables. This motivates the following
definition:

Definition 4.1.1 (free type substitutions) A type substitution o is called a free type sub-
stitution if o is just defined for free type variables, i.e. if

dom(o) C Vy.

The set of all free type substitutions is denoted by F'TS, the set of all closed free type substi-
tutions by FTSc.
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CFE will return sets of free type substitutions called s-collections:

Definition 4.1.2 (s-collection) An s-collection is a finite set of free type substitutions.

During the processing of C'E constraints on the possible instantiations of type variables are
collected in structures called constraint sets that are defined as follows:

Definition 4.1.3 (free constraint sets) A free variable constraint is a pair (X,t) (often
written as X <t where X € Vy andt € T. A free constraint set is a set of free variable con-

straints {(X1,t1), ... , (X, tn)} with pairwise disjoint variables X;. For such a free constraint
set dom(o) ={X1,...,X,} and o(X;) = t;.

The intermediate values occurring in CE are not free constraint sets directly, but sets of free
constraint sets. These sets are called c-collections and defined as follows:

Definition 4.1.4 (c-collection) A c-collection is a finite set of free constraint sets.

Constraint sets and c-collections make restrictions to the values assigned to certain variables.
The free type substitutions or s-collections fulfilling all these constraints are called compatible
with a free constraint set of c-collection, respectively:

Definition 4.1.5 Let o be a free constraint set. A free type substitution o’ is compatible with
o if for every X with X <t € o the following holds:

e X € dom(c’)
o {th € ('(X))

An s-collection X' is compatible with a c-collection Y if there is a one to one assignment of
o' € ¥ to o € X with o' compatible to o.

For every free constraint set ¢’ there is the natural free type substitution o of ¢’ defined as
follows:

Definition 4.1.6 (natural free type substitution) Let o’ be a free constraint set. The
natural free type substitution of o’ (denoted by subst(c’)) is

subst(o’) = {X «— o'(X) | X € dom(c")}.

For a c-collection X' the natural s-collection of ¥ is

subst(X') = {subst(c’) | o' € X'}
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The union of c-collections is based on the union of free constraint sets defined as follows:

Definition 4.1.7 (union of free constraint sets) Let oy and oy be two free constraint
sets. Their union is defined as

O'1®O'2:{A<—(Ut1 tg)’A<-t1€O’1/\A<—t2€O’2}
U{A<—t1‘A<—t1 60'1/\A¢d0m(0'2)}
U{A—ty | A—ty €y NAE dom(oy)}.

We can now define the union of c-collections:

Definition 4.1.8 (union of c-collections) Let ¥y and Yo be two c-collections the union of
Y1 and Y is defined as

21®22:{01®O’2 | o1 € X1 N\ 0y EEQ}.
We use the same operator ® for both free constraint sets and c-collections. When identifying

free constraint sets o with the one element c-collections {o} the correspondence becomes
obvious.

4.1.2 CF on Base Types and Value Assignments

The algorithm CFE works by decomposing its argument types. It therefore needs an algorithm
CFEbase to decide the common element question for base types and value assumptions.

Assumption 4.1.9 (common elements of base types) The function CEbase : B x B —
{true, false} approzimates the question whether two base types or value assignments have
common elements as follows:

(b1) N (b)) # {L} = CEbase(by,by) = true.

There is an algorithm also called CEbase that terminates for every input and returns the value
of the function CEbase.

Especially CFEbase fulfills
CFEbase(by,by) = trueif (by = T Aby# L)V (by =T Aby # 1)
but
CEbase(by,by) = falseif by = L Vby = L.

App. C contains a definition of CFEbase for the example base types presented there.
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4.2 The Algorithm S-CFE

The main task of calculating substitutions that cover all common elements of two types is
done by the algorithm S-CFE. The way S-CE decomposes structures to compare the elements
is quite similar to term unification [Rob65]. There are, however, several differences e.g. for
the processing of unions and for the repeated unfolding of recursive types.

S-CE is presented as a function S-CFE(ty,ta, 0, 7) where

e 1, and t, are the types that are checked.
e 0 is a free constraint set.

o r = ((t11,t21)s- -, (t1m, t2.m)) is a list of type pairs called recursion history. r is just
used when processing recursive types. It contains all pairs of types with at least one
recursive type that have already been processed in a previous recursive call.

An initial call of S-CFE of the form
S-CE(t1,t2,{}, ()

is initiated by CFE. Its arguments are two types t; and t5 to be checked for common elements,
the empty free constraint set o = {} and the empty recursion history r = ().

As result S-CFE returns a c-collection. For every common element v this c-collection contains
a free constraint set that describes a restriction of ¢; and ¢, to types both containing v. The
c-collection is empty if no common elements where detected.

The behaviour of S-CFE is determined by a case distinction on the the two first parameters
t; and t5. We will now describe S-CF for each of the possible cases. Since the cases are not
disjoint we will present them in a fixed order in which they are checked.

4.2.1 Globally Used Auxiliary Functions

To describe the actions of S-CFE in the individual cases we start with defining some auxiliary
functions that are needed in several cases:

In several cases S-CFE decomposes a constructor and performs recursive calls sequentially to
the arguments. This is formalized by the function SCE-list-reduce.

SCE-list-reduce expects a list of type pairs and an initial c-collection. It initiates sequential
calls to S-CFE with the types given in the type pairs as arguments. This is done for all free
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constraint sets in the actual c-collection and the results are united. The actual c-collection is
the initial one when processing the first type pair and the result of processing the previous
type pair else. A recursion history r is just passed through to the calls to S-CE.

Definition 4.2.1 (SCE-list-reduce) The function SCE-list-reduce expects the following ar-
guments:

o A list L of tuples (t1,ts) where t1 and ty are types.

e A c-collection .

e A recursion history r.

The result of SCE-list-reduce is a c-collection. SCE-list-reduce is defined by the following rules
where (SCE-list-reducel) applies for empty L and (SCE-list-reduce2) for non-empty L:

SCE-list-reduce((), X, r)
by

(SCE-list-reducel)

SCE-list-reduce(((ti,t}), lix1, -+ s lg), 2, 7)
SCE-list-reduce((lis1, - .. k), U,ex S-CE(t;, 1}, 0,7),7)

Example 4.2.2 (SCE-list-reduce) Consider the following call to SCE-list-reduce:
SCE-list-reduce(((A, string), (num, int)), {{}},7)

(SCE-list-reduce?)

This call is processed by rule (SCE-list-reduce2). For every free constraint set in the given
c-collection (just {} in this example) S-CE is called with the first type pair A and string as
arguments, i.e.

¥ = {0’} = S-CE(A, string, {},r) with ' := {A «— string}
15 calculated. The remaining list of type pairs is processed recursively by the call
SCE-list-reduce(((num, int)), X' r)

Again SCE-list-reduce initiates a number of calls to S-CFE with the first type pair as arguments.
Since Y just contains one free constraint set in the example just one call to S-CFE is necessary:

Y=Y = 5-CE(num, int, o’ r)
The resulting c-collection X" is used in the recursive call
SCE-list-reduce((), %", r)

to SCE-list-reduce. Since the list of type pairs is empty rule (SCE-list-reducel) applies and
" is returned.
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For changing a constraint in a given constraint set the functions extend-constraint and replace-
constraint can be used:

Definition 4.2.3 (extend-constraint) Let o be a free constraint set, X € V; a free variable
and t a term. o' = extend-constraint(X,t, o) is the free constraint set differing from o just in
the constraint of X as follows:

o [f X is unconstrained in o then X «—t € o’.
o fX —tecothenX — (Utt)ed.

Definition 4.2.4 (replace-constraint) Let o be a free constraint set, X € Vy a free vari-
able and t a term. o' = replace-constraint(X,t, o) is defined by

, t o ifY =X
oY) = {J(Y) else

Note that extend-constraint and replace-constraint behave equivalently if X ¢ dom(o).

In some cases a given free constraint set has to be updated by constraining all free variables
occurring in a term in a certain manner. This is done by the functions constrain-all-free and
free-to-top:

Definition 4.2.5 (constrain-all-free) Lett be a type term and o a free constraint set. The
call constrain-all-free(t, o) constrains every free variable occurring in t to a fresh quantified
variable. The new constraints are added to o without destroying previous constraints:

forall free variables Y int do
let Y' € V; be a new free variable.
o = extend-constraint(Y,Y', o)
return o.

Definition 4.2.6 (free-to-top) Let t be a type term and o a free constraint set. The call
free-to-top(t, o) constrains every free variable occurring int to T in o:

forall free variables Y int do
o = replace-constraint(Y, T, o)
return o.

The following subsections describe the actions of S-CFE for certain cases of t; and t5:
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4.2.2 T in one of the Arguments

T has common elements with every type (except of L). So if one of the types is T and the
other one is not L then S-CFE directly returns with success. This if formalized in the rules
(Top1) and (Top2):
S-CE(T, tQ, g, 7")
{0}

by # L (Top1)

S-CE(ty, T,o,r)
{o}

ty # L (Top2)

4.2.3 Recursive Types

When one of the types t; and %, is a recursive one S-CF essentially performs a further test with
the recursive type unfolded. But since types constructed by the recursive type constructor
correspond to infinite syntax trees we need a special termination condition when working on
recursive types. During descending an infinite branch of the syntax tree there is just a finite
number of different type pairs ¢; and t, that are checked by S-CE. The number of different
type pairs containing at least one recursive type is also finite, but there must be an infinite
number of recursive calls to S-CFE to get an infinite execution.

Consider a recursive call to S-CFE with types t; and ¢, with:

e One of the types is a recursive one.

e There is a call to S-CF in the recursive history with the same types t; and t,.

The new call to S-CFE will not yield any evidence against common elements that are not
already detected in processing the former call with the same arguments. Hence, the actual
call can return without introducing any further constraints. This if formalized by rule (RecT).

S—CE(tl, tg, a, 7’)
{o}

(t1,t2) €7 (RecT)

Now we can explain the unfolding of recursive types in the first or second argument done by
the rules (Recl) and (Rec2), respectively:
S-CE(t; = uX.t), ta,0,7)
combine-cs(S-CE(unfold(t), ta, o, ((t1,t2) . 7)))

(Recl)
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S-CE(tl, tQ = ,U/Xté, a, 7")

combine-cs(S-CE(ty, unfold(ts), o, ((t1,t2) . 1)) (Rec2)

The function combine-cs used in (Recl) and (Rec2) expects and returns a c-collection and is
defined as follows:
combine-cs(() = )

combine-cs(3) = {® o|0#X CY}for L #0

oex’

Example 4.2.7 Consider the c-collection > = {01, 09} with o1 = {X «— int,Y «— int} and
o9 = {X < bool,Z « bool}.

The non-empty subsets of ¥ are

21 = {0'1}
Yy = {02}
Y3 =2.

FEach of these subsets 33; yields a free constraint set that is generated by combining all elements
of ¥; by ® with the following results:

® o

oEX

Q=0

g€

Q) = 03 with 03 = {X « (U int bool),Y « int, Z « bool}.
oEX3

Altogether combine-cs(¥) = {01, 09,03}.
The reason for applying combine-cs on the result of the recursive subcall becomes obvious in

the following example:!

Example 4.2.8 (recursive types) Assume that (Recl) and (Rec2) just return the results
of their subcalls without applying combine-cs. Consider the two types

t1 = uX.((U f(bool) f(int)) . (U nilX))

to =pY.(f(A) . (UnilY))

!Some of the rules used for the example are defined afterwards. We just sketch the results here.
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where f is a unary free type constructor (or a type constructor with arity n and n—1 argument
positions fized).

Processing the call S-CE(ty,t2,0,()) starts with applying the rule (Recl) and afterwards the
rule (Rec2). The result is a recursive call

S-CE(t),t5,0,7) with t] = unfold(t,), ty = unfold(tz) and r = ((¢},t2) (t1,t2))

This call is processed by rule (Constr) and is divided into two subcalls. The first one is
processed by rule (Ul) with each of its subcalls decomposed by (Constr) and processed by
(Var2). It yields

S-CE((U f(bool) f(int)), f(A),D,r)={{A «— bool},{A«— int}} =:3;.

The second subcall (more precisely we have two subcalls for every element o € X1 ) is decom-
posed by (U1) and (U2) and some of the subcalls are processed by (RecT), some by (Base) and
some fail. These subcalls do not introduce any new constraints and Y, is returned.

Unfortunately there is a value v = (#t . (5 . nil)) with v € t; Lty (e.g. with py = {A —
(U bool int)} and p, =0), but v & o(t1) D o(ts) for all o € 3.

When we assume the rule (RecT') not to exist the processing of the call in Example 5.2.8
does not terminate, but the constraints generated during the infinite loop give insight in the
problem of the example. After the second unfolding of #; and ty the first call performed
by SCE-list-reduce generates the free constraint sets ;7 = {A < (U bool bool)} and
o2 = {A <~ (U bool int)} from {A « bool} and o097 = {A < (U int bool)} and
032 = {A «— (U int int)} from {A < int}. After the third unfolding eight constraint sets
containing three element unions are generated and so on.

More generally, when after unfolding types by (Recl) and (Rec2) a union type construc-
tor causes several free constraint sets to be generated, an iterated unfolding can generate
constraints containing unions as above. Since the generation of these unions is blocked by
(RecT) we have to calculate these unions after processing the first unfolding. This is done by
combine-cs.

4.2.4 Free Type Variables

When at least one of the types is a free type variable several cases have to be distinguished:
There is either exactly one or two free type variables that can already be member of the
domain of ¢ or not.
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When both types are free type variables then a new variable is introduced in order to name
the common elements possibly occurring at this point. This variable must not be restricted
by S-CFE any further and is therefore quantified:

S—CE(tl,tg,O', 7")

extend-constraint(ty, X', extend-constraint(ty, X', o))

t1,t2 € Vi, X' € Vi new (BothVar)

Example 4.2.9 Let t; = #(X int X) and ty = #(bool Y Y). The call S-CE(ty,ts,0,())
is processed by rule (Constr) given below. The processing of this rule initiates the call
SCE-list-reduce(((X, bool), (¢nt,Y),(X,Y)),0,()). The first two subcalls to S-CE are pro-
cessed by the rules (Varl) and (Var2) given below. They yield a intermediate c-collection
consisting of exactly one free constraint set o' = {X «— bool,Y « int}.

The result of the initial call to S-CE is the result of the third subcall S-CE(X,Y,d’,()) which
is processed by rule (BothVar). Its result is {{X «— (U bool Z),Y « (U int Z)}}. with a
new free variable Z.

Note that the introduction of Z is necessary in order to preserve e.g. the common element
v = #(#t 42 40.5) with a non-integer number in the third vector position.

When just t; is a free type variable then the constraint of ¢; in ¢ is updated to contain t5:

S—CE(tl, tg, g, 7")
{constrain-all-free(ts, extend-constraint( X, ts, o))}

t1 € Vf,tQ ¢ Vf (VG,TZ)

The case for just ¢y € Vy is given by the rule (Var2) that is defined analogously to (Var1).

Example 4.2.10 Let t; = (X . int) and to = ((Y . int) . Y). The call S-CE(ty,ts,0,())
yields the call SCE-list-reduce(((X, (Y . int)), (int,Y)),0,7) by rule (Constr) given below.

The first subcall to S-CE is S-CE(X, (Y . 4nt),0,()). It is processed by rule (Varl) and
yields the result X1 = {01} with oy = {X «— (Y . int),Y «— Y'}. The constraint of X is
introduced by extend-constraint while the constraint of Y results from applying constrain-all-
free to (Y . int).

In second subcall initiated by SCE-list-reduce is S-CE(int,Y, 01, ()). Its result is Xg = {09}
with o9 = {X «— (Y . int),Y «— (U Y int)} by rule (Var2).

Note that without applying constrain-all-free the result in this example is X\ = {ob} with
oy ={X «— (Y . int),Y «— int}. While the value v = ((#t . 168) . 42) is a common element
of t1 and ty under oy it is not a common element when applying o} instead.
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4.2.5 Union Types

When one of the types is a union type then a check has to be performed with the individual
union elements and the results must be united. This is formalized in the rules (U1) and (U2)
for a union type t; and t,, respectively:

S—CE((U t171 tlyk),tg,U,T’)

- (U1)
Ui:l S—CE(tl’i, tg, g, 7")

S—CE(tl, (U t271 cee t2,k)7 g, T’)
Ule S— CE(tl, tg,i, g, 7")

(U2)

4.2.6 Intersection Types

When one of the types is an intersection type the other argument type has to be checked
against all intersection elements cumulating the detected restrictions. This is done by the
rules (/1) and (12) for an intersection type in the first or second argument, respectively using
the function SCE-list-reduce given in Def. 5.2.1 on page 79:

S—CE((ﬂ t171 Ce tl,k), tg, a, 7’)
SCE-list-reduce(((t11,t2), .. , (t1g, t2)), {0}, 7)

S-CE(tl, (ﬂ t2’1 Ce tg,k), g, 7“)
SCE-list-reduce(((t1,t21), - . , (t1,t2x)), {0}, 7))

Unfortunately this definition of (1) and (/2) yields the following unintuitive results:

Example 4.2.11 Let t; = (A . nil) and ty = (N (num . nil) (bool . nil)). For this pair of
types S-CE returns the c-collection {A «— (U num bool) even though ty does not contain any
values except 1.

The behaviour above does not violate any of the statements proven for S-CFE below. For refin-
ing S-CFE one could think of a different mode in variable instantiation in order to distinguish
constraints introduced by different intersection elements. A different way of refinement is an
equivalent transformation of intersection types, e.g. transforming ¢, to ((N num bool) . nil)
with an additional check for emptiness of the resulting intersection in Ex. 5.2.11 above.
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4.2.7 Complement Types

If one of the the types is a complement type then there are common elements if the other
type is not a subtype of the complement’s argument.

When the type ¢ (either ¢; or t5) that is checked against the complement type is not a semi-
closed term then we enforce this property be replacing every free variable by T:

S-CE(Cty, ty,0,7)
{o'}

o' (ty) L t}, 0" = free-to-top(ts, o) (Compl)

S-CE(ty,Cthy, o,1)
{0’}
Note that o’(t2) [Z ¢} abbreviates the test =ST(0'(t2),t}). o’ is generated from o in order to
get a semi-closed term o’(t2) in (Compl) or o’(t1) in (Comp?2).

o' (t1) £ ty, 0" := free-to-top(ty, o) (Comp2)

The calls to ST performed when checking the [Z-conditions (cf. Def. 3.4.2) can cause a re-
cursive call to S-CF, again, because of case (9f) of ST. Because of this the recursion info r
must be passed over to ST and back to S-CF via CE. We omit this parameter here in order
to simplify the representation of the algorithms. r is not changed at all in ST or CF, but is
just passed through to S-CE again.

Example 4.2.12 Let t; = Cint and t = (X . Y). The call S-CE(t1,t2,0,()) is processed
by rule (Compl). This rule generates the free constraint set o' = free-to-top(ts, ) = {X «—
T,Y « T} and performs the test =~ST((T . T), 4nt). Since this test succeeds the c-collection
{0’} is returned.

4.2.8 Free Type Constructors

When both types are constructed by the same free type constructor ¢ then the argument pairs
of each position have to be checked sequentially collecting the restrictions. This is formalized
in the following rule using SCE-list-reduce:

S-CE((C t171 Ce th) (C t271 Ce t27k), g, 7")
SCE-list-reduce(((t11,t21), -, (t1k, tox)), {0}, 7))

(Constr)

4.2.9 Frame Types

For two frame types I} and F; the existence of common elements depends on two facts:
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e The sets of bound symbols must be equal.

e For every symbol the assigned types must have common elements.

After determining an order of the symbols the types assigned to the same symbol in both
frames must be checked against each other. The result restrictions are collected:
S-CE(Fy, Fy,0,1),[s1 > t1, ..., S+ tri| € fs(F;) for i € {1,2}
SCE-list-reduce(((t11,t21), -, (t1k, t2x)), {0}, 7))

(Frame)

4.2.10 Environment Types

When both types are environment types then they are decomposed and the pairs of frames
at the same position are checked collecting the results. This is done similar to the processing
of types constructed by the free type constructors:

S—OE((FLl e Fl,k) (F271 e F2,k:)7 g, T’)
SCE-list-reduce(((F11, F21), ..., (Fik, Fog)), {o},7))

(Env)

4.2.11 Function Types and Quantified Variables

If both types t; and t, are function types then they have common elements when they are
equal or one of them is the type TFunc of all functions. A quantified variable just has common
elements with itself. These cases are formalized in the following function:

Definition 4.2.13 The function fq: T x T — {true, false} expects two types t; and ty and
returns true in the following cases:

e i1 and ty are the same function type.

e 11 and ty are both function types and one of them is the type TFunc of all functions.

® tl = tg and tl,tQ € ‘/q
In all cases not mentioned above fq returns false.

In all the cases with £q(¢1,?2) = true no further restrictions must be included into the result
of S-CE. This yields the following rule:

S_OE(tla t27 g, T)
{o}

fa(ty,t2) = true (PunQ)
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4.2.12 Base Types and Value Assignments

When ¢; and ¢, are both base types or value assignments then the question whether they have
common elements is answered by CFEbase fulfilling Assumption 5.1.9.

The behaviour of S-CFE is formalized in the following rule:
S- CE(tl, tg, a, 7’)
{0}

CEbase(ty,ty) = true (Base)

4.2.13 Integrating the Cases

In this subsection we will present the algorithm S-CE by integrating the previously introduced
rules in a fixed order:

Definition 4.2.14 (algorithm S-CE) The algorithm S-CE checks the previously defined
rules in the following order and returns the result given by the first applicable rule:

(Topl),(Top2), (RecT), (Recl), (Rec2), (BothVar), (Varl), (Var2),
(U1),(U2),(11),(12), (Compl),(Comp2), (Constr), (Frame), (Env), (Fun(), (Base) .

If none of these rules is applicable S-CFE returns the empty c-collection ().

4.2.14 An S-CFE Example in Detail

The following example shows in detail how calls to S-CFE are processed and how the use of
unions by ezxtend-constraint enables S-CFE to process hetreogenous lists correctly.

Example 4.2.15 (S-CE) Consider the call S-CE(ty,t2, 0,r) with:

tp = puX.(Unil (A. X))
to = (nat . (string . nil))
=0

0

g
r

1. S-CE(ty,ty,0,7) is processed by rule (Recl) resulting in the call
S-CE((U nil (A . t1)),ta, 0, 7" := ((t1,t2))) -
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10.

By rule (U1) the S-CE-call is recursively splitted into two subcalls:

(a) S-CE(nil,ty,0,7") =0
(b) S-CE((A . t1),t5,0,7")

S-CE((A . t1),t2,0,7") is processed by rule (Constr). SCE-list-reduce performs the fol-
lowing subcalls (the result of subcall number i is denoted by %; ):

(a) ¥ = S-CE(A, nat,0,7") = {{A « nat}} by rule (Varl).
(b) X9 = S-CE(ty, (string . nil), o’ = {A «— nat}, 1)

. S-CE(ty, (string . nil),o’,r") is processed by rule (Recl) resulting in the call

S-CE((U nil (A . t1)),(string . nil), o', r" = ((t1, (string . nil)), (t1,12))).

