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Abstract
In this paper, the question is addressed, whether or not short term
stock asset returns are predictable from the knowledge of the past re-
turn series. Several methods like Hodrick-Prescott-filtering, Kalman-
filtering, GARCH-M, EWMA and non-parametric regression are bench-
marked against naive mean predictions. The extended empirical analysis
includes data of several hundred stocks and indexes over the last ten years.
The root mean square error of the concerning prediction methods is cal-
culated for several rolling windows of different length, in order to assess
whether or not local model fit is favorable.

Keywords: Hodrick-Prescot-Filter; Kalman-Filter; GARCH-Model;
Non-Parametric Regression; Maximum-Likelihood Estimation; Nadaraya-
Watson-Estimator.

1. Introduction

The question whether or not stock asset returns are predictable is a most
active and controversially discussed issue since the influential works of Fama
and French (1988a,b), Campbell and Shiller (1988) and Poterba and Summers
(1988). Subsequent research has focused on middle- and long-term predictabil-
ity. Additional variables, beyond the stock asset price and its dividend, were
used to enhance predictive power. An incomplete list includes changes in inter-
est rates and yield spreads between short- and long-term interest rates (Keim
and Stambaugh, 1986; Campbell, 1987, 1991), book-to-market ratios (Kothari
and Shanken, 1997; Pontiff and Schall, 1998), price-earnings ratios (Lamont,
1998), consumption-wealth ratios (Lettau and Ludvigson, 2001) and stock mar-
ket volatility (Goyal and Santa-Clara, 2003). A comparative survey of aggre-
gated stock prediction with financial ratios is provided in Lewellen (2004). An
excellent review is given in Rey (2003).

Unfortunately, short-term returns are exceedingly difficult to predict for dif-
ferent reasons. First, the signal-to-noise ratio is extremely unfavorable for short-
term returns or log-returns, respectively. Second, additional variables, like those
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mentioned in the previous paragraph, usually contribute to the trend of a stock
asset over an extended period. Thus, in case of daily returns, their influence
is not detectable and one relies solely on statistical instruments and the infor-
mation contained in the observation history. Nonetheless, predicting short-term
returns of stock assets is of great importance for example in risk-management
and related fields.

This paper contributes to the existing literature in that an extended em-
pirical analysis of short-term (daily) log-returns of stock assets and indexes is
conducted to answer the question, whether or not they are predictable to a cer-
tain degree. For this purpose, more than 360 stocks are analyzed over the last
10 years. Several statistical prediction methods are applied and benchmarked
against each other by assessing their root mean square errors.

The remainder of the paper is organized as follows: Section 2 introduces
the statistical instruments used in this survey. Section 3 provides a detailed
analysis of eight influential stock indexes. Based on the results, an optimized
study design is established for the analysis of the 355 stock assets contained in
the indexes. In section 4 the procedure is exercised on thirty DAX stocks. The
results are summarized in table form. Additional results from the remaining
stock assets are provided in appendix B. Section 5 summarizes the findings and
discusses the implications.

2. Prediction Methods

In this section the prediction methods used in this survey are introduced. Prior
to this it is necessary to distinguish between local and global methods. In what
follows, local methods are understood as prediction methods, which incorporate
only a limited amount of past information. A typical information horizon reaches
40 or 100 days into the past. Global methods are prediction methods that rely on
the complete information available; in this case log-return data from 01-January-
2000 to 31-January-2010. On the one hand, local methods often experience large
variability in their parameter estimates because of the small sample size. On
the other hand, structural shifts due to environmental influences can cause the
model parameters themselves to vary over time. Local methods can better
adjust to such structural changes than global ones.

2.1. Mean Prediction

Log-returns, when analyzed with time series methods, generally turn out to be
white noise processes. Therefore, the mean is the optimal linear predictor. It is
although the most simple predictor to compute and hence serves as benchmark
in this survey, both locally and globally.

Let xt = logSt be the logarithmic stock asset price at time t. Let further
∇ = 1−B be the difference operator and B the usual backward shift operator,
then the log-return is ∇xt = xt − xt−1 and its linear local predictor is

∇̂xt+1 =
1
K

K−1∑
k=0

∇xt−k =
xt − xt−K

K
. (1)
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K defines the size of the window for the rolling mean calculation. The global
predictor is calculated analogously, but the telescoping series yields xT − x1.

Remark: Notice that in case of global prediction future information is in-
volved in the prediction at time t < T . This is not a problem if the log-return
process is ergodic. In this case the distribution of the predictor is identical to
the distribution of another predictor, using the same amount of information but
shifted back into the past by T − t days. Thus, equation (1) applies for the
global predictor as well with K = T − 1.

