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Zusammenfassung

In dieser Bachelorarbeit werden Kriegssimulationsspiele auf hexagonalen Gittern
als vielversprechende Domäne für die Entwicklung und Evaluierung von Reinforcement-
Learning-Algorithmen untersucht. Dabei werden grundlegende neuronale Netzwerkar-
chitekturen sowie Trainingsverfahren für diese Klasse von Spielen betrachtet. Es
wird ein neuartiges Faltungsneuronales Netzwerk (Convolutional Neural Network,
CNN) für hexagonale Gitter vorgestellt, das es ermöglicht, die in solchen Spielen
inhärente Rotationsinvarianz auszunutzen. Darüber hinaus wird ein Reinforcement-
Learning-Framework zur Optimierung neuronaler Netzwerke für Spiele auf hexago-
nalen Gittern entwickelt, das auf modernen Methoden des Deep Reinforcement Lear-
ning aufbaut. Abschließend wird das vorgeschlagene Framework auf ein einfaches
Spiel auf einem hexagonalen Gitter angewendet, und die erzielte Leistungsfähigkeit
des Frameworks wird evaluiert und analysiert.

Abstract

In this bachelor’s thesis, war games on hexagonal grids are investigated as a promis-
ing domain for the development and evaluation of reinforcement learning algo-
rithms. Fundamental neural network architectures and training methods for this
class of games are explored. A novel convolutional neural network architecture
for hexagonal grids is introduced, enabling the exploitation of the rotational invari-
ance inherent in such games. Furthermore, a reinforcement learning framework
for training neural networks on games played on hexagonal grids is developed,
building upon state-of-the-art methods in deep reinforcement learning. Finally, the
proposed framework is applied to a basic hexagonal-grid game, and the resulting
performance is evaluated and analyzed.
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1 Introduction

Since the early application of neural networks to reinforcement learning (for exam-
ple, Tesauro’s TD-Gammon [Tes94]), games have, on the one hand, presented impor-
tant challenges that motivated the development of new methods in reinforcement
learning. On the other hand, games have also proven to be a good experimental
area to test new algorithms. For example, the impact of the early success of neural
networks on Atari games [MKS+13] did not merely show that these games could be
mastered; it also established Atari as a benchmark domain for major later advances
in reinforcement learning, including the asynchronous advantage actor-critic (A3C)
algorithm [MPBM+16], the Importance Weighted Actor-Learner Architecture (IM-
PALA) architecture [ESM+18], and hierarchical reinforcement learning with FeUdal
Networks [VOS+17].

Despite substantial progress in recent years, important challenges in reinforce-
ment learning for games remain unresolved. DeepMind achieved major milestones
in Go [SHM+16, SHS+18], chess [SHS+18], and the video game StarCraft II [VBC+19].
In their first applications [SHM+16, SHS+18], neural networks were used to guide
the Monte Carlo tree search to find the best actions. However, this approach was
limited to relatively simple environments for which a model of the state transitions
could be built. A method applicable to a broader range of environments was the
actor-critic approach used for StarCraft II [VBC+19], where the policy is represented
directly by a neural network. Despite this success, that AI (Artificial Intelligence)
still showed important limitations in initialization and exploration: initialization re-
lied on imitation learning (with rewards based on divergence from expert human
behavior), and the self-play phase was additionally guided by pseudo-rewards that
encouraged human-derived strategies, so that exploration proceeded in efficient di-
rections. The AI of DeepMind for StarCraft II was not able to find good exploration
directions by itself, and it needed to be guided by human knowledge. Another lim-
itation was the enormous training cost: hardware equivalent to 4,200 CPU (Central
Processing Unit) cores and 128 TPU (Tensor Processing Unit) cores was used for
more than 44 days to train the best neural network.

The high training cost is due in part to the large state representations of the games
that are used by reinforcement learning algorithms for games such as StarCraft and
Atari. StarCraft is much more complex than Atari games and is therefore useful
for studying harder exploration problems, but its state representation is also signif-
icantly more complex, consisting of a dynamic set of features [VEB+17] rather than
a single tensor as in Atari games. The size of the state representation, together with
the frequency at which the neural network must be evaluated, leads to high train-
ing costs. These costs are a major limitation when testing and developing algorithms
that are not intended to master real-time tasks.

This bachelor’s thesis proposes another class of games as a more suitable domain
for developing reinforcement learning algorithms: war games on hexagonal grids,
a game type that has only recently been explored [PSD25]. Compared with real-
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time games such as StarCraft, these games admit a more compact state representa-
tion, because they are discrete by design: space is divided into hexagonal tiles and
time advances in turns. This compact representation enables more efficient neural
network training. At the same time, these games still support a rich spectrum of
strategies, making exploration challenging for AI systems. This combination of rep-
resentational efficiency and strategic complexity makes them an excellent domain
for developing and benchmarking reinforcement learning algorithms.

War games on hexagonal grids have a long history, ranging from early board
games to modern video games, with the Civilization franchise as one prominent ex-
ample. Because research on AI for this class of games is still limited, no particu-
lar game has become an established benchmarking standard (as happened in other
genres with Atari games and StarCraft). For this reason, a new video game will be
implemented with the explicit goal of developing and evaluating AI methods.

The main contribution of this bachelor’s thesis is threefold: the development of
a convolutional network framework for hexagonal grids, the design of a reinforce-
ment learning method for training neural networks on games played on hexagonal
grids, and an analysis of its application to a basic hexagonal grid game.

2 Scientific Background

In order to develop a machine learning method for training a neural network for war
games on hexagonal grids, several scientific concepts and methods must be applied.
These are introduced in the following sections.

2.1 Neural Networks

Neural networks are a class of machine learning models composed of weighted
combinations of simple functions arranged in a layered structure, forming a com-
plex composite function. This composition can be represented as a directed graph,
where nodes correspond to inputs and intermediate outputs of the simple functions,
while edges represent functional dependencies between them. The nodes are orga-
nized into layers such that the output of one layer serves as the input to the next.
Typically, each node in a given layer contributes to multiple nodes in the subse-
quent layer. The influence of each simple function on the next layer is determined
by learnable parameters, known as weights. A neural network is trained by adjusting
these weights such that the network approximates a complex function able to solve
a problem. In order to guide this adjustment of the weights, a loss function is used
to quantify the discrepancy between the network output and the desired output,
referred to as the approximation error. One of the most commonly used loss func-
tions for regression problems–where continuous numerical values are predicted–is
the mean squared error. It computes the average of the squared differences between
predicted and target values, thereby penalizing larger errors more strongly.
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Since the introduction of the first neural network with the perceptron [Ros58] (a
neural network based on a single linear function), neural network units have com-
monly been based on linear functions that combine a vector of weights W with a
vector of inputs X to produce a single output:

y = W ·XT
=

d∑
i=1

wixi

To increase the expressive power of a neural network, its depth can be increased by
adding more layers, each consisting of multiple linear functions. However, the com-
position of linear functions remains linear; therefore, a network composed solely
of linear transformations is itself equivalent to a single linear function. To enable
neural networks to model non-linear problems, non-linear functions must be intro-
duced between layers. These functions are referred to as activation functions. Two
of the most commonly used activation functions are the sigmoid function, which
produces an S-shaped curve with output values in the range between 0 and 1:

Φ(v) =
1

1 + e−v

and the rectified linear unit (ReLU), which outputs the input directly if it is positive
and zero otherwise:

Φ(v) = max(0, v)

The training process of a neural network consists of adjusting the weights in sev-
eral cycles, called epochs, in order to reduce the error of the output for a given in-
put. At the end of the 1950s and in the 1960s, when the perceptron was introduced,
this training process was not understood as a mathematical optimization problem.
Instead, it was performed using a heuristic that updated the weights only for mis-
classified data. Due to the lack of a formal mathematical formulation of the training
process, training multilayer neural networks was not feasible. The influential publi-
cation by Minsky and Papert [MP69] in 1969, in which the limitations of single-layer
networks were highlighted and the problem of training multilayer neural networks
was presented as an unsolved problem, initiated a period of general skepticism re-
garding research on neural networks.

The problem of training multilayer neural networks was formulated as an opti-
mization problem only with the introduction of the backpropagation algorithm by
Rumelhart, Hinton, and Williams [RHW86] in 1986: the gradient of the loss function
with respect to the network weights is computed and used to determine the direc-
tion in which the weights are updated. This strategy is known as gradient descent.
The derivative of the loss function with respect to the network weights is based
on a deep composition of functions, since the loss function depends on the func-
tion represented by the neural network. To compute this gradient, the chain rule of
differentiation is applied repeatedly along all paths in the computational graph be-
tween the output and each edge representing a weighted function composition. If a
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node in the graph represents the function f(g1(x), . . . , gn(x)) with n incoming edges
from the previous layer functions g1(x), . . . , gn(x), then the derivative of this func-
tion with respect to a particular weight x can be computed using the multivariate
chain rule:

∂f(g1(x), . . . , gn(x))

∂x
=

n∑
i=1

∂f(g1(x), . . . , gn(x))

∂gi(x)

∂gi(x)

∂x

The chain rule decomposes the derivative of a complex function into derivatives of
its simpler subfunctions. However, a naive computation of the gradient of the loss
function in a deep neural network is computationally inefficient, as the complex-
ity of the resulting derivative grows exponentially with the depth of the network
[Agg23, p. 32–33]. This is due to the fact that the number of paths in the computa-
tional graph is exponential in the network depth.