By rule (U1) we have two subcalls for the contained call to S-CE:

(a) S-CE(nil,(string . nil),o’,r") =10

(b) S-CE((A . t1),(string . nil), o', r")
S-CE((A . t1),(string . nil),o’,r") is processed by rule (Constr):

(a) ¥} = S-CE(A, string,o’,r") = {o" .= {A «— (U nat string)}}

(b) ¥4 = S-CE(t1,nil, 0", 1")

The second call is processed by rule (Recl) producing the call

S-CE((U nil (A . t1)),nil, 0", 7" = ((t1,nil), (t1, (string . nil)),(t1,12))).

By rule (U1) the call to S-CE causes the following subcalls:

(a) S-CE(nil,nil,o”,r") = {c"} by rule (Base).
(b) S-CE((A . t1),nil,a”, ") =0

The call containing the union (U nil (A . t1)) in step (7) yields the result {¢"}. This
is also the result for ¥i.

The result of step (5) is given by the union of the two subcalls. Since the first subcall
yielded the result () this is equal to the result of the second subcall which is still {o"}.
Thus, {c"} is the result of step (4), of 3o and therefore of step (3).

The result of step (2) is given by the union of O from the first subcall and {c"} from the
second one. {0"} is also the union result and the result of step (1).
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4.2.15 Properties of S-CFE

Lemma 4.2.16 (termination of S-CE) If the algorithm ST terminates for every pair of
closed terms in set normalized form then the algorithm S-CE terminates for every input with
arguments 1 and 2 in set normalized form.

Proof: See App. B.1, Page 122. O

The remaining condition on ST for termination of S-CFE is removed later. The unrestricted
termination result is given in Cor. 5.3.16.

In the following we will prove certain properties of the result of S-CE for every intermediate
recursive call occurring during the processing of an initial call to S-CE. These intermediate
calls are sometimes incomplete because there might be computations that were started before
initiating the actual intermediate call but were not finished. Hence, we need the notion of
implicit constraint sets. Implicit constraint sets are defined in the context of executions of

SCE-list-reduce.

Informally an implicit constraint set is the union of the results of all open S-CFE calculations
i.e. calculations that are given in the argument list of a call to SCE-list-reduce but where not
yet processed. Open S-CFE calculations are defined as follows:

¢ = S-CE(t,,ty,5,7)

' = SCE-list-reduce(((t1,t}), ..., (tn, 1)), 2, 1")

Ch

Q
0
=

Figure 4.1: open S-CFE calculations
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Definition 4.2.17 (open S-CE calculation) Let
&= S-CE(t,ty,5,7)
be a call to S-CE and
d = SCE-list-reduce((t1,1t}), ..., (tn, 1)), 2" 1)

a call to SCE-list-reduce occurring as (maybe indirect) subcall of ¢. Let the first argument
of SCE-list-reduce be a list with the n elements (t;,t,) for i € {1,...,n}. For every j €
{1,...,n} let

cji = S-CE(t;,t;,050,r) with 1 € {1,... ,m;}

be the calls to S-CE initiated by SCE-list-reduce when processing the j™ list element and let
Cj = {Cj71, e 7Cj,mj} .

Let ¢ be a call to S-CFE that is either ¢;; € C; or a subcall of ¢;; for some i and some | (cf.
Fig. 5.1). Then every C; with i < j < n is an open S-CE calculation of ¢ with respect to ¢.

The fact that C; is an open S-CE calculation of ¢ might be confusing. But this definition is
necessary in order to provide the constraints given by C; for the ¢;; being processed after ¢
in the following definition of implicit constraint sets.

When applying SCE-list-reduce the constraints for the individual list entries of the first ar-
gument could essentially be calculated independently from each other (with the empty free
constraint set as third argument) and combined afterwards. For the presentation of SCE-
list-reduce we calculated them step by step and combined an intermediate result directly on
the fly. The idea behind implicit constraint sets given in Def. 5.2.18 is to perform all open
S-CFE calculations independently from an already known intermediate result and to combine
the results.

Note that in the following definition there can be several calls ¢’ for given ¢ and ¢. The
elements set of all corresponding open S-CFE calculations are enumerated from 1 to n.

Definition 4.2.18 (implicit constraint sets) Let ¢ := S-CE(t,t',0,r) be a call to S-CE
steaming from an initial call & :== S-CE(t,t,0,()). Let Cy,...,C, be the open S-CE calcula-
tions of ¢ with respect to é. Let Cj = {cj1,... ,Cjm,} with c;; = S-CE(t;,t;,05,,7) and let
Y, = S-CE(t;,t.,0,r) for every j € {1,... ,n}.

VI R

Then the tmplicit constraint set of ¢ with respect to ¢ is

implicit-csz(c) == ® ;.

j=1,...,n
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If the set of open S-CE calculations of ¢ with respect to ¢ is empty we define

implicit-csz(c) := {0} .

The following Lemma 5.2.19 states the main property of implicit constraint sets: When
processing a call to SCE-list-reduce we can stop the calculation at every list element of the
first argument and combine the intermediate result with the corresponding implicit constraint
set without changing the result.

The following lemma states that calculating SCFE-list-reduce as given in Def. 5.2.1 is equivalent
to calculating the implicit constraint set of the initial call. I.e. the constraints generated by
the subcalls to S-CF initiated by SCE-list-reduce can also be generated independently and
be combined afterwards.

Lemma 4.2.19 (implicit constraint sets) Let ¢ be a call to S-CE and ¢ the first call to
SCE-list-reduce performed when processing ¢. Let 3 be the result of a call

¢ = SCE-list-reduce((t1,t}), ..., (tn,t))), 2, 7)

and let C; denote the set of recursive calls to S-CE when processing the j™ list element. Let
Y; be the c-collection used in the recursive call

SCE-list-reduce(((tj11,t541), - (tn, 1)), X5, 7)
for all j and ¥; = S-CE(t;,t},0,r) then:

VR
k
ocombine-cs(X) = combine-cs(¥X; ® U ¥%) = combine-cs(X; ® implicit-css(Ch)) .
j=l

where ¥ = X' = 3.

Proof: See App. B.1, Page 124. O

The following lemma states the main property of S-CE’s output: Consider two types t; and
to that have a common element v under a free constraint set & (precisely its natural free type
substitution). Consider a call to S-CE with t;, t; and & as arguments and a recursion history
r that is not arbitrary chosen but generated by S-CFE starting with an initial call with empty
recursion history. Then the result contains a free constraint set o that essentially restrict t;
and t, to types containing v.

But the free constraint sets o (more precisely the corresponding natural free type substitu-
tions) in general are not idempotent. Thus, the lemma precisely states common elements of
t; and t5 after o has been applied to t; and ¢, an arbitrary number k£ of times.
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The correctness of S-CE is stated by the following Lemma 5.2.20: If during evaluating the
call S-CE(ty,t,,0,()) there is a subcall S-CE(t1,ts,5,r) then the set of common elements of
the type pair (t1,t2) is preserved under building all instances o(t1) and o(ty) with o € ¥ =
S-CE(ty,t9,7,7). Furthermore, changing & to one of the o € ¥ just enlarges the set of values
each variable is constrained to.

Lemma 4.2.20 (correctness of S-CE) Letty,ty € T, both in set normalized form and let
c:= S-CE(ty,ts,0,7) be a call to S-CE that occurs as a recursive call after an initial call ¢ to
S-CFE with empty recursion information (). Let CFE fulfill Assumption 3.4.6. Let there exist a
value v # L such that

Vk € N.v € subst(5)*(t,) B subst(5)*(ts) . (4.2)

Then there exist a free constraint set
o € combine-cs-cond(.z(S-CE(t1, t2, 5, 1) @ implicit-csz(c)) *
such that the free type substitution o’ = subst(c) compatible with o fulfills
Vk e N.v e o™ (t) D o™ (t,) . (4.3)

Furthermore, if X is a free variable with X € dom(¢) and 6(X) = tx then X € dom(a) for
every o € S-CE(t1,t2,6,7) and tx = o(X) fulfills:

{txD(r) € (txD(7) (4.4)

for every closed type substitution T appropriate for tx and tx.

Proof: See App. B.1, Page 128. O

Note that the second part of (5.2) in Lemma 5.2.20 is necessary because of the special un-
derstanding of quantified variables. Two types are just considered as types with common
elements if there are common elements under every instantiation of the quantified variables
with types # T. E.g. the type (1ist Xy) has common elements with (1ist T) but not with
(list Y5).

2The function combine-cs-cond conditionally calls combine-cs on its argument depending on its subscripts:
It behaves like combine-cs if ¢ is a (maybe indirect) recursive subcall of an execution of Rule (Rec!) or (Rec2)
in the context of ¢. Otherwise, combine-cs-cond is the identity.
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4.2.16 The Order of S-CFE Rules

Though Lemma 5.2.20 states the correctness of S-CFE independently from the order in which
the rules are checked the precision of S-CFE depends on the given order. This problem becomes
obvious when considering intersection types not containing any elements as the following
example shows:

Example 4.2.21 (order of S-CFE rules) Consider the call
S-CE(t1,t2,0, () with t; = (U int bool),ts = (N int bool).

When decomposing the union first the result is given by the union of the results of the two
subcalls S-CE(4nt, ty,0,()) and S-CE(bool,ts,0,()). Both of them fail and return the empty
c-collection. As a result the c-collection returned by rule (Ul) is also empty denoting no
common elements.

If on the other hand the intersection is decomposed first the result of
SCE-list-reduce(((t1, int), (t1, bool)), 0, ())
is returned. SCE-list-reduce performs the subcalls
S-CE(ty, int,0,()) and S-CE(t1, bool, D, ()).

Both of these calls return g = {0}. The result of SCE-list-reduce is X. This is less precise
than the failure in the case above.

A discussion on all order dependencies between two rules is given in the following Remark
5.2.22:

Remark 4.2.22 (ordering of the S-CFE cases) On the one hand S-CE contains rules with
conditions based on the structure of both terms t, and ty. On the other hand the applicability
of the rules (Recl), (Rec2), (Varl), (Var2), (U1), (U2), (I11), (12), (Comp1) and (Comp?2)
just relies on one of the terms. We discuss here that the chosen ordering of the last kind of
rules is reasonable in order to get as precise results as possible.

o As we will see below there are indeed cases whose order is crucial for the desired result.
The unfolding of recursive types itself does not interfere with any of the other cases
directly. But when performed to late constructors that have to be decomposed early can
be hidden by the p-constructor. If e.g. t; = pX.(U ... C[X] ...) and ta = (N ...)
then the unfolding of t, has to be done before decomposing to. The correct solution is to
perform the unfolding of recursive types in the rules (Recl) and (Rec2) before all other
cases discussed here.
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e To treat free variables in the next step is correct and useful in situations where one type
to be tested is a free type variable X and the other one is constructed by U, N or C. In
this case the most precise result we can get is to constrain X to the constructed type.
This 1s just possible when this constructed type has not been decomposed, already.

o Let tl = (U t171 tl,k) and tg == (ﬂ t271 tgyk/). A wvalue v S <[T(t1)]> N <[T(t2)]>
for an arbitrary substitution T must occur in one of the (7(t1;)) and in all of the
(7(t2;)). Therefore to get common elements of t1 and ty all of the T(ty;) must have
common elements with the same 7(t;,;). When first decomposing the intersection of to
S-CE checks whether all T(ty;) have common elements with any of the 7(t1;). When
on the other hand the union of t; is decomposed first then the desired stricter property
is checked. It is therefore reasonable to decompose unions by the rules (U1) and (U2)
before decomposing intersections by the rules (11) and (12).

Now let t; = (U t11 ... t1g) and ty = Ct,. We know that t, is not a union or
intersection type because otherwise ty not in set normalized form. When first processing
the complement type then we check the property

=ST(a(t),ty) & = \ ST(o(t1:).t5) & \/ =ST(0(t14), 1))

i=1 =1

Decomposing the union first unites the results of checking —ST(o(t1,),t5) where the
unton behaves like disjunction when ty s already a semi-closed type. Thus, for a semi-
closed t1 both orders yield the same result, but for t; containing free variables processing
the complement first introduces constraints that might be unnecessary. On the other
hand decomposing the union first will introduce constraints containing T (done by free-
to-top) just for certain free constraint sets in the returned c-collection and hence it is
correct and reasonable to decompose unions before processing complements.

Altogether it is correct to check the rules (U1) and (U2) before (11), (12), (Compl) and
(Comp?2).

o Letty = (Ntyy ... tig) and toy = Cty. Again, t, is not a union or intersection type
because to is in set normalized form and therefore the complement constructor cannot
hide a constructor that must be processed first. If ty is a semi-closed type then processing
the complement first yields the test

k k
=ST(0(tr), ty) & =\ ST(0(tr:), 1) & [\ =ST(o(tr4), t5)
i=1 i=1
On the other hand decomposing the intersection first causes a sequence of tests of the
form =ST(o(t1,),th) without changing the substitution because both types are already

semi-closed. This sequence of tests is semantically equivalent to the conjunction above.
Because of this it is correct to check the rules (I11) and (12) before (Comp1) and (Comp2).
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In the steps above we have proven the correctness and reasonability of the order (Recl), (Rec2)
— (Varl), (Var2) — (U1), (U2) — (11), (12) — (Comp1), (Comp2) in which S-CE applies
the cases that just depend one one of the argument types. The order of the other cases can be
chosen arbitrarily (except of (RecT) that must be checked before (Recl) and (Rec2) in order
to guarantee termination).

4.2.17 Further Optimizations

Recall the use of the function combine-cs in the rules (Rec!) and (Rec2) of S-CE. They were
used to combine several free constraint sets generated after unfolding one of the argument
types. Unfortunately, the application of combine-cs destroys some of the precision we got
from the use of several different free constraint sets as results of the rules (U1) and (U2).

In the proof of Lemma 5.2.20 the fact that (Recl) and (Rec2) apply combine-cs was just
used for proving the correctness of (RecT'). Indeed, when a recursive subcall generated by
(Recl) or (Rec2) returns without applying (RecT') we did not cut an execution that would
lead to combinations of the different free constraint sets given in the intermediate result of
the subcall of (Rec1) or (Rec2) and therefore the application of combine-cs is unnecessary.

Example 4.2.23 Consider the types
ty = uX.((U f(bool) f(int)) . (Unil X))
ta = (f(A) . (f(A) . nil)).

The call S-CE(ty,ts,0,()) is processed by rule (Recl) initiating the subcall S-CE(t),ts,0, 1)
with t) = unfold(ty) and r = ((t1,t2)). This call is decomposed by rule (Constr) and the first
subcall S-CE((U f(bool) f(int)), f(A),D,r) processed by (Ul) and (Constr) and (Var2) for
every subcall yields 3y = {{A < bool},{A «— int}}.

For every free constraint set o € ¥y the function SCE-list-reduce initiates a subcall
S-CE((U nil ty), (f(A) . nil),o,r).

(We will just discuss the call for oy = {A < bool} in detail.) The call is processed by (Ul)
with the first subcall S-CE(nil, (f(A) . nil),oq,7) returning with the empty c-collection as
result. The second subcall S-CE(ty, (f(A) . nil),01,7) is processed by rule (Recl) yielding the
subcall

S-CE(t}, (f(A) . nil), o1, r") with ' = ((t1, (f(A) . nil)), (t1,12)) .
Again, (Constr) initiates subcalls for two type pairs. The first of them returns

Y91 ={{A — (U bool bool)},{A « (U bool int)}}.
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The two subcalls S-CE((U nil t1), nil,0,7") for o € 3a; just return o. Thus, Yo is returned.
Analogously, for o9 = {A «— int} € ¥; we get
Yoo ={{A — (U int bool)},{A — (U int int)}}.

Altogether, without applying combine-cs the initial call to S-CE returns ¥ = o1 U Xgs.
This result is correct because there was no application of rule (RecT) cutting a necessary
computation.

Furthermore, the application of combine-cs is just necessary if (RecT) was applied to the
argument pair (¢1,ty) the actual application of (Recl) or (Rec?2) inserted into the recursion
information. For all other applications of (RecT) there exists a corresponding application of
(Recl) or (Rec2) and it suffices to apply combine-cs there.

Example 4.2.24 Recall Example 5.2.8. The initial call S-CE(t1,t2,0,()) is processed by
(Recl) yielding the call S-CE(t),t2,0, ((t1,t2))). This call is processed by (Rec2) which yields
S-CE(t),th,0, ((t],t2), (t1,t2))).> The only type pair processed by the rule (RecT) is (t1,ts)
and it suffices to apply combine-cs to the result of the subcall of (Recl).

In order to perform this optimization we have to extend the return value of S-CFE: Instead of
just returning a c-collection ¥, S-CFE has to return a pair (3, R) where 3 is a c-collection as
before and R is a set of type pairs of types (RecT') was applied on. This recursion termination
history R is maintained as follows:

e For a call S-CE(ty,ts,0,r) the rules (RecT) returns ({co}, {(t1,%2)}).

e The behaviour of (Rec!) and (Rec2) applied to a type pair (¢1,%2) depends on the result
(2, R) of its recursive subcall as follows:

— If (t1,t2) € R then the return value of (Recl) or (Rec2), respectively, is
(combine-cs(X), R\ {(t1,t2}) -
— Otherwise, (3, R) is returned.

e The rules (U1), (U2), (I1), (I12), (Constr), (Frame), (Env) return the union of the
recursion termination histories of their subcalls.

e The rules (Topl), (Top2), (BothVar), (Varl), (Var2), (Compl), (Comp2), (Fun@),

(Base) return an empty recursion termination history.

3t) = uX.((U f(bool) f(int)) . (U nil X)), t2 = uY.(f(A) . (U nil Y)), ¢, = unfold(t;) as in Example
5.2.8.
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Example 4.2.25 Consider the following two types

ty = pX. (U nil ((int . A) . X))

toy = ((U (4nt . posint) (int . bool)) . nil)
After the first unfolding step by rule (Rec1) S-CE checks (U nil ((int . A) . t1)) and ty. Rule
(U1) initiates two subcalls checking

1. nil and ty

2. ((émnt . A) . t1) and ty

The first of these subcalls yields the empty c-collection while the second subcall is processed by
rule (Constr) which initiates a call to SCE-list-reduce with the following argument pairs:

e (int . A) and (U (4nt . posint) (int . bool))

e {1 and nil
The first of these subcalls yields the c-collection > = {0y, 09} with o1 = {A < posint} and

oy = {A < bool}. The second subcall succeeds for both o1 and oy without changing any of
these free constraint sets.

In the optimized algorithm S-CE the rule (Recl) just passes through the result ¥ of unfolding
ty the first time. The original algorithm applies combine-cs to 3 yielding

Y = {o01,09,{A — (Uposint bool}}.

By introducing a further free constraint set the unnecessary call to combine-cs causes the loss
of information.

As the example shows calling combine-cs just when necessary causes the rules (Recl) and
(Rec?2) to provide a more precise output. Furthermore, combine-cs is a quite expensive
operation and calling it just when necessary makes S-CE more efficient.

4.3 The Algorithm CF

The algorithm CF is the main algorithm approximating the question of common elements
of two given types t; and t,. Its first step is to call S-CE with the types t; and ty, an
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empty constraint set and an empty recursion information as input. The c-collection resulting
from this call (in the case of success) consists of free constraint sets whose natural free type
substitutions are not idempotent. CFE transforms these free constraint sets into idempotent
free type substitutions independently from each other. This is done by repeatedly inserting the
corresponding values for the variables into the right hand sides occurring in the substitution.
Recursive dependencies between variables are eliminated by introducing recursive bindings
by the p constructor.

The following example shows the intended result of CE for a variable depending on itself:

Example 4.3.1 Consider a call to S-CE which result just contains the free constraint set
{X «— f(X)} with a free type constructor f(-) of arity 1. We want CE to transform this free
constraint set into the idempotent free type substitution {X «— pY.f(Y)}.

For several variables that mutually depend on each other the intended result is presented in
the following example:

Example 4.3.2 Consider a call to S-CFE returning the c-collection ¥ = {o}
{X1 — f(X2), Xo — g(X3), X5 — h(X1)}}.

The dependencies between the variables are given in Fig. 5.2 where an arrow from a variable
V' to a type t expresses that V' is constrained to t.

Figure 4.2: open S-CFE calculations
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The intended result of CE is an s-collection consisting of the idempotent free type substitution

{X1 — flg(pVs. h(f(g(V3))))),
Xy — g(uVs. h(f(g(V3)))),
Xz pVs. h(f(g(V3)))}.

4.3.1 The Core Component of CE

The following definition presents the core component of CFE. It consists of a call to S-CFE
and a loop transforming every free constraint set ¢’ in the result ¥’ of S-CFE into a free type
substitution. All these free type substitutions are collected in an s-collection .

Definition 4.3.3 (algorithm CE) The algorithm CE takes two terms and returns an s-
collection 3.

Algorithm: CE
Input: Two terms t, and ts.
Output: An s-collection .

= S—CE(tl, tg, @, ())

Y=

forall o’ € ¥ do (* Transform free constraint sets into free type substitutions *)
o" := GIS(c’) (* generate idempotent substitution from o’ *)
Y =X U{o"} (* collect result substitutions in s-collection ¥ *)

end (* forall *)

return X

4.3.2 Auxiliary Functions used by CFE

The main task of CFE, i.e. the elimination of the variables from the right hand sides of a
single free type substitution is done by GIS. It is done by calculating an order in which the
assignments to the variables depend on each other. Following this order, GIS inserts the right
hand sides of already processed variables into the right hand sides of different variables. If a
variable depends on itself a recursive type is generated. GIS is defined as follows:

Definition 4.3.4 (algorithm GIS) The algorithm GIS expects a free type substitution and
returns a free type substitution that is idempotent.
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Algorithm: GIS (generate idempotent substitution)
Input: A substitution o
Output: An idempotent substitution &.

G :=(V,R) with V = dom(c’) and R = {(y,z) |z # y,x — t € ¢’ and y is subterm of t}
G’ = (V' R') is the component graph of G. (* cf. Def. 2.2.4 *)
Mark all nodes v € V' with 0.
0_// = @
while there are nodes v € V' marked with 0 do
select v' € V' with all predecessors of v' marked with 1
mark v' with 1
if V' represents a single node in G then
t:=o'(v') (* lookup v' in o’ *)
t':=0o"(t) (* apply already known substitution o” *)
if t' contains v’ as subterm
then t' == pX.t'[v'/X] with a new variable X € V;
O.// e O.// U {,U/ «— t/}
else (¥ V' represents more than one node in V *)
Let V C V be the set of nodes v € V represented by v'.
o, ={X—t|XeV,X—tco t=0"{)} (*0,=0"00|; *)
g = SMR(o,)
o":=0"Udq
end (* if-then-else *)
end (* while *)

return o

For nodes v' € V' denoting more than one node in V' (i.e. for several variables mutually
depending on each other) GIS extracts a free type substitution restricted to the nodes denoted
by v" and passes the processing to SMR.