2.2. Hodrick-Prescott-Filter

The Hodrick-Prescott-Filter (Hodrick and Prescott, 1997) basically divides a
time series into its trend and cyclical component. Let

xt = gt + ct, (2)

again with xt = logSt, gt the growth component, ct the cyclical (noise) com-
ponent and t = 1, . . . ,K. Then the HP-Filter is determined by solving the
optimization problem

min
{gt}Kt=1

[
K∑
t=1

(xt − gt)2 + λ
K−1∑
t=2

(∇2gt+1)2
]
. (3)

Because of the logarithmic transformation the trend of xt can be expected to
be linear. If changes in the trend are only due to random fluctuations, one
can formulate a random walk model for the growth rate ∇gt = ∇gt−1 +∇2gt.
It can be shown (for example Reeves et al., 2000) that for ∇2gt ∼ N(0, σ2

g),
ct ∼ N(0, σ2

c ), ∇2gt and ct independent and λ = σ2
c/σ

2
g , minimizing (3) yields

the Maximum-Likelihood estimator for g = (g1, . . . , gK)′

ĝ(λ) = (I + λF′F)−1x, (4a)

with

F =


1 −2 1 0 · · · 0
0 1 −2 1 · · · 0
...

. . . . . . . . .
...

0 · · · 0 1 −2 1

 . (4b)

In most cases the variances σ2
c and σ2

g , and hence λ, will not be known (they
may even not be constant in time, see section 2.4). Remarkably, Schlicht (2005)
was able to derive the log-likelihood function for λ

l(λ;x) = − log det
[
I + λF′F

]
−K log

[
x′x− x′ĝ(λ)

]
+ (K − 2) log λ. (5)

Equation (5) has to be maximized numerically with Newton-Raphson or a similar
algorithm (for an excellent treatment on this subject see Dennis and Schnabel,
1983). The first and second derivative with respect to λ is derived analytically
in appendix A.1.
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Figure 1: Original and HP-Filtered Logarithmic DJI (left) – Partial Sample
Autocorrelation Function for Log-Returns (right)

In figure 1 (left) a portion of the Dow Jones Industrial Average index is
shown in logarithmic scale (gray) and HP-Filtered (black). The estimated vari-
ance ratio is λ = 10.263. Obviously, the filtered log-return series has partial
autocorrelations at lag one and two (figure 1 right), whereas the original log-
returns are white noise. The dashed lines indicate the 95% confidence band
under the white noise hypothesis. The correlation structure of ∇gt is used to fit
an AR(p) model, where the model order is selected with BIC (Schwarz, 1978).
In this case a AR(2)-model is identified with φ1 = 1.522 and φ2 = −0.629.

The general prediction formula under Hodrick-Prescott-filtering is thus

∇̂xt+1 = µ+
p∑

k=1

(φk∇gt−k+1 − µ), (6a)

with
µ =

gt − gt−K
K

. (6b)

The HP-prediction is clearly a local method because it involves a (K+1)×(K+1)
matrix inversion and the predictor cannot be updated recursively.

2.3. Kalman-Filter

The Kalman-Filter (Kalman, 1960) is a sophisticated estimator for a partially
or completely unobservable system state, conditioned on an information set pro-
vided by a corresponding measurement process. If both, system and measure-
ment process, are linear with Gaussian noise, the Kalman-Filter is the optimal
estimator. For nonlinear processes, it is still the best linear estimator.

Because the Kalman-Filter is used as local predictor, the variance of the log-
return process is assumed locally constant1. Thus, a basic structural state-space

1Prediction methods allowing for time varying variance, even locally, are introduced in
sections 2.4 and 2.5.
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model called local linear trend model can be formulated(
yt
µt

)
=
(

1 1
0 1

)(
yt−1

µt−1

)
+
(
εt
ηt

)
(7a)

xt =
(
1 0

)(yt
µt

)
. (7b)

The noise vector is assumed identically and independently N(0,Q)-distributed.
The variance of εt can be estimated by the sample variance of ∇xt, Var[εt] =
E[(∇xt − µ̂)2] = σ̂2. To determine the variance of ηt is a little more involved,
because the mean process is unobserved. Because ηt represents the variability
of the estimated mean, its variance can be estimated by cross validation of µ̂.
Let µ̂−k be the estimated mean, omitting the k-th log-return. Then the cross
validated mean estimator is

µ̃ =
1
K

K∑
k=1

µ̂−k =
1

K(K − 1)

K−1∑
k=0

∑
j 6=k
∇xt−j . (8)

It is easy to see that µ̃ is unbiased, because E[µ̃] = E[µ̂], and its sample variance
is Var[µ̃] = σ̂2/K(K−1), which is an estimator for the variance of ηt. Because yt
and µt are assumed mutually independent, the off-diagonal entries of Q vanish
and one obtains

Q =

(
σ̂2 0
0 σ̂2

K(K−1)

)
. (9)

The rekursive Kalman-scheme provides an optimal estimator for the unob-
served system state. It is convenient to write (7a) and (7b) in vector/matrix-
form as yt = Ayt−1 + εt and xt = Hyt, respectively. Let further ŷt be the
system state expectation at time t and Pt the state error covariance. Then the
optimal filter is provided by the Kalman-recursions

ŷt+1|t = Aŷt|t
Pt+1|t = APt|tA′ + Q

(10a)

Kt = Pt|t−1H′(HPt|t−1H′)−1

ŷt|t = ŷt|t−1 + Kt(xt −Hŷt|t−1)

Pt|t = (I−KtH)Pt|t−1.