The main contribution of the backpropagation algorithm is the efficient application
of the chain rule of differentiation. Backpropagation exploits the fact that the same
subfunctions are reused across different paths in the computational graph, and that
the derivative of a subfunction with respect to its immediate inputs can be stored
and reused when computing derivatives along other paths, according to the chain
rule. The algorithm traverses the computational graph of the neural network, start-
ing from the output of the loss function, in order to compute and store derivatives
with respect to progressively deeper nodes until the input nodes are reached. In this
way, backpropagation applies a dynamic programming strategy to the computation
of gradients: it stores intermediate results for the derivatives of the loss function
with respect to each node in the graph and reuses them when computing deriva-
tives for deeper nodes. Once the derivatives of the loss function with respect to
all nodes are available, the computation of the derivatives with respect to the net-
work weights is straightforward. The complexity of the backpropagation algorithm
is linear in the number of edges of the computational graph representing the neural
network.

2.2 Optimization Methods for the Training of Deep Neural Networks

Despite the fact that the backpropagation algorithm made the training of multilayer
neural networks feasible, its application to several problems remained limited by
training instability, computational cost, and the requirement for large amounts of
data. The latter two issues have been mitigated over the past decades by advances
in computational power –especially through the use of Graphics Processing Units
(GPUs)–as well as by the increasing availability of data. However, the algorithmic
challenges related to unstable training have multiple causes. In the following, we
focus on the specific issues that required special attention in the implementation of
the machine learning method for games on hexagonal grids of the present paper.

Performing a neural network update using a single data point (i.e., stochastic gra-
dient descent) can make training highly unstable, as information learned from earlier

4



data points may be overwritten and thus lost. At the other extreme, performing
updates based on the entire training dataset –by aggregating the error over all data
points–is theoretically the most stable approach to training a neural network. How-
ever, it is in most cases computationally infeasible due to high memory and com-
putational requirements. Between these two extremes, the use of a representative
subset of data points that does not include the full training dataset is a common
strategy to improve both stability and computational efficiency. To process such
subsets efficiently, data points are not fed individually into the neural network; in-
stead, they are grouped into a multi-dimensional array, forming a structure known
as a mini-batch. In particular, the use of GPUs for backpropagation makes batch-
based training significantly more efficient, as the parallel computation capabilities
of GPUs are best utilized when operating on large tensor structures.

The first-order gradient provides information about the direction and magnitude
of the local slope of the loss function, but it does not capture information about
its curvature. This limitation of first-order methods can lead to slow convergence
when both the gradient and curvature are small, or to oscillatory and unstable up-
dates when the gradient varies sharply across dimensions. To address this issue, the
RMSProp algorithm [Hin12] combines standard gradient descent with an adaptive
approximation of second-order derivatives by maintaining an exponentially decay-
ing average of past gradients and using it to rescale the current update direction.
The application of RMSProp to the image classification model AlexNet in 2012 for
the ImageNet Large Scale Visual Recognition Challenge (ILSVRC) represented a major
breakthrough in the training of deep neural networks, as it significantly improved
the stability and efficiency of training.

The gradient of a function converges to a minimum (or to a saddle point), but
it does not necessarily converge to the global minimum of the function. The dif-
ference between these outcomes can be substantial, and the training of a neural
network may therefore become trapped in a suboptimal region of the loss land-
scape. In order to mitigate the effects of local minima and improve convergence
behavior, the use of momentum–analogous to the concept of inertia in physics–has
been widely adopted in recent decades. Following the success of the RMSProp al-
gorithm, the Adam algorithm [KB14] combines momentum with a similar adaptive
second-moment estimation of gradients as used in RMSProp. It has become one
of the most widely used methods for optimizing gradient-based updates in neural
network training.

In this paper, strategies that improve standard gradient descent, such as the RM-
SProp and Adam algorithms, are referred to as optimizers. The application of these
optimizers requires the use of batch-based gradient estimation, as they rely on suf-
ficiently accurate gradient estimates [Agg23, p. 135]. Otherwise, if the gradient is
computed from only a very small number of data points, the use of momentum and
the approximation of second-order information may further increase the instability
of stochastic gradient descent.

The final challenge considered in this section concerns the magnitude of gradi-
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ents in deep neural networks. Due to the cumulative effect of activation functions
across many layers, the gradients in the earlier layers of a deep network may be-
come extremely small–if the derivative of the activation function is smaller than 1
(the vanishing gradient problem)– or extremely large–if the derivative is greater than 1
(the exploding gradient problem). One approach to mitigate these issues is the applica-
tion of standardization after certain layers, in order to keep activation values within
a limited range around 0, where many activation functions operate most effectively.
However, simple standardization may lead to information loss, since centering the
data around 0 can reduce information encoded in the magnitude and sign of the
activations. A more advanced technique to address this issue is batch normalization
[IS15], in which layer activations are normalized using the mean and standard de-
viation computed from the current mini-batch.

Another technique that helps mitigate the vanishing and exploding gradient prob-
lems is the use of residual connections (or skip connections) [HZRS16]. In this ap-
proach, a layer is connected not only to the subsequent layer, but also directly to
deeper layers in the network. The intermediate layers learn additional transforma-
tions that are added to the original information from the earlier layer. As a result,
the original information can be preserved throughout the network and the gradi-
ent of the loss function can propagate more directly through the skip connections to
deeper layers. That reduces the impact of vanishing or exploding gradients in the
intermediate layers. 1

2.3 Convolutional Neural Networks

Most of the information in a game played on a hexagonal grid can be represented
spatially, as the units and the terrain are positioned on the game board. To pro-
cess this type of information efficiently, the neural networks proposed for games on
hexagonal grids must be capable of handling spatial structures in a manner simi-
lar to that successfully employed in visual recognition tasks. The neural network
architecture that has achieved the greatest success in visual recognition is the convo-
lutional neural network.

The data representing an image is commonly structured as a four-dimensional
tensor. Similar to a physical image, two of these dimensions correspond to the spa-
tial height and width. In addition, the different color components of the image are
represented in separate channels along another dimension. These three dimensions
typically correspond to the last three dimensions of the tensor, although their order
may vary depending on the neural network framework used. The first dimension
corresponds to the size of the batch of data points processed simultaneously by the
neural network.

Instead of applying a fully connected neural network blindly to any type of prob-
lem, regardless of its structure, a common strategy to improve training efficiency

1The last two introductory sections on neural networks were inspired by Chapters 1–3 of the book
by Aggarwal [Agg23].
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is to incorporate domain-specific information into the architecture of the network.
The convolutional neural network architecture exploits two key properties of visual
data:

• translation invariance: the property that the same object can be recognized at
different locations within an image;

• local connectivity: the property that pixels that are close to each other are more
likely to be related than pixels that are far apart.

Unlike fully connected networks, convolutional networks limit the connections
of each neuron to a small local region of the previous layer, rather than connecting
to all neurons in that layer. Given this restricted input, the convolutional operation
performs a linear transformation of the input, similar in nature to a standard fully
connected layer but applied locally. The region of the input processed by a neuron
in a convolutional layer is called the receptive field, and the set of weights applied to
this region is referred to as the kernel. The receptive field of a given neuron is typi-
cally composed of the surrounding spatial neighborhood in the input. In this way,
convolutional networks exploit the local connectivity of visual data by processing
inputs based on local regions. The kernel is commonly chosen as a small square
filter, typically of size 3× 3 or 5× 5.

In order to avoid that pixels at the borders of the image are processed less fre-
quently than those in the center –since they belong to fewer receptive fields– a com-
mon strategy is to expand the image with a border filled with a constant value,
typically zeros. This technique is called padding. The width of the added border
corresponds to the padding size and is usually chosen in relation to the size of the
kernel.

The same kernel is applied uniformly across the entire image, with shared weights
used for all spatial locations. In this way, the convolutional operation exploits the
translation invariance property of visual data. The kernel can be applied at every
spatial position of the input, in which case the spatial dimensions of the output
remain comparable to those of the input (depending on padding). Alternatively, the
kernel can be applied with a larger step size, skipping certain spatial positions of
the input and thereby reducing the spatial dimensions of the output. This step size
is referred to as the stride.

2.4 Reinforcement Learning

In Subsection 2.1, it was explained how neural networks are trained based on the
quantification of the error between the network output and the desired output for
a given input 2. There are three main paradigms of machine learning, which are
not limited to neural networks: supervised, unsupervised, and reinforcement learn-
ing. Each of these determines how the desired output is defined for each data point.