The algorithm SMR performs insertions of variables and the introduction of recursive types
in a certain order to eliminate cyclic dependencies. This order <y on the variables must be
fixed but can be chosen arbitrarily. SMR is defined as follows:

Definition 4.3.5 (algorithm SMR) SMR needs an ordering <y on the set of variables.
Along this ordering it replaces the variable X by the term assigned to it in the terms of all
variables Y with X <Y . Afterwards the same procedure is done upside down. In every step
occurrences of a variable X in its own assigned term are expressed by a recursive type:

Algorithm: SMR (simplify mutual recursion)
Input: A substitution 0 = {Xy «—tx,,..., Xy — tx, } (with X; <y X1 for all Q).
Output: A substitution &.
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fori=1tok do
t:=o0(X;)
if X; occurs in tx, (* remove X; from its own right hand side *)
then t' := MXZt[XZ/XZ] with a new variable X; € Vi
elset' .=t
0 =0 \{X; — t} U{X; — '} (* 0:=0laonopx,} U{Xi .} *)
for j=i+1tok do (* remove X; from all tx;, with j >1i *)
(* 0= (0|{Xi} © U{Xi+1,---,Xk}) Uoix,,.x;} *)
th = O'(Xj)
ty, =tx,[Xi/tx)]
0 =0 \{X; — ix, } U{X; —t)}
end (* for j *)
end (* fori *)
fori=Fk downto 1 do
for j =i—1 downto 1 do (* remove X; from all tx, with j <i *)
th = O'(Xj)
1= by [/t
o =0 \{X; — tx,} U{X; —t)}
end (* for j *)
end (* fori *)
In every tx, replace every ,u)z'i.t in a position where X; is already bound by some i constructor.

Example 4.3.6 (SMR) Consider a call to SMR with the input substitution o defined by
o ={X1 « f(X2), Xo < g(X3), X3 < h(X1)}.

Assume that X1 <y Xs <y X3. Processing the first i loop fori =1 SMR inserts X, into the
right hand side of the variables that are greater with respect to <y . This insertion yields

{X1 — f(X2), Xo — g(X3), X5 — h(f(X2))}.
For i =2, X5 is inserted into the right hand side of X3. The result is:
{X1 — f(X2), Xo « g(X3), X5 — h(f(9(X3)))}-

For i = 3, the occurrence of X3 in its own right hand side is eliminated by introducing a
recursive type:

{X1 — f(X2), Xo — g(X3), X3 — puV5. h(f(g(V5)))}

Now the second i-loop is processed. For 1 = 3, SMR inserts the value of X3 into the right
hand sides of all variables that are smaller with respect to <y . The result is

{X1 — f(Xa), Xo — g(uV3. h(f(g(V3)))), X3 < uVs. h(f(g(V3)))} .

67



With © = 2 the same s done for Xs:

{X1 — flg(uVs. h(f(g(V5))))), Xo < g(uVs. h(f(g(V5)))), X3« uVs. h(f(g(V3)))}

Fori =1, there is nothing to be done and the substitution above is returned as result of SMR.

Note that the result substitutions provided by GIS and SMR are idempotent.

4.3.3 Examples of Calls to CE

Recalling the input of Example 5.2.15 we get the following example for CE:

Example 4.3.7 (CE) Considert, and ty as defined in Ez. 5.2.15 and a call CE(ty,t5). This
call causes the subcall to S-CE discussed in Ezx. 5.2.15 and yields the result calculated there:

¥ = {{A « (U string nat)}}

For o' = {A < (U string nat)}, the algorithm CE generates the graph G = (V := {A}, R :=
0) and the component graph G' = G. The only node A € V' represents the single node A € V
and t' = o(A) does not contain A as a subterm. Thus, 0" = {A «— (U string nat)} and
¥ :={0"} is returned.

The following example resents some extended work of C'E including real work for the subrou-
tines GIS and SMR:

Example 4.3.8 (CE) Consider the types
th=(X .Y .(Z.nil))
and
to=(Y . X).(Z.((num. X) .nil))).
When fizing <y to X <y Y <y Z then S-CFE returns the following c-collection:
Y ={{X—(Y .X),Y—Z 7 (num. X)}}

The graph G calculated in GIS for the only element o’ of X' is given in Fig. 5.3. It has exactly
one strongly connected component and thus the component graph G’ consists of exactly one
node.

Processing the only node of G' yields a call to SMR with the o' as argument. The individual
iterations of the first i-loop performs the following changes:
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Z

Figure 4.3: Graph G in Ex. 5.3.8

1. X is recursively bound by a p constructor in tx = (Y . X) yielding t'y = uX.(Y . X).
Inty X is replaced by t'y yielding (num . pX.(Y . X)).

2. Fori =2, ty is not changed because it does not contain'Y as subterm. Inty as generated
in the step before Y is replaced by ty yielding (num . nX.(Z . X)).

3. The occurrence of Z in ty from the step before is recursively bound by . The resulting
term is pZ.(num . pX.(Z . X))

After processing the first i-loop the intermediate free variable constraint is:
{X —puX(Y . X),Y —Z 7 — pZ(num. nX.(Z . X))}

The second i-loop has a descending argument. For the individual values of i the following
tasks are performed:

3. ty = Z is replaced by tz = pZ.(num . pX.(Z . X)).
2. 'Y is replaced by ty from the step before in tx yielding uX.(uZ.(num. pX.(Z . X)) . X).
1. Nothing to do.

The resulting free constraint set after executing the second i-loop is:

{X — uX.(uZ.(num . pX.(Z . X)) . X),
Y — pZ.(num. pX.(Z . X)),
Z — pZ.(num. nX.(Z . X))}
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The nested p binding of X in tx can now be removed, yielding uX.(uZ.(num . (Z . X)) . X).
The resulting substitution is the only element of the s-collection Y returned by CE, i.e.:

Y={{X —puX.(uZ(num. (Z . X)) . X),
Y — puZ.(num . uX.(Z . X)),
Z — pZ.(num . pX.(Z . X))}}

We can show that this is an s-collection by renaming of the p-bounded variables resulting in:

Y ={{X « uV.(uW.(num . (W . V)) . V),
Y «— MVV,(num . ,uV.(W . V)>’
Z — pW.num . uV.(W . V))}}

In the example above the only free type substitution ¢ € ¥ has the property that every
v et Bt fulfills v € o(ty) Ho(t).

4.3.4 Properties of CE

In this section we prove several properties of CFE that are necessary in order to make CFE
practically usable.

In order to prove termination and correctness of CE for every input we first prove these
properties for the auxiliary functions SMR and GIS:

Lemma 4.3.9 (termination of SMR) The algorithm SMR terminates for every input sub-
stitution with a finite domain dom(o).

Proof: See App. B.2, Page 136. O

Lemma 4.3.10 (correctness of SMR) Let o' be a substitution such that the graph G =
(V,R) defined as in GIS with V' = dom(o’) and R = {(y,x) | * # y,x «— t € o and y
is subterm of t} contains more than one node and consists of a single strongly connected
component. Let 0 = SMR(c"). Then

{ood' ) (9) = (a(t))(¢)

for every type term t and every closed type substitution ¢ appropriate for o o o'(t) and o(t).

Proof: See App. B.2, Page 136. O
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Lemma 4.3.11 (termination of GIS) The algorithm GIS terminates for every input sub-
stitution with a finite domain dom(o).

Proof: See App. B.2, Page 138. O

Lemma 4.3.12 (correctness of GIS) Let o’ be a substitution fulfilling with the following
properties:

1. o' does not contain a variable binding A «— B with B € dom(d’).

2. If o' contains a variable binding A «— C|[B] with a context C' and a variable B €
dom(c’) then there ezists a variable B' ¢ dom(c’) such that B is bound to B’ or a union
containing B’ in o’.

Let v be a value fulfilling
Vk € N.v e o™ (t;) Do’ (1)
and let 0 = GIS(0’). Then

veoa(ty) Bo(ts).

Proof: See App. B.2, Page 138. g

The following lemma essentially states the termination of C'E. The termination proof in this
lemma relies on the termination of ST. The termination of CE without this restriction is
proven afterwards.

Lemma 4.3.13 If the algorithm S-CE terminates for every pair of terms in set normalized
form (and empty free constraint set and empty recursion information) then CE terminates
for every pair of input types in set normalized form.

Proof: See App. B.2, Page 141. O

We can now prove the unrestricted termination of CE. With Lemma 5.3.13 given, the proof
consists of proving the termination of the loop

CE— S-CEF— ST— CFE (4.5)

between the mutually dependent algorithms CFE, S-CE and ST. Figure 5.4 shows the termi-
nation dependencies. An arrow from an Algorithm 1 to an Algorithm 2 expresses that the
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CP<=—" S (Ch<— ST<— CE
Lemma 5.3.13 Lemma 5.2.16 Lemma 3.4.7

Figure 4.4: termination dependencies between the algorithms

termination of Alg. 2 depends on termination of Alg. 1. The corresponding lemma is given
under every arrow.

Informally, the termination proof for CE (Theorem 5.3.14) uses the fact that every execution
of the loop given in (5.5) reduces the number of complement type constructors occurring
in the two types that are checked. None of the algorithms processed during this loop can
introduce new complement type constructors. Thus, there is a finite bound for the number
of executions of this loop. This is formally stated in the following theorem:

Theorem 4.3.14 (termination of CE) The algorithm CFE terminates for every pair of in-
put types in set normalized form.

Proof: See App. B.2, Page 141. O

Given Theorem 5.3.14 we can now easily conclude the termination of ST for every input.
This extends the termination proof given in Lemma 3.4.7.

Corollary 4.3.15 The algorithm ST terminates for every pair of ground input types in set
normalized form.

Proof: See App. B.2, Page 142. O
Analogously we can extend Lemma 5.2.16 as follows:

Corollary 4.3.16 The algorithm S-CFE terminates for every pair of input types in set nor-
malized form.

Proof: See App. B.2, Page 142. O

Theorem 4.3.17 (correctness of CE) Let ty,to € T, both in set normalized form. Let
there exist a value v # 1 such that

v E tl L] tg .
Then there exists a substitution o € CE(t1,t2) such that
veEoa(ty) Ho(ty).
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Proof: See App. B.2, Page 142.
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Chapter 5

Checking Types for Common Elements

One main question occurring in complete type checking is the following: Given two types ¢;
and to. Is there a substitution o such that (o(t1)) N {o(t2)) # {L}? More precisely this
property should be independent from the instantiation of quantified variables i.e. members of
V. For every such substitution the property of common elements must not be violated by
changing the assignment to a quantified variable.

Example 5.0.18 Consider the types t; = (int . Xy) and ty = (posint . Y) where Xy € V
and Y € Vy. Then t; and ty have common elements because we can e.g. choose substitutions
pr =1{Y «— Xy} and p, = {Xv — int} and a value v =5 and get

v € (pg o ps(t)) N (pg 0 ps(ta)) -

Furthermore, when choosing an arbitrary pj, with p;(XV) # 1 there always exists a v’ with

v € {py 0 pr(t)) N py, © ps(ta)) -

On the other hand t; and t3 = (posint . negint) do not have common elements because we
can instantiate Xy € V, in a way such that no common elements exist.

The notion of common elements is formalized as follows:

Definition 5.0.19 Let t; and ty be two types. These types have common elements if

JpsVpe(dom(py) C Vi A dom(pg) Vg AV Xy € dom(py) . pg(Xe) # L A
N pg © py is appropriate for ti,ty) =
= v € {pg o ps(t1)) N {pgops(t2)) Av# L (5.1)
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We call every v with the properties given in (5.1) a common element of t; and ty and denote
the set of all common elements of t; and ty by ty [ts.

Note that quantified variables are treated in a special way in Def. 5.0.19: They must not
be instantiated in a special way in order to get common elements. Common elements of
types containing quantified variables are rather considered just for those types with common
elements for every instantiation of the quantified variables.

In this section an algorithm CF is introduced that approximates the answer in the following
sense: For every existing substitution with the given property CE returns a more general
substitution. On the other hand C'E may return a substitution even if ¢; and ¢, cannot have
common elements especially when one of the types already does not have any elements.

The description of CFE is done in the following subsections: Section 5.1 contains the pre-
liminaries used to define CFE. In Sec. 5.2 an algorithm S-CF is introduced that calculates
constraints on the variable instantiations. The algorithm CFE presented in Sec. 5.3 transforms
these constraint sets to idempotent substitutions o.

5.1 Preliminaries

In this section we will give some definitions needed to define CFE. First, we will define some
structures forming the result or intermediate values of CE. In a second step we will formulate
the needed properties of a function C'Ebase realizing C'E on base types and value assignments.

5.1.1 Structures used by CFE

The goal of CFE is to find a set of type substitutions more general than the closed type
substitutions transforming two types t; and 5 to closed types with common elements. The
substitutions considered by CFE are restricted in the following way: If o is a substitution
returned by CF then o just assigns types to free type variables. This motivates the following
definition:

Definition 5.1.1 (free type substitutions) A type substitution o is called a free type sub-
stitution if o is just defined for free type variables, i.e. if

dom(o) C Vy.

The set of all free type substitutions is denoted by F'TS, the set of all closed free type substi-
tutions by FTSc.
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CFE will return sets of free type substitutions called s-collections:

Definition 5.1.2 (s-collection) An s-collection is a finite set of free type substitutions.

During the processing of C'E constraints on the possible instantiations of type variables are
collected in structures called constraint sets that are defined as follows:

Definition 5.1.3 (free constraint sets) A free variable constraint is a pair (X,t) (often
written as X <t where X € Vy andt € T. A free constraint set is a set of free variable con-

straints {(X1,t1), ... , (X, tn)} with pairwise disjoint variables X;. For such a free constraint
set dom(o) ={X1,...,X,} and o(X;) = t;.

The intermediate values occurring in CE are not free constraint sets directly, but sets of free
constraint sets. These sets are called c-collections and defined as follows:

Definition 5.1.4 (c-collection) A c-collection is a finite set of free constraint sets.

Constraint sets and c-collections make restrictions to the values assigned to certain variables.
The free type substitutions or s-collections fulfilling all these constraints are called compatible
with a free constraint set of c-collection, respectively:

Definition 5.1.5 Let o be a free constraint set. A free type substitution o’ is compatible with
o if for every X with X <t € o the following holds:

e X € dom(c’)
o {th € ('(X))

An s-collection X' is compatible with a c-collection Y if there is a one to one assignment of
o' € ¥ to o € X with o' compatible to o.

For every free constraint set ¢’ there is the natural free type substitution o of ¢’ defined as
follows:

Definition 5.1.6 (natural free type substitution) Let o’ be a free constraint set. The
natural free type substitution of o’ (denoted by subst(c’)) is

subst(o’) = {X «— o'(X) | X € dom(c")}.

For a c-collection X' the natural s-collection of ¥ is

subst(X') = {subst(c’) | o' € X'}
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The union of c-collections is based on the union of free constraint sets defined as follows:

Definition 5.1.7 (union of free constraint sets) Let oy and oy be two free constraint
sets. Their union is defined as

O'1®O'2:{A<—(Ut1 tg)’A<-t1€O’1/\A<—t2€O’2}
U{A<—t1‘A<—t1 60'1/\A¢d0m(0'2)}
U{A—ty | A—ty €y NAE dom(oy)}.

We can now define the union of c-collections:

Definition 5.1.8 (union of c-collections) Let ¥y and Yo be two c-collections the union of
Y1 and Y is defined as

21®22:{01®O’2 | o1 € X1 N\ 0y EEQ}.
We use the same operator ® for both free constraint sets and c-collections. When identifying

free constraint sets o with the one element c-collections {o} the correspondence becomes
obvious.

5.1.2 CFE on Base Types and Value Assignments

The algorithm CFE works by decomposing its argument types. It therefore needs an algorithm
CFEbase to decide the common element question for base types and value assumptions.

Assumption 5.1.9 (common elements of base types) The function CEbase : B x B —
{true, false} approzimates the question whether two base types or value assignments have
common elements as follows:

(b1) N (b)) # {L} = CEbase(by,by) = true.
There is an algorithm also called CEbase that terminates for every input and returns the value
of the function CEbase.
Especially CFEbase fulfills
CFEbase(by,by) = trueif (by = T Aby# L)V (by =T Aby # 1)
but
CEbase(by,by) = falseif by = L Vby = L.

App. C contains a definition of CFEbase for the example base types presented there.
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5.2 The Algorithm S-CF

The main task of calculating substitutions that cover all common elements of two types is
done by the algorithm S-CFE. The way S-CE decomposes structures to compare the elements
is quite similar to term unification [Rob65]. There are, however, several differences e.g. for
the processing of unions and for the repeated unfolding of recursive types.

S-CE is presented as a function S-CFE(ty,ta, 0, 7) where

e 1, and t, are the types that are checked.
e 0 is a free constraint set.

o r = ((t11,t21)s- -, (t1m, t2.m)) is a list of type pairs called recursion history. r is just
used when processing recursive types. It contains all pairs of types with at least one
recursive type that have already been processed in a previous recursive call.

An initial call of S-CFE of the form
S-CE(t1,t2,{}, ()

is initiated by CFE. Its arguments are two types t; and t5 to be checked for common elements,
the empty free constraint set o = {} and the empty recursion history r = ().

As result S-CFE returns a c-collection. For every common element v this c-collection contains
a free constraint set that describes a restriction of ¢; and ¢, to types both containing v. The
c-collection is empty if no common elements where detected.

The behaviour of S-CFE is determined by a case distinction on the the two first parameters
t; and t5. We will now describe S-CF for each of the possible cases. Since the cases are not
disjoint we will present them in a fixed order in which they are checked.

5.2.1 Globally Used Auxiliary Functions

To describe the actions of S-CFE in the individual cases we start with defining some auxiliary
functions that are needed in several cases:

In several cases S-CFE decomposes a constructor and performs recursive calls sequentially to
the arguments. This is formalized by the function SCE-list-reduce.

SCE-list-reduce expects a list of type pairs and an initial c-collection. It initiates sequential
calls to S-CFE with the types given in the type pairs as arguments. This is done for all free
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constraint sets in the actual c-collection and the results are united. The actual c-collection is
the initial one when processing the first type pair and the result of processing the previous
type pair else. A recursion history r is just passed through to the calls to S-CE.

Definition 5.2.1 (SCE-list-reduce) The function SCE-list-reduce expects the following ar-
guments:

o A list L of tuples (t1,ts) where t1 and ty are types.

e A c-collection .

e A recursion history r.

The result of SCE-list-reduce is a c-collection. SCE-list-reduce is defined by the following rules
where (SCE-list-reducel) applies for empty L and (SCE-list-reduce2) for non-empty L:

SCE-list-reduce((), X, r)
by

(SCE-list-reducel)

SCE-list-reduce(((ti,t}), lix1, -+ s lg), 2, 7)
SCE-list-reduce((lis1, - .. k), U,ex S-CE(t;, 1}, 0,7),7)

Example 5.2.2 (SCE-list-reduce) Consider the following call to SCE-list-reduce:
SCE-list-reduce(((A, string), (num, int)), {{}},7)

(SCE-list-reduce?)

This call is processed by rule (SCE-list-reduce2). For every free constraint set in the given
c-collection (just {} in this example) S-CE is called with the first type pair A and string as
arguments, i.e.

¥ = {0’} = S-CE(A, string, {},r) with ' := {A «— string}
15 calculated. The remaining list of type pairs is processed recursively by the call
SCE-list-reduce(((num, int)), X' r)

Again SCE-list-reduce initiates a number of calls to S-CFE with the first type pair as arguments.
Since Y just contains one free constraint set in the example just one call to S-CFE is necessary:

Y=Y = 5-CE(num, int, o’ r)
The resulting c-collection X" is used in the recursive call
SCE-list-reduce((), %", r)

to SCE-list-reduce. Since the list of type pairs is empty rule (SCE-list-reducel) applies and
" is returned.
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For changing a constraint in a given constraint set the functions extend-constraint and replace-
constraint can be used:

Definition 5.2.3 (extend-constraint) Let o be a free constraint set, X € V; a free variable
and t a term. o' = extend-constraint(X,t, o) is the free constraint set differing from o just in
the constraint of X as follows:

o [f X is unconstrained in o then X «—t € o’.
o fX —tecothenX — (Utt)ed.

Definition 5.2.4 (replace-constraint) Let o be a free constraint set, X € V; a free vari-
able and t a term. o' = replace-constraint(X,t, o) is defined by

, t o ifY =X
oY) = {J(Y) else

Note that extend-constraint and replace-constraint behave equivalently if X ¢ dom(o).

In some cases a given free constraint set has to be updated by constraining all free variables
occurring in a term in a certain manner. This is done by the functions constrain-all-free and
free-to-top:

Definition 5.2.5 (constrain-all-free) Lett be a type term and o a free constraint set. The
call constrain-all-free(t, o) constrains every free variable occurring in t to a fresh quantified
variable. The new constraints are added to o without destroying previous constraints:

forall free variables Y int do
let Y' € V; be a new free variable.
o = extend-constraint(Y,Y', o)
return o.

Definition 5.2.6 (free-to-top) Let t be a type term and o a free constraint set. The call
free-to-top(t, o) constrains every free variable occurring int to T in o:

forall free variables Y int do
o = replace-constraint(Y, T, o)
return o.

The following subsections describe the actions of S-CFE for certain cases of t; and t5:
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5.2.2 T in one of the Arguments

T has common elements with every type (except of L). So if one of the types is T and the
other one is not L then S-CFE directly returns with success. This if formalized in the rules
(Top1) and (Top2):
S-CE(T, tQ, g, 7")
{0}

by # L (Top1)

S-CE(ty, T,o,r)
{o}

ty # L (Top2)

5.2.3 Recursive Types

When one of the types t; and %, is a recursive one S-CF essentially performs a further test with
the recursive type unfolded. But since types constructed by the recursive type constructor
correspond to infinite syntax trees we need a special termination condition when working on
recursive types. During descending an infinite branch of the syntax tree there is just a finite
number of different type pairs ¢; and t, that are checked by S-CE. The number of different
type pairs containing at least one recursive type is also finite, but there must be an infinite
number of recursive calls to S-CFE to get an infinite execution.

Consider a recursive call to S-CFE with types t; and ¢, with:

e One of the types is a recursive one.

e There is a call to S-CF in the recursive history with the same types t; and t,.

The new call to S-CFE will not yield any evidence against common elements that are not
already detected in processing the former call with the same arguments. Hence, the actual
call can return without introducing any further constraints. This if formalized by rule (RecT).

S—CE(tl, tg, a, 7’)
{o}

(t1,t2) €7 (RecT)

Now we can explain the unfolding of recursive types in the first or second argument done by
the rules (Recl) and (Rec2), respectively:
S-CE(t; = uX.t), ta,0,7)
combine-cs(S-CE(unfold(t), ta, o, ((t1,t2) . 7)))

(Recl)
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S-CE(tl, tQ = ,U/Xté, a, 7")

combine-cs(S-CE(ty, unfold(ts), o, ((t1,t2) . 1)) (Rec2)

The function combine-cs used in (Recl) and (Rec2) expects and returns a c-collection and is
defined as follows:
combine-cs(() = )

combine-cs(3) = {® o|0#X CY}for L #0

oex’

Example 5.2.7 Consider the c-collection > = {01, 09} with o1 = {X «— int,Y «— int} and
o9 = {X < bool,Z « bool}.

