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STICKY MATROIDS AND KANTOR’S CONJECTURE

WINFRIED HOCHSTATTLER AND MICHAEL WILHELMI

Dedicated to Achim Bachem on the occasion of his 70th birthday.

ABsTrACT. We prove the equivalence of Kantor’s Conjecture and the Sticky
Matroid Conjecture due to Poljak und Turzik.

1. INTRODUCTION

The purpose of this paper is to prove the equivalence of two classical conjectures
from combinatorial geometry. Kantor’s Conjecture [5] adresses the problem whether
a combinatorial geometry can be embedded into a modular geometry, i.e., a direct
product of projective spaces. He conjectured that for finite geometries this is always
possible if all pairs of hyperplanes are modular.

The other conjecture, the Sticky Matroid Conjecture (SMC) due to Poljak and
Turzik [8] concerns the question whether it is possible to glue two matroids together
along a common part. They conjecture that a “common part” for which this is
always possible, a sticky matroid, must be modular. It is well-known (see eg. [7])
that modular matroids are sticky and easy to see [8] that modularity is necessary
for ranks up to three. Bachem and Kern [I| proved that a rank-4 matroid that
has two hyperplanes intersecting in a point is not sticky. They also stated that a
matroid is not sticky if for each of its non-modular pairs there exists an extension
decreasing its modular defect. The proof of this statement had a flaw which was
fixed by Bonin [2]. Using a result of Wille [9] and Kantor [5] this implies that the
sticky matroid conjecture is true if and only if it holds in the rank-4 case. Bonin 2]
also showed that a matroid of rank r > 3 with two disjoint hyperplanes is not sticky
and that non-stickiness is also implied by the existence of a hyperplane and a line
that do not intersect but can be made modular in an extension.

We generalize Bonin’s result and show that a matroid is not sticky if it has a
non-modular pair that admits an extension decreasing its modular defect. More-
over by showing the existence of the proper amalgam of two arbitrary extensions of
the matroid we prove that in the rank-4 case this condition is also necessary for a
matroid not to be sticky. As a consequence from every counterexample to Kantor’s
conjecture arises a matroid that can be extended in finite steps to a counterex-
ample of the (SMC), implying the equivalence of the two conjectures. A further
consequence of our results is the equivalence of both conjectures to the following:

Conjecture 1. In every finite non-modular matroid there exists a mon-modular
pair and a single-element extension decreasing its modular defect.

Finally, we present an example proving that the (SMC), like Kantor’s Conjecture
fails in the infinite case.
We assume familiarity with matroid theory. The standard reference is [7].
1
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2. OUR RESULTS

Let M be a matroid with groundset F and rank function r. We define the
modular defect §(X,Y) of a pair of subsets X,Y C F as

I(X,Y)=1r(X)+r(Y)—r(XUY)—-r(XNY).

By submodularity of the rank function, the modular defect is always non-negative.
If it equals zero, we call (X,Y) a modular pair. A matroid is called modular if all
pairs of flats form a modular pair.

An extension of a matroid M on a groundset E is a matroid N on a groundset
F D E such that M = N|E. If Ny, Ny are extensions of a common matroid M
with groundsets Fi, Fy, E resp. such that Fy N Fy» = F, then a matroid A(Ny, N2)
with groundset F; U Fy is called an amalgam of Ny and Ny if A(Ny, No)|F; = N;
fori=1,2.

Theorem 1 (Ingleton see [7] 11.4.10 (ii)). If M is a modular matroid then for any
pair (N1, Na) of extensions of M an amalgam exists.

We found a proof of this result only for finite matroids (see eg. [7]). We will
show that it also holds for infinite matroids of finite rank.

Conjecture 2 (Sticky Matroid Conjecture (SMC) [8]). If M is a matroid such that
for all pairs (N1, N3) of extensions of M an amalgam exists, then M is modular.

The following preliminary results concerning the (SMC) are known:

Theorem 2 ([38, 1, 2]). Let M be a matroid.

(i) Ifr(M) < 3 then the (SMC) holds for M.
(ii) If the (SMC) holds for all rank-4 matroids, then it is true in all ranks.
(111) Letl be a line and H a hyperplane in M such that INH = 0. If M has
an extension M’ such that rpp (clp (1) Nelpy (H)) = 1, then M is not
sticky.
(iv) If M has two disjoint hyperplanes then is not sticky.

We will generalize the last two assertions and prove:

Theorem 3. Let M be a matroid, X and Y two flats such that 6(X,Y) > 0. If
M has an extension M’ such that dpr (clpp (X), clpp (Y)) < 6(X,Y) then M is not
sticky.

We postpone the proof of Theorem 3 to Section 3.
We call a matroid hypermodular if each pair of hyperplanes forms a modular
pair. With this notion we can rephrase Kantor’s Conjecture.

Conjecture 3 (Kantor [5], page 192). Every finite hypermodular matroid embeds
into a modular matroid.

Like the (SMC) Kantor’s Conjecture can be reduced to the rank-4 case (see
Corollary 3, Section 5).

Next, we consider the correspondence between single-element extensions of ma-
troids and modular cuts.

Definition 1. A set M of flats of a matroid M is called a modular cut of M if
the following holds:

(i) If F e M and F' is a flat in M with F' O F, then F' € M.
1 1,2 € an 1, F5) is a modular pair, then [y N Fy € .
If Fi,F5 € M and (F1, F: dul hen Fi N Fy, € M
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Theorem 4 (Crapo 1965 [3]). There is a one-to-one-correspondence between the
single-element extensions M +xq p of a matroid M and the modular cuts M of M.
M consists precisely of the set of flats of M containing the new point p in M+ p.

The set of all flats of a matroid M is a modular cut, the trivial modular cut,
corresponding to an extension with a loop. The empty set is a modular cut corre-
sponding to an extension with a coloop, the only single-element extension increasing
the rank of M. For a flat F of M, the set Mp = {G | G is a flat of M and G D F}
is a modular cut of M. We call it a principal modular cut. We say that in the
corresponding extension the new point is freely added to F. A modular cut M4
generated by a set of flats A is the smallest modular cut containing A.

The following is immediate from Theorem 7.2.3 of [7].

Proposition 1. If (X,Y) is a non-modular pair of flats of a matroid M, then there
exists an extension decreasing its modular defect (we call the pair intersectable) if
and only if the modular cut generated by X and Y is not the principal modular cut

Mxny.