(10b)

Finally, the Kalman-Filter has to be initialized with prior state expectation and
error covariance. It is assumed that µ0 = µ̂ and y0 = x1 − µ̂ and therefore,
Var[µ0] = Var[y0] = σ̂2/K. Then the initial prior moments are

ŷ1|0 =
(
x1

µ̂

)
and P1|0 =

σ̂2

K

(
K + 2 1

1 K
K−1

)
. (11)

Figure 2 illustrates the filtered mean process and log-predictions for the
“Deutscher Aktien Index” (DAX) from November-2009 until January-2010.
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Figure 2: Filtered Mean Process and 95% HPD-Band for DAX (left) – Predicted
Logarithmic DAX and 95% HPD-Band (right)

The Kalman-predicted log-return takes the particularly simple form

∇̂xt+1 = ŷt+1|t − xt. (12)

The Kalman-Filter is clearly a local instrument because the variance is assumed
constant. In the next two subsections methods are introduced that do not suffer
from this restriction.

2.4. GARCH-in-Mean

In this subsection the GARCH-in-Mean-model is introduced. ARCH- and
GARCH-models (Engle, 1982; Bollerslev, 1986) are extraordinary successful in
econometrics and finance because they account for heteroscedasticity and other
stylized facts of financial time series (e.g. volatility clustering). This is accom-
plished by conditioning the variance on former variances and squared errors.
The ARCH-in-Mean model (Engle et al., 1987) involves an additional point of
great importance. It relates the expected return to the level of present volatil-
ity. This is significant from an economic point of view, because in arbitrage
pricing theory it is assumed that an agent has to be compensated for the risk
he is taking in form of a risk premium. Thus, GARCH-in-Mean models are the
starting point for GARCH-based option valuation methods (e.g. Duan, 1995;
Duan et al., 1999, 2004; Heston and Nandi, 1997, 2000; Mazzoni, 2008). Recent
research challenges the calibration of option valuation models under the physical
probability measure (Christoffersen and Jacobs, 2004). Therefore, the results of
this survey may provide some insights on this topic.

For the empirical analysis a standard GARCH(1,1)-model has been chosen
and the risk premium is modeled linearly regarding volatility. The model equa-
tions are

∇xt = µ+ λσt + εt (13a)

σ2
t = ω + αε2t−1 + βσ2

t−1, (13b)

with εt = σtzt and zt ∼ N(0, 1). The parameters have to be estimated with
Maximum-Likelihood. This can cause problems because on the one hand, ML
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is only asymptotically optimal. In small samples ML-estimates can be seriously
biased and the distribution of the estimates can suffer from large deviations
from normality. On the other hand, in small samples the likelihood-surface
might be nearly flat, which causes problems in numerical maximization routines.
Therefore the model parameters are estimated using the full time series, which
makes the prediction a global one. Under GARCH-in-Mean, the prediction
formula is

∇̂xt+1 = µ+ λ
√
ω + αε2t + βσ2

t . (14)

2.5. EWMA

Exponentially Weighted Moving Average (EWMA, McNeil et al., 2005, sect. 4.4)
is an easy to calculate alternative to ARCH/GARCH specification. It is also
able to track changing volatility, but its theoretical rational is not as strong as
for the heteroscedastic models of section 2.4. The variance equation (13b) is
replaced by a simpler version

σ2
t = γσ2

t−1 + (1− γ)(∇xt−1)2, (15)

where γ is a persistence parameter, yet to be determined. If it is known, and
the initial value σ2

t−K is approximated, for example by the sample variance, the
whole series σ2

t−K , . . . , σ
2
t+1 can be calculated. Thus, the parameters in (13a)

can be estimated directly with Generalized Least-Squares (GLS). Let θ = (µ, λ)′

then
θ̂ = (X′WX)−1X′W∇x, (16a)

with

X =

1 σt
...

...
1 σt−K

 and W =

σ
2
t 0

. . .
0 σ2

t−K

 . (16b)

The volatility persistence γ can either be obtained by external estimation
or be fixed at γ = 0.9, which is a practitioners setting. Figure 3 shows log-
returns of the FTSE 100 index of the last ten years. A GARCH-in-Mean model
was fitted and the local volatility σt was calculated. The upper limit of the
95% confidence area in figure 3 is calculated from these GARCH-volatilities.
The lower limit is calculated from an EWMA-model with volatility persistence
γ = 0.9. Both limits are virtually symmetric, but the GARCH-estimation is
much more demanding. Furthermore, the EWMA-method can be used as local
predictor and the corresponding prediction formula is

∇̂xt+1 = µ+ λ
√
γσ2

t + (1− γ)(∇xt)2. (17)

2.6. Non-Parametric Regression

The general idea of the non-parametric regression method is to establish a non-
linear function for the conditional expectation m(x) = E[∇xt|∇xt−1 = x] and
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Figure 3: FTSE 100 Log-Returns and Confidence Band – GARCH-in-Mean (upper) and
EWMA (lower)

estimate this function from the data under the model

∇xt = m(∇xt−1) + εt, (18)

(cf. Franke et al., 2001, sect. 13.1). The non-linear function m(x) can be ap-
proximated by Taylor -series expansion in the neighborhood of an arbitrary ob-
servation ∇xt

m(∇xt) ≈
p∑
j=0

m(j)(x)
j!