2The exposition of the following four sections is based on the canonical book by Sutton and Barto
[SB18].
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If the desired output is explicitly provided for each data point, the data is labeled
and the learning paradigm is called supervised learning. Tasks such as classification
(predicting the class to which an input belongs) and regression (predicting a nu-
merical value) are examples of supervised learning. If the desired output is derived
from the structure of the input data itself, the learning paradigm is called unsuper-
vised learning. One of the most representative methods of unsupervised learning is
clustering, although neural networks are not frequently applied to this type of task.
A common unsupervised learning method that often involves neural networks is
the autoencoder: an autoencoder learns to compress data and reconstruct it from
the compressed representation. The loss function measures the reconstruction er-
ror, i.e., the difference between the original and reconstructed data. Under the third
machine learning paradigm, reinforcement learning, an agent interacts with an envi-
ronment from which it receives reward signals. The objective of the learning pro-
cess is to learn a policy, i.e., the strategy by which the agent selects actions, that
maximizes the expected cumulative reward. A key challenge of the reinforcement
learning paradigm is that the reward signal is delayed in time. The quantification
of the error–i.e., how much a given action contributes to future rewards–becomes
a non-trivial problem that can make the learning process unstable, since the neu-
ral network cannot be trained directly using true target values for actions: a highly
beneficial action may nevertheless lead to a poor outcome if it is followed by poorly
chosen actions.

The interaction between an agent and an environment can be represented as a
sequence consisting of:

• states of the environment,

• actions taken by the agent based on its (complete or incomplete) knowledge
of the state,

• immediate rewards received by the agent:

S0, A0, R1, S1, A1, R2, S2, A2, R3, . . .

A complete sequence of states, actions, and rewards, from the initial state until a
terminal condition is reached, is known as an episode. The reinforcement learning
paradigm addresses the problem of selecting optimal actions under the assumption
that the environment satisfies the Markov property: the distribution of the next states
and rewards is entirely determined by the current state and action. If this property
holds, the problem of choosing optimal actions can be formulated as a Markov deci-
sion process, a model defined by the following components: the set of possible states,
the set of possible actions, the transition probabilities, and the reward function. In
a Markov decision process, the transition probabilities and the reward function de-
pend only on the previous state and action. More complex environments, for exam-
ple, interactions between two or more agents that adapt to each other, go beyond
the Markov decision process framework and are therefore not directly covered by
standard reinforcement learning formulations.
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2.5 Value-based Methods

A successful strategy for solving a reinforcement learning problem is to learn a value
function that approximates the expected cumulative reward of a particular state or
action. The value function takes a state as input in order to approximate its value.
It is defined with respect to a particular policy, which determines the subsequent
actions and thus allows it to approximate the expected cumulative reward. The
training process approximates the function represented by a neural network to the
true value function. Based on the value function, a new improved policy can be
derived from the approximated value function, for example, a greedy policy, by se-
lecting the action with the highest value in order to exploit the learned knowledge
to obtain the maximal reward. To promote exploration and enable the discovery of
optimal strategies (and not only exploitation of already discovered ones), a random
action can also be taken by the derived policy with a small probability. Policies de-
fined in this way are known as ϵ-greedy policies. The iterative process of improving
the estimated value function and deriving a new policy is called generalized policy
iteration.

In the context of neural networks, the gradient of the value function with respect
to its weights provides the direction in which the value function should be updated
in order to increase the estimated value for a given input. To determine whether
the value should be increased or decreased, and by how much, the gradient is mul-
tiplied by the error between the estimated value and the return. The return is a
function of the sequence of rewards from a given time onward; in the simplest case,
it is defined as the cumulative sum of future rewards:

Gt = Rt+1 +Rt+2 + · · ·+RT

where Rn denotes the reward at time n and T is the final time step of the episode.
Monte Carlo predictions wait until the episode has finished to compute the return for
each state that occurred during the episode:

wt+1 = wt + α · [Gt − v̂(st)] · ∇wv̂(st)

where w are the weights of the estimated value function v̂ and α is the learning rate,
a constant that determines the step size of the updates. The learning process is slow,
as the agent must wait until the end of the episode to learn from it. In addition, indi-
vidual actions or states cannot be evaluated independently of the episode in which
they occur (for example, an action may be beneficial even if subsequent suboptimal
actions lead to a defeat).

To improve the convergence of the learning process, temporal difference (TD) meth-
ods allow learning from incomplete episodes. In order to approximate the value of
a particular state at time t without waiting for the end of the episode, the estimated
value function can be applied to the state n steps ahead in an incomplete episode
that follows a given policy. In this way, the return for each time step t is constructed
as follows:

Gt = Rt+1 + · · ·+Rt+n + v̂(st+n)

9



The return Gt provides a better approximation of the value of the state at time t
than directly using the estimated value function v̂(st). The difference between the
two terms yields the temporal-difference error, which is used to update the neural
network:

wt+1 = wt + α · [Rt+1 + · · ·+Rt+n + v̂(st+n)− v̂(st)] · ∇wv̂(st)

In this case, these methods are referred to as n-step bootstrapping methods.
Nevertheless, there are two important limitations of value-based methods:

• In order to derive a policy from the estimated value function, all possible ac-
tions of the visited states must be evaluated. Only reinforcement learning
problems with a small number of actions are suitable for this strategy, as oth-
erwise the computational cost becomes too high.

• Another problem of value-based methods is that the learning process can be
unstable, as the policy may change abruptly from one action to another even
when the value estimates change only slightly.

2.6 Policy-based Methods

In contrast to value-based methods, where the neural network approximates the
value function, in policy-based methods, the neural network approximates the pol-
icy itself. In the case of discrete action spaces, where the number of actions is finite,
the neural network outputs, for a given state, the probabilities of selecting each pos-
sible action. To ensure that all output probabilities sum to 1, the neural network first
computes numeric values for each of the K possible actions, known as logits, which
are then passed through a softmax function:

π(zi) =
exp(zi)∑K
j=1 exp(zj)

These methods can also handle continuous action spaces by outputting the param-
eters of a probability distribution.

Policy-based methods have several advantages over value-based methods, as they
do not require the evaluation of every possible action separately. They also exhibit
more stable convergence properties, since the policy changes smoothly at each learn-
ing step. Another advantage is that policy-based methods can represent stochastic
policies, i.e., policies that select actions with probabilities between 0 and 1, in con-
trast to deterministic policies. The optimal policy for certain problems may require
stochasticity, for example, in poker, both never bluffing and always bluffing may be
suboptimal strategies. Because policies in policy-based methods are stochastic, they
explore the state space in a natural way until a high-reward strategy is found, and
may converge to the optimal stochastic policy, or even to a deterministic policy if it
is optimal.
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To train a neural network that represents a policy, the actions generated by that
policy must be evaluated in order to decide which to reinforce and which to discour-
age. The foundation for evaluating an action lies in the expected value of the game
resulting from taking that action. The performance of a policy θ, denoted J(θ), can
be defined as the expected sum of action values for the initial states s0 of all possible
episodes:

J(θ) = E

[∑
a

πθ(a | S0) · qπ(S0, a)

]
where π defines the policy by assigning a probability to each action given a state,
and qπ denotes the value of an action in a given state under policy π with parame-
ters θ. In order to improve the policy, the performance J(θ) must be maximized via
gradient ascent with respect to the network weights. However, computing this gra-
dient is non-trivial, since changes in the policy affect both the selected actions and
the distribution of states in which those actions are taken. The policy gradient theorem
3 simplifies this computation by expressing the gradient in terms of the policy and
the value function:

∇θJ(θ) = Eπ

[
qπ(S,A) ·

∇θπθ(A | S)
πθ(A | S)

]
= Eπ [qπ(S,A) · ∇θ lnπθ(A | S)]

where S and A are random variables representing states visited and actions taken
under policy π. The structure of approximating algorithms that improve the policy
via gradient ascent can be directly derived from the policy gradient theorem by
replacing the expectation with samples generated by following the policy. For each
sampled action, the neural network weights are updated via gradient ascent on the
log-probability of the action, multiplied by the success of the action given by the
value function.

Similarly to value-based methods, there are two different strategies to estimate
the success of an action. Analogous to Monte Carlo methods, one approach consists
of using the sum of future rewards over the whole episode as the return Gt, in order
to update the policy based on the outcome of a particular action:

θt+1 = θt + α ·Gt · ∇θ lnπθ(at | st)

This algorithm is known as REINFORCE. Although the policy gradient theorem
shows that the REINFORCE algorithm improves the policy in expectation, the vari-
ance of the updates is high, since the probability of every taken action is always in-
creased (even if the action was suboptimal), proportionally to the observed return.
In the long term, successful actions are reinforced more strongly than unsuccessful
ones, and the policy improves.

3For a detailed discussion and proof of the policy gradient theorem, the reader is referred to Sutton
and Barto [SB18, Chapter 13].
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In order to reduce variance, a value network can be trained in parallel with the
policy network to approximate the value function. The estimate of the value net-
work for state st can be subtracted from the return Gt and used in the update:

θt+1 = θt + α · [Gt − v̂π(st)] · ∇θ lnπθ(at | st)

The REINFORCE algorithm, augmented with the estimated value function, increases
the probability of actions that improve the estimated value of the current state and
decreases the probability of actions that reduce it. In this way, the variance is signif-
icantly reduced, while the expected value of the update remains unchanged.