We call a matroid OTE (only trivially extendable) if all of its modular cuts
different from the empty modular cut are principal.
Most of this paper will be devoted to the proof of the following theorem.

Theorem 5. If M is a rank-4 matroid that is OTE, then M is sticky.

As we will prove with Theorem 9, Theorem 3 implies that a matroid that is not
OTE is not sticky. Hence Theorem 5 implies that for rank-4 matroids being sticky
is equivalent to being OTE. Since the (SMC) is reducible to the rank-4 case, it
is equivalent to the conjecture that every rank-4 matroid that is OTE is already
modular. For finite matroids, this is our Conjecture 1, which is also reducible to
the rank-4 case (see the remark after the proof of Corollary 3).

Like Kantor’s Conjecture our Conjecture 1 is no longer true in the infinite case.
This will be a consequence of the following theorem, proven in Section 5.

Theorem 6. Every finite matroid can be extended to a (not necessarily finite)
matroid of the same rank that is OTE.

Starting from, say, the VaAmos matroid this yields an infinite rank-4 non-modular
matroid that is OTE, hence a counterexample to the (SMC) in the infinite case.

Finally, Theorem 11 will imply that any finite counterexample to Kantor’s Con-
jecture can be embedded into a finite non-modular matroid that is OTE. In the
rank-4 case any counterexample to Kantor’s Conjecture this way yields a finite coun-
terexample to the (SMC). We wil show in Corollary 3 that Kantor’s Conjecture is
reducible to the rank-4 case, hence the (SMC) implies Kantor’s Conjecture. It had
already been observed by Faigle (see [1]) and was explicitely mentioned by Bonin
in [2] that Kantor’s Conjecture implies the (SMC). The latter is now immediate
from Theorem 3 and the former establishes the equivalence of the two conjectures.

Corollary 1. Kantor’s Conjecture holds true if and only if the Sticky Matroid
Conjecture holds true.

3. PROOF OF THEOREM 3

We start with a proposition that states that the so called Escher matroid (]7]
Fig. 1.9) is not a matroid.
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e

FIGURE 1. This is not a matroid

Proposition 2. Let ly,15,13 be three lines in a matroid that are pairwise coplanar
but not all lying in a plane. If Iy and ly intersect in a point p, then p must also be
contained in ls.

Proof. By submodularity of the rank function we have
T((ll\/lg)/\(lg\/lg)) SI‘(ll \/l3)+(l2\/l3) —I‘(ll \/lg\/lg) =3+3—-4=2.
Now I3V p < (I3 VI3) A (I2 V I3) and hence p must lie on I3. O

Probably the easiest way to prove that the (SMC) holds for rank 3 is to proceed
as follows. If a rank-3 matroid M is not modular, then it has a pair of disjoint lines.
We consider two extensions N; and N, of M such that N; adds to the two lines
a point of intersection and Ny erects a Vamos-cube (V3 in [7]) using the disjoint
lines as base points. By Proposition 2 the amalgam of N; and Ny cannot exist (see
Figure 1).

Bonin [2] generalized this idea to the situation of a disjoint line-hyperplane pair
in matroids of arbitrary rank. We further generalize this to a non-modular pair of
a hyperplane H and a flat F' that can be made modular by a proper extension. Our
first aim is to show that such a pair exists in any matroid that is not OTE. Again,
the following is immediate:

Proposition 3. Let M be a matroid, M’ an extension of M and (X,Y) a modular
pair of flats in M. Then (clp (X)), cly(Y)) is a modular pair in M'. Moreover

cly (X) n CIM/(Y) = Cl]u/(X n Y)

Proposition 4. Let M be a matroid, M a modular cut in M and M' = M +p p
the corresponding single-element extension. If M’ does not contain a modular pair
of flats X' = X Up,Y' =Y Up such that X and Y are a non-modular pair in M,
then

M = {CIM/(F) | F e M}

15 a modular cut in M'.

Lemma 1. Let My be a matroid that is not OTE and (X,Y) be a non-modular
pair of smallest modular defect § := 6(X,Y) such that there is a single-element
extension decreasing their modular defect. Then there exists a sequence My, ..., Mg
of matroids such that M; is a single-element extension of M;_1 fori=1,...,§ and
O, (clar, (X)), clar, (Y)) = 8 —i. In particular (clp, (X), cla (Y)) are a modular
pair in Ms.
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Proof. Let M denote the modular cut generated by X and Y in My. Inductively
we conclude, that by the choice of X and Y

M; = {cly, (F) | F € M}
is a modular cut in M; for i =1,...,§ — 1 implying the assertion. O

Lemma 2. Let M be a matroid that is not OTE. Then there exists an intersectable
non-modular pair (F, H) of smallest modular defect, where F is a minimal element
in the modular cut Mp g generated by H and F', and H is a hyperplane of M.

Proof. Since M is not OTE, it is not modular and hence of rank at least three.
Every non-modular pair of flats in a rank-3 matroid clearly satisfies the assertion.
Hence we may assume r(M) > 4. Let (X,Y) be a non-modular intersectable pair
of flats in M of smallest modular defect &,,;, and chosen such that, first, X is of
minimal and, second, Y of maximal rank. We claim that F' = X and H =Y are
as required. Let M x y be the modular cut generated by these two flats.

Assume, contrary to the first assertion, that there exists an F' € Mx y with
F C X. Since the principal modular cut M xny contains X and Y, it is a superset
of the modular cut Mx y. Hence we obtain X NY C F. Since Mx y contains F
and Y but not XNY = FNY, the pair (F,Y) is non-modular and intersectable in M
(according to Proposition 4). Due to submodularity of r we have r(X)+r(FUY) >
r(X UY) +r(F) and hence:

S(FY)=r(F)+1r(Y)—r(FUY)—r(FNY)
<r(X)+rY)—r(XUY)—r(XNY)=46X,Y) = 0min,
contradicting the choice of X. Next we show that cl(X UY) = E(M). Assume to
the contrary that there exists p € E(M) \ c(X UY) and let Y7 = cl(Y Up). Then
XNY = XNY; and hence §(X, Y1) = 6(X,Y). Since Mxy, C Mx,y, the pair
(X,Y7) remains intersectable, contradicting the choice of Y, and hence verifying
(X UY) = E(M). Finally, assume Y is not a hyperplane. Let Y’ = cl(Y Up)
with p € X \'Y. Then
(X, Y)=r(X)+r(Y) —r(XUY") - (X NY’)
=r(X)+r(Y)+1-r(XUY)—r(XNY)-1=46X,Y).
Since Y is not a hyperplane and cl(XUY) = E(M), we must have X NY’ C X, and
X being minimal in Mx y implies X NY’ ¢ Mxy. Now Mxy C Mx y yields

that X NY’ ¢ Mx ys and thus by Proposition 4 the pair (X,Y”) is intersectable
with §(X,Y”) = 6(X,Y) = Opmin, contradicting the choice of Y. O

Lemmas 1 and 2 now imply the following:

Theorem 7. Let M be a matroid that is not OTE. Then there exist
(i) a non-modular pair (F, H) where H is a hyperplane of M and
(i) an extension N of M such that (cly(F),cly(H)) is a modular pair in N.

On the other hand we also have:

Theorem 8. Let M be a matroid and (F, H) a non-modular pair of disjoint flats,
where H is a hyperplane of M. Then there exists an extension N of M such that
for every extension N' of N, (cly:(F),cln/(H)) is not a modular pair in N'.
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Proof. We follow the idea from [1] and Bonin’s proof [2] and erect a Vamos-type
matroid above F' and H. Clearly, r :=rp (M) > 3 and 2 <rpy(F) <r—1. We
extend M by first adding a set A of r — 1 — rp(F) elements freely to H. Next,
we add, first, a coloop e, and then an element f freely to the resulting matroid,
yielding an extension Ny with groundset E(M)UAU{e, f} and of rank r+ 1. Note,
that cly,(H) = HU A. We consider the following sets:

.T1:FUAU€
.TQZHUAUB
e Bi=FUAUf
.BQZHUAUf

Note that (T3,T3), (B1, B2) are non-modular pairs of hyperplanes of rank r in Ny
with the same modular defect

S(Ty,To) = 2r — (r + 1) — (r — 13s(F)) = 1as(F) — 1 = 8(By, Bo).

Any non-modular pair of hyperplanes in a matroid is intersectable because the mod-
ular cut generated by the two hyperplanes contains additionally only the groundset
of the matroid and hence is non-principal (see Proposition 1). In the correspond-
ing single-element extension the modular defect of the hyperplane-pair decreases
by one. If this defect is still non-zero these two hyperplanes remain intersectable.
Repeating this process until they become a modular pair, the modular defect of
other hyperplane-pairs stays unaffected in these extensions. This way, we obtain
an extension N of the matroid Ny of rank r + 1 with groundset E(Ng) U P U Q
where P and @ are independent sets of size rjs(F) — 1 such that (cly (71), cln(T2))
and (cly(Bi),cly(Bz2)) are modular pairs in N and P C cly(71) N cly(T3) resp.
Q C cly(B1) Nely(Bz). We will show now that the matroid N is as required.
Assume to the contrary that there exists an extension N’ of N such that (cly (F),
cly/(H)) is a modular pair. As A C cly/(H) and ANecly (F) = () we compute

ey ((cly/ (F) Nely (H)) U A) = rye(cly (F) Nely (H))) + | Al
=ry/(cly (F)) + |A] + e (el (H)) — ey (el (F) U el (H)))
=ry/(cly (FUA)) + 1y (cly (H)) — ey (cly (F U H))
(1) =(r-1)+(r—-1)—r=r—2.
Let D; = clnyv(AU P Ue) and Dy = clyy(AU QU f). Proposition 3 yields

CIN/(CIN(Tl)) N CIN/(CIN(TQ)) = CIN/(CIN(Tl) n CIN(TQ)) and it holds I‘N/(Dl) =
ry/(D2) =7 — 1. We obtain

I‘N/<(C1N/< )ﬂClN/( )) ) < I‘N/((CIN/(FUDl) ﬂclN/((HUDl))
(2) _I“N/(CIN/(Tl)ﬂCIN/( )) (CIN(Tl)ﬁCIN(TQ)) =r—1 ZI‘N/(Dl).

This implies cly/(F)Ncly(H) C Dy. Similarly, using By and Bs instead of T} and
Ty, we get cly/(F)Nelys (H) € Dy and conclude (cly/ (F)Nely/ (H))UA C DyNDs.
This yields

(3) I‘NI(Dl ﬂDQ) Z I‘N/((CIN/(F) ﬁClNI( )) UA) : r— 2
From ry/ (D1 UDsy) =rn(AUPUQUeU f)) =r+ 1 we finally obtain

®)
ta(D1) +ra (Do) 220 —2 < (r+1) + (r — 2) <ty (D1 UDs) + (D1 N Dy)

contradicting submodularity. O
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Summarizing the two previous theorems yields the final result of this section:
Theorem 9. Let M be a matroid that is not OTE. Then M is not sticky.

Proof. By Theorem 7, M has a non-modular intersectable pair of flats (F, H)
such that H is a hyperplane, and there exists an extension Ni of M such that
(cln, (F),cly, (H)) is a modular pair. Possibly contracting (F N H), and referring
to Lemma 7 of [1], we may assume that F' and H are disjoint. Thus, by Theorem 8,
there also exists an extension No of M such that in every extension N of N, the
pair (cly(F),cly(H)) is not modular. Hence M is not sticky. O

4. HYPERMODULARITY AND OTE MATROIDS

We collect some facts about hypermodular matroids and OTE matroids that we
need for the proof of Theorem 5 and the embedding theorems in the next section.
Recall that a matroid is hypermodular if any pair of hyperplanes intersects in a
coline. Modular matroids are hypermodular and hypermodular matroids of rank at
most 3 must be modular. Thus, a contraction of a hypermodular matroid of rank
n by a flat of rank n — 3 is a modular matroid of rank 3. Every projective geometry
P(n,q) is hypermodular and remains hypermodular if we delete up to g — 3 of its
points. In the following we will focus on the case of hypermodular matroids of
rank 4.

Proposition 5. Let M be a hypermodular rank-4 matroid. If M contains a disjoint
line and hyperplane, then M also contains two disjoint coplanar lines. The same
holds for a modular cut in M.