(∇xt − x)j (19)

and hence, one can formulate a Least-Squares problem of the kind

K−1∑
k=0

ε2t−k =
K−1∑
k=0

(
∇xt−k −

p∑
j=0

θj(∇xt−k−1 − x)j
)2
, (20)

with the coefficients θj = m(j)(x)/j!. Notice that (20) is only a local approxi-
mation. Thus, the observations have to be weighted according to their distance
to x. This is usually done by using kernel-functions.

Kernel-functions are mainly used in non-parametric density estimation2.
Certain characteristics are required by a kernel function, which are already sat-
isfied, if a valid probability density function is used as kernel function. In this
application, the standard normal density function is used as kernel function,
because it is sufficiently efficient compared to the optimal kernel (Silverman,
1986, tab. 3.1 on p. 43) and it has smooth derivatives of arbitrary order

Kh(x) =
1
h
φ
(x
h

)
. (21)

2For an excellent treatment on this subject see Silverman (1986).
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The parameter h is the bandwidth or smoothing parameter of the kernel func-
tion; its determination has a strong impact on the results of the nonparametric
regression. Now the coefficient vector θ(x) can be estimated by solving the
optimization problem

θ̂ = arg min
θ

K∑
k=1

(
∇xt−k+1 −

p∑
j=0

θj(∇xt−k − x)j
)2
Kh(∇xt−k − x). (22)

This optimization problem can be solved by GLS, if the bandwidth of the kernel
function is determined prior to the estimation procedure. This is usually done by
cross validation (e.g. Bhar and Hamori, 2005, sect. 4.5). But if the distribution
of the log-returns is assumed locally normal, the optimal bandwidth can be
calculated analytically (Silverman, 1986, sect. 3.4.2)

hopt = 5

√
4

3K
σ. (23)

Estimating σ and inserting the resulting optimal bandwidth in (22), the opti-
mization problem has the solution

θ̂ = (X′WX)−1X′W∇x, (24a)

with

X =

1 ∇xt−1 − x . . . (∇xt−1 − x)p
...

...
. . .

...
1 ∇xt−K − x . . . (∇xt−K − x)p

 , ∇x =

 ∇xt
...

∇xt−K+1



and W =

Kh(∇xt−1 − x) 0
. . .

0 Kh(∇xt−K − x)

 .

(24b)

The desired non-parametric estimator for the conditional expectation is given
by

m̂(x) = θ̂0(x). (25)

Notice: for p = 0 the optimization problem, and hence the non-parametric
estimator (24a) and (24b), reduces to the ordinary Nadaraya-Watson-estimator
(Nadaraya, 1964; Watson, 1964).

In figure 4 non-parametric regression estimates of orders p = 0 (solid black),
p = 1 (dashed) and p = 2 (gray) are given. Observe that higher order polynomial
fits tend to diverge for peripheral values. This is the case for p = 2 in figure 4
left. Divergent behavior of the approximation can be counteracted to a certain
degree by increasing the bandwidth of the kernel function, see figure 4 right.
Obviously, the non-parametric regression yields a roughly parabolic structure,
which could explain the absence of linear correlation.

Non-parametric regression is clearly a local method and the log-return pre-
dictor is

∇̂xt+1 = m(∇xt). (26)
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Figure 4: Non-Parametric Regression of Hang Seng Index

3. Empirical Analysis of Index Returns

In this section, the log-returns of eight representative stock indexes are ana-
lyzed. The stock assets contained in each index are analyzed in detail in the
next section. The indexes are Deutscher Aktienindex (DAX), Dow Jones Euro
Stoxx 50 (STOXX50E), Dow Jones Industrial Average Index (DJI), Financial
Times Stock Exchange 100 Index (FTSE), Hang Seng Index (HSI), Nasdaq
Canada (CND), Nasdaq Technology Index (NDXT) and TecDAX (TECDAX).
The analyzed log-return data ranges from 01-January-2000 to 31-January-2010,
if available3.

Table 1 gives the root mean square error of the applied prediction method
in %. The table is organized as follows:

• Index indicates the analyzed stock index. All abbreviations refer to Wol-
fram’s financial and economic database.

• K gives the window size, used in local prediction methods.

• Mean indicates the overall mean value (global) and the ordinary rolling
mean (local), respectively.

• The abbreviation HP indicates prediction with the Hodrick-Prescott-
Filter. HP(λ) means that the filter was applied with the fixed smoothing
parameter λ. This is computationally more convenient because numerical
maximization routines are no longer required.

• KF indicates prediction with the Kalman-Filter.

• EW(γ) indicates prediction with the EWMA method. Volatility persis-
tence γ is given in %.

• NR(p) means non-parametric regression. The parameter p indicates the
order of polynomial approximation. For p = 0 the method results in the
ordinary Nadaraya-Watson-estimator.

• GARCH indicates the prediction with a globally fitted GARCH-in-Mean
model.

3The TecDAX index gained approval to the Prime Standard of Deutsche Börse AG at
24-March-2003. It replaced the Nemax50 index.