The non-empty subsets of ¥ are

21 = {0'1}
Yy = {02}
Y3 =2.

FEach of these subsets 33; yields a free constraint set that is generated by combining all elements
of ¥; by ® with the following results:

® o

oEX

Q=0

g€

Q) = 03 with 03 = {X « (U int bool),Y « int, Z « bool}.
oEX3

Altogether combine-cs(¥) = {01, 09,03}.
The reason for applying combine-cs on the result of the recursive subcall becomes obvious in

the following example:!

Example 5.2.8 (recursive types) Assume that (Recl) and (Rec2) just return the results
of their subcalls without applying combine-cs. Consider the two types

t1 = uX.((U f(bool) f(int)) . (U nilX))

to =pY.(f(A) . (UnilY))

!Some of the rules used for the example are defined afterwards. We just sketch the results here.
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where f is a unary free type constructor (or a type constructor with arity n and n—1 argument
positions fized).

Processing the call S-CE(ty,t2,0,()) starts with applying the rule (Recl) and afterwards the
rule (Rec2). The result is a recursive call

S-CE(t),t5,0,7) with t] = unfold(t,), ty = unfold(tz) and r = ((¢},t2) (t1,t2))

This call is processed by rule (Constr) and is divided into two subcalls. The first one is
processed by rule (Ul) with each of its subcalls decomposed by (Constr) and processed by
(Var2). It yields

S-CE((U f(bool) f(int)), f(A),D,r)={{A «— bool},{A«— int}} =:3;.

The second subcall (more precisely we have two subcalls for every element o € X1 ) is decom-
posed by (U1) and (U2) and some of the subcalls are processed by (RecT), some by (Base) and
some fail. These subcalls do not introduce any new constraints and Y, is returned.

Unfortunately there is a value v = (#t . (5 . nil)) with v € t; Lty (e.g. with py = {A —
(U bool int)} and p, =0), but v & o(t1) D o(ts) for all o € 3.

When we assume the rule (RecT') not to exist the processing of the call in Example 5.2.8
does not terminate, but the constraints generated during the infinite loop give insight in the
problem of the example. After the second unfolding of #; and ty the first call performed
by SCE-list-reduce generates the free constraint sets ;7 = {A < (U bool bool)} and
o2 = {A <~ (U bool int)} from {A « bool} and o097 = {A < (U int bool)} and
032 = {A «— (U int int)} from {A < int}. After the third unfolding eight constraint sets
containing three element unions are generated and so on.

More generally, when after unfolding types by (Recl) and (Rec2) a union type construc-
tor causes several free constraint sets to be generated, an iterated unfolding can generate
constraints containing unions as above. Since the generation of these unions is blocked by
(RecT) we have to calculate these unions after processing the first unfolding. This is done by
combine-cs.

5.2.4 Free Type Variables

When at least one of the types is a free type variable several cases have to be distinguished:
There is either exactly one or two free type variables that can already be member of the
domain of ¢ or not.
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When both types are free type variables then a new variable is introduced in order to name
the common elements possibly occurring at this point. This variable must not be restricted
by S-CFE any further and is therefore quantified:

S—CE(tl,tg,O', 7")

extend-constraint(ty, X', extend-constraint(ty, X', o))

t1,t2 € Vi, X' € Vi new (BothVar)

Example 5.2.9 Let t; = #(X int X) and ty = #(bool Y Y). The call S-CE(ty,ts,0,())
is processed by rule (Constr) given below. The processing of this rule initiates the call
SCE-list-reduce(((X, bool), (¢nt,Y),(X,Y)),0,()). The first two subcalls to S-CE are pro-
cessed by the rules (Varl) and (Var2) given below. They yield a intermediate c-collection
consisting of exactly one free constraint set o' = {X «— bool,Y « int}.

The result of the initial call to S-CE is the result of the third subcall S-CE(X,Y,d’,()) which
is processed by rule (BothVar). Its result is {{X «— (U bool Z),Y « (U int Z)}}. with a
new free variable Z.

Note that the introduction of Z is necessary in order to preserve e.g. the common element
v = #(#t 42 40.5) with a non-integer number in the third vector position.

When just t; is a free type variable then the constraint of ¢; in ¢ is updated to contain t5:

S—CE(tl, tg, g, 7")
{constrain-all-free(ts, extend-constraint( X, ts, o))}

t1 € Vf,tQ ¢ Vf (VG,TZ)

The case for just ¢y € Vy is given by the rule (Var2) that is defined analogously to (Var1).

Example 5.2.10 Let t; = (X . int) and to = ((Y . int) . Y). The call S-CE(ty,ts,0,())
yields the call SCE-list-reduce(((X, (Y . int)), (int,Y)),0,7) by rule (Constr) given below.

The first subcall to S-CE is S-CE(X, (Y . 4nt),0,()). It is processed by rule (Varl) and
yields the result X1 = {01} with oy = {X «— (Y . int),Y «— Y'}. The constraint of X is
introduced by extend-constraint while the constraint of Y results from applying constrain-all-
free to (Y . int).

In second subcall initiated by SCE-list-reduce is S-CE(int,Y, 01, ()). Its result is Xg = {09}
with o9 = {X «— (Y . int),Y «— (U Y int)} by rule (Var2).

Note that without applying constrain-all-free the result in this example is X\ = {ob} with
oy ={X «— (Y . int),Y «— int}. While the value v = ((#t . 168) . 42) is a common element
of t1 and ty under oy it is not a common element when applying o} instead.
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5.2.5 Union Types

When one of the types is a union type then a check has to be performed with the individual
union elements and the results must be united. This is formalized in the rules (U1) and (U2)
for a union type t; and t,, respectively:

S—CE((U t171 cee tl,k:); tg, g, T’)
Ule S— CE(tl,i, tg, g, 7")

(U1)

S—CE(tl, (U t271 cee t2,k)7 g, T’)
Ule S— CE(tl, tg,i, g, 7")

(U2)

5.2.6 Intersection Types

When one of the types is an intersection type the other argument type has to be checked
against all intersection elements cumulating the detected restrictions. This is done by the
rules (/1) and (12) for an intersection type in the first or second argument, respectively using
the function SCE-list-reduce given in Def. 5.2.1 on page 79:

S—CE((ﬂ t171 Ce tl,k), tg, a, 7’)
SCE-list-reduce(((t11,t2), .. , (t1g, t2)), {0}, 7)

S-CE(tl, (ﬂ t2’1 Ce tg,k), g, 7“)
SCE-list-reduce(((t1,t21), - . , (t1,t2x)), {0}, 7))

Unfortunately this definition of (1) and (/2) yields the following unintuitive results:

Example 5.2.11 Let t; = (A . nil) and ty = (N (num . nil) (bool . nil)). For this pair of
types S-CE returns the c-collection {A «— (U num bool) even though ty does not contain any
values except 1.

The behaviour above does not violate any of the statements proven for S-CFE below. For refin-
ing S-CFE one could think of a different mode in variable instantiation in order to distinguish
constraints introduced by different intersection elements. A different way of refinement is an
equivalent transformation of intersection types, e.g. transforming ¢, to ((N num bool) . nil)
with an additional check for emptiness of the resulting intersection in Ex. 5.2.11 above.
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5.2.7 Complement Types

If one of the the types is a complement type then there are common elements if the other
type is not a subtype of the complement’s argument.

When the type ¢ (either ¢; or t5) that is checked against the complement type is not a semi-
closed term then we enforce this property be replacing every free variable by T:

S-CE(Cty, ty,0,7)
{o'}

o' (ty) L t}, 0" = free-to-top(ts, o) (Compl)

S-CE(ty,Cthy, o,1)
{0’}
Note that o’(t2) [Z ¢} abbreviates the test =ST(0'(t2),t}). o’ is generated from o in order to
get a semi-closed term o’(t2) in (Compl) or o’(t1) in (Comp?2).

o' (t1) £ ty, 0" := free-to-top(ty, o) (Comp2)

The calls to ST performed when checking the [Z-conditions (cf. Def. 3.4.2) can cause a re-
cursive call to S-CF, again, because of case (9f) of ST. Because of this the recursion info r
must be passed over to ST and back to S-CF via CE. We omit this parameter here in order
to simplify the representation of the algorithms. r is not changed at all in ST or CF, but is
just passed through to S-CE again.

Example 5.2.12 Let t; = Cint and t = (X . Y). The call S-CE(t1,t2,0,()) is processed
by rule (Compl). This rule generates the free constraint set o' = free-to-top(ts, ) = {X «—
T,Y « T} and performs the test =~ST((T . T), 4nt). Since this test succeeds the c-collection
{0’} is returned.

5.2.8 Free Type Constructors

When both types are constructed by the same free type constructor ¢ then the argument pairs
of each position have to be checked sequentially collecting the restrictions. This is formalized
in the following rule using SCE-list-reduce:

S-CE((C t171 Ce th) (C t271 Ce t27k), g, 7")

SCE-list-reduce(((t11,t21), -, (t1k, tox)), {0}, 7)) (Constr)

5.2.9 Frame Types

For two frame types I} and F; the existence of common elements depends on two facts:
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e The sets of bound symbols must be equal.

e For every symbol the assigned types must have common elements.

After determining an order of the symbols the types assigned to the same symbol in both
frames must be checked against each other. The result restrictions are collected:
S-CE(Fy, Fy,0,1),[s1 > t1, ..., S+ tri| € fs(F;) for i € {1,2}
SCE-list-reduce(((t11,t21), -, (t1k, t2x)), {0}, 7))

(Frame)

5.2.10 Environment Types

When both types are environment types then they are decomposed and the pairs of frames
at the same position are checked collecting the results. This is done similar to the processing
of types constructed by the free type constructors:

S—OE((FLl e Fl,k) (F271 e F2,k:)7 g, T’)
SCE-list-reduce(((F11, F21), ..., (Fik, Fog)), {o},7))

(Env)

5.2.11 Function Types and Quantified Variables

If both types t; and t, are function types then they have common elements when they are
equal or one of them is the type TFunc of all functions. A quantified variable just has common
elements with itself. These cases are formalized in the following function:

Definition 5.2.13 The function fq: T x T — {true, false} expects two types t; and ty and
returns true in the following cases:

e i1 and ty are the same function type.

e 11 and ty are both function types and one of them is the type TFunc of all functions.

® tl = tg and tl,tQ € ‘/q
In all cases not mentioned above fq returns false.

In all the cases with £q(¢1,?2) = true no further restrictions must be included into the result
of S-CE. This yields the following rule:

S_OE(tla t27 g, T)
{o}

fa(ty,t2) = true (PunQ)
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5.2.12 Base Types and Value Assignments

When ¢; and ¢, are both base types or value assignments then the question whether they have
common elements is answered by CFEbase fulfilling Assumption 5.1.9.

The behaviour of S-CFE is formalized in the following rule:
S- CE(tl, tg, a, 7’)
{0}

CEbase(ty,ty) = true (Base)

5.2.13 Integrating the Cases

In this subsection we will present the algorithm S-CE by integrating the previously introduced
rules in a fixed order:

Definition 5.2.14 (algorithm S-CE) The algorithm S-CE checks the previously defined
rules in the following order and returns the result given by the first applicable rule:

(Topl),(Top2), (RecT), (Recl), (Rec2), (BothVar), (Varl), (Var2),
(U1),(U2),(11),(12), (Compl),(Comp2), (Constr), (Frame), (Env), (Fun(), (Base) .

If none of these rules is applicable S-CFE returns the empty c-collection ().

5.2.14 An S-CFE Example in Detail

The following example shows in detail how calls to S-CFE are processed and how the use of
unions by ezxtend-constraint enables S-CFE to process hetreogenous lists correctly.

Example 5.2.15 (S-CE) Consider the call S-CE(ty,t2,0,r) with:
ty =pX.(Unit (A. X))
to = (nat . (string . nil))

=0

0

g
r

1. S-CE(ty,ty,0,7) is processed by rule (Recl) resulting in the call
S-CE((U nil (A . t1)),ta, 0, 7" := ((t1,t2))) -
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10.

By rule (U1) the S-CE-call is recursively splitted into two subcalls:

(a) S-CE(nil,ty,0,7") =0
(b) S-CE((A . t1),t5,0,7")

S-CE((A . t1),t2,0,7") is processed by rule (Constr). SCE-list-reduce performs the fol-
lowing subcalls (the result of subcall number i is denoted by %; ):

(a) ¥ = S-CE(A, nat,0,7") = {{A « nat}} by rule (Varl).
(b) X9 = S-CE(ty, (string . nil), o’ = {A «— nat}, 1)

. S-CE(ty, (string . nil),o’,r") is processed by rule (Recl) resulting in the call

S-CE((U nil (A . t1)),(string . nil), o', r" = ((t1, (string . nil)), (t1,12))).

By rule (U1) we have two subcalls for the contained call to S-CE:

(a) S-CE(nil,(string . nil),o’,r") =10

(b) S-CE((A . t1),(string . nil), o', r")
S-CE((A . t1),(string . nil),o’,r") is processed by rule (Constr):

(a) ¥} = S-CE(A, string,o’,r") = {o" .= {A «— (U nat string)}}

(b) ¥4 = S-CE(t1,nil, 0", 1")

The second call is processed by rule (Recl) producing the call

S-CE((U nil (A . t1)),nil, 0", 7" = ((t1,nil), (t1, (string . nil)),(t1,12))).

By rule (U1) the call to S-CE causes the following subcalls:

(a) S-CE(nil,nil,o”,r") = {c"} by rule (Base).
(b) S-CE((A . t1),nil,a”, ") =0

The call containing the union (U nil (A . t1)) in step (7) yields the result {¢"}. This
is also the result for ¥i.

The result of step (5) is given by the union of the two subcalls. Since the first subcall
yielded the result () this is equal to the result of the second subcall which is still {o"}.
Thus, {c"} is the result of step (4), of 3o and therefore of step (3).

The result of step (2) is given by the union of O from the first subcall and {c"} from the
second one. {0"} is also the union result and the result of step (1).
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5.2.15 Properties of S-CFE

Lemma 5.2.16 (termination of S-CE) If the algorithm ST terminates for every pair of
closed terms in set normalized form then the algorithm S-CE terminates for every input with
arguments 1 and 2 in set normalized form.

Proof: See App. B.1, Page 122. O

The remaining condition on ST for termination of S-CFE is removed later. The unrestricted
termination result is given in Cor. 5.3.16.

In the following we will prove certain properties of the result of S-CE for every intermediate
recursive call occurring during the processing of an initial call to S-CE. These intermediate
calls are sometimes incomplete because there might be computations that were started before
initiating the actual intermediate call but were not finished. Hence, we need the notion of
implicit constraint sets. Implicit constraint sets are defined in the context of executions of

SCE-list-reduce.

Informally an implicit constraint set is the union of the results of all open S-CFE calculations
i.e. calculations that are given in the argument list of a call to SCE-list-reduce but where not
yet processed. Open S-CFE calculations are defined as follows:

¢ = S-CE(t,,ty,5,7)

' = SCE-list-reduce(((t1,t}), ..., (tn, 1)), 2, 1")

Ch

Q
0
=

Figure 5.1: open S-CFE calculations
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Definition 5.2.17 (open S-CE calculation) Let
&= S-CE(t,ty,5,7)
be a call to S-CE and
d = SCE-list-reduce((t1,1t}), ..., (tn, 1)), 2" 1)

a call to SCE-list-reduce occurring as (maybe indirect) subcall of ¢. Let the first argument
of SCE-list-reduce be a list with the n elements (t;,t,) for i € {1,...,n}. For every j €
{1,...,n} let

cji = S-CE(t;,t;,050,r) with 1 € {1,... ,m;}

be the calls to S-CE initiated by SCE-list-reduce when processing the j™ list element and let
Cj = {Cj71, e 7Cj,mj} .

Let ¢ be a call to S-CFE that is either ¢;; € C; or a subcall of ¢;; for some i and some | (cf.
Fig. 5.1). Then every C; with i < j < n is an open S-CE calculation of ¢ with respect to ¢.

The fact that C; is an open S-CE calculation of ¢ might be confusing. But this definition is
necessary in order to provide the constraints given by C; for the ¢;; being processed after ¢
in the following definition of implicit constraint sets.

When applying SCE-list-reduce the constraints for the individual list entries of the first ar-
gument could essentially be calculated independently from each other (with the empty free
constraint set as third argument) and combined afterwards. For the presentation of SCE-
list-reduce we calculated them step by step and combined an intermediate result directly on
the fly. The idea behind implicit constraint sets given in Def. 5.2.18 is to perform all open
S-CFE calculations independently from an already known intermediate result and to combine
the results.

Note that in the following definition there can be several calls ¢’ for given ¢ and ¢. The
elements set of all corresponding open S-CFE calculations are enumerated from 1 to n.

Definition 5.2.18 (implicit constraint sets) Let ¢ := S-CE(t,t',0,r) be a call to S-CE
steaming from an initial call & :== S-CE(t,t,0,()). Let Cy,...,C, be the open S-CE calcula-
tions of ¢ with respect to é. Let Cj = {cj1,... ,Cjm,} with c;; = S-CE(t;,t;,05,,7) and let
Y, = S-CE(t;,t.,0,r) for every j € {1,... ,n}.

VI R

Then the tmplicit constraint set of ¢ with respect to ¢ is

implicit-csz(c) == ® ;.

j=1,...,n
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If the set of open S-CE calculations of ¢ with respect to ¢ is empty we define

implicit-csz(c) := {0} .

The following Lemma 5.2.19 states the main property of implicit constraint sets: When
processing a call to SCE-list-reduce we can stop the calculation at every list element of the
first argument and combine the intermediate result with the corresponding implicit constraint
set without changing the result.

The following lemma states that calculating SCFE-list-reduce as given in Def. 5.2.1 is equivalent
to calculating the implicit constraint set of the initial call. I.e. the constraints generated by
the subcalls to S-CF initiated by SCE-list-reduce can also be generated independently and
be combined afterwards.

Lemma 5.2.19 (implicit constraint sets) Let ¢ be a call to S-CE and ¢ the first call to
SCE-list-reduce performed when processing ¢. Let 3 be the result of a call

¢ = SCE-list-reduce((t1,t}), ..., (tn,t))), 2, 7)

and let C; denote the set of recursive calls to S-CE when processing the j™ list element. Let
Y; be the c-collection used in the recursive call

SCE-list-reduce(((tj11,t541), - (tn, 1)), X5, 7)
for all j and ¥; = S-CE(t;,t},0,r) then:

VR
k
ocombine-cs(X) = combine-cs(¥X; ® U ¥%) = combine-cs(X; ® implicit-css(Ch)) .
j=l

where ¥ = X' = 3.

Proof: See App. B.1, Page 124. O

The following lemma states the main property of S-CE’s output: Consider two types t; and
to that have a common element v under a free constraint set & (precisely its natural free type
substitution). Consider a call to S-CE with t;, t; and & as arguments and a recursion history
r that is not arbitrary chosen but generated by S-CFE starting with an initial call with empty
recursion history. Then the result contains a free constraint set o that essentially restrict t;
and t, to types containing v.

But the free constraint sets o (more precisely the corresponding natural free type substitu-
tions) in general are not idempotent. Thus, the lemma precisely states common elements of
t; and t5 after o has been applied to t; and ¢, an arbitrary number k£ of times.
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The correctness of S-CE is stated by the following Lemma 5.2.20: If during evaluating the
call S-CE(ty,t,,0,()) there is a subcall S-CE(t1,ts,5,r) then the set of common elements of
the type pair (t1,t2) is preserved under building all instances o(t1) and o(ty) with o € ¥ =
S-CE(ty,t9,7,7). Furthermore, changing & to one of the o € ¥ just enlarges the set of values
each variable is constrained to.

Lemma 5.2.20 (correctness of S-CE) Letty,ty € T, both in set normalized form and let
c:= S-CE(ty,ts,0,7) be a call to S-CE that occurs as a recursive call after an initial call ¢ to
S-CFE with empty recursion information (). Let CFE fulfill Assumption 3.4.6. Let there exist a
value v # L such that

Vk € N.v € subst(5)*(t,) O subst(5)*(t,) . (5.2)

Then there exist a free constraint set
o € combine-cs-cond(.z(S-CE(t1, t2, 5, 1) @ implicit-csz(c)) *
such that the free type substitution o’ = subst(c) compatible with o fulfills
Vk e N.v e o™ (t) D o™ (t,) . (5.3)

Furthermore, if X is a free variable with X € dom(¢) and 6(X) = tx then X € dom(a) for
every o € S-CE(t1,t2,6,7) and tx = o(X) fulfills:

{txD(r) € (txD(7) (5.4)

for every closed type substitution T appropriate for tx and tx.

Proof: See App. B.1, Page 128. O

Note that the second part of (5.2) in Lemma 5.2.20 is necessary because of the special un-
derstanding of quantified variables. Two types are just considered as types with common
elements if there are common elements under every instantiation of the quantified variables
with types # T. E.g. the type (1ist Xy) has common elements with (1ist T) but not with
(list Y5).

2The function combine-cs-cond conditionally calls combine-cs on its argument depending on its subscripts:
It behaves like combine-cs if ¢ is a (maybe indirect) recursive subcall of an execution of Rule (Rec!) or (Rec2)
in the context of ¢. Otherwise, combine-cs-cond is the identity.
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5.2.16 The Order of S-CFE Rules

Though Lemma 5.2.20 states the correctness of S-CFE independently from the order in which
the rules are checked the precision of S-CFE depends on the given order. This problem becomes
obvious when considering intersection types not containing any elements as the following
example shows:

Example 5.2.21 (order of S-CFE rules) Consider the call
S-CE(t1,t2,0, () with t; = (U int bool),ts = (N int bool).

When decomposing the union first the result is given by the union of the results of the two
subcalls S-CE(4nt, ty,0,()) and S-CE(bool,ts,0,()). Both of them fail and return the empty
c-collection. As a result the c-collection returned by rule (Ul) is also empty denoting no
common elements.

If on the other hand the intersection is decomposed first the result of
SCE-list-reduce(((t1, int), (t1, bool)), 0, ())
is returned. SCE-list-reduce performs the subcalls
S-CE(ty, int,0,()) and S-CE(t1, bool, D, ()).

Both of these calls return g = {0}. The result of SCE-list-reduce is X. This is less precise
than the failure in the case above.