Proof. Let (l1,e1) be a disjoint line-plane pair in M. Take a point p in e;. Because
of hypermodularity, the plane l; V p intersects the plane e; in a line Iy in M. The
lines I; and Iy are coplanar and disjoint. If now [; and e; are elements of a modular
cut M in M then it holds also I € M. O

The next results are matroidal versions of similar results of Klaus Metsch (see
[6]) for linear spaces.

Lemma 3. Let M be a hypermodular matroid of rank 4 on a groundset E. Let
l1,12 be two disjoint coplanar lines. Then E can be partitioned into l1,ls and lines
that are coplanar with Iy and with ls. The modular cut M generated by 11 and o
always contains such a line-partition of E.

Proof. We set e = cl(l; Uly). Then I, :== (I3 Vp) A(I2Vp) is a line for every p € E\ e
and coplanar to I; and l5. By Proposition 2 it must be disjoint from /; and Iy and
from e. This together with Proposition 2 implies that for ¢ € F' \ e with p # ¢ we
must have either [,Al; = 0or i, =1, = pVq. We denote the set of lines constructed
this way by A. Now we choose a line [,» € A and for each r € e\ (I; Ulz) we get a
line I, = e A(lp« V7). Let ¥ be the set of lines obtained in that way. It is clear that
¥ is a line partition of e \ (I3 Uly). Again, Proposition 2 implies that these lines
must be pairwise disjoint and disjoint from 1,2, ,~ and all lines [, € A. Now, the
set I' = [; Ul UX UA is the desired set of lines partitioning E. Obviously, it holds
I c M. |

A non-trivial and non-principal modular cut in a matroid always contains a non-
modular pair of flats. Proposition 5 implies, that in a hypermodular rank-4 matroid
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it even must contain two disjoint coplanar lines. By Lemma 3 we, thus, get a set
of pairwise disjoint lines that partition the ground set. Moreover we have:

Theorem 10. (i) Under the assumptions of Lemma 3 the following two state-
ments are equivalent:
(a) There exists a single-element extension M’ where clyy (11) and clp (12)
intersect.
(b) The modular cut generated by 1y and ly in M contains a set of pair-
wise coplanar lines, l1 and ly among them, partitioning the groundset

(i) If a single-element extension M’ as in (i) exists, then the restriction to
M of any line in M’ is a line.

(i11) If there is no single-element extension as in (i), the matroid M contains
two non-coplanar lines l3,ls such that l; and l; are coplanar for all i €
{1,2} and j € {3,4} and no three of them are coplanar, i.e., it has the
Vamos matroid containing l; and ls as a restriction.

Proof. (i) By Lemma 3 the modular cut M generated by I3 and l5 contains a set
of lines partitioning the groundset E. Since any two of these lines intersect in the
extension M’ in the new point, they must be coplanar.

On the other hand, if we have a set I" of pairwise coplanar lines partitioning the
groundset E, [; and [, among them, these lines must form the minimal elements
of a modular cut. This is seen as follows. Consider the set M of flats in M which
are elements or supersets of elements of I'. Any two lines of M are disjoint and
coplanar, hence they do not form a modular pair. For p € E let [, denote the line
in I' containing p and let A € M be a hyperplane containing p. Then h contains I,
or some other line [ that is coplanar with [,,. Since in the second case I, <IVp < h
we always have [, < h. Let hy # hy be two hyperplanes in M, let [ = h; A hy
and p # ¢ be two points on I. Then I, < h; and [, < h; for i € {1,2} implying
l, = l; = l. Finally, consider a hyperplane h and a line [. If they are a modular
pair then they must intersect in a point 7, hence [ = [, and [ < h. Thus M is a
modular cut defining a single-element extension where [; and [ intersect.

(ii) Let p denote the new point and [ a line containing p. Let ¢ be another point
on [. Then ¢ is contained in a line /, in M of the partition of E(M) in lines. In
M’ we obtain {p,q} C clyr(ly). Since {p,q} C I we obtain clp(l;) = ! hence the
restriction of I to M is the line [,.

(iii) Let ' = I3 Ulp UX U A be the line-partition of the groundset E from
the proof of Lemma 3. By (i) there exist I3 and Iy in T \ {l1,l2} that are not
coplanar and hence I3 Uly € cl(l; Uly) = e. If I3,y € A we are done hence we
may assume that I3 = 1, € Y and ly = 1; € A where I; = (L V@) A (I2Vq)
and I, = e A (I« V r), as in the proof of Lemma 3. Since /,- and I3 are coplanar
we conclude l,» # l4. If I« and Iy are not coplanar, we replace I3 by l,- and
are done. Hence we may assume that they are coplanar. The hyperplanes Iy V r
and l,» V r intersect in the line I5 = (I4 V ) A (I« V r). Assuming 5 < e yields
5= ({aVr)A(p-VT)A(l1 Vi) = I, = I3, contradicting l3 and I4 being not coplanar.
Hence I intersects e only in r. Furthermore, by Proposition 2, I must be disjoint
from [,« and l4. Choose p’ on I5 but not on e and define 5 := [, € A. We claim
that [,; must be noncoplanar with at least one of [« or 4. Otherwise, we would
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have
li/al = (lp= Vi) AN(la Vi) = (I \/P/) N \/p/) = (lp v lé) A(lg Vv lé) = 1/3
which is impossible since I§ € A is disjoint from e. O

The absence of a configuration in Theorem 10 (iii) is called bundle condition in
the literature.

Definition 2. A matroid M of rank at least 4 satisfies the bundle condition if for
any four disjoint lines ly,la,13,l4 of M, no three of them coplanar, the following
holds: If five of the siz pairs (1;,1;) are coplanar, then all pairs are coplanar.

Since a non-modular pair of hyperplanes together with the entire groundset al-
ways forms a modular cut that is not principal, OTE matroids must be hypermod-
ular. Hence, Theorem 10 has the following corollary:

Corollary 2. Let M be an OTE matroid of rank 4. If the bundle-condition in M
holds, then M is modular.

Proof. Let M be a rank-4 OTE-matroid that is not modular. Then, because M is
hypermodular and because of Proposition 5 it contains two disjoint coplanar lines.
From Theorem 10 (iii) follows that the bundle-condition does not hold in M. O

5. EMBEDDING THEOREMS

With these results, we can prove a first embedding theorem. Assertion (iii) is a
result of Kahn [4].