10



Lo
ca
lR

M
SE

G
lo
ba
lR

M
SE

In
de
x

K
M
ea
n

H
P

H
P
(6
)

H
P
(1
0)

H
P
(2
0)

K
F

EW
(8
0)

EW
(9
0)

EW
(9
5)

N
R
(0
)

N
R
(1
)

N
R
(2
)

M
ea
n

G
A
R
C
H

D
A
X

40
1.
68
84

1.
81
02

1.
81
68

1.
80
26

1.
78
58

1.
69
01

1.
75
40

1.
76
29

1.
76
13

1.
73
35

1.
87
69

7.
71
56

1.
66

70
1.
66
95

ST
O
X
X
50
E

40
1.
57
58

1.
69
84

1.
71
09

1.
69
75

1.
67
90

1.
57
85

1.
63
19

1.
64
07

1.
63
78

1.
60
89

1.
71
67

23
.3
64
0

1.
55

60
1.
55
84

D
JI

40
1.
33
05

1.
42
79

1.
43
79

1.
42
40

1.
40
70

1.
33
21

1.
38
09

1.
38
21

1.
38
18

1.
36
05

1.
65
44

11
.7
72
2

1.
31

15
1.
31
29

FT
SE

40
1.
35
48

1.
46
32

1.
47
04

1.
45
72

1.
43
96

1.
35
70

1.
41
28

1.
41
56

1.
41
32

1.
39
48

1.
54
77

5.
06
07

1.
33

65
1.
33
75

H
SI

40
1.
71
37

1.
84
75

1.
83
92

1.
82
79

1.
81
18

1.
71
49

1.
82
63

1.
82
90

1.
81
64

1.
78
15

2.
57
69

16
.9
93
2

1.
69

28
1.
69
38

C
N
D

40
2.
29
14

2.
44
23

2.
43
31

2.
41
90

2.
40
30

2.
28
99

2.
40
74

2.
39
52

2.
37
95

2.
34
62

3.
18
07

52
.0
09
4

2.
27
09

2.
27

05
N
D
X
T

40
2.
11
37

2.
28
06

2.
29
71

2.
27
16

2.
23
99

2.
11
72

2.
21
45

2.
21
80

2.
22
06

2.
15
24

2.
40
40

6.
05
88

2.
09

38
2.
09
81

T
EC

D
A
X

40
1.
75
23

1.
86
3

1.
86
52

1.
85
91

1.
85
08

1.
75
27

1.
81
95

1.
81
4

1.
81
33

1.
81
83

2.
01
85

6.
83
87

1.
73

27
1.
73
37

D
A
X

10
0

1.
67
33

1.
81
63

1.
82
28

1.
80
70

1.
78
72

1.
67
43

1.
71
28

1.
71
67

1.
72
08

1.
71
18

1.
80
93

4.
42
08

1.
66

68
1.
66
91

ST
O
X
X
50
E

10
0

1.
48
18

1.
61
62

1.
62
66

1.
61
01

1.
59
18

1.
48
32

1.
52
28

1.
52
69

1.
53
28

1.
51
46

2.
03
47

24
.1
96
7

1.
47

65
1.
47
83

D
JI

10
0

1.
30
56

1.
41
89

1.
43
20

1.
41
57

1.
39
70

1.
30
68

1.
33
54

1.
34
00

1.
34
44

1.
32
24

1.
52
63

9.
71
91

1.
30

03
1.
30
20

FT
SE

10
0

1.
33
92

1.
46
43

1.
47
29

1.
45
83

1.
43
96

1.
34
07

1.
37
67

1.
37
69

1.
38
01

1.
37
00

1.
60
50

6.
89
07

1.
33

42
1.
33
54

H
SI

10
0

1.
68
36

1.
82
84

1.
82
88

1.
81
40

1.
79
61

1.
68
41

1.
75
55

1.
74
37

1.
73
87

1.
75
72

4.
64
04

53
.0
18
6

1.
67

63
1.
67
68

C
N
D

10
0

2.
28
62

2.
45
17

2.
44
98

2.
43
33

2.
41
39

2.
28
53

2.
32
58

2.
32
48

2.
32
93

2.
32
22

3.
23
07

37
.2
82
9

2.
27
95

2.
27

91
N
D
X
T

10
0

2.
16
49

2.
36
02

2.
37
99

2.
35
03

2.
31
41

2.
16
58

2.
22
19

2.
22
68

2.
23
35

2.
18
76

2.
37
24

3.
20
32

2.
15

84
2.
16
29

T
EC

D
A
X

10
0

1.
74
02

1.
86
59

1.
87
06

1.
86
46

1.
85
54

1.
74
07

1.
78
44

1.
78
41

1.
78
51

1.
78
08

2.
09
86

12
.6
64
2

1.
73

46
1.
73
59

D
A
X

25
0

1.
69
09

1.
85
17

1.
85
30

1.
83
57

1.
81
38

1.
69
09

1.
71
73

1.
71
76

1.
71
63

1.
72
14

2.
14
78

7.
88
91

1.
68

74
1.
68
96

ST
O
X
X
50
E

25
0

1.
40
21

1.
53
88

1.
54
27

1.
52
57

1.
50
62

1.
40
19

1.
43
62

1.
43
28

1.
43
28

1.
42
02

1.
63
33

1.
66
21

1.
39

86
1.
40
05

D
JI

25
0

1.
31
68

1.
43
73

1.
44
86

1.
43
21

1.
41
25

1.
31
69

1.
34
22

1.
34
11

1.
34
16

1.
33
56

1.
57
53

1.
80
65

1.
31

37
1.
31
54

FT
SE

25
0

1.
35
61

1.
49
41

1.
49
96

1.
48
31

1.
46
24

1.
35
64

1.
38
74

1.
38
25

1.
38
26

1.
37
25

1.
49
75

2.
26
97

1.
35

34
1.
35
45

H
SI

25
0

1.
67
47

1.
83
12

1.
83
28

1.
81
56

1.
79
55

1.
67
45

1.
72
12

1.
70
69

1.
69
80

1.
72
41

6.
33
93

86
.4
54
5

1.
67

08
1.
67
15

C
N
D

25
0

2.
32
12

2.
49
10

2.
49
47

2.
47
73

2.
45
57

2.
32
01

2.
35
72

2.
36
31

2.
36
25

2.
37
29

3.
16
25

12
.6
40
6

2.
31
31

2.
31

21
N
D
X
T

25
0

2.
35
15

2.
56
84

2.
58
97

2.
55
62

2.
51
64

2.
35
12

2.
38
82

2.
39
10

2.
39
66

2.
37
33

2.
54
62

6.
37
05

2.
34

53
2.
35
07

T
EC

D
A
X

25
0

1.
76
88

1.
90
34

1.
91
04

1.
90
19

1.
89
04

1.
76
82

1.
79
31

1.
79
45

1.
79
54

1.
82
03

2.
65
63

79
.7
46
6

1.
76

32
1.
76
49

T
ab

le
1:

R
oo

t
M
ea
n
Sq

ua
re

Er
ro
r
in

%
of

In
de
x
Lo

g-
R
et
ur
n
P
re
di
ct
io
n

11



