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Abstract

The separation theorem of Kirchberger can be proven using a com-
bination of Farkas’ Lemma and Carathéodory’s Theorem. Since those
theorems are at the heart of oriented matroids, we are interested in a gen-
eralization of Kirchberger’s Theorem to them. This has already been done
for rank 3 oriented matroids. Here we prove it for complexes of oriented
matroids, which are a generalization of oriented matroids.

Key words: Kirchberger’s Theorem, oriented matroids, COMs

MSC 2020: 52C40, 05B35, 52A35

In order to introduce Kirchberger’s Theorem we use a picture from [9]. Imag-
ine we have black and white sheep in a meadow and we want to decide whether
they can be separated by a straight fence. Kirchberger gives an answer to this
question.

Theorem 1 (Kirchberger’s Theorem). Let V' and W be finite subsets of R™. If
every set C CV UW of n+ 2 or fewer points can be strictly separated into the
sets VN C and WNC, then V can be strictly separated from W, i.e. one can
find a € R" and o € R such that a™v — a < 0 for allv € V and a™w — o > 0
forallwe W

For our example this means if every set of four sheep can be separated by
a straight fence, all sheep can be separated. The original proof of Kirchberger
in 1902 is really long and hard to understand [7]. Nowadays easier proofs are
known. One possibility is to prove it using Helly’s Theorem like in [2] or [8].
There is also a simpler proof which is basically a combination of Carathéodory’s
Theorem and Farkas’ Lemma which can be found in [10]. Because those two
theorems are crucial for oriented matroids (OMs), it is natural to generalize
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Kirchberger’s Theorem to them as well. This has been already done for pseudo-
line arrangements, i.e. OMs of rank 3 [3], [5]. We will prove it for complezes of
oriented matroids (COMs). COMs have been introduced in [1] under the name
conditional oriented matroids as a common generalization of oriented matroids,
affine oriented matroids, and lopsided sets. Before we define COMs and some
of their properties, we need the following definitions

Definition 2. Let £ C {0,+,—}¥ be a set of sign vectors on a finite ground
set E. The composition of two sign vectors X and Y is defined as

X, ifX
(XoY)e=4_° ’,f E#O’VeeE.
Y. Zer:()v

The separator of X and Y is defined as
S(X,)Y)={ee E: X.=-Y.#0}.
The support of X is defined as
X={eeF:X. #0}
Let us introduce three axioms for systems of sign vectors.

(FS) Face Symmetry

VX,)YeLl:Xo(-Y)eL

(SE) Strong Elimination

VX, Y € LVee S(X,Y)IZ e L:
Ze=0andVf € E\S(X,Y): Z; = (XoY)y.

(C) Composition

VX, YeL:XoY eL.

Now we are in the position to define the term COM.

Definition 3 (Complex of Oriented Matroids (COM)). Let E be a finite set
and L C {0,+,—}YE. The pair (E, L) is called a COM, if L satisfies (FS) and
(SE). The elements of L are called covectors.

Note that (FS) implies (C). Indeed, by (FS) we first get X o =Y € £ and
then X oY = (X o—X)oY =Xo—(Xo-Y)e Lforal X,Y € L.

Let M = (E, L) be a COM. In the following we assume that M is simple,
ie. Vee E: {X|X € L} = {+,—,0} and Ve # f € F : {X. Xf|X € L} =
{+,—,0}. In this setting the sign-vectors in £ of full support are called topes
and T is the set of all topes of M. A COM M is an oriented matroid (OM) [1],
if0 e L.