Theorem 11. Let M be a hypermodular rank-4 matroid with a finite or countably
infinite groundset. Then M is embeddable in an OTE matroid M of rank 4 where
the restriction of any line of M is a line in M. Furthermore:
(i) M is finite if and only if M is finite.
(ii) The simplification of M [p is isomorphic to the simplification of M/p for
every p € E(M).
(iii) If M fulfills the bundle-condition then M is modular.

Proof. Let P be a list of all disjoint coplanar pairs of lines of M. Clearly, P is finite
or countably infinite. We inductively define a chain of matroids M = My, My, Ms . ..
as follows: Let My = M, suppose M;_1 has already been defined for an ¢ € N. Let
l;1 and ;2 denote the pair of disjoint lines in the list at index ¢. If [;; and [;2 are not
intersectable in the matroid M;_1, set M; = M;_1. Otherwise, let M; be the single-
element extension of M;_; corresponding to the modular cut M;_; generated by
lz’l and lig in Mi—1~

By Theorem 10 (ii), the restriction of a line in M;; is a line in M; and hence
is also a line in M. As a consequence also the restriction of a plane in M;,; is a
plane in M hence two planes in M, intersect in a line. Thus all matroids M; are
hypermodular of rank 4. Now let M be the set system (E,Z) where Z C P(E),
E =U;jZo(E(M;)) and I € T if and only if I is independent in some M;. Clearly,
T satisfies the independence axioms of matroid theory. We call M the union of the
chain of matroids. The matroid M is hypermodular of rank 4 and has no new lines
as well.

Assume there were a modular cut M in M that is not principal. By Proposition 5
it contains a pair of disjoint coplanar lines. The restriction of this pair in M is on
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the list, say with index ¢. The modular cut M;_; generated by these two lines
in M;_1 must contain cly;, (), otherwise the lines would intersect in M;, hence
also in M. Since {cl;7(X)|X € M;} C M we also must have clg7(0) € M, a
contradiction to M not being principal. Thus, M is OTE. If M is finite, so is the
list P and hence M proving (i).

It suffices to show that for every point p € E(M) every point ¢ € E(M) —
(E(M)Up) is parallel to a point in M /p. As the restriction of the line spanned by
p and ¢ in M is a line in M it contains a point different from p and (ii) follows.
Finally, (iii) is Corollary 2. O

This embedding theorem has the following corollary:
Corollary 3. Kantor’s conjecture is reducable to the rank-4 case.

Proof. Assume Kantor’s conjecture holds for rank-4 matroids. Let M be a finite
hypermodular matroid of rank n > 4. All contractions of M by a flat of rank n —4
are finite hypermodular matroids of rank 4, hence are embeddable into a modular
matroid. Using Theorem 11, it is easy to see that these contractions are also
strongly embeddable (as defined in [5], Definition 2) into a modular matroid. Hence
the matroid M satisfies the assumptions of Theorem 2 in [5], and thus is embedabble
into a modular matroid, implying the general case of Kantor’s Conjecture. ([l

Similarly, it is easy to show that our Conjecture 1 is reducible to the rank-4 case.
We have a second embedding theorem:

Theorem 12. Let M be a matroid of finite rank on a set E where E is finite or
countably infinite. Then M is embeddable in an OTE matroid of the same rank.

Proof. We proceed similar to the proof of Theorem 11. Let P be the list of all in-
tersectable non-modular pairs of M. We build a chain of matroids M = My, M .. .,
where each matroid M, is the extension of M;, where the modular defect of the
i-th pair on the list can no longer be decreased. Let M be the union of the ex-
tension chain as in the proof before. Then M is a matroid of finite rank with a
finite or countably infinite ground set. If there still are intersectable non-modular
pairs in M we repeat the process and obtain M ;. This yields a chain of matroids
M,My,Ms,,.... Let M be the union of that extension chain. Clearly, M is a ma-
troid. We claim it is OTE. For assume it had a non-trivial modular cut generated
by a non-modular pair of intersectable flats f1, fo. Since their rank is finite, there
exists an index k such that the matroid M, contains a basis of f; as well as of fs.
But then in the matroid My, the pair would not be intersectable anymore and

we get a contradiction. Thus, M is an OTE matroid. O

We have a similar result for hypermodular matroids:

Theorem 13. Every matroid M of finite rank r with finite or countably infinite
groundset is embeddable in a infinite hypermodular matroid M of rank r.
Proof. The proof mimics the one of Theorem 12, except that we have only the

non-modular pairs of hyperplanes in the list. This generalizes the technique of
free closure of rank-3 matroids and it is not difficult to show (see e.g. Kantor [7],

Example 5) that if M is non-modular (hence r > 3), every contraction of M by a
flat of rank r —3 in M is an infinite projective non-Desarguesian plane and hence
M must be infinite, too. O
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6. ON THE NON-EXISTENCE OF CERTAIN MODULAR PAIRS IN EXTENSIONS OF
OTE MATROIDS

In order to prove that the proper amalgam exists for any two extensions of a
finite rank-4 OTE matroid we need some technical lemmas. We will show that
certain modular pairs cannot exist in extensions of rank-4 OTE matroids. We need
some preparations for that.

Proposition 6. Let M be matroid with groundset T', let (X,Y) be a modular pair
of subsets of T and let Z C X \Y. Then (X \ Z,Y) is a modular pair, too.

Proof. Submodularity implies r(X UY) —r(X) <r((X\Z2)UY)—1r(X\ Z). Using
modularity of (X,Y") we find

r(X\2)+r(Y) = r(XUY)+r(X\2)NY)—1r(X)+1r(X\ 2)
< r(X\2)UY)+r((X\2)nY)
and another application of submodularity implies the assertion. (|

By (D) we abbreviate the following list of assumptions:

e M is a matroid with groundset T" and rank function r.

e M’ is an extension of M with rank function r’ and groundset E’.

e X and Y are subsets of E such that XNT =Ilx and Y NT = ly are two
disjoint coplanar lines in M.

e XNY isaflat in M'.

Proposition 7. Assume (D) and, furthermore, that X \T CY and that (X,Y) is
a modular pair of sets in M'. Then x ¢ clp (Y) for all x € Ix.