A discussion on all order dependencies between two rules is given in the following Remark
5.2.22:

Remark 5.2.22 (ordering of the S-CFE cases) On the one hand S-CE contains rules with
conditions based on the structure of both terms t, and ty. On the other hand the applicability
of the rules (Recl), (Rec2), (Varl), (Var2), (U1), (U2), (I11), (12), (Comp1) and (Comp?2)
just relies on one of the terms. We discuss here that the chosen ordering of the last kind of
rules is reasonable in order to get as precise results as possible.

o As we will see below there are indeed cases whose order is crucial for the desired result.
The unfolding of recursive types itself does not interfere with any of the other cases
directly. But when performed to late constructors that have to be decomposed early can
be hidden by the p-constructor. If e.g. t; = pX.(U ... C[X] ...) and ta = (N ...)
then the unfolding of t, has to be done before decomposing to. The correct solution is to
perform the unfolding of recursive types in the rules (Recl) and (Rec2) before all other
cases discussed here.
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e To treat free variables in the next step is correct and useful in situations where one type
to be tested is a free type variable X and the other one is constructed by U, N or C. In
this case the most precise result we can get is to constrain X to the constructed type.
This 1s just possible when this constructed type has not been decomposed, already.

o Let tl = (U t171 tl,k) and tg == (ﬂ t271 tgyk/). A wvalue v S <[T(t1)]> N <[T(t2)]>
for an arbitrary substitution T must occur in one of the (7(t1;)) and in all of the
(7(t2;)). Therefore to get common elements of t1 and ty all of the T(ty;) must have
common elements with the same 7(t;,;). When first decomposing the intersection of to
S-CE checks whether all T(ty;) have common elements with any of the 7(t1;). When
on the other hand the union of t; is decomposed first then the desired stricter property
is checked. It is therefore reasonable to decompose unions by the rules (U1) and (U2)
before decomposing intersections by the rules (11) and (12).

Now let t; = (U t11 ... t1g) and ty = Ct,. We know that t, is not a union or
intersection type because otherwise ty not in set normalized form. When first processing
the complement type then we check the property

=ST(a(t),ty) & = \ ST(o(t1:).t5) & \/ =ST(0(t14), 1))

i=1 =1

Decomposing the union first unites the results of checking —ST(o(t1,),t5) where the
unton behaves like disjunction when ty s already a semi-closed type. Thus, for a semi-
closed t1 both orders yield the same result, but for t; containing free variables processing
the complement first introduces constraints that might be unnecessary. On the other
hand decomposing the union first will introduce constraints containing T (done by free-
to-top) just for certain free constraint sets in the returned c-collection and hence it is
correct and reasonable to decompose unions before processing complements.

Altogether it is correct to check the rules (U1) and (U2) before (11), (12), (Compl) and
(Comp?2).

o Letty = (Ntyy ... tig) and toy = Cty. Again, t, is not a union or intersection type
because to is in set normalized form and therefore the complement constructor cannot
hide a constructor that must be processed first. If ty is a semi-closed type then processing
the complement first yields the test

k k
=ST(0(tr), ty) & =\ ST(0(tr:), 1) & [\ =ST(o(tr4), t5)
i=1 i=1
On the other hand decomposing the intersection first causes a sequence of tests of the
form =ST(o(t1,),th) without changing the substitution because both types are already

semi-closed. This sequence of tests is semantically equivalent to the conjunction above.
Because of this it is correct to check the rules (I11) and (12) before (Comp1) and (Comp2).
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In the steps above we have proven the correctness and reasonability of the order (Recl), (Rec2)
— (Varl), (Var2) — (U1), (U2) — (11), (12) — (Comp1), (Comp2) in which S-CE applies
the cases that just depend one one of the argument types. The order of the other cases can be
chosen arbitrarily (except of (RecT) that must be checked before (Recl) and (Rec2) in order
to guarantee termination).

5.2.17 Further Optimizations

Recall the use of the function combine-cs in the rules (Rec!) and (Rec2) of S-CE. They were
used to combine several free constraint sets generated after unfolding one of the argument
types. Unfortunately, the application of combine-cs destroys some of the precision we got
from the use of several different free constraint sets as results of the rules (U1) and (U2).

In the proof of Lemma 5.2.20 the fact that (Recl) and (Rec2) apply combine-cs was just
used for proving the correctness of (RecT'). Indeed, when a recursive subcall generated by
(Recl) or (Rec2) returns without applying (RecT') we did not cut an execution that would
lead to combinations of the different free constraint sets given in the intermediate result of
the subcall of (Rec1) or (Rec2) and therefore the application of combine-cs is unnecessary.

Example 5.2.23 Consider the types
ty = uX.((U f(bool) f(int)) . (Unil X))
ta = (f(A) . (f(A) . nil)).

The call S-CE(ty,ts,0,()) is processed by rule (Recl) initiating the subcall S-CE(t),ts,0, 1)
with t) = unfold(ty) and r = ((t1,t2)). This call is decomposed by rule (Constr) and the first
subcall S-CE((U f(bool) f(int)), f(A),D,r) processed by (Ul) and (Constr) and (Var2) for
every subcall yields 3y = {{A < bool},{A «— int}}.

For every free constraint set o € ¥y the function SCE-list-reduce initiates a subcall
S-CE((U nil ty), (f(A) . nil),o,r).

(We will just discuss the call for oy = {A < bool} in detail.) The call is processed by (Ul)
with the first subcall S-CE(nil, (f(A) . nil),oq,7) returning with the empty c-collection as
result. The second subcall S-CE(ty, (f(A) . nil),01,7) is processed by rule (Recl) yielding the
subcall

S-CE(t}, (f(A) . nil), o1, r") with ' = ((t1, (f(A) . nil)), (t1,12)) .
Again, (Constr) initiates subcalls for two type pairs. The first of them returns

Y91 ={{A — (U bool bool)},{A « (U bool int)}}.
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The two subcalls S-CE((U nil t1), nil,0,7") for o € 3a; just return o. Thus, Yo is returned.
Analogously, for o9 = {A «— int} € ¥; we get
Yoo ={{A — (U int bool)},{A — (U int int)}}.

Altogether, without applying combine-cs the initial call to S-CE returns ¥ = o1 U Xgs.
This result is correct because there was no application of rule (RecT) cutting a necessary
computation.

Furthermore, the application of combine-cs is just necessary if (RecT) was applied to the
argument pair (¢1,ty) the actual application of (Recl) or (Rec?2) inserted into the recursion
information. For all other applications of (RecT) there exists a corresponding application of
(Recl) or (Rec2) and it suffices to apply combine-cs there.

Example 5.2.24 Recall Example 5.2.8. The initial call S-CE(t1,t2,0,()) is processed by
(Recl) yielding the call S-CE(t),t2,0, ((t1,t2))). This call is processed by (Rec2) which yields
S-CE(t),th,0, ((t],t2), (t1,t2))).> The only type pair processed by the rule (RecT) is (t1,ts)
and it suffices to apply combine-cs to the result of the subcall of (Recl).

In order to perform this optimization we have to extend the return value of S-CFE: Instead of
just returning a c-collection ¥, S-CFE has to return a pair (3, R) where 3 is a c-collection as
before and R is a set of type pairs of types (RecT') was applied on. This recursion termination
history R is maintained as follows:

e For a call S-CE(ty,ts,0,r) the rules (RecT) returns ({co}, {(t1,%2)}).

e The behaviour of (Rec!) and (Rec2) applied to a type pair (¢1,%2) depends on the result
(2, R) of its recursive subcall as follows:

— If (t1,t2) € R then the return value of (Recl) or (Rec2), respectively, is
(combine-cs(X), R\ {(t1,t2}) -
— Otherwise, (3, R) is returned.

e The rules (U1), (U2), (I1), (I12), (Constr), (Frame), (Env) return the union of the
recursion termination histories of their subcalls.

e The rules (Topl), (Top2), (BothVar), (Varl), (Var2), (Compl), (Comp2), (Fun@),

(Base) return an empty recursion termination history.

3t) = uX.((U f(bool) f(int)) . (U nil X)), t2 = uY.(f(A) . (U nil Y)), ¢, = unfold(t;) as in Example
5.2.8.
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Example 5.2.25 Consider the following two types

ty = pX. (U nil ((int . A) . X))

toy = ((U (4nt . posint) (int . bool)) . nil)
After the first unfolding step by rule (Rec1) S-CE checks (U nil ((int . A) . t1)) and ty. Rule
(U1) initiates two subcalls checking

1. nil and ty

2. ((émnt . A) . t1) and ty
The first of these subcalls yields the empty c-collection while the second subcall is processed by
rule (Constr) which initiates a call to SCE-list-reduce with the following argument pairs:

e (int . A) and (U (4nt . posint) (int . bool))

e {1 and nil
The first of these subcalls yields the c-collection > = {0y, 09} with o1 = {A < posint} and

oy = {A < bool}. The second subcall succeeds for both o1 and oy without changing any of
these free constraint sets.

In the optimized algorithm S-CE the rule (Recl) just passes through the result ¥ of unfolding
ty the first time. The original algorithm applies combine-cs to 3 yielding

Y = {o01,09,{A — (Uposint bool}}.

By introducing a further free constraint set the unnecessary call to combine-cs causes the loss
of information.

As the example shows calling combine-cs just when necessary causes the rules (Recl) and
(Rec?2) to provide a more precise output. Furthermore, combine-cs is a quite expensive
operation and calling it just when necessary makes S-CE more efficient.

5.3 The Algorithm CFE

The algorithm CF is the main algorithm approximating the question of common elements
of two given types t; and t,. Its first step is to call S-CE with the types t; and ty, an
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empty constraint set and an empty recursion information as input. The c-collection resulting
from this call (in the case of success) consists of free constraint sets whose natural free type
substitutions are not idempotent. CFE transforms these free constraint sets into idempotent
free type substitutions independently from each other. This is done by repeatedly inserting the
corresponding values for the variables into the right hand sides occurring in the substitution.
Recursive dependencies between variables are eliminated by introducing recursive bindings
by the p constructor.

The following example shows the intended result of CE for a variable depending on itself:

Example 5.3.1 Consider a call to S-CE which result just contains the free constraint set
{X «— f(X)} with a free type constructor f(-) of arity 1. We want CE to transform this free
constraint set into the idempotent free type substitution {X «— pY.f(Y)}.

For several variables that mutually depend on each other the intended result is presented in
the following example:

Example 5.3.2 Consider a call to S-CFE returning the c-collection ¥ = {o}
{X1 — f(X2), Xo — g(X3), X5 — h(X1)}}.

The dependencies between the variables are given in Fig. 5.2 where an arrow from a variable
V' to a type t expresses that V' is constrained to t.

Figure 5.2: open S-CFE calculations
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The intended result of CE is an s-collection consisting of the idempotent free type substitution

{X1 — flg(pVs. h(f(g(V3))))),
Xy — g(uVs. h(f(g(V3)))),
Xz pVs. h(f(g(V3)))}.

5.3.1 The Core Component of CFE

The following definition presents the core component of CFE. It consists of a call to S-CFE
and a loop transforming every free constraint set ¢’ in the result ¥’ of S-CFE into a free type
substitution. All these free type substitutions are collected in an s-collection .

Definition 5.3.3 (algorithm CE) The algorithm CE takes two terms and returns an s-
collection 3.

Algorithm: CE
Input: Two terms t, and ts.
Output: An s-collection .

= S—CE(tl, tg, @, ())

Y=

forall o’ € ¥ do (* Transform free constraint sets into free type substitutions *)
o" := GIS(c’) (* generate idempotent substitution from o’ *)
Y =X U{o"} (* collect result substitutions in s-collection ¥ *)

end (* forall *)

return X

5.3.2 Auxiliary Functions used by CFE

The main task of CFE, i.e. the elimination of the variables from the right hand sides of a
single free type substitution is done by GIS. It is done by calculating an order in which the
assignments to the variables depend on each other. Following this order, GIS inserts the right
hand sides of already processed variables into the right hand sides of different variables. If a
variable depends on itself a recursive type is generated. GIS is defined as follows:

Definition 5.3.4 (algorithm GIS) The algorithm GIS expects a free type substitution and
returns a free type substitution that is idempotent.
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Algorithm: GIS (generate idempotent substitution)
Input: A substitution o
Output: An idempotent substitution &.

G :=(V,R) with V = dom(c’) and R = {(y,z) |z # y,x — t € ¢’ and y is subterm of t}
G’ = (V' R') is the component graph of G. (* cf. Def. 2.2.4 *)
Mark all nodes v € V' with 0.
0_// = @
while there are nodes v € V' marked with 0 do
select v' € V' with all predecessors of v' marked with 1
mark v' with 1
if V' represents a single node in G then
t:=o'(v') (* lookup v' in o’ *)
t':=0o"(t) (* apply already known substitution o” *)
if t' contains v’ as subterm
then t' == pX.t'[v'/X] with a new variable X € V;
O.// e O.// U {,U/ «— t/}
else (¥ V' represents more than one node in V *)
Let V C V be the set of nodes v € V represented by v'.
o, ={X—t|XeV,X—tco t=0"{)} (*0,=0"00|; *)
g = SMR(o,)
o":=0"Udq
end (* if-then-else *)
end (* while *)

return o

For nodes v' € V' denoting more than one node in V' (i.e. for several variables mutually
depending on each other) GIS extracts a free type substitution restricted to the nodes denoted
by v" and passes the processing to SMR.

The algorithm SMR performs insertions of variables and the introduction of recursive types
in a certain order to eliminate cyclic dependencies. This order <y on the variables must be
fixed but can be chosen arbitrarily. SMR is defined as follows:

Definition 5.3.5 (algorithm SMR) SMR needs an ordering <y on the set of variables.
Along this ordering it replaces the variable X by the term assigned to it in the terms of all
variables Y with X <Y . Afterwards the same procedure is done upside down. In every step
occurrences of a variable X in its own assigned term are expressed by a recursive type:

Algorithm: SMR (simplify mutual recursion)
Input: A substitution 0 = {Xy «—tx,,..., Xy — tx, } (with X; <y X1 for all Q).
Output: A substitution &.
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fori=1tok do
t:=o0(X;)
if X; occurs in tx, (* remove X; from its own right hand side *)
then t' := MXZt[XZ/XZ] with a new variable X; € Vi
elset' .=t
0 =0 \{X; — t} U{X; — '} (* 0:=0laonopx,} U{Xi .} *)
for j=i+1tok do (* remove X; from all tx;, with j >1i *)
(* 0= (0|{Xi} © U{Xi+1,---,Xk}) Uoix,,.x;} *)
th = O'(Xj)
ty, =tx,[Xi/tx)]
0 =0 \{X; — ix, } U{X; —t)}
end (* for j *)
end (* fori *)
fori=Fk downto 1 do
for j =i—1 downto 1 do (* remove X; from all tx, with j <i *)
th = O'(Xj)
1= by [/t
o =0 \{X; — tx,} U{X; —t)}
end (* for j *)
end (* fori *)
In every tx, replace every ,u)z'i.t in a position where X; is already bound by some i constructor.

Example 5.3.6 (SMR) Consider a call to SMR with the input substitution o defined by
o ={X1 « f(X2), Xo < g(X3), X3 < h(X1)}.

Assume that X1 <y Xs <y X3. Processing the first i loop fori =1 SMR inserts X, into the
right hand side of the variables that are greater with respect to <y . This insertion yields

{X1 — f(X2), Xo — g(X3), X5 — h(f(X2))}.
For i =2, X5 is inserted into the right hand side of X3. The result is:
{X1 — f(X2), Xo « g(X3), X5 — h(f(9(X3)))}-

For i = 3, the occurrence of X3 in its own right hand side is eliminated by introducing a
recursive type:

{X1 — f(X2), Xo — g(X3), X3 — puV5. h(f(g(V5)))}

Now the second i-loop is processed. For 1 = 3, SMR inserts the value of X3 into the right
hand sides of all variables that are smaller with respect to <y . The result is

{X1 — f(Xa), Xo — g(uV3. h(f(g(V3)))), X3 < uVs. h(f(g(V3)))} .
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With © = 2 the same s done for Xs:

{X1 — flg(uVs. h(f(g(V5))))), Xo < g(uVs. h(f(g(V5)))), X3« uVs. h(f(g(V3)))}

Fori =1, there is nothing to be done and the substitution above is returned as result of SMR.

Note that the result substitutions provided by GIS and SMR are idempotent.

5.3.3 Examples of Calls to CFE

Recalling the input of Example 5.2.15 we get the following example for CE:

Example 5.3.7 (CE) Considert, and ty as defined in Ez. 5.2.15 and a call CE(ty,t). This
call causes the subcall to S-CE discussed in Ezx. 5.2.15 and yields the result calculated there:

¥ = {{A « (U string nat)}}

For o' = {A < (U string nat)}, the algorithm CE generates the graph G = (V := {A}, R :=
0) and the component graph G' = G. The only node A € V' represents the single node A € V
and t' = o(A) does not contain A as a subterm. Thus, 0" = {A «— (U string nat)} and
¥ :={0"} is returned.

The following example resents some extended work of C'E including real work for the subrou-
tines GIS and SMR:

Example 5.3.8 (CE) Consider the types
th=(X .Y .(Z.nil))
and
to=(Y . X).(Z.((num. X) .nil))).
When fizing <y to X <y Y <y Z then S-CFE returns the following c-collection:
Y ={{X—(Y .X),Y—Z 7 (num. X)}}

The graph G calculated in GIS for the only element o’ of X' is given in Fig. 5.3. It has exactly
one strongly connected component and thus the component graph G’ consists of exactly one
node.

Processing the only node of G' yields a call to SMR with the o' as argument. The individual
iterations of the first i-loop performs the following changes:
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Y
@:

Z

Figure 5.3: Graph G in Ex. 5.3.8

1. X is recursively bound by a p constructor in tx = (Y . X) yielding t'y = uX.(Y . X).
Inty X is replaced by t'y yielding (num . pX.(Y . X)).

2. Fori =2, ty is not changed because it does not contain'Y as subterm. Inty as generated
in the step before Y is replaced by ty yielding (num . nX.(Z . X)).

3. The occurrence of Z in ty from the step before is recursively bound by . The resulting
term is pZ.(num . pX.(Z . X))

After processing the first i-loop the intermediate free variable constraint is:
{X —puX(Y . X),Y —Z 7 — pZ(num. nX.(Z . X))}

The second i-loop has a descending argument. For the individual values of i the following
tasks are performed:

3. ty = Z is replaced by tz = pZ.(num . pX.(Z . X)).
2. 'Y is replaced by ty from the step before in tx yielding uX.(uZ.(num. pX.(Z . X)) . X).
1. Nothing to do.

The resulting free constraint set after executing the second i-loop is:

{X — uX.(uZ.(num . pX.(Z . X)) . X),
Y — pZ.(num. pX.(Z . X)),
Z — pZ.(num. nX.(Z . X))}

104



The nested p binding of X in tx can now be removed, yielding uX.(uZ.(num . (Z . X)) . X).
The resulting substitution is the only element of the s-collection Y returned by CE, i.e.:

Y={{X —puX.(uZ(num. (Z . X)) . X),
Y — puZ.(num . uX.(Z . X)),
Z — pZ.(num . pX.(Z . X))}}

We can show that this is an s-collection by renaming of the p-bounded variables resulting in:

Y ={{X « uV.(uW.(num . (W . V)) . V),
Y «— MVV,(num . ,uV.(W . V)>’
Z — pW.num . uV.(W . V))}}

In the example above the only free type substitution ¢ € ¥ has the property that every
v et Bt fulfills v € o(ty) Ho(t).

5.3.4 Properties of CE

In this section we prove several properties of CFE that are necessary in order to make CFE
practically usable.

In order to prove termination and correctness of CE for every input we first prove these
properties for the auxiliary functions SMR and GIS:

Lemma 5.3.9 (termination of SMR) The algorithm SMR terminates for every input sub-
stitution with a finite domain dom(o).

Proof: See App. B.2, Page 136. O
Lemma 5.3.10 (correctness of SMR) Let o' be a substitution such that the graph G =
(V,R) defined as in GIS with V' = dom(o’) and R = {(y,x) | * # y,x «— t € o and y

is subterm of t} contains more than one node and consists of a single strongly connected
component. Let 0 = SMR(c"). Then

{ood' ) (9) = (a(t))(¢)

for every type term t and every closed type substitution ¢ appropriate for o o o'(t) and o(t).

Proof: See App. B.2, Page 136. O
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Lemma 5.3.11 (termination of GIS) The algorithm GIS terminates for every input sub-
stitution with a finite domain dom(o).

Proof: See App. B.2, Page 138. O

Lemma 5.3.12 (correctness of GIS) Let o’ be a substitution fulfilling with the following
properties:

1. o' does not contain a variable binding A «— B with B € dom(d’).

2. If o' contains a variable binding A «— C|[B] with a context C' and a variable B €
dom(c’) then there ezists a variable B' ¢ dom(c’) such that B is bound to B’ or a union
containing B’ in o’.

Let v be a value fulfilling
Vk € N.v e o™ (t;) Do’ (1)
and let 0 = GIS(0’). Then

veoa(ty) Bo(ts).

Proof: See App. B.2, Page 138. g

The following lemma essentially states the termination of C'E. The termination proof in this
lemma relies on the termination of ST. The termination of CE without this restriction is
proven afterwards.

Lemma 5.3.13 If the algorithm S-CE terminates for every pair of terms in set normalized
form (and empty free constraint set and empty recursion information) then CE terminates
for every pair of input types in set normalized form.

Proof: See App. B.2, Page 141. O

We can now prove the unrestricted termination of CE. With Lemma 5.3.13 given, the proof
consists of proving the termination of the loop

CE — S-CE — ST — CE (5.5)

between the mutually dependent algorithms CFE, S-CE and ST. Figure 5.4 shows the termi-
nation dependencies. An arrow from an Algorithm 1 to an Algorithm 2 expresses that the
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CP<=—" S (Ch<— ST<— CE
Lemma 5.3.13 Lemma 5.2.16 Lemma 3.4.7

Figure 5.4: termination dependencies between the algorithms

termination of Alg. 2 depends on termination of Alg. 1. The corresponding lemma is given
under every arrow.

Informally, the termination proof for CE (Theorem 5.3.14) uses the fact that every execution
of the loop given in (5.5) reduces the number of complement type constructors occurring
in the two types that are checked. None of the algorithms processed during this loop can
introduce new complement type constructors. Thus, there is a finite bound for the number
of executions of this loop. This is formally stated in the following theorem:

Theorem 5.3.14 (termination of CE) The algorithm CFE terminates for every pair of in-
put types in set normalized form.

Proof: See App. B.2, Page 141. O

Given Theorem 5.3.14 we can now easily conclude the termination of ST for every input.
This extends the termination proof given in Lemma 3.4.7.

Corollary 5.3.15 The algorithm ST terminates for every pair of ground input types in set
normalized form.

Proof: See App. B.2, Page 142. O
Analogously we can extend Lemma 5.2.16 as follows:

Corollary 5.3.16 The algorithm S-CFE terminates for every pair of input types in set nor-
malized form.