The other possibility for updating the policy is based on temporal differences,
similarly to value-based methods. The idea, similar to the REINFORCE algorithm
with a value network, is to train a value network in parallel, which is used in this
case to estimate the differences in value between successive states. These differences
can be used to define the direction in which the gradient of the policy should be
followed, without having to wait for the end of the episode:

θt+1 = θt + α · [rt + v̂π(st+1)− v̂π(st)] · ∇θ lnπθ(at | st)

The credit assignment for each action within an episode is thus performed in a much
more granular way, and policy updates become more efficient than in the REIN-
FORCE algorithm, because the evaluation of each action depends only on the esti-
mate of the state before and after the action, without the noise introduced by the
remaining future actions until the episode ends. The value network can be trained
simultaneously using temporal difference methods as explained in the previous sec-
tion.

2.7 Eligibility Traces

On the one hand, as explained in Section 2.5, a disadvantage of Monte Carlo meth-
ods is that credit assignment to actions or states is influenced by subsequent actions
and states occurring later in the episode. On the other hand, one-step temporal-
difference methods assign credit in a more granular way, but at the cost of slower
propagation of information to earlier actions or states: if an episode ends earlier
than anticipated by the value network, only the final state or action of the episode
is updated with the new information, while previous states and actions can only in-
corporate this information in subsequent training epochs. A way to balance the ad-
vantages and disadvantages of both approaches is to use n-step temporal-difference
methods (cf. Section 2.5).

Instead of seeking a trade-off between the disadvantages of Monte Carlo and
temporal-difference methods, eligibility traces provide a mechanism to combine the
strengths of both approaches by propagating updates to previously visited states
and actions without producing too much noise in the updates. The idea behind
eligibility traces is to maintain a temporary memory variable, called a trace (often
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implemented as an exponentially decaying average), that keeps track of recent in-
formation about gradients or returns. This mechanism helps propagate newly ac-
quired knowledge to previously visited states or actions within an episode. Figure
1 illustrates how the steps of an episode are updated with knowledge gained at the
last step, comparing Monte Carlo methods, one-step temporal-difference methods,
and eligibility traces.

Figure 1: Credit assignment over past steps using Monte Carlo, one-step temporal-
difference, and eligibility trace methods. Based on [SB18, Chapter 12]

The decay of the trace helps reduce noise while ensuring that information gained
at each step propagates to multiple previous steps. Because state values are highly
correlated across consecutive time steps –that is, nearby time steps usually have
very similar values– eligibility traces are often used in conjunction with the value
function. In contrast, consecutive actions may have very different effects on the ex-
pected return, so the one-step temporal-difference error is normally preferred over
eligibility traces for updating the actor network in an actor-critic method. There are
two main approaches to constructing eligibility traces:

• The forward view approach waits for the h subsequent steps in order to con-
struct the return Gλ

t for each state or action. The return is defined as an ex-
ponentially weighted average of the n-step returns Gt:t+n from time t up to
t+ n:

Gλ
t = (1− λ)

h−t−1∑
n=1

λn−1 ·Gt:t+n + λh−t−1 ·Gt:t+h

Here, λ is the coefficient of the exponentially decaying average, which controls
the range of the propagated information. The n-step return Gt:t+n is computed
using the estimated value function v̂:

Gt:t+n = Rt+1 + . . .+Rt+n + v̂(st+n)

The difference between Gt:t+n and v̂π(st) is then used to update the weights in
a manner similar to temporal-difference methods:

wt+1 = wt + α ·
[
Gλ

t − v̂π(st)
]
· ∇wv̂(st)
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where w are the weights of the value function v̂ Deviations from the expected
value that occur closer in time are weighted more heavily than those occurring
further in the future, as illustrated in Figure 2.

Figure 2: Exponential weighting of credit assignment over steps between t and t+h.
Based on [SB18, Chapter 12]

The number of steps h used to construct the trace can be set to∞ in order to
wait until the end of the episode before computing the traces for each step. In
this case, the family of algorithms is known as λ-return methods; otherwise, if
h is finite, they are referred to as truncated λ-return methods.

• In contrast to forward-view methods, the backward view constructs the eligibil-
ity trace using gradients accumulated over time rather than multi-step returns.
Instead of updating the weights based directly on future returns, backward-
view methods maintain an exponentially decaying trace of past gradients:

zt+1 = λzt +∇wv̂(st)

This trace z assigns credit to recently visited states, allowing updates to incor-
porate both current and past information without waiting for future rewards.
The parameters can then be updated online using temporal-difference errors:

wt+1 = wt + α δt zt+1

where
δt = Rt+1 + v̂π(st+1)− v̂π(st)

is the TD error. This backward-view formulation is analogous to the TD(λ)
algorithm.
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2.8 Extensive-Form Fictitious Play

In multi-agent games, transitions between states are determined both by the game
environment and by the policies of the different agents. Therefore, a multi-agent
game can only be considered a special case of a Markov decision process from the
perspective of a single agent if the remaining agents are treated as part of the envi-
ronment defining the state-transition dynamics. Since the environment is assumed
to be stationary in reinforcement learning problems, the policies of the other agents
must remain fixed in order to preserve the convergence properties of reinforcement
learning methods. On the one hand, if several agents are trained simultaneously
in a multi-agent game, the learning process of each agent continuously changes the
state-transition dynamics experienced by the others, making the environment non-
stationary from the perspective of every individual learner. On the other hand, if
only a single agent is trained while the remaining agents follow fixed policies, the
environment becomes stationary and standard reinforcement learning methods may
converge. However, the learned policy is then only optimal with respect to the fixed
behavior of the other agents. In either case, either because the environment becomes
non-stationary or because the trained policy is optimized only with respect to fixed
arbitrary policies, classical reinforcement learning algorithms cannot generally find
stable policies for multi-agent games.

One model for simple multi-agent games is the normal-form game, in which all
players choose their actions simultaneously, each player knows the possible actions
and corresponding payoffs, and the outcome depends on the combination of chosen
actions. The policy of each agent can be represented by a strategy, a choice of an ac-
tion based on the state of the game. If the choice is deterministic (i.e., the same action
is always taken in the same state), the strategy is known as a pure strategy. If, instead,
the strategy does not specify a deterministic choice, it can be expressed as a proba-
bility distribution over pure strategies and is referred to as a mixed strategy. Fictitious
play [Bro51] is a learning process for a set of strategies (a strategy profile) in normal-
form games. The process consists of cycles, in which the game is played repeatedly
with fixed strategies. After each cycle, the strategy of every agent is adjusted in or-
der to form a best response to the observed behavior of the opponents. For specific
classes of normal-form games, including two-player zero-sum games [Rob51] and
potential games [MS96], the simultaneous training of agents using fictitious play
converges to a Nash equilibrium, in which every strategy is a best response to the
strategies of the other agents in the strategy profile.

Extensive-form games are a more expressive and general model of multi-agent games,
in which agents take actions sequentially during a game, in contrast to normal-
form games where each agent selects a single action at the beginning of the game.
In extensive-form games, strategies–known as behavioral strategies –do not merely
choose a single action at the beginning of the game, but assign an action to each of
the different states in the course of a game. A behavioral strategy of an agent in
an extensive-form game can be represented by a realization plan, i.e., a distribution
over sequences of game states and actions induced by that strategy. Kuhn’s Theo-
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rem [Kuh53] shows that, for agents with perfect recall (the ability to remember all
previously visited states), behavioral strategies are equivalent to mixed strategies.
In other words, every extensive-form game can be represented in terms of an equiv-
alent normal-form game. A complete contingent plan of an extensive-form game,
that specifies a deterministic action for each of the game states, can be understood
with Kuhn’s Theorem as a pure strategy in a normal-form game, making both game
models equivalent, because the same distributions over actions can be achieved by
randomizing the strategy at the beginning of the game (mixed strategies) or at each
state of the game (behavioral strategies). The convergence properties of fictitious
play in normal-form games therefore, extend to extensive-form games 4.

Based on the results presented in the previous paragraphs, Heinrich, Lanctot, and
Silver [HS16, HLS15] developed a machine learning framework for neural networks
that implements fictitious play for extensive-form games. According to fictitious
play, the framework consists of several cycles, in which each agent learns an ap-
proximate best response against the fixed set of agents from the previous iteration
using classical reinforcement learning. At the end of each cycle, the set of agents is
updated in the direction of these best responses and then fixed again for the next
iteration. This framework is referred to as Fictitious Self-Play. Under the same con-
ditions as fictitious play –namely, that the update step sizes αt satisfy αt → 0 for
t → ∞ and

∑∞
t=1 αt = ∞ –Fictitious Self-Play converges to a Nash equilibrium

[HLS15].
Nevertheless, the implementation of the framework by Heinrich and Silver [HS16]

suffers from a limitation. As a reinforcement learning method, they use a vari-
ant of Q-learning, a value-based method. Q-learning was successfully applied by
Silver and co-authors a few years earlier to train neural networks for Atari games
[MKS+13]. As discussed in Section 2.5, value-based methods often exhibit abrupt
changes in the derived policy. Consequently, such methods do not satisfy the fic-
titious play requirement of smooth policy updates. To address this issue, Heinrich
and Silver introduce a policy network, which is trained in a second phase of each
iteration of fictitious self-play, after training the value network using reinforcement
learning. This policy network is updated via supervised learning (cf. Section 2.4),
using labels obtained by applying the greedy policy derived from the Q-learning
value network to the training data. The resulting framework resembles an actor-
critic method, in which the value network guides the updates of the policy network,
albeit with the additional overhead of the expensive process of deriving a policy
from an approximated value-function. In contrast, policy-based methods, like the
actor-critic method, provide a more suitable reinforcement learning paradigm for
fictitious play, due to their ability to update policies in small steps. If policy-based
methods are used within fictitious play, only iterative reinforcement learning phases

4In this short exposition of extensive-form games, we have ignored that in this model, the agents may
have limited information about the state of the game, as this aspect has no implications for our ex-
periments. Fictitious play can also be applied to extensive-form games with imperfect information,
while preserving the same convergence properties.
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are required to converge to a Nash equilibrium 5.