Proof. Assume to the contrary that there exists x € lx with x € clp/(Y). Then
coplanarity of [x and ly implies

XNT=Ilx ClxViy=zVliy Ccly/(Y).

Hence X C clp/(Y), implying 1'(YV) = /(X UY') and modularity of (X,Y) yields
(X) =1 (X NY), a contradiction, because X NY is a flat in M’ and a proper
subset of X. g

Lemma 4. Assume (D) and that M is of rank 4 (the rank of M' may be larger)
and, furthermore,
e (X,Y) is a modular pair of sets in M’ with X\T CY and T ¢ clyp (XUY)
and
e I’ CT is a line disjoint coplanar to lx and ly, not lying in lx V ly.
Then X' = (X \T)Ul implies v'(X') = 1'(X).

Proof. Choose z € Ix and 2’ € I’ = X’ NT. Because [x and ly are coplanar and
X\T CY we conclude clp/ (xUY) = clpp (X UY). Similarly, we get clp (2'UY) =
cly (X/ U Y)

By assumption M, being of rank 4, is spanned by I’,lx and ly and hence T C
clayp ({z, 2’} UY). If we had 2’ € clpyp(x UY), then this would imply that T C
cly (zUY) = clp (X UY), contradicting the assumptions, thus 2’ ¢ clyp (z UY).
In particular 2’ ¢ clpy (X).

Proposition 7 yields x ¢ clp/ (Y). If we had x € clpy (2’ UY) using the exchange-
axiom of the closure-operator we would find 2" € clps/(z UY') which is impossible.
Hence we obtain x ¢ clpy(2' UY) = clp (X' UY). In particular x ¢ clp (X7).
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The choice of x and z’ implies clps(IxUz’) = clp(I'Uz) and using X\T = X'\T
we obtain clyy (X Uz') = clpp (X' Ux). We conclude

V(X)) +1=r(X'Uz)=1r(XUz)=1(X)+1,
hence 1'(X') = '(X). O

Lemma 5. Assume (D), M is a rank-4 OTE matroid and X\T CY,Y\T C X
and T ¢ clpp (X UY). Then (X,Y) is not a modular pair in M'.

Proof. OTE matroids are hypermodular, hence M is hypermodular, OTE and of
rank 4. By Theorem 10 (iii), it has two lines I; und I3 that span M but are both
disjoint coplanar to lx and ly and disjoint to Ix V ly.

Assume that (X,Y) were a modular pair in M’'. Let X/ = (X \T)Ul; and
Y'"=(Y\T)Uls. Then by Lemma 4

(4) (X') =1(X) and 1/ (Y') =1/(Y).
Since T C clar(l1,l2) Celpp (X' UY") and T € el (X UY) we get
(5) Y(XUY) < (XUuYUT)=1r(X'uY' uT)=r(X"uY’).
By definition X'NY’' = (X \T)N (Y \T) = X NY and hence by sumodularity
Y(XUY)+(XNnY) </ (X'uY)+/(X'nY’) by (5)
<7(X')+1'(Y)
=1'(X) +1'(Y) by (4)
contradicting (X,Y’) being a modular pair. O

We come to the main result of this section.

Theorem 14. Let M be a rank-4 OTE matroid with groundset T and M’ an
extension of M with ground set E'. Let X,Y C E’ be sets such that X NY s a flat

i M’ and the restrictions Ix = X NT and ly =Y NT are disjoint coplanar lines
in M. If T ¢ clpp (X UY) then (X,Y) is not a modular pair in M'.

Proof. Assume to the contrary that (X,Y") were a modular pair in M’'. Let X' =
(XNTHUu(XnNnY)andY' = (Y NT)U (X NY). Applying Proposition 6 twice, we
find that the pair (X’,Y”) is modular in M’, too, and satisfies the assumptions of
Lemma 5 yielding the required contradiction. (I

By contraposition we get

Corollary 4. Let M be a rank-4 OTE matroid with groundset T and M’ an ex-
tension of M. Let (X,Y) be a modular pair of flats in M’ such that (X NT,Y NT)
is a non-modular pair in M. Then T C clyp (X UY).

Regarding the case that (X NT,Y NT) is a disjoint line-plane pair, we show the
following.

Lemma 6. Let M be a rank-4 OTE matroid with groundset T and rank function r
and let M’ be an extension of M with groundset E' and rank function r'. Assume
that X, Y C E’ are sets such that X NT = ex 1s a plane, Y NT = ly a line disjoint
from ex in M, and that X NY is a flat in M'. Assume that there exists a line
Ix Cex coplanar with ly such thatt'(XNY)Uex) =1 (X NY)Ulx)+1. Then
(X,Y) is not a modular pair in M’.
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Proof. Assume, for a contradiction, (X,Y) were a modular pair in M’ and let
X' =(XNY)Uex. Since X' = X\ Z with Z = X\ (YUex) C X \Y, we find that
by Proposition 6, (X’,Y) is a modular pair in M’, too. Let X" = (X NY)Ulx.
By assumption 1’(X’) = r/(X”)+1 and X" NT is a line disjoint from and coplanar
to ly. Moreover X" NY = XNY, thus X" NY is a flat in M’. Furthermore
submodularity implies 1’ (X’ UY) <1/ (X" UY) + 1. Because (X’,Y) is a modular
pair we obtain:

Y(X"UY)+14+1(X"NY)

v

'(X'UY)+1(X'NY)
V(X)) + (YY) =1 (X)) + 1 +1(Y)
and again submodularity of 7’ implies that equality must hold throughout. Hence
(X",Y) is a modular pair and

Y(X"UY)+ 1= X'uY)=r(X'uYUT)=r(X"UYUuUT)
implying T ¢ clp(X” UY'). The pair (X”,Y) now contradicts Theorem 14. O

7. THE PROPER AMALGAM

We prove Theorem 5 by constructing the proper amalgam of two given extensions
of a rank-4 OTE matroid. In this section we define this amalgam and we analyse
some of its properties. Throughout, if not mentioned otherwise, we assume the
following situation.

Let M be a matroid with groundset T" and rank function r and M; and M,
be extensions of M with groundsets F; resp. Fo and rank functions ri resp. rs,
where £y N Ey =T and E; U Es = E. All matroids are of finite rank with finite
or countably infinite ground set. We define two functions n : P(E) — Z und
§:P(E)—Zby

NX)=11(XNE) +r2(XNEz)—r(XNT)
and £(X) = min{n(¥): Y O X}.