Proof: See App. B.2, Page 142. O

Theorem 5.3.17 (correctness of CE) Let ty,to € T, both in set normalized form. Let
there exist a value v # 1 such that

v E tl L] tg .
Then there exists a substitution o € CE(t1,t2) such that
veEoa(ty) Ho(ty).
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Proof: See App. B.2, Page 142.
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Chapter 6

Conclusions and Future Work

For a type language with non-disjoint types this paper introduced an algorithm CFE that
approximates the test for common elements of two types. It is sound with respect to the
question whether the value sets denoted by two types are disjoint, i.e. whether no instances
denote any common elements. The result can be used to infer a sound approximation for the
question whether a function call must fail because of a type error.

The underlying type language is an expressive one that contains e.g. value assignments (i.e.
types denoting exactly one element besides 1) and can capture the value sets occurring in
the functional language Scheme [KCE98] quite precisely. It differs from usual type languages
especially in the definition of function types. We explained why the usual function type
constructor is inappropriate for complete type checking and presented a new notion of partial
function types (pfts). Though pfts might be inappropriate for representing function types
during type inference their benefit is to clarify the needed information about functions on a
theoretical level and to serve as representation types for functions in the output of a type
inference system.

The algorithm CE consists of two components: The first component (called S-CFE) decom-
poses its argument types step by step and collects constraints on the bindings of variables
in order to provide certain common elements. The resulting free constraint sets restrict the
types t that can be assigned to a certain variable X by stating which values must at least be
denoted by t.

The second component transforms the resulting constraint sets into idempotent substitutions
for type variables. This is done by iteratedly inserting the assignments of variables into the
right hand sides of other variables and by introducing recursive bindings by the p type con-
structor. A prototype implementation in Scheme of the algorithm CFE described in this work
will be finished soon.
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Though this work shows how a single question for common elements of two types can be
answered we do not have an efficient tool for solving sets of common element constraints yet.
To implement a type checker based on CE we rather concentrate on a different mechanism
to solve sets of such constraints. One possibility is the implementation of a type inference
system in terms of an abstract interpreter. This allows to solve every non-empty intersection
constraint “on the fly” directly after generating it. A prototype of an abstract interpreter that
is restricted to type checking (i.e. the input types of the main function have to be provided)
gave promising results. We are currently working on the specification of a complete type
inference system based on abstract interpretation.
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Appendix A

Proofs of Chapter 3

A.1 Proofs of Section 3.1

Lemma 3.1.53 The term rewriting system Rgy terminates for every input type.

Proof of Lemma 3.1.53: For a type ¢t and a position p with ¢, # undefined the func-
tion compargs yields the number of proper prefixes p’ of p such that ¢, has C as top level
constructor. For a type t the set unint-pos contains all positions p with ¢; having the top
level constructor U or N. Furthermore, for a type ¢ we define diffcount(t) as the number of
difference type constructors occurring in ¢ and compcount(t) as the number of complement
type constructors occurring in ¢.

Now consider a term ¢ during its normalization by Rgy:

e Whenever rule one is applied diffcount(t) is decremented by one. Since ¢ has a finite
representation diffcount(t) is finite. None of the other rules increases diffcount(t) and
thus the starting value of diffcount(t) is a bound for the number of applications of the
first rule.

e When applying the second or third rule, Zpemm_pos(t) compargs(t, p) is decreased by one.
The only rule increasing this value is the first one introducing new N and C constructors.
We can switch to Zp@nmtdiﬁ_pos(t) comp-diff-args(t, p) where unintdiff-pos also yields all
position with \ at top level and comp-diff-args differs from compargs in also considering
those prefixes p’.2.€ with t,, having \ as top level type constructor. This value is still
decreased by one with every application of the second or third rule, but no longer
increased by any of the other rules. Therefore, the number of applications of the second
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and third rules is bounded by this value for the initial ¢ which is finite due to the finite
representation of .

e The fourth rule decreases compcount(t) by 2 in every application. Since the starting
value of compcount(t) is finite and each of the finite number of applications of rules 2
and 3 increases it just by a finite amount the fourth rule can just be applied a finite
number of times.

Altogether the application of Rgy to an arbitrary type term ¢ terminates. a

Lemma 3.1.54 The term rewriting system Rsy is confluent.

Proof of Lemma 3.1.54: Since we have termination of Rgy from Lemma 3.1.53 we just
have to prove local confluence. This can be done by considering the critical pairs of Rgy.

There are just two critical pairs:
e Rule 2 and rule 4 have the critical value CC(U < ay...e; >). This can be normalized
to (U <ay...e;>) by rule 4 directly or we can apply rule 2 followed by rule 3 yielding

(U <CCay ...CCay >). Here we can apply rule 4 to every argument of the union and
get the same result (U <ay ...e;>) as before.

e Rule 3 and rule 4 have the critical value CC(U <a; ...e; >). The proof is analogous to
the case above with exchanging the application of the rules 2 and 3.
Since all critical pairs have a common normal form and the term rewriting system Rgy

terminates it is also confluent. O

Lemma 3.1.55 The result type t' returned when applying Rsy to an arbitrary type t is in set
normalized form.

Proof of Lemma 3.1.55: Consider a type ¢ that is not in set-normalized form. Then ¢ must
violate at least one of the conditions of Def. 3.1.51:
1. If ¢ violates the first condition then it contains a difference type constructor and therefore

rule 1 of Rgy applies to .

2. If condition (2) is violated there is a nested occurrence of the complement type con-
structor and rule 4 applies.

3. If ¢ violates condition (3) then there exists a complement type constructor whose argu-
ment is either a union type (rule 2 applies) or an intersection type (rule 3 is applicable).
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In all cases of a type ¢ not in set-normalized form there is still a rule in Rgy that is applicable
to t. Thus, all result types of Rgxn are in set-normalized form. O

Lemma 3.1.56 Let t be an arbitrary type and t' be the result of applying Rsy to a type t.
Then (t) (o) = (') (o) for every appropriate closed type substitution o.

Proof of Lemma 3.1.56: We just have to prove the lemma for the types ¢ that form the
left hand side of one of the rules. Since the semantics of constructed types just depends on
the semantics of the argument, but not on the representation the semantics does not change
be replacing a subterm by an equivalent one.

By Def. 3.1.33 and Def. 3.1.42 the semantics of the type constructors U, N, \ and C directly
models the corresponding set operation, respectively. We therefore have to show that the
changes made by the rules of Rgy are correct transformations for the set operations:

1. First rule: Let A and B be sets and e an element.

ecA\BoecANegBsec ANecCBsec ANCB.

2. Second rule: Let Ay, ..., Ag be sets and e an element.

ecC(UA ... A)
sed (UA ... Ap)
aVied A
SVi.e e CA;
see (NCA ... CAy).

3. Third rule: Let Ay, ..., A be sets and e an element.

eeC(NA ... Ay)
sSed (NA ... Ap)
Sdie g A;
sdi.e e CA;
seec (UCA; ... CAy).

4. Fourth rule: Let A be a set and e an element.

e€CCAsedCAsec A,
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A.2 Proofs of Section 3.4

Lemma 3.4.7 Let CE be an algorithm fulfilling Assumption 3.4.5 and let STbase fulfill As-
sumption 3.4.1. Then every call to ST for an arbitrary pair of input arguments in set nor-
malized form terminates.

Proof of Lemma 3.4.7: The termination is trivial for the cases (1), (2), (4) and (10) because
these cases directly return either true or false. For case (3) the termination just depends on
the termination of STbase that is given by Assumption 3.4.1 and for case (9f) the termination
depends on CFE which terminates according to Assumption 3.4.5.

The cases (5), (6), (7) and (9) (except of case (9f)) decompose the top level constructor of
at least one of the given types and just cause direct recursive calls to ST. If neither ¢; nor
to contain a recursive type constructor then the number of possible decompositions of ; is
bounded by the maximal number b; of nested type constructors (and analogously by by for
to). (This holds because all semi-closed types must have a finite representation in terms of
base types and type constructors.) The number of recursive calls to ST is bounded by by + bs.

If t = pX.t' then the maximal number of decompositions of ¢ (including the unfolding step)
until reaching ¢ again is bounded by a finite number ¥ (again because of the finite repre-
sentation of ¢). If this number is bounded by b] for all recursively defined subterms in t;
and by b, for t; and we need at most ¢; or ¢y unfolding steps to get the first p-constructor
on a decomposition path then after at most ¢; + co + b} + b, recursive calls to ST a call is
performed with a argument pair that already occurs on the stack of recursive calls. Because
of this subcase (8a) guarantees the termination of case (8). 0

Lemma 3.4.8 Let t1,t, € 1, be semi-closed types in set normalized form. Let STbase fulfill
Assumption 8.4.1 and let CE fulfill Assumption 3.4.6. Then

ST (t1,t2) = true = (o(t1)) C (o(t2))

for every closed type substitution o appropriate for t, and ts.

Proof of Lemma 3.4.8: First we prove the lemma along the case distinction of the algorithm
for those cases directly returning a value without recursion. We therefore assume o to be an
arbitrary closed type substitution appropriate for ¢; and ts.

e For every semi-closed type t € Tgcs obviously (o(t)) C (o(t)) holds. Thus, case (1)
does not violate the lemma.

e For every closed type t the following properties hold:

— L e (t). This implies (L) C (o(¢)) and therefore proves correctness of the first
subcase of case (2).
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— (o(t)) €V = (T) proves correctness of the second subcase of (2).

e If t; and t, are base types or value assignments the answer given by STbase that is
correct due to Assumption 3.4.1. Case (3) is therefore correct.

e Because of (Tfunc) = (Tfuncp) U (Tfuncy)) case (4) is trivially correct.

For the remaining cases we prove the lemma by induction on the number of recursive calls
needed to generate an answer for a given pair of arguments. Because of Lemma 3.4.7' this
number is always finite:

n = 0: This case is always processed by the cases already proven above.

n — n+ 1: Again the proof is given along the cases of the algorithm. (One has to note in
this part of the proof that from the fact that ¢ is appropriate for ¢; and ¢, this property also
holds for every subterm of ¢; and ¢,.)

e Types constructed by tuple like constructors can just be subtypes of each other when
the top level constructors are equal. In this case:

{o((ctiy - t1w)) Co((c tay ... top))) & Vi (o (t1:)) S {o(t24))

We can apply the induction hypothesis to the pairs (¢1,,%2;) and for ST yielding true
because of case (5) we get:

ST((ctiq ... tig), (ctaq ... tag)) = true = szlST(tu, ty;) = true =
Vi (o(t1)) € (o(tan)) < {o((ctin ... tg))) S (o((c tan ... tap))).

e A frame type f; can just be a subtype of another frame type f, if the sets of symbols
defined in f; and fy are equal. When ST(f1, f2) yields true because of case (6) then for
every symbol s; = s} the following holds:

ST(ts, t;) = {o(t:)) € {o(t))) -
By the definition of {-) on frames this implies (o (f1)) C (o (f2))-

o If ST(ey,eq) yields true because of case (7) then e; and e; must be environments e; =
(env €] f1) and ex = (env € fo) with ST(e),e,) and ST(f1, f2). From the induction
hypothesis we can conclude {o(e})) C (o(e})) and (o(f1)) C (o(f2)). Together with
the definition of (-)) on environments this implies (o (e1))) C (o (ea)).

More exactly because of Cor. 5.3.15 not needing Assumption 3.4.5.
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e For the set constructors decomposed in case (9) the first part of the proof does not take
into account interactions between top level set constructors of ¢; and t5:

Ifty = (Uty ... tix) and case (9a) yields true then

Vieqt,.. ;3ST(t1 3, t2) = true = Vicqr,. i {o(ti)) C (o(t2))
= (o(t)) = (U {o(tr)) ... {o(tre))) S (o(t2)] -
Therefore, case (9a) is correct.
If t9 = (Utey ... tay) and case (9b) returns true then

Jicqr,. iyST(t1,t2;) = true = Jicp,. w3 {0(t1)) C (o(t2,))
= {o(t)) € (U {o(t21)) ... {o(t2p)]) = {o(t2))
implies the correctness of case (9b).

Ifty = (Nty1 ... tix) and ST returns true because of case (9c) then

Jicqr,. 13ST(t1,t2) = true = Jicp,. w3 {o(t1:)) € (o(t2))
= (o(t)) = (N {o(tr)) ... {o(tre))) S (o(t2)] -
This implies the correctness of case (9c).
If to = (Nt ... ta) and case (9d) yields the result true then

Vieqt,.. ;3ST(t1, t2;) = true = Vicqr,. iy {o(t1)) € (o(t2:))
= (o(t)) € (N {o(t21)) ... (o(t2s)D) = {o(t2)] -
Thus, case (9d) is correct.
If ST(t1,ts) = true because of case (9e) then t; = Ct}, to = Ct}, and

ST(ty, 1)) = true = {t3) € [t} = (L) =V \ (t1) S V\ {t5) = (&) -

This implies the correctness of case (9¢). (Note that the argument of C must not
contain variables and therefore a substitution o is not necessary in this case.)

If ST(t1,t;) = true because of case (9f) then t, = Ct, and CE(t;,t,) = false
with ¢, generated from ¢; by replacing every quantified variable Xy € V, by T. By
Assumption 3.4.6 and by the fact that all type constructors allowing variables in
their arguments are monotonic and therefore {o(¢,)) C (#,) this implies:

CE(ty,t,) = false =
= 0= () N {t) 2 (o)) N ({t2) =
= (o(t)) SV {t) = (t2) -

Therefore, case (9f) is correct.
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The only cases where two of the subcases of case (9) yield different results depending
on the order in which the types t; and t, are processed are:

1. tl = (U t171 Ce tl,k) and tg = (U t271 Ce tgyk/)
2. tl = (ﬂ t171 Ce tl,k) and tg = (ﬂ t271 Ce tgyk/)

because V and A do not commute with each other. In case 2 the given order yields

koK
\ N\ STt o)
i=1j=1
which implies
Kok
AV ST(ti tay)
j=1i=1

The given order already yields the more special check which implies:

kK kK

V N\ STt ta5) = \/ N (i € (25) = \/<[t1z]> C (t2) = (ta) € (t2)

i=17=1 i=17=1

The lemma is not violated by the order in which case 2 is processed.
In case 1 the term representing the performed checks is:

koK
/\ \/ ST(t i ta;) = Yieqr,... myFjeqr,... wn {t1i) € (ta,)
i=1j=1
= Vieq,.. ., {ti) € (U {t21) .. (taw))
= (U (t11) - <[t1 k) C© (U {t21) - {taw))

e Whenever the top level type constructor of one of the types is the p constructor case
(8) is applied:

— In the cases (8b) and (8c) the first or second argument is unfolded one step respec-
tively. It is replaced by an equivalent term and the induction hypothesis provides
that for the changed term the right answer is generated.

Since the unfolding is done before unions or intersections are decomposed in case
(9) the decomposition order needed there cannot be violated by a set constructor

hidden by pu.
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— For correctness of case (8a) we must prove that we can assume the subtype property
of two types to hold when processing a recursive call with arguments that have been
processed before.

Consider the tree given by the calling behaviour of ST as follows:

x The initial call to ST is represented by the root.

*x Every son of a given node represents a recursive subcall to ST evaluated by
the current call.

x Every leave of the tree represents a boolean value true or false.

This tree can just be infinite when both initial arguments contain the u-constructor.
Now let t; and ¢y be the initial arguments and t| and t, a pair of arguments of
recursive calls that occur an infinite number of times on an infinite path. (We
are just interested in infinite paths: Whenever an argument pair (s, sy) occurs
a second time on a path the existence of an infinite path is implied by repeating
the subpath from the first occurrence of (s1, s2) to the second an infinite number
of times.) Let recursive calls to t] and t, occur at depth dg, ds, ... represented by
nodes ng,nq,... and let n be a leave representing the value false with depth d
fulfilling dy, < d < dj.1 where without loss of generality the node ny is the last node
with a pair of arguments already used before. (If there were nodes with already
analyzed argument pairs after ny then we can switch to the last of these pairs and
the corresponding recursive subterm. Since the leave n is fixed such a last node
must exist.) Let ¢ := d — dj. Since the recursive calls represented by the nodes
no and ny cannot be distinguished by ST (except by a history of recursive calls)
there are equal paths yielding from ny to n and from ng to a leave n’ representing
false with only one call with the argument pair ¢} and ¢, on the path from the
root to n’ (cf. Fig. A.1).

By an inductive argument on the number of pairs ¢} and ¢, occurring an infinite
number of times in the tree we can show that whenever the tree contains a leave
representing false there is such a leave n with no pair of arguments occurring more
than once on the path from the root to n. Thus, returning true for argument pairs
already used before in an recursive call does not violate the lemma and hence case
(8a) is correct.
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Figure A.1: Failure cases in the search path
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Appendix B

Proofs of Chapter 5

B.1 Proofs of Section 5.2

Lemma 5.2.16 If the algorithm ST terminates for every pair of closed terms in set normalized
form then the algorithm S-CE terminates for every input with arguments 1 and 2 in set
normalized form.

Proof of Lemma 5.2.16: First we show that there is no infinite chain of calls to S-CEFE.

Obviously the rules (Top1), (Top2), (RecT), (BothVar), (Varl), (Var2), (Fun@) and (Base)
of S-CFE terminate directly, i.e. they do not perform a call to any other function. This is also
the case when no rule applies and S-CFE returns the empty c-collection.

The rules (Comp1) and (Comp?2) also just return the given constraint set without any changes.
But they perform calls to ST that can lead to recursive calls to S-CFE. But since ST is stated
terminating in the precondition these recursive calls to S-CFE terminate, too.

The rules (U1), (U2), (11), (12), (Constr), (Frame) and (Env) perform recursive calls to
S-CFE with the following property: When ¢, and ¢, are the first two arguments then the first
two arguments t} and t; of the direct subcalls to S-CE or the calls to S-CE performed by
SCE-list-reduce fulfill:

e ) is a subterm of ¢; and ¢, is a subterm of ¢,.

e At least one of the subterms stated above is a proper subterm.

By defining an ordering on the pairs of types with (¢],t5) <7p (t1,t2) if the two properties
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stated above hold we get a termination ordering for S-CE for types not containing a recursive
type constructor because in the ordering defined above there are no infinite descending chains.

In the presence of recursive type the ordering given above is no longer sufficient to show
termination of S-CFE because the rules (Recl) and (Rec2) perform recursive calls to S-CE
with subtypes as arguments that are no proper subtypes.

Informally termination is given because (Rec!) and (Rec2) never process the same pair of
types twice in a recursive chain. Since the number of different type pairs occurring in such
a recursive chain is finite there is just a finite number of invocations of (Rec!) and (Rec2).
Furthermore there is always just a finite number of intermediate calls to S-CE between two
invocations of (Recl) and (Rec2) and thus the whole execution sequence is finite.

Formally we extend the ordering given above by a counter of possible invocations of (Recl)
and (Rec?2). For two types t; and t we define

sub-pairs(ty, t2) = {(t},t5) | t] subterm of ¢; A t; subterm of t5} .

sub-pairs(ty, ta) is finite because the set of subterms is finite for every type term ¢. Furthermore
if #] is a subterm of ¢; and ¢, is a subterm of ¢y then sub-pairs(t;,t,) C sub-pairs(t,,ts). This
is the case because even if ¢; is a subterm of ¢| again, the set of subterms does not increase
from ¢; to t] as stated in Remark 3.1.6 (analogously for t5).

We now define a termination ordering for S-CFE considering the two types ¢; and ¢, and the
recursion information r. (We understand r as a set here.) (t},t,,7") < (t1,t2,7) if one of the
following properties holds:

o sub-pairs(ty,th) \ " C sub-pairs(ty, ta) \ 7.

o sub-pairs(ty,th) \ " = sub-pairs(ty, t2) \ v A (t], 1) <rp (t1,t2).

Since <7 p does not contain infinite descending chains we can conclude that in every descending
chain sub-pairs(t;,ts) must be smaller or r must be larger after a finite number of steps.
Furthermore, sub-pairs(ti,ty) and therefore sub-pairs(ty,ts) \ r are finite and therefore the
first condition can hold just a finite number of times in a descending chain.

For the rules (U1), (U2), (11), (12), (Constr), (Frame) and (Env) it is obvious that every
recursive call performed in these rules has a smaller argument because r remains unchanged
and either (¢7,t,) <rp (t1,t2) or sub-pairs(ti,ts) already decreases because of one of the
subterm sets becoming smaller.

If (Recl) or (Rec2) is applied to ¢, to and r a recursive call is performed with arguments
(without loss of generality for (Recl)) t) = unfold(t,), ty, =ty and 1" = ((t1,t2) . r). This call
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fulfills
(t1,t2) € sub-pairs(ty,ta) \ r D sub-pairs(ty, ty) \ ' 3 (t1,1t2)

This is the case because sub-pairs(ty,ts) 2 sub-pairs(ty,ty) and r C r’. Altogether < is a
termination ordering for S-CF.

The last reason of possible non-termination is the splitting of a call to S-CFE into several
subcalls done by the rules (U1), (U2) directly and (11), (12), (Constr), (Frame) and (Env)
indirectly via SCE-list-reduce.

For the rules (U1) and (U2) processing union types the subcalls are given by splitting the
union type into its argument types. Since all union types have a finite number of argument
types the number of these subcalls is also finite.

For the rules (I1), (12), (Constr), (Frame) and (Env) the number k of calls to SCE-list-
reduce is given by the number of subterms in the processed intersection type, tuple like type,
frame type or environment type, respectively. All these types always have a finite number of
arguments and hence k € N. (Exactly there is always one more call to SCE-list-reduce with
the empty list of type pairs that is processed by rule (SCE-list-reducel ), but the number of
calls is still finite.)

We still have to prove that every execution of rule (SCE-list-reduce2) just involves a finite
number of calls to S-CE. For the i recursive execution of (SCE-list-reduce?) calculating the
intermediate c-collection ¥; this number of calls is equal to the number of elements in the
previous c-collection ¥; ;. The only rules generating collections of more than one element
are (U1) and (U2) processing union types. The number of elements in the result collection is
bounded by the sum of element numbers of the intermediate collections. As explained before
the number of intermediate collections is finite and the number of recursive calls to S-CFE
processed by (U1) or (U2) is finite. Thus, by induction on the maximal number of recursive
calls to S-CFE processed by (Ul) or (U2) necessary to calculate one of the subcollections
ensuring the termination of SCE-list-reduce we can prove that every result collection of S-CFE
has a finite arity. a

Lemma 5.2.19 Let ¢ be a call to S-CE and ¢ the first call to SCE-list-reduce performed when
processing ¢. Let 33 be the result of a call

¢ = SCE-list-reduce((t1,t}), ..., (tn,t,)), 2, 7)

and let C; denote the set of recursive calls to S-CE when processing the j™ list element. Let
2; be the c-collection used in the recursive call

SCE-list-reduce(((tj11,t541), - (tn, 1)), X5, 7)
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for all j and ¥; = S-CE(t;,},0,7) then:

77

k
Vi combine-cs(X) = combine-cs(X; ® U ¥}) = combine-cs(X; ® implicit-css(Ch)) .
=t
where Yo = Y.