3 War Games on Hexagonal Grids

In this paper, the concept of "war games on hexagonal grids" refers to a class of
strategy games that represent a battle between two or more armies on a hexagonal
grid. The hexagonal grid aims to provide the most realistic discrete representation
of the battlefield, in contrast to more abstract representations such as those used in
chess. Two or more players play against each other by alternately giving commands
to their units in their turns. There might be different types of units and terrains
that influence the movement and fighting capabilities of the units. Typical winning
conditions are the defeat of all enemy units or the occupation of important positions
in the battlefield. A screen capture of an instance of this class of game with several
units for each player is shown in Figure 3.

Figure 3: War game on hexagonal grids

Based on spatial relationships inside the grid, on the relation of strength between
units, and on the cooperation of the different units, various strategies (fleeing, pur-
suing, occupying important positions in the battlefield...) can be more or less ad-
vantageous in different game states. An expert player can identify different game
states to follow the most advantageous strategy in each of them.

This type of game can naturally be interpreted as a multi-agent system from two
complementary perspectives:

• From a competitive perspective, the game represents the conflict between two
opposing armies.

5This is the approach that Silver and the DeepMind team appear to have taken when they developed
a learning algorithm for StarCraft [VBC+19] a few years later. A variant of an actor-critic method
was trained using fictitious self-play, apparently without introducing a supervised learning stage
in the fictitious play cycles.
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• From a cooperative perspective, each army must coordinate the actions of its
individual units in order to effectively defeat the opposing force.

3.1 Machine Learning Challenges in War Games on Hexagonal Grids

In general, reinforcement learning tasks present significantly greater convergence
challenges than supervised or unsupervised learning problems. Unlike supervised
learning, where the error can be computed directly from labelled data, or unsuper-
vised learning, where the learning signal is derived from the intrinsic structure of
the data, reinforcement learning relies primarily on reward signals obtained through
interaction with the environment.

However, using rewards alone to estimate the learning error often produces poor
results, especially when rewards are sparse or delayed in time. As discussed in
the presentation of Monte Carlo methods in Section 2.5, delayed rewards make it
difficult to correctly assign the contribution of individual actions to future outcomes.
Alternatively, a value function can be introduced to estimate the expected long-term
return associated with particular states or actions. In this case, beyond adding a new
neural network that must be trained, an additional difficulty arises from the strong
dependency between the value function and the policy itself. Whether the policy is
derived directly from the value function or represented separately, as in actor-critic
methods, both components remain tightly coupled. The value function can only be
trained on the regions of the state space explored by the current policy, while policy
updates depend on the accuracy of the value estimates. Furthermore, reinforcement
learning data are inherently correlated, since consecutive states within an episode
are sequentially dependent. This temporal correlation reduces the diversity of the
training data used to update the machine-learning algorithm.

While standard reinforcement learning methods typically converge toward equi-
libria corresponding to optimal policies for a given environment, machine learning
approaches for extensive-form games based on fictitious self-play instead aim to
converge toward a Nash equilibrium with respect to a strategy profile. In fictitious
self-play, the strategy profile evolves continuously throughout the learning process
as agents repeatedly adapt to the observed behavior of their opponents. As a conse-
quence, the target equilibrium itself changes over time, making the training highly
unstable. In this setting, neural networks must learn not only the dynamics of the
environment, but also the evolving strategies of competing agents. The learning
process with fictitious self-play must simultaneously cope with delayed rewards,
correlated data, and continuously shifting opponent behaviors, all of which signifi-
cantly complicate convergence toward stable and robust strategies.

Besides the general challenges involved in training neural networks for extensive-
form games, war games played on hexagonal grids introduce additional difficulties
for machine learning methods. In particular, action selection depends strongly on
the spatial configuration of units and terrain on the grid. Two key aspects of action
selection must be considered by an effective artificial intelligence system. First, the
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type of action chosen for a specific unit should primarily depend on the local spatial
configuration around that unit. The immediate neighborhood of the controlled unit
should exert a significantly greater influence on the decision than distant regions
of the map. For example, if powerful enemy units are located nearby, retreating
may be the most appropriate strategy, even if defeatable enemy units are present
elsewhere on the grid. To make effective decisions of this kind, the neural network
requires an attention mechanism centered on the unit selected to execute the action.
Second, actions for this class of games possess an intrinsic directional component
that must remain consistent both with the selected action type and with the spatial
arrangement of the game grid. For instance, when retreat conditions are met, the
unit should move away from nearby enemy units in order to perform an effective
withdrawal. Consequently, the neural network must solve two related tasks:

1. the selection of the action type, conditioned on the local spatial configuration
around the controlled unit,

2. and the selection of the movement direction, conditioned both on the chosen
action type and, again, on the spatial configuration of the grid.

In contrast, computer vision classification tasks do not involve such a coupled de-
pendency between semantic decisions and spatially consistent directional outputs.

3.2 Rotation Invariance

The property whereby certain features of the data remain unchanged under rota-
tions is known as rotation invariance. In many war games, strategies are invariant
under rotations of the board along the axes of the grid. If a strategy yields a specific
expected return for a given board configuration, then rotating the board and apply-
ing the correspondingly rotated strategy should produce exactly the same expected
return (cf. Figure 4). Due to the discrete nature of the grid, perfect rotational invari-
ance applies only to rotations aligned with the grid’s axial symmetry. For example,
in a hexagonal grid, only rotations by multiples of 60◦ preserve the invariance of the
strategies. In contrast, rotation invariance is much less common in computer vision
applications. It appears naturally in some cases, such as aerial imagery, but in most
scenarios the orientation of the image carries semantic information. For instance, an
image containing text cannot generally be rotated or mirrored without altering or
losing part of its meaning.

4 Hexagonal Convolutional Networks

In order to process the hexagonal spatial features of the game board efficiently, a
convolutional neural network must respect the geometry of the hexagonal grid. This
requires adapting standard convolutional operations to the structure of the hexago-
nal grid:
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Figure 4: Actions selected by a rotation-invariant strategy under different rotations
of the board

• construction of hexagonal kernels of different sizes,

• computation of homogeneous strides along the three hexagonal axes,

• definition of attention areas centered on a hexagonal tile,

• and support for weight sharing that encodes rotational symmetry over the six
hexagonal axes.

By addressing these issues, the efficiency of the learning process is expected to
improve, as the convolutional operation becomes better aligned with the underly-
ing hexagonal structure. In general, hexagonal tilings offer several advantages over
square tilings, as noted by Emiel Hoogeboom et al. [HPCW18]. First, in a hexagonal
grid, all six neighboring tiles are located at the same distance from the center tile.
In contrast, the eight neighbors of a square grid cell are divided into two groups
with different distances to the center: cardinal neighbors and diagonal neighbors.
Second, while square grids possess two principal axes (the x-axis and the y-axis),
hexagonal grids have three principal axes, reflecting their sixfold symmetry. To-
gether, these properties imply that different directions in hexagonal grids exhibit
more uniform behavior than in square grids. For example, in square grids, dis-
tances along diagonal directions are significantly larger than those along cardinal
directions defined by the axes. The characteristic of having similar properties in all
directions is known as isotropy: in this sense, square grids exhibit greater anisotropy
(or lower isotropy) than hexagonal grids.

The low anisotropy of hexagonal grids is one of the main reasons for their fre-
quent use in board games. Furthermore, in several areas of physics where data are
naturally represented on hexagonal grids, the use of hexagonal convolutions can be
particularly beneficial [SH19]. Even in computer vision classification tasks, where
the underlying data are not inherently hexagonal, the use of hexagonal convolutions
instead of square convolutions has been shown to improve performance [HPCW18].

4.1 Strides and Kernel Sizes

The hexagonal convolutional layers must support different kernel sizes and strides.
The kernels used in a hexagonal convolution are defined by the number of rings
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surrounding a central tile. Figures 5 and 6 illustrate two examples of kernels of
sizes 3 and 5, respectively.

×

Figure 5: Hexagonal kernel of
size 3

×

Figure 6: Hexagonal kernel of
size 5

The strides in hexagonal convolutions cannot be defined along orthogonal direc-
tions, as in square grids, because the overlap between the different kernel appli-
cations would not be uniform along the three axes of the hexagonal grid, and the
isotropy of the hexagonal convolutional network would be lost (cf. Figure 7, where
the overlap is significantly higher between kernel application aligned in columns
than between those aligned in rows). Instead, strides must follow the three hexago-
nal axes, as shown in Figure 8. In this way, the grid is covered more homogeneously
and the output of the convolutional layer preserves its structure, while maintaining
the rotation invariance of the data, independent of the stride length.