The minimum root mean square error in % over all prediction methods is indi-
cated in boldface.

In particular, each prediction is generated by considering the last K values
xt, . . . , xt−K and then calculating the one step log-return prediction ∇̂xt+1. This
is also done for the global predictors, even if their parameter estimates do not
depend on the rolling window position or size.

Obviously, the global mean provides the best predictor for log-returns in
almost all cases. Its RMSE differs only slightly from the RMSE of the GARCH-
in-Mean prediction. Because all root mean square errors are in %, the difference
is roughly O(10−5). Hence, the first surprising result is that using local methods
does not seem to enhance prediction quality. Among all local predictors, rolling
mean and Kalman-Filter provide the most precise forecasts. Observe further
that the RMSE for the Hodrick-Prescott-predictor nearly coincides with the
HP-Filter prediction with fixed smoothing parameter λ = 10. Thus, in further
computations HP(10) is used to speed up calculations. All EWMA predictions
provide very similar results. Therefore, only EW(90) will be used in further
analysis, because it provides a good average. The non-parametric regression
method clearly indicates that higher order Taylor -series expansion is ineffective
in this situation. Only NR(0), which coincides with the Nadaraya-Watson-
estimator, generates reasonable RMSEs. Thus, higher order NR-predictors are
abandoned in further analysis.

From this first survey it can be concluded that the benefit of local prediction
is questionable. Furthermore, it seems that the global mean value is the simplest
and most efficient predictor.

4. Empirical Analysis of Stock Asset Returns

In this section the stock assets contained in the “Deutscher Aktien Index” (DAX)
are analyzed in detail. A similar analysis was conducted for the stocks contained
in the other indexes of section 3. The results are summarized in appendix B, and
will be discussed comprehensively in section 5. The results of local and global
log-return predictions of DAX stocks are summarized in table 2. The organiza-
tion of the data is analogous to table 1, with two exceptions. First, smoothing-
or persistence-parameters are fixed as indicated in the previous section and
therefore no longer listed, and second, the abbreviation NW now indicates the
Nadaraya-Watson-prediction method.

Again, the mean prediction is the dominant method. But despite the results
for indexes, a smaller RMSE can be achieved by local prediction in roughly
one half of the cases. For some stock assets, the most efficient prediction is
accomplished by the Kalman-Filter, which virtually tracks the changes in the
log-return expectation. Furthermore, in those cases, where the GARCH-in-
Mean method appears superior, GARCH-prediction RMSEs are barely smaller
than the corresponding global mean RMSEs.

Some preliminary conclusions can be drawn from this observation. First,
obviously market portfolios, or indexes as their proxies, are unaffected by lo-
cal trends in the expected log-returns, whereas stock assets may be. Second,
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there seems to be very little exploitable systematic information to infer from the
knowledge of previous log-returns to future log-returns. The GARCH-in-Mean
prediction, which associates information about the current volatility with the
desired risk-premium, generates barely more efficient forecasts than the corre-
sponding mean prediction, and only for a few stock assets. Only for BASF the
incorporation of nonlinear information results in more precise forecasts. Thus,
for most stocks the log-return process seems to be a noise process.

5. Summary and Conclusions

Daily log-returns of 355 stock assets and 8 indexes were analyzed over more than
ten years. Several non trivial methods were used to calculate a one-step-ahead
prediction. The efficiency of the predictions was assessed by the root mean
square error criterium.