Proof of Lemma 5.2.19: We first prove the following statement (B.1) used in the rest of
the proof:

U S—CE(tl,tg,U, 7") = E®S—CE(t1,t2,®,7") (Bl)
oeY

In proving (B.1) we first rule out several special cases:

e X = (). Then both sides trivially yield the empty c-collection (.

o S-CE(ty,tz,0,7) = 0 (i.e. no common elements of ¢; and ¢y detected). Since the appli-
cability of none of the rules in S-CFE depends on the given free constraint set

S—CE(tl, tg, ag, 7") = (Z)
for every o € 3. Therefore,

U S—CE(tl,tg,U, T’) = Q)

oeX

Now we consider the case that ¥ = {o} and S-CE(t,t2,0,r) returns with a c-collection
consisting of exactly one element o, i.e S-CE(ty,t2,0,7) = {o’} holds. We have to show that

S-CE(ty,ts,0,1) ={oc®0'}. (B.2)

Obviously, both sides of (B.2) can just differ for those variables being constrained by an
element of S-CE(t,ts,0,7) or by o’

The behaviour of the individual rules (applicability, arguments 1,2 and 4 of recursive subcalls)
does not depend on the provided free constraint set. Therefore, we just have to consider the
rules (BothVar), (Varl), (Var2), (Compl1) and (Comp2). All other rules either just return
an unchanged free constraint set or pass through the result of the subcalls. (For those rules
calling SCE-list-reduce induction on the number of subcalls will give (B.2).)

e (BothVar) constrains the two variables ¢; and ¢, to a new variable. If ¢; (with ¢ € {1,2})
is not constrained in o then the new constraint is obviously equal at both sides of (B.2).
If o(t;) =t then t and the new variable are united in the constraint of ¢; by extend-
constraint on the left hand side and by ® on the right hand side of (B.2).
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e (Varl) and (Var2) are proven analogously (BothVar). For the variable constrained by
extend-constraint the argumentation is completely analogous. For those variables con-
strained by constrain-all-free we also can use an analogous argument because constrain-
all-free constrains all variables in terms of extend-constraint.

e (Compl) and (Comp?2) are the only places where constraints on variable are overwritten
by free-to-top. Since all these constraints are overwritten with T and the union of every
type t with T is equal to T both sides of (B.2) are equivalent.

Now let ¥ = {oy,... ,04} and let 0}, = 0 ® ¢’. Analogously to (B.2) we get
Vi S-CE(ty, ty,01,7) = {1 ® 0’} = 0.
Obviously both sides of (B.1) yield exactly the set {0}, ...0.} and are therefore equal.

If S-CE(ty,t,0,r) is processed using the rules (UI) and (U2) the result usually consists of
several free constraint sets. We can consider each of these free constraint sets independently
as follows:

Let 0; € S-CE(t1,t2,0,7) be an arbitrarily chosen free constraint set. For each union type
that yields several free constraint sets when processed we can choose one union element that
was involved in calculating o;. Replacing the union by this union element and repeating this
for all union types yielding several free constraint sets as result we get a type pair ¢ and t}
with

S_OE(t,h t,27 Q)u T) = {Uz} .

For these types #; and ¢, (B.2) holds. This is the case for all o; € S-CE(t1,ts,0,r). Fur-
thermore, the rules of S-CE show the same behaviour when a free constraint set o # 0 is
used in calling S-CE, i.e. there is a direct correspondence between the ¢; and the results of
o; € S-CE(ty,t,0,r) for every o via the common execution path of S-CE. Hence, (B.1) also
holds for types t; and ¢, yielding an arbitrary number of free constraint sets as result from

S-CE.

We can now prove the lemma. The situation after processing the first j list elements by
SCE-list-reduce can be described as follows:

SCE-list-reduce((tj1,t51), - - (tn, 1)), Bj, 1) =
= SCE-list-reduce((t1,t,), ... , (ta—j, ,,_;)), 5, 7)

Hereby the remaining calculations after processing j list elements in SCE-list-reduce can
always be described as a not partially processed call to SCE-list-reduce. The statement of the
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lemma now simplifies to:
combine-cs(SCE-list-reduce((t1,t}), ..., (tn, 1)), X', 7)) =

= combine-cs(¥' @ X' ® ® S-CE(t;,t/

VR

0,r)).

j=1
Because of
combine-cs(¥' @ X' @ X)
—=combine-cs({o1 ® 0, 5 | 01,00 € X', 5 € L})
={ ® (01®02®5)|§_]1,§_]2§E'/\§A]§§~]/\§_]1,
71€51,02€52,5€5

={ X (1©0)aQ)s|T1, 5 CYALCIAL,

(71621,02622 FED

M
“M>
e
=
——

M
uM>
N
=
——

—=combine-cs({(c ®6) | o € ¥/, 5 € ¥})
—=combine-cs(¥' @ )

for an arbitrary c-collection X the statement above further simplifies to

combine-cs(SCE-list-reduce((t1,t}), ..., (tn, 1)), X' 7)) =

= combine-cs(X' @ ® S-CE(t;,t:,0,r)).

VR
=1

We prove this by showing
SCE-list-reduce((t1, 1)), ... , (tn, 1)), X', 7) = X' @ (X) S-CE(t;, 5,0, 7). (B.3)
j=1

by induction on the number n of list elements:
n=1:

SCE-list-reduce((ty,t,)), >, r) = SCE-list-reduce((), U S-CE(ty,t},0,7),7) =

oedx’

= |J S-CE(t1,1),0,7) = X' @ S-CE(t1,,,0,7)

oedx’
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with the last step because of (B.1) proven above.

n —n+1: Let (B.3) hold for all calls to SCE-list-reduce with a list of length n as first
argument. Consider a call

SCE-list-reduce((ty, 1)), (t1, 1)), ..., (t1,1])), 2, 7r) =
= SCE-list-reduce(((t1,t}), ... , (t1,8 U S-CE(ty,t},0,7),71)

ceY

By applying the induction hypothesis this is equal to
U S-CE(t. 11,07 ®®S CE(t;,T;,0,7)
ceEX
Applying (B.1) we get
> ® S-CE(ty,t,,0,r ®®S CE(t;,1,,0,7)
7j=1

After a renaming of the arguments with (t;11,t,,,) = (£, ;) forall i € {1,... ,n} we get (B.3)
for argument lists of length n + 1.

Altogether, the lemma is proven. O

Lemma 5.2.20 Let t1,ty € T, both in set normalized form and let ¢ :== S-CE(ty,ts,7,7) be a
call to S-CE that occurs as a recursive call after an initial call ¢ to S-CFE with empty recursion
information (). Let CE fulfill Assumption 3.4.6. Let there exist a value v # L such that

Vk € N.v € subst(d)k(t;) [ subst(5)*(t,) . (5.2)
Then there exist a free constraint set
o € combine-cs-cond(S-CE(ty, ta, &,1) ® implicit-csz(c))
such that the free type substitution o’ = subst(c) compatible with o fulfills
Vk e N.v e o™ (t)) do¥(ty) . (5.3)

Furthermore, if X is a free variable with X € dom(¢) and 6(X) = tx then X € dom(c) for
every o € S-CE(t1,t2,6,7) and tx = o(X) fulfills:

{tx)(m) € {tx)(7) (5-4)

for every closed type substitution T appropriate for tx and tx.
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Proof of Lemma 5.2.20: We begin the proof by (mostly) eliminating the use of combine-
cs-cond in the lemma by the following observation: Since combine-cs processes all non-empty
subsets of the given c-collection especially the subsets consisting of exactly one element are
processed. Because of this, all free constraint sets occurring in the argument of combine-cs
are also in the result. Therefore, we have

Y. C combine-cs-cond(X) C combine-cs(X)

for every c-collection 3. In the following we will use 3 instead of combine-cs-cond(3) wherever
possible. For situations where the application of combine-cs is necessary we will show that
combine-cs-cond indeed behaves like combine-cs.

Now consider the cases that can violate the lemma. The lemma is trivially fulfilled for terms
t; and t5 not containing any variables. If ¢; or ¢y contains a variable there must be a value
v € (p(t1)) N {p(t2)]) for some p such that no o € S-CE(ty,ts,d,r) fulfills

Vk e NIr.ve (rod™t)) N {rod™t)).
By definition of the type semantics the reason for the failure can be found at those positions
p with
o (t1)p or (t2))p is a variable A (without loss of generality let us assume that (¢1), = A).
e (0)¥(A) for some k cannot be instantiated in order to contain vy, (i.e. for all 7 we have
k
vp & (700" (A))).
Informally A is instantiated by ¢’ in a way that rules out v}, as a possible value.
We can therefore prove the lemma by showing that:
e All constraints generated by S-CFE do not yield the situation above for the type pair
(t1,t2) currently considered.

e Constraints already generated for variables occurring in other positions in the types of
the initial call to S-CFE (i.e. constraints already given in &) are not changed in a way
violating the lemma afterwards (i.e. the types these variables are constrained to are
enlarged or remain unchanged).

In the first part of the proof we will show that all the rules generate an output fulfilling the
lemma by case distinction on the executed rule. The proof is done by induction on the number
of needed subcalls to S-CFE to process a certain call. (This is possible because according to
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Lemma 5.2.16 S-CE terminates and therefore the number of needed subcalls to S-CF is always
finite.)

In the second part we will show that in the case of no applicable rule there are no common
elements of 6*(t;) and " (¢,) for some k € N and therefore the lemma is satisfied by returning
the empty c-collection.

Part 1: Correctness of the individual rules: We show the correctness of the rules by
case distinction on the activated rule.

Whenever a v € 5%(t;) [J 5%(t2) exists there are p; and p, such that
v € {pgopsodt(t)) N {pgopsod(ta)).

For every pi, with dom(p;) = dom(p,) and p;(Xy) # L for every Xy € dom(p),) there exists a
v" with

v' € (plopyo & (t)) N {0 psodt(ta)).

We can choose a v’ that differs from v at exactly those positions where either 6 (¢;) or 6*(t,)
contains a quantified variable. Since o'*(t;) and ¢’*(t5) do not contain additional quantified
variables and all quantified variables occurring in 6*(¢,) and &% (t,) also occur in o’ (t;) and
o'¥(ty) (maybe as element of a union) or are replaced by T we can choose 7, such that

v' e (ryor00™(t)) N {7, 075 0 0" (1))

whenever

v € (ryorr00™(t)) N {0700 (t)) (B.4)
Thus, in the following we will just prove (B.4) for the individual rules.

The substitutions used for [ are denoted p, for the quantified and py for the free variables
in (5.2) and analogously 7, and 77 in (5.3).

e Let t;, t, and & be processed by (Top1).! Let v be chosen as in (5.2). Because of
t; = T from the condition of (Topl) v € (7 o o’*(t;)] for all 7 and ¢’. Since o’ = & we
can choose 7 = p according to the choice of v and k and trivially get statement (5.3)
of the lemma. (5.4) holds trivially because of ¢/ = 6. For (Top2) the proof is done
analogously.

n order to simplify notations we identify subst() and & in the following.
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e If ¢, ty and & are processed by rule (Fun@) (i.e. t; and ¢, are function types or quantified
variables) or (Base) (i.e. t; and ty are base types or value assignments) then (5.3) is
fulfilled because t; and t, are not affected by ¢’ and & and we can choose 7 = p. (Since
o' and G are generated from free constraint sets they just affect free variables.) (5.4)
again holds trivially because of ¢/ = &.

e Let the current call be processed by rule (BothVar). Then both types t; and t, are
free variables. These variables are both constrained to contain the values of a newly
introduced variable. As this variable does not contain as a subtype of any types to be
checked it is not constrained by S-CE and we can choose 7 to instantiate it according to
the value v. This yields (5.3). (5.4) holds because of the definition of extend-constraint:
Whenever one of the variables is already constrained the newly introduced variable and
the previous value are united.

e Let (Varl) be the rule processing the current call to S-CE. Then ¢, is a free variable and
t is not a free variable. Because of v € {p o 5%(t,)) in (5.2) we have v € (po p o o’*(t,))
with p instantiating the variables introduced by constrain-all-free. (All free variables
occurring in ¢, are instantiated with a newly introduced variable (maybe in a union) by
o’. These variables are not instantiated by further calls of o’ because they do not occur as
subtype of one of the checked types. When assuming that p was chosen not to instantiate
unknown variables we can choose the instantiation of the new variables by p according
to the value v.) Furthermore, we have v € (5o po o™ (1)) because of the change
to the constraint of ¢; performed by extend-constraint. We can now choose 75 = p o p,
71 = popoc’ and get v € TQOO'/k(tQ) andv € 1y oa’k(tl). Since there are valid substitutions
71 and 7y in both cases and all type constructors that can contain variables in our type
language are monotonic we can just choose 7 = {A «— T | A € dom(m) U dom(7)}.
This yields (5.3). The preservation of previous constraints as stated by (5.4) is obvious
here because:

— If there are previous constraints for t; they are preserved because of the union
calculated by extend-constraint in this case.

— The free variables occurring in ¢y are constrained by constrain-all-free. This func-
tion preserves previous constraints by calculating unions in extend-constraints when
necessary.

The correctness of (Var2) is proven analogously.

e If the current call is processed by rule (Comp1) or (Comp2) then the resulting sub-
stitution o’ calculated by free-to-top differs from & in instantiating some additional
variables. All these variables are instantiated to T. By choosing 7 = p we get
(pod*(A) C (rodc™(A)) for every variable A and since all type constructors con-
taining variables in their arguments are monotonic (5.3) of the lemma follows. (5.4)
holds because for every type t and every substitution 7 we have (7(¢)) C (T).
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e Let (UI) be the rule processing the current call. Then ¢; = (U t1; ... t;x). Let
v € (po subst(d)*(t1)) N {p o subst(c)*(t2))

for some arbitrary k& and an appropriate p. Because of v € (p o subst(5)*(t,)) there
must be a t;; with v € (p o subst(5)*(t,,)]) and therefore

v € (posubst(c)*(t1:)) N (p o subst(d)*(tz)) .

From the induction on the number of needed subcalls to S-CE necessary to process a
given call we can use the induction hypothesis to show that there is a free constraint
set 0 € S-CE(t1,, 19,0, 7) with 0’ = subst(o) such that there exists a 7 with

ve(ro a’k(tu)b N{ro O'/k(t2>]> )

By rule (U1) this o is also a member of the result of S-CFE(t;,ts,5,r). (5.3) holds e.g.
with 7 chosen as above. (5.4) follows trivially from the induction stating (5.4) for the
subcalls. The correctness of (U2) is proven analogously.

e Let the current call be processed by rule (11),ie. ¢ty = (Nt ... t1,) and consider a
value v chosen as in (5.2). SCE-list-reduce called by rule (11) performs a sequence of sub-
calls to S-CE with the types (t11,t2), (t12,t2), ..., (t1n,t2) as first two arguments and
free constraint sets that steam from the output of the call before. We will show that the
c-collection ¥; that is used in the recursive subcall SCE-list-reduce((lit1, ... 1), %i,T)
with ; = (t1 5, t2) fulfills:

Jo € LVk e NIT.v € (Tod®(ti1)) N {rock(ty)) A

A€ (Tod®(tia)) N {Tock(t)) A
(B.5)

Ao € (T ook (t;)) N {7 0" (t2))

For the last conjunction element this follows directly from part (5.3) of the induction
hypothesis applied to the direct S-CFE calls performed by the call to SCE-list-reduce
processing ;.

For the other conjunction elements (making statements about [; with j < i) we can
apply (5.3) of the induction hypothesis to the calls calculating 3; (defined analogously

to ¥;). All the transformations from ¥; to ¥; preserve the needed properties according
to (5.4) of the induction hypothesis.

Since the statement (B.5) especially holds for i = n rule (11) fulfills (5.3) because from
v € (T oa(t;)]) for all i we can conclude v € (10 d”(¢;)). (5.4) directly follows from
the fact that all subcalls to S-CE performed by SCE-list-reduce fulfill (5.4) because of
the induction hypothesis. The proof of (I2) can be done analogously.
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e If (Recl) is the rule processing the current call then t; = puX.t" and the recursive call

S-CE(unfold(ty), ta, 7, ((t1,t2) . 7)) fulfills (5.3) and (5.4) by the induction hypothesis.
Because of (t1))(0) = (unfold(t,))(c) (see Def. 3.1.49) the lemma also holds for the
result of (Recl). For (Rec2) the proof is done analogously.
If the current call is processed by rule (RecT) then (t1,t5) € r, i.e. the type pair (¢1,t2)
must have been processed in a previous call to S-CFE already, because r is generated by
S-CF starting with (). During processing this previous call there are two possibilities
for the necessary constraints:

— They have already been generated.

— Between the previous and the current call with the current parameters a call to
SCE-list-reduce was processed and the necessary constraints will be generated dur-
ing processing the rest of this call to SCE-list-reduce. In this case the necessary
constraints are already contained in the implicit constraint set of the current call
as stated by Lemma 5.2.19.

There is just one problem left: When calling (RecT) the necessary constraint for a
variable might be splitted into subconstraints occurring in different free constraint sets
in the same c-collection. Since (RecT') can only occur as a (maybe indirect) subcall of a
call to (Recl) or (Rec?2) the complete constraint is generated by combine-cs-cond that
behaves like combine-cs in this context.?

e Let the current call be processed by rule (Constr). Then t; = (¢ t11 ... t1,) and
to = (ctoq ... tay,). Via SCE-list-reduce a sequence of calls with type pairs (f1;,t2;) is
initiated. Analogously to the proof of (17) we can show that the c-collection ¥; used in
the call SCE-list-reduce((l;11, ... ,1,), X, ) contains a ¢ with:

Vk € Ndr .U|1 € <[T o O'k(tl’l)b N <[7' o O'k(tg’l)b N
/\’U|2 c <[T o} O'k(tl’g)b N <[7' O O'k(tg’g)b VAN

/\U|i € <[T o O'k(t17i)]> N <[7' o O'k(tgﬂ')])
Since this is especially the case for i = n rule (Constr) fulfills (5.3). (5.4) is proven

analogously to rule (11). The rules (Frame) and (Env) are proven correct analogously.

Part 2: No rule applicable: In this part we consider the case that none of the rules of S-CFE
is applicable. In this case the result is the empty c-collection violating (5.3). We have to show

2When finishing a call to Rule (RecT') the recursive parent calls must also apply combine-cs to their result
up to that ancestor processed by Rule (Recl) or (Rec2) that is finished first. Since all these calls are subcalls
of (Recl) or (Rec2) combine-cs-cond indeed behaves like combine-cs. Integrating this into the induction
is straightforward. We omit this here for simplification of the presentation of the proof (by dropping case
distinctions).
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that in this case the precondition of the lemma given in (5.2) does not hold. Equivalently,
whenever the precondition of the lemma holds there is an applicable rule in S-CFE for the
current argument pair. We do this by case distinction on the structure of the argument types
that can be:

e A base type (including value assignments and ).

o |

A type constructed by a tuple like type constructor.

A frame type.

e An environment type.

A function type.

e A recursive type.

A type variable (either free or quantified)

A union type.

e An intersection type.

A complement type.
The case distinction is done in the order of the cases in S-CFE':

e If one of the types is T then one of the rules (Top!) and (Top2) is applicable.

e If one of the types is a recursive type then one of the rules (RecT'), (Recl) and (Rec2)
applies.

e [f one of the checked types is a free type variable X then the following cases are possible:

— Both types are free variables. In this case rule (BothVar) is applicable.
— The other type is not a free type variable: Either (Var!) or (Var2) applies.

Thus, in all cases with at least one free variable one of the rules of S-CFE is applicable.
In the following we assume that none of the given types is T or a free type variable.

If one of the types (without loss of generality 1) is a quantified type variable Yy then
the following cases are possible:
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— 15 is a recursive, union, intersection or complement type. In this case the rule
corresponding to t, is applicable.

— ty = Y4y. Then rule (Fun@) applies.

— In every other case there is no rule applicable. But in this case t; is a base type
= T, a type constructed by one of the free type constructors, a frame type or an
environment type and hence does not cover all values. Thus, there exists a ground
type t having no common elements with any instance of 5. We can conclude that
e.g. for p containing Yy « t the precondition of the lemma does not hold.

e If one of the types is a union type one of the rules (UI) and (U2) applies. Analogously,
intersection types are covered by either (1) or (12).

e If one of the types is a complement type ¢t = Ct’' then the other type s must not be a
subtype of ¢’ in order to have common elements. Because of Lemma 3.4.8 (s) < (t')
implies s [Z ¢'. (Lemma 3.4.8 is applicable because of Assumption 3.4.6 holding due
to the precondition of the lemma and because free-to-top yields a free constraint set
eliminating all free variables from the arguments to S7') Since all the type constructors
presented here are monotonic all variable instantiations that can result in common
elements are covered by o’. Thus, one of the rules (Compl) and (Comp?2) applies
whenever ¢; and t, can have common elements.

For the rest of the case distinction we can assume that none of the types is T, a recursive,
union, intersection or complement type or a free type variable because these cases have already
be proven above.

e If one of the types is constructed by a tuple like type constructor ¢ then common
elements are just possible if the other type is also constructed by ¢. Then rule (Constr)
is applicable. The analogous holds for frame types (where additionally the sets of bound
symbols must be equal) and environment types. The applicable rules are (Frame) and
(Env), respectively.

e When one of the types is a function type then the other type must be a function type
as well and either the types are equal or one of them is Tfunc. In all these cases the
function fq returns true and rule (Fun(@)) is applicable.

e If one of the types (e.g. ¢1) is a base type or a value assignment then the other type (i.e.
to) must be a base type or value assignment, too, with CFEbase(t;,t) = true. In this
case rule (Base) applies.
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By this case distinction all cases of two types with common elements are covered by one of
the rules of S-CE.? Therefore, returning the empty c-collection in case of no applicable rule
is correct.

Part 1 and Part 2 together prove the lemma. O

B.2 Proofs of Section 5.3

Lemma 5.3.9 The algorithm SMR terminates for every input substitution o with a finite
domain dom(o).

Proof of Lemma 5.3.9: Let k := |dom(c)| € N. For both loops with index i the number
of iterations is bounded by k. This is also the case for both loops with index j for every 1.
Altogether the bodies of both inner loops are executed at most k* € N times. a

Lemma 5.3.10 Let o’ be a substitution such that the graph G = (V, R) defined as in GIS with
V =dom(c’") and R={(y,z) | x #y,x — t € 0’ and y is subterm of t} contains more than
one node and consists of a single strongly connected component. Let 0 = SMR(c"). Then

{ood' ) (9) = {a(t))(¢)

for every type term t and every closed type substitution appropriate for o o o'(t) and o(t).

Proof of Lemma 5.3.10: For every variable X € dom(o’) we show (oo d'(X))(¢) =
({o(X))(¢) for every appropriate closed type substitution ¢. Because of dom(o) = dom(o’)
this implies (o o o'(t))(¢) = (o (t))(¢) for every type term ¢.

Let s := 0'(X). o(X) and 0 o ¢’(X) do not differ in those positions of s consisting of closed
terms or variables not in the domain of o’

Let Y € dom(o’) be a variable occurring in s. We will denote ¢/(X) = s =: C[Y] indicating
a context C' that contains the variable Y. For the moment we assume that every right hand
side occurring in ¢’ contains exactly one variable V' € dom(o”).