The following is immediate:

Proposition 8. The function £ is subcardinal, finite and monotone. That is,
R1:0<¢(X) < |X]|, forall X CE.
Ria: For all X C E there exist an X' C X,|X'| < oo, such that £(X) = &(X).
R2: For all X1 C Xy C F we have £(X;) < £(X3).

Moreover £(X) < n(X) for all X C E.

If £ is submodular on P(FE), then & is the rank function of an amalgam of M;
and M, along M (see eg. [7], Proposition 11.4.2). This amalgam, if it exists, is
called the proper amalgam of My and Mo along M.

Now let L(M;, Ms) be the set of all subsets X of F, so that X N E; and X N E,
are flats in M; resp. Ms. Then it is easy to see that £(M;, Ms) with the inclusion-
ordering is a complete lattice of subsets of E. Let Az and V. be the meet resp. the

join of this lattice. Clearly, for two sets X,Y € L£L(M7, Ms) we have XA Y = XNY
and X VoY D X UY. We need two results from [7].

Lemma 7 (see [7] Prop. 11.4.5.). For all X C E
EX) =min{nY): Y € LM, M3) and Y D X}.
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Lemma 8 (see [7] Lemma 11.4.6.). Let Y C E and Z be the smallest element of
L(My, Ms) containing Y, then n(Z) < n(Y') holds.

The proof of Lemma 11.4.6 in [7] must be slightly modified in the end in order
to make it work for matroids of finite rank but infinite groundset as well.

Proof. As in [7] for all X C E we define ¢1(X) = cly4(X N Ey) U (X N E2) and
¢$2(X) = (X N Ey) Ucly(X N Ey). Following [7] we derive

7(¢i(X)) <n(X) forall X C E and i =1,2.

Now let Z be the minimal element in £(M;, Ms) such that Y C Z and choose
Y C W C Z maximal with
n(W) <n(Y).

From Y € W C 6,(W) C Z and n(¢:(W)) < n(W) follows ¢:(W) = W for i = 1,2
and hence W = Z € L£(M;, M>) and Lemma 8 follows, also implying Lemma 7. O

Note that the proof of this lemma and part (Rla) of Proposition 8 imply that
Theorem 1 holds for infinite matroids of finite rank as well. Now we generalize a
result of Ingleton (cf. [7], Theorem 11.4.7):

Theorem 15. Assume that for any pair (X,Y) of sets of L(My, Ms) the inequality
defining submodularity is satisfied for at least one of n or . Then £ is submodular
on P(E) and the proper amalgam of My and My along M exists.

Proof. Let X1,Xs C E. By Lemma 7 we find Y; € L(M;, Ms) such that X; CY;
and £(X;) = n(Y;) for i = 1,2. From n(Y;) = £(X;) < £(Y:) < n(Y;) we conclude
that £(X;) = £(Y;) = n(Y;). By assumption either n or £ or both are submodular
on the pair of flats (Y1,Ys). Furthermore, X1 N Xo C Y1 NYs = Y; Az Ys and
X1UX, CY1UY; CY, Ve Ys. Hence, by Proposition 8
(X1 N Xo) + (X1 U Xo) <E(Y1 AL Ya) +E(Y1 Ve Ya).
Thus, if 7 is submodular on (Y7, Y2)
E(X1NXa)+E(X1UXy) n(Y1 Az Y2)+77(Y1 Ve Ys)

n(Y1) +n(¥2) = £(X1) + £(X2)

INIA

and otherwise
E(X1 N X2) +E(X1 UX2) < (Y1) +&(Ya) = (X)) +{(Xa).
Hence £ is submodular on P(FE) and the proper amalgam exists. O
Lemma 8 immediately yields

Lemma 9. If X,Y are in L(M;y, Ms), then n(X UY) >n(X V. Y). Moreover we
have (X UY) =¢&(X VvV, Y).

We finish this section with a small lemma.

Lemma 10. Additionally to the assumptions from the second paragraph of this
section let M be of rank 4. Let X € L(My, M) with r(X NT) > 2. Then §(X) =

n(X).
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Proof. Assume there exists Y O X such that £(X) = n(Y) < n(X). Then r(Y N
T) > r(X NT). Hence there exists an element ¢ € (Y NT) \ X, and because
XNE;,XNE;and X NT are flats we get

DX UL =11(X Ut) N EL) +12((X Ut) N Ey) —r((X Ut) NT)
=n(XNE)+ 141X NE)4+1-12(XNT)—1=n(X)+1.

But since M is of rank 4 and r((X Ut) NT) > 3, the decrease of n for supersets
of X Ut is bounded by 1 and thus n(Y) > n(X Ut) — 1 = n(X), a contradiction. O

8. PROOF OF THEOREM 5

Our proof of Theorem 5 may be considered as a generalization of the proof of
Proposition 11.4.9. in [7]. Oxley refers to unpublished results of A.W. Ingleton. We
start with a lemma.

Lemma 11. Let M be a rank-4 OTE matroid with ground set T'. Let My and M,
be two extensions of M with the ground sets Eq, E5 and rank functions ri,ro. Let
EiNEy =T and E1UEy = E and let n, € and L(M7, Ms) be defined as in Section 7.
Let (X,Y) be a pair of elements of L(My, M) that violates the submodularity of
n. Then
(i) n(X)+nY)—nXNY)-nXUY)
=0XNELYNE)+6XNE,YNEy) —6(XNT,YNT) =—-1.
(ii) (X NE;, Y NE;)is a modular pair in M; fori=1,2.
(i) (X NT,YNT) are two disjoint coplanar lines or a disjoint line-plane pair
in M.
(iw) n(X) =¢&(X) and n(Y) = £(Y).

Proof. For part (i) a straightforward computation yields the first equality. The
second one follows from the fact that OTE-matroids are hypermodular and that
the modular defect in a hypermodular rank-4 matroid is bounded by 1. Parts (ii)
and (iii) are immediate from (i) and part (iv) follows from Lemma 10. O

Lemma 12. Under the assumptions of Lemma 11, let (X,Y) be a pair of elements
of L(My, Ms) such that the submodularity of n in L(M;, M) is violated, and either
EXUY)<n(XUY) or&(XNY)<n(XNY). Then & is submodular for (X,Y)
m [’(Mh Mg) .