In roughly half the cases, the global mean prediction generated the smallest
RMSE. The GARCH-in-Mean prediction achieved RMSEs of similar magnitudes
in some cases. Especially indexes seem to be dominated by global parameters,
whereas stock assets occasionally are better predicted by local methods. Among
all local prediction methods the rolling mean is superior in almost all cases. In a
small number of occasions the Kalman-Filter method generates the best predic-
tions. The Nadaraya-Watson-estimator only prevails on very rare exceptions.
Other prediction methods seem to be inferior.

What conclusions can be drawn from this analysis? First, short-term stock
asset log-returns are modeled adequately by noise processes. The same is true
of indexes. Nonlinear dependencies, if they exist, are obviously of minor impor-
tance. As a consequence, knowledge of the past is not instrumental in predicting
the next value of the log-return process. Second, the parameters of those noise
models have not necessarily to be invariant in time. It is common knowledge
that volatilities are not constant. One possible way to account for this fact math-
ematically are GARCH-models. But the results of the current analysis suggest
that expectation values might be subject to local trends as well. This can be
inferred from the fact that local prediction methods are successful in roughly
half the cases. Third, one would have expected the GARCH-in-Mean prediction
to be superior, because it involves well established economic assumptions about
risk premia. This is not the case, which is problematic for the arbitrage pricing
theory. GARCH-in-Mean models are used for option valuation (Duan, 1995;
Heston and Nandi, 2000; Mazzoni, 2008) in that they are estimated under a
physical probability measure P and subsequently translated into an equivalent
model with risk-neutral measure Q, under which the option is valuated. This
might explain why recent approaches to calibrate the model directly under the
risk-neutral measure Q are partially more successful (Christoffersen and Jacobs,
2004).

The current investigation clearly indicates that daily log-return processes are
not predictable, at least not beyond their mean value. Therefore, they are not
suited for profit-oriented investment strategies. This clearly classifies financial
markets as risk transfer markets, at least in short term.
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A. Mathematical Appendix

A.1. Log-Likelihood Derivatives

Let M(λ) = (I + λF′F)−1. For notational convenience, functional arguments
are omitted in what follows. Then the log-likelihood function (5) can be written

l = − log detM−1 −K log
[
x′(I−M)x

]
+ (K − 2) log λ. (27)

The differential of the determinant of an arbitrary quadratic and invertible
matrix A is ddetA = detA · tr

[
A−1dA

]
(cf. Magnus and Neudecker, 2007,

sect. 8.3). In particular, d log detA = tr
[
A−1dA

]
holds. Further, the dif-

ferential of the inverse is dA−1 = −A−1(dA)A−1 (Magnus and Neudecker,
2007, sect. 8.4). Observe that M can be expanded into a Taylor -series
M = I−λF′F+(λF′F)2− . . . and hence, M and F′F commute. Therefore, the
derivative of M with respect to λ is −M2F′F. Now the derivative of (27) can
be calculated and one obtains

dl

dλ
= −tr

[
MF′F

]
−K x′M2F′Fx

x′(I−M)x
+
K − 2
λ

. (28)

Because dtrA = tr dA (Magnus and Neudecker, 2007, p. 148), the calculation
of the second derivative is straight forward

d2l

dλ2
= tr

[
(MF′F)2

]
+K

(
x′M2F′Fx
x′(I−M)x

)2

+ 2K
x′M3(F′F)2x
x′(I−M)x

− K − 2
λ2

. (29)
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B.7. RMSE of Deutscher Aktien Index Technologiewerte (TecDAX) Stocks

Local RMSE K=40 Local RMSE K=100 Local RMSE K=250 Global RMSE
Stock Mean HP KF EWMA NW Mean HP KF EWMA NW Mean HP KF EWMA NW Mean GARCH