Because of 0 0 0/(X) = o(0'(X)) = o(C[Y]) = Clo(Y)]* we have to show (o(X))(¢) =
(Clo(Y)])(¢). We do this by case distinction on the different possible orderings between X
and Y:

3The only type that was not inspected in the case distinction is L that has no common elements with any
type except of the non-termination that is not of interest for the lemma.
4The last step holds because we assume that there are no other variables V € dom(o) occurring in C[Y].
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1. Y =X: oY) =0(X) = pA.C[A]. Therefore, Clo(Y)] = C[uA.C[A]] differs from o (X)

just by an unfolding step. Both terms are semantically equivalent.

2. X <y Y: When Y is processed in the second loop on i the value o(Y') is inserted into
the constraint of X, i.e. o(X) = Clo(Y)].

3. X >y Y: Let there exist variables Vi, ...,V fulfilling

o' (Vin) = Crn[Vi41]
and let V; <y X for | < m and V41 > X. We prove (o(X))(¢) = (Clo(Y)])(¢) by

induction on m.

m = 0: When processing Y in the first loop on 7 the assignment to X in ¢’ is updated
to C[Co[V1]]. The processing of V; either yields Clo(Y)] = unfold(c(X)) according
to (1) for V3 = X or Clo(Y)] = o(X) according to (2) for Vi >y X. In both cases
{e(X)D (@) = (Cle () (9)-

m — m + 1: Let the statement hold for m. Assume that

"(Y) = Go[VA]
/(Vl) = CI[VQ]
o' (Vi) = Crn[Viny1]

o' Vint1) = Cm+1[1/(m+1)+1]

and let V; <y X forl <m+1 and V,,,o > X. When processing Y in the first loop on ¢
the assignment to X in ¢’ is updated to C[Cy[V;]] which can be understood as a context
C'[V4] of Vi. By setting Y’ := V}, V/ := Vg for l € {1,... ,m + 1} we can apply the
induction hypothesis and get o(X) = C'[Y’'] = C[Coy[o(V1)]]. When processing V; in the
second loop on i the assignment to Y is updated to Co[o(V1)] which is also the value of
o(Y) and therefore o(X) = Clo(Y)].

Altogether the statement is proven.

The three cases above prove (o(X))(¢) = (Clo(Y)])(¢) for the case that every right hand
side of ¢’ contains exactly one variable V' € dom/(o”).

If o'(X) contains several Y}, they can be considered independently in ascending order according
to <y.
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If o/(Y') contains several variables Z;, € dom(c’) then we just need to consider those Z; >y Y
because only these remain in ¢’(Y") until replacing Y in ¢/(X). The Z; > X do not influence
each other. They are consistently replaced in X and Y during the second loop on i. Z; = X
does not influence any other variables. Processing it just yields a difference in form of an
unfolding step as stated above. The influences of several Z; with Y <y Z; <y X on each
other can be proven inductively considering the Z; in ascending order according <y .

Altogether we have proven the lemma. a

Lemma 5.3.11 The algorithm GIS terminates for every input substitution with a finite do-
main dom(o).

Proof of Lemma 5.3.11: By the precondition of the lemma |V| = |dom(o)| is finite. The
component graph G’ is generated from G just by merging nodes. Thus, |V’| is also finite.
Since every execution of the while loop changes the mark of one node v € V' from 0 to 1
the while loop is executed a finite number of times. Inside of the while loop the then case as
a sequence of terminating commands terminates. This is true for the else case, too, because
dom(c’") C dom(o’) and therefore |dom(c’)| is finite. Thus, the call SMR(c’) terminates by
Lemma 5.3.9. O

Lemma 5.3.12 Let o' be a substitution fulfilling with the following properties:

1. ¢ does not contain a variable binding A — B with B € dom(o”).

2. If o' contains a variable binding A «— C[B] with a context C and a variable B €
dom(o’) then there exists a variable B' ¢ dom(c’) such that B is bound to B’ or a union
containing B’ in o’.

Let v be a value fulfilling
Vk € N.v € o™ (t;) Do’ (ty)
and let o = GIS(co"). Then
veEoa(ty) Do(ty).

Proof of Lemma 5.3.12: Let t; and ¢5 be types and v a value fulfilling the precondition of
the lemma. We can conclude

Vk e N3r.ve (rod™(t)) N {rodc™(ty)) (B.6)

The substitution 7 transforms the given argument terms to closed terms. Thus, the terms
assigned to all variables by 7 are closed terms. We can divide 7 into two substitutions 7" and
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p with 7 = 7" 0 p and dom(p) = dom(o’) = dom(c) where o is the substitution generated from

o' by GIS.

Every non-cyclic value v has a finite representation and this also holds for all finite approx-
imations of cyclic values. We can therefore find a k' € N for every v such that v is in
the intersection of {7/ o po o’ (t;)) and (' o po o’ (t,)) independently of p (with 7/ chosen
appropriately):

For variables instantiated with a base type, T, a function type, a quantified variable, a frame
type, an environment type or a type constructed by a free type constructor the statement
is obvious, because structure is added to t; or t5 and this is just possible a finite number of
times.

If there is a cycle of n variables each containing its successor as element of a union type
then & > n fulfills the statement: The prerequisites on ¢’ given in the lemma enforce that
whenever a variable A is instantiated by ¢’ the instance is either A’ or a union containing A’
with A" € dom(c). By choosing 7/(A’) appropriately every additional value introduced into
such a chain of unions can also be introduced by 7.

Variables occurring in intersections in o’ ¥ are obviously no problem when choosing a p that
does not introduce any restrictions not introduced by o¢’. This is especially the case for all p
fulfilling

VX € dom(()o’) . (p(X))(¢) = {po o' (X))(¢) (B.7)

for every closed type substitution ¢ appropriate for p(X) and p o o’(X).
Altogether we can now formulate the following statement:

Yo € V 3k € N Vp fulfilling (B.7).v € (7 o pod™ (t))) N {7 0 po o™ (1)) (B.8)

Especially (B.7) is fulfilled for p = o := GIS(c’). We show this by arbitrarily choosing a fixed
X € dom(c’) and distinguishing several cases on o’(X):

Case 1: ¢/(X) does not contain any variables Y € dom(o’). Then X has no predecessors in
the graph G defined by GIS. Especially X is not a member of a strongly connected component
with more than one node in G. Thus, when choosing X in the while-loop of GIS then the
then-case is evaluated with ¢’ = ¢ = ¢'(X). Therefore, o contains the assignment X « ¢ and
hence o(X) = 0'(X) =000’ (X).

Case 2: ¢/(X) contains variables from dom(c’) and X is not contained in a strongly connected
component with more than one node in G. Then ¢/(X) = ¢t and ¢ 0 ¢/(X) = o(t). Now
consider the variables Y € dom(o’) contained in ¢. For simplicity we assume ¢ to contain
just one variable. Several different variables can be proven by induction on their number
processing the variables in the order they are chosen from GIS. When choosing X in the
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while-loop all predecessors of X are marked with 1. Thus, either Y = X or Y € dom(o”).
In the latter case ¢”(Y) = o(Y) because the binding of Y is not changed after being inserted
into 0” and 0 = ¢” at the end of the forall loop. Therefore, 0 00’ (X) = 0" 0 0'(X) = 0(X).
If Y = X then t = C[X] and ¢/ = pZ.C[Z])° Thus, 0(X) = puZ.C[Z] and 0 0 0'(X) =
Clpnz.CZ]]. Obviously, CluZ.C[Z]] can be achieved by unfolding uZ.C[Z] one time and
therefore both terms are semantically equivalent.

Case 3: X occurs in a strongly connected component K with more than one element in G.
Let ¢” denote the state in the algorithm at the beginning of the processing of the strongly
connected component containing X. During the calculation of GIS no change to o” affects
the value of an already defined variable and therefore

VX € dom(c").o(X) = o"(X).
Since dom(c”) C dom(c) we have o = o o ¢”. Therefore,
god (X)=(co0")od (X)=00(c"00")(X)=000,(X)

with o, as defined by GIS. By definition of o, the type o0,.(X) just contains variables Y €
dom(c,.). Using this information we have

000.(X) = 0|aom(o,) © 07(X) =5 00,(X)

Since 6 = SMR(0,), Lemma 5.3.10 implies
goo.(X)=0(X).
Since the assignment X « (X)) is added to ¢” and not changed any further we have
7(X)=0(X).
Considering the three cases together we have proven o o ¢’(X) = o(X).
We denote the smallest &’ as given in (B.8) by k, and prove
Vie{0,1,...  k,}.ve (Foood™ ()N {r oooc™ 7 (t)) (B.9)

by induction on :
i = 0: By choosing p = o we get the statement directly from (B.8).
i — i+ 1: From the induction hypothesis we can conclude

ve(roood o™ NN oo ood oo™ (1)) .

5X may occur at several positions of . We use the notation of a context C' with X at one position for
simplicity but do not make use of a restricted number of occurrences of X in .
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To get the intended statement
ve(r'ooo a’k”f(iﬂ)(tl)b N{r'oco a’k”f(iﬂ)(tg)b )

we just have to show (oo d'(t))(¢p) = (o(t))(¢) for every type term ¢ and every appropri-
ate closed type substitution ¢. In showing this we can restrict ourselves to the statement
({ood(X))(p) = (o(X))(¢) for X € dom(o’). This statement has already been proven
above.

In (B.9) we can now choose i = k, and can conclude
dr.ve(roa(t))N{roo(t)) . (B.10)
Besides (B.6), the precondition of the lemma implies that when dividing 7 into 7; for the free

and 7, for the quantified variables the following holds: We can replace 7, by every 7, with the
same domain that does not assign L to any variable and still get a common element v'.

When choosing v" instead of v and 7/ = 7, o 7 instead of 7 the proof of (B.10) goes through
without a change. This is the case for every v" and especially every 7'; chosen as above because

Vk € N.v e o™ (t;) Do’ (ty)
implies the existence of an appropriate v" for every 7.
Altogether we have proven v € o(t) [ o(ts). O

Lemma 5.3.13 If the algorithm S-CFE terminates for every pair of terms in set normalized
form (and empty free constraint set and empty recursion information) then CE terminates
for every pair of input types in set normalized form.

Proof of Lemma 5.3.13: The call to S-CE terminates (according to the precondition of the
lemma) and provides a finite collection of substitutions. Thus, the forall loop is executed a
finite number of times. For every ¢’ € ¥/ |dom(o”)| is finite. Since GIS terminates by Lemma
5.3.11 the termination of C’E under the preconditions given in the lemma is proven. a

Theorem 5.3.14 The algorithm CFE terminates for every pair of input types in set normalized
form.

Proof of Theorem 5.3.14: The proof of lemma 5.3.13 carries over except of executions of
the rules (Comp1) and (Comp2) in S-CE. This case might cause a recursive chain of the form

S-CE — 8ST— CE — S-CE

After the first execution of the chain at least one argument t; or ¢t of S-CFE does not contain
any type variables (without loss of generality ¢;). This is the case because t; is a subterm of
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a type of the form Ct,. By definition of the complement type constructor ¢; must not contain
any type variables and there are no type variables introduced into ¢; during processing of ST,
S-CFE and CE. We have two distinguish two cases:

1. t, does not contain a complement type constructor that causes an execution of rule
(Comp2). Then the number of executions of the recursive chain above is bounded by the
number of complement type constructors in ¢;: Since t; does not contain any variables
this number cannot increase during the execution of the recursive chain (especially
because there are no variables bound by p that can generate new complement type
constructors by unfolding) and in every execution it is decreased by one by S-CE.

2. ty contains complement type constructors. After the first execution of rule (Comp2)
the following recursive call of S-CFE is done with arguments t] and t;, where both #]
and t), do not contain any variables. (The property of ¢| carries over from ¢;. For ¢} it
follows from the definition of C as for ¢; above.) The number of further executions of
the recursive chain discussed here is bounded by the total number of complement type
constructors in ¢} and t.

In all cases the recursive chain is just executed a finite number of times. It can therefore not
violate the termination of CFE. O

Corollary 5.3.15 The algorithm ST terminates for every pair of semi-closed input types in
set normalized form.

Proof of Corollary 5.3.15: According to 3.4.7 ST terminates as long as CF is a terminating
function. Since CFE is terminating due to Theorem 5.3.14 ST terminates for every input. O

Corollary 5.3.16 The algorithm S-CE terminates for every pair of input types in set nor-
malized form.

Proof of Corollary 5.3.16: Lemma 5.2.16 gives the statement of the corollary under the
condition that ST terminates. Since ST terminates for every input due to Cor. 5.3.15 S-CFE
terminates for every input. O

Theorem 5.3.17 Let t1,ty € T, both in set normalized form. Let there exist a value v # 1
such that

v E tl L] tQ .
Then there exist substitutions o € CE(ty,t2) such that

veoa(ty)Bo(ts).
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Proof of Theorem 5.3.17: Let t; and t, be types and v a value fulfilling the precondition
of the theorem. To the initial call to S-CE calculating ¥’ we can apply Lemma 5.2.20. (For
applying the lemma we need Assumption 3.4.6. Due to Theorem 5.3.14 CFE terminates and
therefore there is just a finite number of recursive subcalls to CE. We can use induction on
the number of recursive subcalls necessary to evaluate the current call to prove Assumption
3.4.6 for the subcalls.) Lemma 5.2.20 now gives us:

o' € X' Vk € N.v € subst(c’)"(t1) [ subst(o")" (t2) (B.11)

(Note that ¢ from Lemma 5.2.20 is the empty substitution in the initial call and is therefore
omitted here.) In the following we will identify ¢’ with subst(c”).

Because of the definition of 3 the substitution o = GIS(¢’) fulfills 0 € ¥. Due to Lemma
5.3.12 it furthermore fulfills

veoa(ty)Ho(ty).

This proves the theorem. O
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Appendix C

The Type Language for Scheme

In Cha. 3 the type language is defined on an abstract level just stating the existence of
several base types and tuple like type constructors. In this appendix the definition is refined
by introducing sets of base types and tuple like type constructors as they appear in the
functional programming language Scheme (cf. [KCE98]).

C.1 Base Types

In this section we present several base types used by our type checker. The base types can
be partitioned into different sets of types where the types from different partition sets denote
disjoint sets of values. For every such set a subtype hierarchy on the base types is introduced
by the function STbase : B x B — {true,false}. For base types b; and by from different
partition sets STbase(by,by) = false always holds. (We will just introduce the cases that
cause the result true for STbase(b,by) which can be given for the different partition sets
separately.) Furthermore we define the function CEbase : B x B — {true,false} that
returns true whenever the two argument base types have common elements. Again it suffices
to define CEbase for types of the same partition and to set the result for arguments from
different partitions to false.

When the needed sets of values are described we omit the non-termination L.
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C.1.1 The Boolean Types

There are three boolean types Ttrue, Tfalse and bool where Ttrue just contains the value
#t, Tfalse contains the value #f and bool contains both of these values.

Besides the trivial cases of two equal arguments the type hierarchy on these types is defined
by:
e STbase(Ttrue, bool)

e SThase(Tfalse, bool)

CFEbase on the boolean partition set can be given in terms of STbase as follows:

SThase(by,bool), STbase(by, bool) =
CEbase(by,by) = true < by = by V by = bool V by = bool.

Note that Ttrue and Tfalse are just used for external representation of types. Internally the
value assignments A(#t) and A(#f) are used instead.

C.1.2 The Symbol Types

The type containing all symbols is denoted by sym. It has just the trivial subtype and common
element properties STbhase(sym, sym) and CEbase(sym, sym) = true.

C.1.3 The Number Types

The set of values expressed by any number type is also expressible as the union of value sets
of the following types:

e posint-e (exactly represented positive integers)
e posint-i (inexactly represented positive integers)
e zero-e (0 in exact representation)

e zero-i (0 in inexact representation)

e negint-e (exactly represented negative integers)
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e negint-i (inexactly represented negative integers)

e posrat-no-int-e (positive rational numbers that are not integers in exact representa-
tion)

e posrat-no-int-i (positive rational numbers that are not integers in inexact represen-
tation)

e negrat-no-int-e (negative rational numbers that are not integers in exact representa-
tion)

e negrat-no-int-i (negative rational numbers that are not integers in inexact represen-
tation)

e posreal-no-rat-e (exactly represented positive reals excluding rational numbers)

e posreal-no-rat-i (inexactly represented positive reals excluding rational numbers)

e negreal-no-rat-e (exactly represented negative reals excluding rational numbers)

e negreal-no-rat-i (inexactly represented negative reals excluding rational numbers)

e comp-no-real-e (exact complex numbers that are not real)

e comp-no-real-i (inexact complex numbers that are not real)

e num-no-comp-e (exact numbers that are not complex)

e num-no-comp-i (inexact numbers that are not complex)
This set of types completely covers the hierarchy of numbers according to [CE91]. In practical
Scheme implementations some of these types might be empty.

The number types defined above are not comparable according to the type hierarchy, i.e. the
function STbase yields true on these types just for the trivial cases of identical elements. The
same holds for the common element test CEbase.

In the following we introduce several further number types that are equivalent to unions of
the types above. The type hierarchy is defined accordingly.

By uniting several of these types supertypes are defined as follows:

e Number types not distinguishing between exact and inexact numbers are defined as
follows: For every type xyz-i and the corresponding xyz-e there is a type xyz. Its
semantics is given by (xyz)) := (xyz-e) U (xyz-i) and the type hierarchy function is
extended by STbase(xyz-e,xyz) = true and STbase(xyz-1i,xyz) = true.

146



e There are types not distinguishing between positive and negative: For every two types
posabc and negabe there is a type abc with semantics defined by (abc]) = (posabc]) U
(zerox) U (negabc)) and the following extensions to STbase:

— STbase(posabc, abc) = true
— STbase(negabe, abc) = true

— STbase(zero*, abc) = true
zerox* here stands for

— zero-i if posabc and negabc have a suffix -i.
— zero-e if posabc and negabc have a suffix -e.

— zero if posabc and negabc have neither a suffix -e nor -i.

e Types of rational numbers are of the form sigrat* where sig can be pos, neg or empty
and * can be -e, =i or empty. The semantics is given by

(sigrat*) := (sigint*) U (sigrat-no-intx)
and the type hierarchy is extended by

— SThase(sigint*, sigrat*) = true

— STbhase(sigrat-no-int*, sigrat*) = true

e Types of real numbers are of the form sigreal* with sig and * as above. The semantics
is given by

(sigrealx) := (sigrat*) U (sigreal-no-ratx*)
and the type hierarchy is extended by

— SThase(sigrat*, sigreal*) = true

— STbase(sigreal-no-rat*, sigreal*) = true

e Types of complex numbers are of the form comp* with * as above. The semantics is
given by (compx) := (realx) U (comp-no-realx] and the type hierarchy is extended
by

— STbase(real*, comp*) = true

— STbase(comp-no-real*, comp*) = true

e Further types of general numbers have the form num* with * as above, the semantics
given by (numx) := (comp*)) U (num-no-compx) and the type hierarchy extended by
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— SThase(comp*, num*) = true
— SThase(num-no-comp*, num*) = true
The function CFEbase on the number types can now be defined in terms of STbhase by:

STbase(by, num), SThase(be, num) =
CFEbase(by, bs) = true < b # L. SThase(b,by) A STbase(b, by) .

C.1.4 The Character Types

The type of all characters is denoted by char. There are the following subtypes of characters:

e num-char denotes the type of all characters denoting digits.

e whitespace-char is the type of all whitespace characters.

e With upper-char we denote the type of all uppercase alphabetic characters.

e lower-char is the type of all lowercase alphabetic characters.

e sym-char denotes the type of all characters not covered by any of the types above.
With respect to STbase the types listed above are pairwise not comparable with each other.
They are all subtypes of char.

CFEbase is defined by

STbase(by, char), STbase(by, char) =
CEbase(by,by) = true < by = by V by = char V by = char.

C.1.5 Input/Output and Ports

There are two types of ports: in-port is the type of all input type and out-port the type
of all output ports. The supertype containing all input and output ports is denoted by port.
Besides the trivial cases STbhase is defined by:

e STbase(in-port, port) = true.
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e STbhase(out-port, port) = true.

CFEbase is defined by:
STbhase(py, port), SThase(py, port) =
CEbase(py, p2) = true < p; = ps V p; = port V ps = port.

The type eof contains exactly those objects that can occur as end of file object. STbase and
CFEbase are defined in the trivial way.

C.1.6 STbase and CFEbase on value assignments
The functions STbase and CFEbase can be extended to value assignments as follows:

e If both arguments are value assignments the functions just return true if the arguments
are equal: Let t; = A(cy),ta = A(ca).

SThase(ty,ty) = true < CEbase(ty,ty) = true < ¢; = ¢y .

e If one of the arguments is a value assignment .A(c) and the other one is a type ¢ the
result depends on the test ¢ € (t):

STbase(A(c),t) = true < CEbase(A(c),t) = true <
CFEbase(t, A(c)) = true < c € (t) .

C.1.7 Correctness of STbase and CFEbase

Lemma C.1.1 (termination and correctness of STbase) Let by and by be base types or
value assignments. Then

SThase(by, by) = true = (b)) C (ba) .
Proof: The lemma can be proven along the definition of STbase:

e For boolean types we obviously have:
(Ttrue) = {L, #1} € {L,#4,#/} = (bool)
and

(Tfalse) = {1, #f} C {L, 4t #F} = (bool)
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e For the symbol type nothing has to be proven.

e The definitions of SThase on number types are given in the context of defining number
types by unions of other number types. These defining unions directly prove the cor-
rectness of SThase on all number types.

E.g. int-e is defined by (int-e)) = (posint-e) U (negint-e]) U (zero-e]). This def-
inition directly gives a correctness proof for the following corresponding definitions of
SThase:

— STbase(posint-e, int-e) = true.

— STbase(negint-e, int-e) = true.

— STbase(zero-e, int-e) = true.
e The definition of STbhase for character types is obviously correct because of

(char) = (num-char) U (whitespace-char)) U (upper-char) U
U (lower-char]) U (sym-char) .

C.2 Type Constructors

This section introduces the tuple like type constructors that can be processed by our type
checker.

C.2.1 Pairs and lists

The pair type constructor (A . B) takes two element types A and B as arguments and returns
the type of all pairs with the first element of type A and the second element of type B.

The list type constructor (list A) just abbreviates the recursive type pX.(Unil (A . X)) where
nil is a synonym for the value assignment A(()) of the empty list (). (list A) is primarily used
for the external representation of types. Internally it is replaced by the recursive definition.

Note that in a type system with list defined independently from pair the type constructors
are no longer free.
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C.2.2 Strings

For every type A with STbhase( A, char) the string type constructor string constructs the type
(string A) of strings where each character is of type A. string is an abbreviation of the type
(string char).

C.2.3 Vectors

For every element type A the type constructor vector generates the vector type (vector A).
vector is an abbreviation of the type (vector T).
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