The restriction of a sign-vector X € {0,+}¥ to E\F, F C E, denoted by
X\F € {0,+, —}P\F' is defined by (X\F). = X, for all e € E\F. Given a sys-
tem of sign vectors M = (FE, L) and F C E, the contraction of F is the system of
sign vectors M/F = (E\F,L/F), where L/F = {X\F : X € £ and XNF = 0}.
It has been shown in [1] and we will implicitly make use of it that the class of
COMs is closed under contractions. Let us look at an example of a COM:

Example 4. Let E = {v1,...,v,} CR™. We look at the following functions
(a,a) : E— {+,—,0}
v; — sign(aTv; — a),

wherea € R™, a € R andi=1...n. We claim that the collection of those func-

tions induce a COM with ground set E and covectors (sign(a¥vi—a), ..., sign(a® v, —

«)). Let X be induced by (a,«) and Y be induced by (b, 5). We set

Ty, —
ezmin{M: laTv; — af - [bTv; — B 750}

Now the sign vector X o =Y can be induced by

€

() = (a,0) = 5(0.9)

One can see this by looking at

(X 0 =Y); =sign(cTv; — ) = sign((a’v; — a) — %(bTUi —5)).
This equals X; = sign(aTv; — ), if X; # 0 and =Y; = —sign(bTv; — B), if
X; = 0. Since (¢,7) is in our collection of functions, we see that X o =Y is in
the COM, so face symmetry is fulfilled. Let us look at strong elimination. Let
e € S(X,Y) and w.l.o.g. (aTve —a) <0 and (bTv. — @) > 0. If we look at the
vector

Z; = sign((bTve — a)(aTv; — a) — (aTve — a)(bTv; — B))

we see that Z. = 0 and Zy = (X oY)y for f € E\S(X,Y). Furthermore the
function that induces Z is in our collection, so strong elimination is fulfilled as
well and we have a COM. Note that if we set a = (0,...,0) and a = 0 we get
the sign vector X = (0,...,0), so our COM is in particular an OM.

Before we go on to Kirchberger’s Theorem for COMs we need to define the
rank of a COM.

Definition 5 (Rank of a COM). The rank r(M) of a COM M = (E, L) is
defined as

(M) = ma {|AI|£\(E\A) = {0.+,~}41}



So let M = (E, L) be a COM of rank r on a ground set E with |E| = n. We
say two sets V,W C E are separable if there exists a covector X = (X, X ™)
such that V C X and W C X~. Our sheep correspond now to the elements
of E and as above we want to know if we can separate them. W.l.o.g. assume
that we want to know if we can separate the first k& elements of F from the last
n — k elements, i.e. we want to know if the vector

(+a+a"'7+773"'3777) (1)

k n—k

is a tope of M. Our theorem will say that if for all C C E with |C| =n—(r+1)
the sets VNC and WNC can be separated in M/C (i.e. (1) restricted to F\C is
a covector of M/C'), then V and W can be separated in M (i.e. (1) is a covector
of M). Let us demonstrate this in our example.

Example 6 (Example 4 continued). If now

X:(+7+7"'a+a_7"'7_)_)
k n—k

is a tope of the COM in Exzample /J this means that there is an (a, ) such that
av — a = 0 separates vy, ...,V and Vgy1,..., U, strictly. So in this case Kirch-
berger’s Theorem for COMs will say that whenever r 4+ 1 elements of E can be
separated strictly, then all of them can be separated strictly which is Kirchberger’s
Theorem in its original version. Let us look at the rank of our COM. We may
assume (e.g. by induction over the dimension) that vy, ...,v, span R™ affinely.
Therefore we will find vectors v;,, ..., v;, ., that span an n-simplex. It is easy to
see (e.g. by induction) that one gets every possible sign vector within those sim-
plex spanning elements by using a proper separating hyperplane. This shows by
Definition 5 that the rank r of our COM is at least n+1. We will show that the
rank is ezactly n+ 1. If we look at n+ 2 or more vectors,i.e.V = v, ..., v, .,
one would find by Radon’s Theorem [2] a Radon Partition (Py,Py) C V', which
is a partition where conv(Py) Nconv(Py) # 0. If we now look for the sign vector
which has minus entries in Py and plus entries in Py we will see that this pattern
can not be induced. Either some points of Py are in conv(Pz), then it is obvious
that they can not be separated from Py or there are two points of Py where the
connecting line intersects conv(Ps), so we also do not find an hyperplane which
separates them from P,. So the required sign vector can not be induced which
shows that the rank is exactly n + 1. By that we see that v +1 = n 4+ 2 which
explains why we have n + 2 in Kirchberger’s original theorem and v + 1 in the
theorem for COMs.