× ×

× ×

Figure 7: Orthogonal strides of
length 3 with kernel size
5; the green tiles indicate
the overlapping regions
between different kernel
applications.

× × ×

× × ×

× × ×

× × ×
× × ×

× × ×

Figure 8: Strides of length 4 with ker-
nel size 3, following the
hexagonal axes
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4.2 Attention Mechanism

Because action selection in war games on hexagonal grids is performed based on
spatial data relative to the unit’s position (cf. Section 3), the policy network requires
an attention mechanism to focus on the region of the grid surrounding the unit to be
moved. A basic attention mechanism is defined as a hexagonal area centered on the
unit. It consists of concentric rings around the unit and applies convolutional op-
erations that preserve the ring structure while using strides. The stride scheme fol-
lowing the hexagonal axes, described above, preserves this ring structure, as shown
in Figure 9.

× × ×
× × × ×

× × × × ×
× × × ×

× × ×

×××
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×××××
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Figure 9: Stride of length 2 on an attention area with 4 rings

4.3 Weight Sharing for Rotational Symmetry

When the data exhibit rotational invariance, as is the case in many war games, neu-
ral networks can exploit this property to improve both training efficiency and gen-
eralization performance. Since the rotational symmetry in most war games is exact
under rotations by multiples of 60◦, the most effective approach is to incorporate this
prior knowledge directly into the architecture of the neural network, rather than re-
quiring the neural network to learn it solely from data. Hexagonal convolutional
networks are particularly well suited for exploiting rotational symmetry through
weight sharing. The higher isotropy of hexagonal grids enables a more accurate
representation of rotationally invariant patterns compared with square grids. An-
other consequence of the high isotropy of hexagonal grids is that they admit six
rotational symmetries around the grid axes, whereas square grids admit only four.
For each of the six rotations defined by the three axes of the hexagonal grid, the con-
volutional network performs the same computations while sharing weights. The
only difference lies in the permutation of the kernel weights to account for rotations
by multiples of 60◦. In this way, the outputs of the neural network remain identical
whenever the input grid is rotated according to the symmetries of the hexagonal
grid.
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For each of the six directions of the hexagonal grid, a separate group of channels
is constructed. During the forward pass, these channel groups remain independent
and do not interact with one another until the final layer, which combines the infor-
mation from all groups to produce a rotation-invariant output (i.e., the logits corre-
sponding to the possible movement destinations or an estimated value for each tile
of the grid). Figure 10 illustrates how the data propagate through the different lay-
ers of the neural network, including convolution, activation, and normalization lay-
ers, while remaining partitioned into the six directional channel groups. Although
the figure depicts six parallel processing pipelines, the computations can be imple-
mented efficiently using a single tensor at each layer with an additional dimension
for the six directional groups.
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Figure 10: Multilayer convolutional network with weight sharing across directional
groups

The permutation of the shared convolutional weights across the different channel
groups must follow an ordering consistent with the rotational symmetry of the grid.
The specific permutation pattern depends on the distance between the kernel ring
and the center of attention (typically the position of the unit to be moved). Figure 11
illustrates how the permutation step length varies according to the ring on which
the corresponding filter is applied.
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Figure 11: Permutation step lengths for shared weights at different kernel rings in
order to preserve rotational symmetry

5 Uncorrelated Mini-Batch Updates in Reinforcement
Learning

It has been noted that reinforcement learning methods combined with neural net-
works suffer from significant stability problems when naive stochastic gradient de-
scent is used. This is due to the fact that the knowledge learned by the neural
network is global, whereas the states from which learning is performed are local
[Rie05, MPBM+16]: a change induced by a particular state can influence the eval-
uation of other states, thereby hindering or even reversing learning. This problem,
which arises when only a limited region of the state space is explored, becomes espe-
cially severe when learning relies on correlated states generated from a single game
instance.

5.1 Methods for Generating Uncorrelated Data

To address the above stability problems, the updates of the learning process must be
performed using uncorrelated states; that is, the states must originate from different
running instances of the game. The generation of uncorrelated data can be achieved
through two main strategies:

1. Storing trajectories (sequences of states, actions, and rewards) and using them
a posteriori during the training process. This technique is known as experience
replay [Rie05];

2. Running multiple instances of the game in parallel threads during training
and consuming the generated data immediately. This technique is known as
online learning.

The use of experience replay requires a mechanism known as importance sampling
[SB18, Chapter 5] to reuse data collected under a policy different from the policy
currently being trained. The policy that generated the data is known as the behav-
ior policy, while the policy being trained is known as the target policy. The actions
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taken under the behavior policy follow a different probability distribution from
those taken under the target policy. Therefore, updates of the target policy based
on actions generated by the behavior policy must be scaled by a weight known as
the importance sampling ratio. For one-step temporal-difference methods, the impor-
tance sampling ratio ρ represents the likelihood ratio between an action being taken
under the target policy π and the behavior policy b:

ρt:t+1 =
π(At | St)

b(At | St)

Instead, if an n-step bootstrapping update is used, the ratio between all actions
taken in the trajectory from time t to t + n must be multiplied to obtain the overall
importance sampling ratio:

ρt:t+n =

t+n∏
k=t

π(Ak | Sk)

b(Ak | Sk)

Using this importance sampling ratio, the n-step bootstrapping update can be writ-
ten as:

wt+1 = wt + α · ρt:t+n · [Rt+1 + · · ·+Rt+n + v̂(st+n)− v̂(st)] · ∇wv̂(st)

where α is the learning rate.
Importance sampling is necessary when training is performed across multiple

machines, because the target policy cannot be distributed immediately to all ma-
chines after each update. As a result, a mismatch arises between the current version
of the target policy and the versions used to generate data on the different machines.

In the early 2000s, experience replay was widely used for batch training in rein-
forcement learning [Rie05]. Following the introduction of the asynchronous advan-
tage actor-critic algorithm in 2016 [MPBM+16], which relies on a single machine,
online learning methods gained popularity for single-machine training.

5.2 Online Training Strategies

Performing a series of stochastic gradient descent updates using single data points
from independently generated game instances, rather than from a single correlated
trajectory, already improves the stability of reinforcement learning methods, as the
training data is no longer correlated. Nevertheless, each update is still based on a
particular state from the overall state space, and the direction of the update is driven
by local information specific to that state. Global knowledge of the full state space
of the game is not gained immediately in each epoch and is difficult to achieve with
consecutive updates, since consecutive updates tend to correct the locality of previ-
ous updates without properly generalising [Agg23, p. 58–60]. A way to obtain more
global information in each update is to base the gradient on several (uncorrelated)
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data points using mini-batch gradient descent, as explained in Section 5, so that the
state space of the game is better represented in each update.

There are two main architectures for computing gradients from multiple data
points generated online by several agents running different instances of the game:

• One possibility is to generate data and compute separate gradients for multi-
ple data points across several CPU cores. The gradients are then aggregated
to update a shared neural network at regular intervals. This is the approach
used in the asynchronous advantage actor-critic (A3C) algorithm [MPBM+16]. In
this setting, the use of a GPU is not beneficial, since the conditional logic of the
game runs more efficiently on the CPU, and the gradients are computed from
single data points, so GPU parallelism cannot be effectively exploited.

• The other possibility, which has recently shown better empirical performance,
is to run only the game environment on CPU cores to generate data, while
a separate learner process receives trajectories from the game instances, con-
structs batches, and computes the gradients on a GPU to update the neural
network. Because gradients are computed from large batches of data, GPU
acceleration becomes highly effective, as has been standard since the 2010s in
supervised and unsupervised deep learning. This is the approach used in the
Importance Weighted Actor-Learner Architecture (IMPALA) [ESM+18].

5.3 Eligibility Traces in Conjunction with Scalable Learning Methods

Beyond improving training stability, scalable learning methods that compute gra-
dients from large batches of data, such as the IMPALA architecture, also provide
significant runtime advantages. Large batches enable parallel computation of gra-
dients, which is especially beneficial when using a GPU. In addition, batching im-
proves memory efficiency. Since the data in a batch is stored contiguously in mem-
ory, cache misses are reduced and memory accesses become more regular. Further-
more, the data used for running the game environment and the data used for gradi-
ent computation do not need to be accessed intermittently, which further improves
memory and computational efficiency.

Nevertheless, the parallel computation of gradients makes the use of eligibility
traces more challenging, because traces must necessarily be computed through an
iterative process (cf. Section 2.7). In particular, the recursive dependency between
consecutive trace values prevents full parallelisation along the temporal dimension
of a trajectory.

A forward-view method for computing eligibility traces, used in the IMPALA ar-
chitecture, consists of first calculating the one-step temporal-difference errors along
a trajectory:

δt
def
= rt + V (xt+1)− V (xt)

The computation of temporal-difference can still be performed in parallel across
timesteps, since each δt depends only on local quantities (xt, xt+1, rt).
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These temporal-difference errors are then used to compute the λ-return Gλ
t for

each timestep:

Gλ
t

def
= V (xt) +

T−t∑
k=0

λk · δt+k

where T denotes the terminal timestep of the trajectory.
The recursive term in the λ-return allows it to be computed iteratively backwards

from the terminal state, since:

T−(n−1)∑
k=0

λk · δ(n−1)+k = δn−1 + λ ·
T−n∑
k=0

λk · δn+k

Once the returns Gλ
t have been computed for all timesteps, the mini-batch gra-

dient can be calculated efficiently in parallel. Because the iterative computation
of the λ-return cannot be avoided, the batch should not be constructed as a one-
dimensional collection of independent data points, but rather as a two-dimensional
structure. The first dimension of size N corresponds to the different partial trajecto-
ries contained in the batch while the second dimension of size T corresponds to the
temporal order of steps within a trajectory.