AFX.DE 3.5392 3.7663 3.5415 3.7384 3.6523 3.4838 3.7516 3.4851 3.6194 3.5302 3.4280 3.7157 3.4286 3.5625 3.4708 3.4199 3.5919
AIXA.DE 4.6198 4.9326 4.6219 4.7769 4.7389 4.5902 4.9422 4.5907 4.6624 4.6774 4.3861 4.7538 4.3843 4.4054 4.4345 4.3785 4.4429
BBZA.DE 4.6712 4.9462 4.6755 4.7593 4.7096 4.5841 4.8672 4.5866 4.6170 4.6296 4.5958 4.8777 4.5948 4.5968 4.5990 4.5854 4.6865
BC8.DE 2.8172 3.0101 2.8214 3.0115 2.9472 2.7922 3.0140 2.7936 2.9151 2.9058 2.6558 2.8924 2.6562 2.6881 2.7549 2.6505 2.6501
CGY.DE 7.2013 7.6144 7.2032 7.5599 7.6277 7.3208 7.7899 7.3197 7.5549 7.7036 7.7666 8.2997 7.7654 7.8468 8.1310 7.7424 8.2534
CTN.DE 5.0805 5.4617 5.0879 5.5148 5.2485 4.8868 5.2995 4.8854 4.9995 5.0194 5.0481 5.5502 5.0476 5.0888 5.0924 5.0285 5.1543
DRI.DE 3.6266 3.8675 3.6306 3.7099 3.7179 3.5097 3.7694 3.5097 3.5925 3.5519 3.1912 3.4277 3.1871 3.2270 3.2174 3.1777 3.2688
DRW3.DE 2.8466 3.0389 2.8492 3.0039 2.9258 2.6791 2.9008 2.6813 2.7397 2.7061 2.6913 2.9258 2.6907 2.7085 2.7076 2.6847 2.6873
EVT.DE 3.4322 3.6369 3.4317 3.5959 3.5725 3.2702 3.5248 3.2720 3.3205 3.3922 3.2622 3.5337 3.2610 3.3091 3.3511 3.2538 3.2529
FNTN.DE 5.5412 5.9509 5.5482 5.9630 5.7589 5.4745 5.9207 5.4782 5.8442 5.7662 5.4692 5.9375 5.4685 5.8108 5.8466 5.4528 5.7347
JEN.DE 2.7575 2.9205 2.7589 2.8861 2.8635 2.7181 2.9183 2.7194 2.7696 2.8118 2.7231 2.9449 2.7242 2.7606 2.7917 2.7166 2.7159
KBC.DE 2.9360 3.1138 2.9411 3.2395 2.9958 2.7291 2.9505 2.7307 2.9295 2.7701 2.5774 2.8058 2.5777 2.6030 2.6047 2.5724 2.6207
M5Z.DE 5.1071 5.4400 5.1168 5.4704 5.3316 5.2502 5.6301 5.2523 5.4339 5.4014 5.4288 5.8260 5.4252 5.5073 5.6332 5.4138 5.6080
MDG.DE 4.8674 5.1877 4.8710 5.0715 5.0104 4.7738 5.1524 4.7755 4.8935 4.8820 4.4240 4.7961 4.4242 4.4710 4.5530 4.4105 4.6041
MOR.DE 4.6842 4.9878 4.6837 5.0227 4.8687 4.5805 4.9435 4.5824 4.7112 4.8627 4.4996 4.8871 4.5009 4.5485 4.8025 4.4944 4.5872
NDX1.DE 4.3295 4.5616 4.3279 4.4577 4.3959 4.3015 4.5949 4.3030 4.3898 4.3392 4.3375 4.6633 4.3384 4.3949 4.4277 4.3325 4.7085
PFV.DE 2.3376 2.4969 2.3407 2.4623 2.4264 2.1732 2.3543 2.1752 2.2326 2.2360 2.1479 2.3406 2.1484 2.1622 2.1759 2.1421 2.1461
PS4.DE 4.0892 4.4007 4.0971 4.3314 4.2685 4.0696 4.4090 4.0706 4.1532 4.1537 4.0647 4.4295 4.0653 4.1081 4.1169 4.0533 4.1565
QCE.DE 5.1776 5.5275 5.1838 5.4138 5.3482 5.1327 5.5390 5.1374 5.2167 5.2387 4.8880 5.3208 4.8884 4.9715 5.0369 4.8774 5.1034
QSC.DE 4.3442 4.6239 4.3468 4.5156 4.4227 4.3107 4.6388 4.3115 4.3920 4.4053 4.0105 4.3351 4.0102 4.0287 4.0510 4.0061 4.0060
R8R.DE 6.2215 6.6091 6.2254 6.4437 6.2776 6.3501 6.8233 6.3545 6.3954 6.4492 6.9128 7.4175 6.9071 6.9379 6.9585 6.8922 7.4137
RSI.DE 3.5835 3.8349 3.5885 3.7010 3.6512 3.5626 3.8534 3.5658 3.6170 3.6170 3.4245 3.7117 3.4256 3.4372 3.4454 3.4184 3.5774
S92.DE 4.5862 4.8756 4.5886 4.7203 4.7301 4.2304 4.5832 4.2351 4.3540 4.3338 3.5674 3.8756 3.5677 3.6030 3.7022 3.5636 3.5850
SM7.DE 3.7562 3.9704 3.7621 3.9305 3.8522 3.8345 4.1042 3.8389 3.8743 3.9150 4.0998 4.3857 4.0986 4.1410 4.2001 4.0897 4.0941
SOW.DE 2.7794 2.9808 2.7846 2.8927 2.8314 2.7576 2.9917 2.7591 2.8119 2.7867 2.7379 2.9998 2.7389 2.7693 2.7667 2.7333 2.7340
SWV.DE 4.8146 5.1565 4.8220 5.0124 5.0212 4.6755 5.0483 4.6786 4.7809 4.6847 4.1787 4.5257 4.1804 4.2282 4.3159 4.1842 4.2523
UTDI.DE 2.8826 3.0855 2.8876 3.0117 2.9396 2.8290 3.0604 2.8305 2.8724 2.8469 2.8236 3.0625 2.8231 2.8585 2.8493 2.8158 2.8169
WDI.DE 4.1353 4.4299 4.1420 4.3944 4.2813 4.0102 4.3640 4.0136 4.0806 4.1155 3.7561 4.1044 3.7565 3.8441 3.7764 3.7467 3.7937
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