Proof. Recall that {(XUY) <n(XUY)and E(XNY) <n(XNY)and {(XNY) =
E(X NAcY)aswellas E(XUY) =&(X V. Y) by Lemma 9. Moreover by Lemma 11
(iv), n(X) = &(X) and n(Y) = £(Y). Altogether this implies

X)) +EY) =X ALY) = &4(X Ve Y)
=£{(X) +E(Y) —¢(XNY) - X UY)
>n(X)+n(Y) —n(XNY)—nXUY)=-1

proving the assertion. O

We are now ready to tackle the proof of Theorem 5 which is an immediate
consequence of the following:

Theorem 16. Let M be a rank-4 OTE matroid. Then for any pair of extensions
of M the proper amalgam exists.
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Proof. Let T denote the ground set of M and M;, My be two extensions of M
with ground sets F4, Fs and rank functions 71,79, such that £1 N Fy = T and
E; U FEy = E. We show that for these two extensions the proper amalgam exists.
Let n and £ be defined as in the previous section. By Lemma 15 it suffices to show
that for each pair (X,Y") of elements of £L(Mj, Ms) either 5 or £ is submodular.

By cases, we check all possible pairs (X,Y") of sets of £L(M;, Ms) where the
submodularity of n could be violated, and show that £&(X UY) < n(X UY) or
EXNY)<n(XNY) and hence (by Lemma 12) £ is submodular on (X,Y).

By Lemma 11, (X N E;,Y N E;) are modular pairs of flats in M; for i = 1,2 and
(XNT,YNT) is a pair of disjoint coplanar lines or a disjoint line-plane-pair.

Disjoint coplanar lines: Assume X NT =lx and Y NT = ly are two disjoint
coplanar lines. By Corollary 4 the fact that (X N E;,Y N E;) are modular pairs for
i =1,2 implies that T C clp, (X UY)NE;) for i =1,2. Let t € T\ clp(Ix Uly).
Then

n(XUY Ut)

r(XUYUHNE) +r((XUYUH)NE,) —r((XuYut)nT)
r(XUY)NE) +r(XUY)NEy)) —r((XUY)NT) -1
n(XUY)-1.

Hence (X UY) < np(X UY).

Disjoint point-line pair: Assume X NT =ex isaplaneand Y NT =ly is a
line disjoint from ex. By Lemma 6 for every line [ C ex such that r(IViy) =3 we
must have

(6) r(XNYNE)Uex)=r(XNYNE;)UI) fori=1,2.
Choose a point p; € ex. Since M must be hypermodular Ix = (ex A (Iy V p1))

is a line in M and p; € lx. Since Y N E; is a flat in M; not containing p; and
XNY NE; is aflat in M; disjoint from T we have

(7) T‘1((YUp1)ﬂE1) Tl(YﬂEl)—Fl
(8) 7“1((XﬂYﬂE1)Up1) = Tl(XﬂYﬂEl)—‘rl.

Choose a second point po € lx such that ps # p;. Since [x and [y are coplanar,
we obtain

p2€lx Ccly(prUly) =cy(pr U (Y NT)) Cclp,(pr U(Y NEY))
and thus
(9) ri(YUlx)NE) =ri(YU{p,p2}) N E1) =r (Y Up1)NEY).
Furthermore, since {p1,p2} Clx C X:

(10) rl((XUYU{pl,pg})ﬂEl) :Tl((XUY)ﬂEl)
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Using these equations and the modularity of (X N Ey,Y N Ey) in M; we compute
r(X N Ey) +ri((Y U{p1,p2}) N E1)
QX NE) + (Y Up)NE)
D XNE)+m(YNE)+1
)

(Mod.)

(
(
r(XUY)NE)+rm(XNYNE)+1
= rn((XUYU{p,p})NE)+r(XNYNE)+1
(

= r(XUY U{p,p})NE)+r(XNYNE)Up)
< n((XUY U{p1,p2}) NED) +ri(XNY NE)U{p1,p2})

By submodularity of r; the last inequality must hold with equality and hence
(11) m(XNYNE)Ulx)=r(XNYNE)Up).

By symmetry (8) and (11) are also valid for 7o and E5. Recalling that XNYNT = (),
we compute

M2

n(XNY)Uex) = [> r((XNYNE;)U eX)] —r(ex)

Li=1

@ Y nynE) ulx)] -3

Li=1

M2
) Zri((XﬂYﬂEi)Upl)]—S
Li=1
= D (XNYNE)+1)

= p(XnY)-1.

—(XNYNT)-3

Hence (X NY) <n(X NY). O

9. CONCLUSION

Now if we put the embedding theorems together with Theorem 5, we get the
equivalence of three conjectures:

Theorem 17. The following statements are equivalent:

(i) All finite sticky matroids are modular. (SMC)
(i) Every finite hypermodular matroid is embeddable in a modular matroid.
(Kantor’s Conjecture)
(i1i) FEvery finite OTE matroid is modular.

Proof. (i) = (ii) These two statements can be reduced to the rank-4 case (see
Theorem 2 and Corollary 3). Now consider a finite hypermodular rank-4 matroid
M. Because of Theorem 11, it can be embedded into a finite rank-4 OTE matroid
M’ that is sticky due to Theorem 5. If (i) holds then M’ is modular and M can be
embedded into a modular matroid and (#¢) holds.
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(13) = (i7i) Let M be a finite OTE matroid. It is also hypermodular. If (i)
holds, it is embeddable into a modular matroid. Since M is OTE, it must itself
already be modular.

(i4i) = (¢) Let M be a finite sticky matroid. Because of Theorem 3 it must be
an OTE matroid and, if (4i¢) holds, must be modular and (7) holds. O

A slightly weaker conjecture than the (SMC) in the finite case, which could also
hold in the infinite case, is the generalization of Theorem 5 to arbitrary rank.

Conjecture 4. A matroid is sticky if and only if it is an OTE matroid.

Our proof of Theorem 5 frequently uses the fact that we are dealing with rank
4 matroids. We think there is a way to avoid Lemma 10, but the case checking in
the proof of of Theorem 16 seems to become tedious even for ranks only slightly
larger than 4. Moreover, we need a generalization of Theorem 10 (iii) in order to
generalize Lemma 4.
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