For the construction of this two-dimensional batched tensor, the following proce-
dure is used: the collected trajectories are stored column-wise along the temporal
dimension. When a trajectory terminates, the remaining steps of the trajectory are
stored in a following column, as if the remainder of the trajectory were an indepen-
dent one. If the temporal dimension is exhausted before a trajectory terminates, the
remaining entries of the column of the tensor are filled with a new trajectory. Fig-
ure 12 illustrates the construction of such a two-dimensional batch using multiple
trajectories.

Because the batch contains multiple independent partial trajectories, the compu-
tation of λ-returns can be parallelised across trajectories, even though it cannot be
parallelised along the temporal dimension of an individual trajectory.

The exposed version of the forward view is based on the Generalized Advantage
Estimation (GAE)[SML+15]. The organization of the batch tensor into two dimen-
sions –one for partial trajectories and another for temporal order within trajectories–
has become standard in reinforcement learning tasks with the IMPALA architecture
[ESM+18], in order to optimize computation on GPUs.

The adjusted Generalized Advantage Estimation algorithm with a two-dimensional
batch tensor is presented in Algorithm 1:

• The input rewards, mask, and values are batch tensors with two dimensions of
sizes N and T . We use NumPy-style indexing, where values[:, 1 :] denotes all
elements except the first time step across all partial trajectories, and values[:, :
−1] denotes all elements except the last time step across all partial trajectories.
The parameter λ is the decay coefficient of the eligibility trace.
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Figure 12: Construction of a two-dimensional batch tensor for the efficient compu-
tation of eligibility traces. Different trajectories are represented with dif-
ferent colors. Entries within each column of the tensor are temporally
dependent. Rows of the tensor can be processed in parallel, since their
entries are treated as independent samples, even if they originate from
the same trajectory.

• In line 1, the one-step temporal-difference errors δt (deltas) are computed in
parallel. At the final step of a trajectory, the estimated value of the first step of
the next partial trajectory should not be used. This is handled via the mask,
which prevents propagation beyond episode boundaries.

• The advantages correspond to the backward-recursive term
∑T−t

k=0 λ
k · δt+k for

each time step t within the partial trajectories. The variable gae stores the
running accumulation of this sum. Both advantages and gae are initialized to
zero in lines 2 and 3.

• Lines 4 to 6 describe the part of the algorithm that cannot be fully parallelized.
Instead, the temporal dimension of the batch tensor is processed sequentially,
while computation across the dimension corresponding to the partial trajec-
tory is parallelized. Thus, a small temporal dimension combined with a large
number of partial trajectories improves GPU utilization. However, choosing
a temporal dimension that is too small would limit the effective range of the
eligibility trace.

• The λ-returns are computed fully in parallel by adding the estimated state
values to the corresponding advantages. The last entry of the values tensor
can only be used as the second term of the final one-step temporal-difference
error. To use this last entry as the first term of the next temporal-difference
error, it must be carried over as the first entry of the next partial trajectory
segment. Therefore, the temporal dimension of the output is reduced by one
compared to the input.
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Algorithm 1: Generalized Advantage Estimation (GAE)
Input: rewards, mask, λ, values
Output: advantages, returns

1 deltas← rewards[:, : −1] + (1−mask[:, : −1]) · values[:, 1 :]− values[:, : −1]
2 advantages← 0
3 gae← 0
4 for t = T − 1 downto 0 do
5 gae← deltas[:, t] + λ · (1−mask[:, t]) · gae
6 advantages[:, t]← gae

7 returns← advantages+ values[:, : −1]
8 return advantages, returns

Although backward-view eligibility traces combined with stochastic gradient de-
scent (i.e., using a single data point for each update) have the advantage of enabling
online updates at every timestep, without requiring access to future rewards (cf.
Section 2.7), the combination of forward-view eligibility traces with scalable rein-
forcement learning methods, such as the adaptation of the GAE algorithm within
the IMPALA architecture, has become highly popular in recent years.

Nevertheless, it is conceivable to adapt the presented version of the GAE algo-
rithm to a backward-view formulation:

• A two-dimensional batch tensor is used, as in the presented forward-view al-
gorithm.

• Gradients for each timestep are computed using one-step temporal differences
while preserving the two-dimensional structure of the batch tensor.

• The backward-view eligibility traces are then computed iteratively, across di-
mension of the batch tensor corresponding to the the partial trajectory, in the
forward temporal direction (in contrast to GAE), using the gradients. With
eligibility traces, the neural network parameters can be updated in a fully par-
allelized manner.

If eligibility traces are preserved between epochs for unfinished trajectories (which
constitute the majority of trajectories), then the traces can span a much longer tem-
poral range than the relatively short horizon represented by the temporal dimension
of the batch tensor (see Figure 13). If eligibility traces are not preserved between
epochs, the updates are based on exactly the same batch data and they are per-
formed at the same timesteps as in the forward-view version. Consequently, the
backward view would not provide significant advantages over GAE.

When eligibility traces are preserved across epochs, only one trajectory segment
can be processed in each epoch, as backward-view eligibility traces require sequen-
tial updates. As a result, the state associated with each environment instance must
be maintained between epochs, leading to increased memory consumption.
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Figure 13: Construction of two-dimensional batch tensors for backward-view eligi-
bility traces

Whether the potential benefits of longer-horizon eligibility traces outweigh these
additional memory costs remains an open research question. The effectiveness of
backward-view eligibility traces is likely to depend strongly on the characteristics
of the game environment, since the resulting memory requirements may vary con-
siderably across different settings.

6 Experimental Setup

This section describes the experimental setup, consisting of a new game environ-
ment developed from scratch and several techniques that make the implementation
of the reinforcement learning method efficient for war games on hexagonal grids.
At the end of this section, the neural network architectures used in the experiments
are also described.

The experimental setup is designed to validate the effectiveness of convolutional
neural networks on hexagonal grids and to assess the efficiency gains achieved
through mini-batch gradient descent compared to stochastic gradient descent in re-
inforcement learning.

Developing a new game environment in parallel with the reinforcement learning
method helped guide the research and enabled errors to be identified at an early
stage. An iterative development approach was adopted in which the learning algo-
rithms were tested and validated after each iteration, and further research could be
conducted to meet the increasing complexity of the challenges. Using an existing
game would have fixed the rules and mechanics from the outset, preventing earlier
versions of the reinforcement learning algorithms, which worked only in simpler
environments, from being evaluated during the development process. As a result,
identifying the sources of errors would have been considerably more difficult.
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6.1 Version of the Game for Experimentation

The version of the game used for experimentation retains almost all challenges of
general war games on hexagonal grids, as described in Section 3.1. First, it is a com-
petitive multi-agent game with sparse and delayed rewards, which means that an
artificial intelligence for this game cannot be trained effectively with a standard rein-
forcement learning approach and instead requires an approach adapted to fictitious
play. Second, action selection in this game has a twofold dependency on the spa-
tial configuration of the grid: the choice of action type depends on the local spatial
configuration around the unit to be moved, and each action also has a directional
component that depends on the same spatial configuration.

Only the cooperative aspect between units of the same player is omitted in this
implementation, by limiting each player to a single unit. Implementing a game
in which each player controls multiple units exceeds the scope of this paper, as
it would introduce non-homogeneous game steps: some actions would trigger a
change of turn, allowing the opponent to command its units, while after other ac-
tions the same player would just continue commanding the remaining units.

In the basic implementation of the war game, illustrated in Figure 14, the hexag-
onal board consists of a 10 × 8 grid. Each player controls a single unit initialized
with a random health level. Each unit can move one tile in any of the six directions
or remain still. When a unit attempts to move onto the enemy unit’s position, it
first deals a fixed amount of damage and, if the enemy unit is not killed, receives
the same amount of damage in return. No terrain or unit types that modify move-
ment or damage are included. The game ends when a player’s unit reaches negative
health (win condition) or when a turn limit is reached (draw condition).

Figure 14: Game for experimentation

An advantage of this basic implementation is that, despite the machine learning
challenges it presents, it enables a clear evaluation of the learning process, since
the optimal strategies can be identified relatively easily by a human expert. The
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critic and neural network can be evaluated automatically using data annotated by a
human expert, as it will be explained in Section 7.

In the experimental implementation of the game, there are only three optimal
strategies, determined by the relative health levels of the two units. If the agent’s
unit has higher health than the enemy unit, the optimal strategy is to pursue and
attack the enemy until it is defeated. If the agent’s unit has lower health than the
enemy unit, the optimal strategy is to flee. The most difficult case to learn is when
both units have similar health levels. In this situation, the AI should ensure that,
when both health levels are close to zero, its own unit does not move close to the
enemy unit, in order to prevent the enemy from dealing the final damage first.