In order to simplify the proof we will formulate the theorem on a reorien-
tation of M (i.e. M with some flipped signs, which does not affect the general
structure), where we do not look for the sign vector (1) but for the vector
R=(+,...,+) of length n.



Theorem 7 (Kirchberger’s Theorem for COMs). Let M = (E,L) be a COM
of rank v and |E| = n. If for all C C E with |C| =n — (r+ 1) the sign vector
R\C is a tope of M/C, then R is a tope of M.

We need the following lemma for our proof, which is a generalization of [6,
Lemma 4]. The OM of the following example will play a major role in our proof.

Example 8. Let us look at a special case of Example 4. Take the points {e; —
eir1]l <i<n-—1}U{e, —e1}, where e; are the unit vectors. Any n — 1 of
them are linear independent but all n of them are not. We call such structures
a directed cycle and the corresponding COM (OM) C,,.

Lemma 9. Let M = (E, L) be a COM with tope set T, such that for all f € E
there exists TT € T such that

{7 4 eeEw
9 + if g=f

IfFR¢T, then M =Cig.

Proof. We will show by induction that all covectors which contain exactly one
minus-entry and at least one plus-entry are in L. Since then in particular all
covectors which contain exactly one plus-entry and one minus-entry exist in L,
we get by (SE) that O € L. Together, we can conclude that M = C,, since we
obtain all its covectors by composition of those vectors. Since C), is uniform no
other oriented matroid can contain these covectors.

Solet T/ € T for all f € E and R ¢ T. We will use induction over
the number of zero-entries in the covectors, i.e. we want to show that for ev-
ery n =0,...,|F| — 2 all sign-vectors with n zero entries, one minus-entry and
|E| — (n + 1) plus-entries are covectors of M.

n = 0: By the existence of T here is nothing to show. We fix n > 0 and
assume that all covectors with n or less zero-entries, exactly one minus entry
and at least one plus-entry exist in L.

n —n+ 1< |E| —2: We now look for a covector with zero-entries in the i-th
position, ¢ € I C E, |I| = n+ 1, a minus-entry in the j-th position, j ¢ I and
+ everywhere else. We choose an 7 € I and take two covectors with 0 in I\i.
One of them should have its — in the ¢-th position and the other one at the j-th
position. W.l.o.g. those two covectors look like this:

(0,...,0, —, + ,+,...,+)
(07"'707 +7 _7+7"'3+)'
I\% J
They exist because |I\i| = n, so the induction hypotheses holds. If we now

perform strong elimination with those two covectors we get (again w.l.o.g) the



covector

I\ ¢ J

If * was +, then X oT7 = R. Since R ¢ T we have * = — and have the covector
we were looking for. O

We will now prove Theorem 7 by contraposition.

Proof. Suppose that R does not exist in £. Let now D C E be of maximal
cardinality such that R\D does not exist in M/D. Since we choose D to be
maximal, we have that

(_a +a ’ +)7
(+a BE

. e L/D.
(+a +a ’ _)

Indeed, since D is maximal for every f € E\ D there is a tope in £/D with
T]{ = + being its only positive entry. By Lemma 9 we have M /D = Cly|, where
Y = E\D and C!Y'l the directed cycle of |Y| elements. Since M has rank 7, the
cycle can have at most r 4+ 1 elements, i.e. |[Y| <+ 1. So we found an D with
|D| = n — |Y] such that R\D does not exist in M/D. Since [Y| < r+1 we can
conclude that we will also find an C' with |C] = n — (r + 1) < n — |Y| where
R\C will not exist in M /C. This finishes our contraposition. O

Since every OM is a COM, the statement for OMs is a direct corollary of
Theorem 7.

Corollary 10 (Kirchberger’s Theorem for OMs). Let O = (E, L) be a OM of
rank r on E, |E| = n. If for all C C E with |C| = n — (r + 1) the sign-vector
R\C exists in O/C, then R exists in O.
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