The game state at a given time can be represented as a multidimensional tensor
of spatial features, similar to representations used in image processing with convo-
lutional neural networks. In this representation, different channels encode different
features of tiles and units (for example, the terrain type of a tile or the health of a
unit located on that tile).

6.2 Architecture and Responsibilities of the Main Modules

The code for the complete project, including the machine learning method and the
game, is organized into four modules, each managed in a dedicated GitHub repos-
itory [AC26a, AC26b, AC26c, AC26d]. Each module has distinct responsibilities,
illustrated in Figure 15:

1. Game logic: implements the game rules and the random generation of game
instances.

2. Neural network: provides different architectures for the actor and critic net-
works, the implementation of a hexagonal convolutional neural network, and
machine learning methods for training an actor-critic network using mini-
batch gradient descent. The hexagonal convolutional network can be instan-
tiated with arbitrary stride lengths and kernel sizes, with or without direc-
tional groups that share weights, offering great flexibility for use in different
domains. The module also provides functionality to save and load a trained
neural network from files in order to continue training at a later time, evaluate
results, or run games against the artificial intelligence.

3. HTTP API: exposes HTTP endpoints for generating games between human
players or against trained AI instances, and for receiving commands and for-
warding them to the game logic. It can run multiple game instances in parallel
while ensuring that users are mapped to their corresponding games.

4. Web app (user interface): provides a user interface for manually evaluating
the game and the trained AI instances. It is implemented using the Model-
View-ViewModel (MVVM) architecture. Both the HTTP API and the web app
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support different versions of the game rules, as these modules are agnostic to
the specific rule set.

Services

UI-Components

Stores

Used in games
against a particular
instance of the AI

Used during
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Socket IO
For real time

events (commands)

HTTP Endpoints

Critic network

Actor network

Game runner

Trainer

Game Logic
- Python

Web API
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Frontend - Angular 20

Neural Network
- Pytorch

Figure 15: Architecture of the four modules for the game and AI

6.3 Scalable Machine Learning Method

Section 5 explained the importance of using uncorrelated data from different game
instances when training reinforcement learning algorithms with neural networks.
While neural network updates can be performed efficiently on a GPU using large
batches of data, training data generation is more efficiently performed on CPU cores,
since the game logic contains numerous conditional statements that are not well
suited for GPU parallelism. To improve the efficiency of the data generation pro-
cess, multiple game instances can be executed in parallel across several CPU cores.
Furthermore, both data generation and gradient computation can be scaled across
multiple machines. However, for the experiments presented in this paper, a sin-
gle machine provided sufficient computational resources. The quantity of game
instances executed in parallel can be adjusted according to the computational re-
sources available. Because the experiments were conducted on a single machine,
there was no need for an offline learning framework in which training data are col-
lected independently of the current policy. Instead, the generated experience was
used directly for neural network updates, following an online learning paradigm.

On the one hand, the processes responsible for generating data from game in-
stances must be synchronized with the process that updates the neural network. A
centralized component collects the generated data and initiates training only once
a batch is complete. This configuration can be modeled as a bounded producer-
consumer system with multiple producers and a single consumer. Additional syn-
chronization is required to prevent producers from overwriting unprocessed data
in shared memory and thereby causing data corruption. If the trainer is slower than
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the data generation processes, the latter must be temporarily paused until the cur-
rent batch has been processed. To avoid interrupting data generation whenever a
training step is performed –not only in cases where the trainer is slower– the next
batch of data can be collected concurrently while the trainer processes the current
batch.

On the other hand, once a training step has been completed, the updated policy
network must be distributed to the data generation processes to ensure that new
data are generated using the latest policy. To achieve this, the updated neural net-
work is written to a shared file, and the data generation processes are notified to
load the new version.

The components involved in this synchronized workflow are illustrated in Fig-
ure 16.

Policy network

Batched Tensors

When the batched have been 
completely full,
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to update the networks

Updates the corresponding
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Trainer
- policy network
- value network

Game Runner

Game Runner

Transition
+ current_game_state
+ past_game_state
+ action_index
+ reward

Transition Collector
- current_batch_sizeGame Runner

Figure 16: Components of the scalable training architecture. Multiple Game Runner
components execute game instances in parallel on separate CPU cores
and generate training data. The Transition Collector gathers the generated
transitions, assembles training batches, and triggers a training step once
a batch is complete. The Trainer performs gradient computations on the
GPU and updates the neural network parameters.

6.4 Optimization and Regularisation Methods

To quantify the magnitude of updates in the value and policy networks, the diver-
gence between the original and updated outputs was measured. While computing
the divergence for the value network is straightforward, since its output consists of
a single scalar value, the policy network produces a probability distribution over
actions, requiring a more sophisticated measure of divergence. The Kullback–Leibler
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(KL) Divergence is a widely used measure of the difference between a reference dis-
tribution (the original policy) P and the updated distribution (the new policy) Q. It
is defined as:

DKL(P ∥Q) =
∑
x

P (x) log

(
P (x)

Q(x)

)
The learning rate was adjusted based on the measured divergences. For a temporal-
difference error of 1 (corresponding to the difference between an expected draw and
either a win or a loss), the learning step was calibrated to yield a divergence of 0.015
for the value network and 0.02 for the policy network.

To make the learning method more robust with respect to the choice of learning
rate, the use of optimizers, i.e., adaptive learning rate methods such as Adam and
RMSProp (cf. Section 2.2), was considered. During an early stage of development,
when the update procedure was still based on stochastic gradient descent, both opti-
mizers were evaluated as potential improvements to the learning process. To assess
their effect, the divergences of the value and policy networks were measured af-
ter each update step. It was observed that updates associated with terminal states
were weaker than those associated with non-terminal states, although the temporal-
difference error of terminal states is often much larger.

In the following, an explanation of the phenomenon described above is provided.
The Adam optimizer, when used in conjunction with stochastic gradient descent, ac-
cumulates momentum throughout the trajectory of an episode, based on temporal-
difference errors. Since the reward signal appears only at the end of the episode, the
momentum at the beginning of the episode is based entirely on the predictions of
the value network, and thus reinforces presumably the inaccurate predictions of the
untrained value network. In terminal states, however, substantial new information
becomes available through the final reward. This information often contradicts the
predictions of the value network, since the reward signal conflicts with the momen-
tum accumulated from previous updates based on these predictions. As a result,
the accumulated momentum partially counteracts the newly acquired information,
leading to weaker updates in terminal states, where the most reliable learning signal
is available. Consequently, the updates fail to fully incorporate the new information,
preventing the networks from being adjusted in the appropriate direction. Since the
value network is not sufficiently improved, the momentum continues to accumulate
in a suboptimal direction throughout the learning process. Empirically, the use of
the Adam and RMSProp optimizers in conjunction with stochastic gradient descent
resulted in poorer performance with the experimental setup than standard stochas-
tic gradient descent.

In contrast, with the use of mini-batch gradient descent with uncorrelated data,
as explained in Section 5, multiple steps from several trajectories are incorporated
within a single update step. This helps avoid the accumulation of momentum
within a single trajectory based on inaccurate predictions from an untrained value
network. First, the gradients computed from uncorrelated data yield much higher
quality. Second, the momentum is not built across single steps from a trajectory,
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since multiple steps of each trajectory are incorporated within a single update step.
With mini-batch gradient descent, the momentum is formed by the common di-
rection of updates across different game trajectories; thus, the relevant information
from different trajectories is identified, and the learning process converges. The
choice of the Adam optimizer for the experiments was motivated by its widespread
use in combination with reinforcement learning methods [VBC+19, SWD+17, TPK18].
Once a scaled mini-batch gradient descent approach was adopted, Adam could be
applied without destabilizing the learning process.

Another method to improve the stability of the learning process is to restrict the
magnitude of parameter updates. Since data generation is often more expensive
than gradient computation, multiple training steps can be performed on the same
batch of data. However, this approach has the limitation that performing several
epochs on the same data can increase the variance of policy update magnitudes.
Excessively large updates in the policy can destabilize learning. To address this
issue, the technique known as proximal policy optimization [SWD+17] introduces a
constraint on policy updates by measuring the probability ratio rt(θ) between the
updated and the original policy:

rt(θ) =
πθ(at | st)
πθold(at | st)

To limit deviations from the original policy that lead to the probability ratio rt(θ)
exceeding a certain threshold ϵ, the policy loss is scaled using a clipping function
applied to the probability ratio:

clip(rt(θ), 1− ϵ, 1 + ϵ)

The clip function over the interval [−1, 1] is illustrated in Figure 17.

2 1 0 1 2
x

2

1

0

1

2

cli
pp

ed
 v

al
ue

Clip function
identity: x
clip(x, -1, 1)

Figure 17: Clip function for the interval [−1, 1]

The entropy regularisation, the final technique discussed in this section, is used to
encourage exploration in the policy. As noted in Section 2.6, policy-based methods
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can naturally balance exploration of the state space when no effective strategy has
yet been identified, and exploitation once convergence begins. Nevertheless, in the
early stages of training, the policy may converge prematurely to a local optimum,
resulting in a suboptimal strategy that is difficult to escape. To mitigate this issue,
the entropy of the policy can be added as a regularisation term to the policy loss.
This entropy-based regularisation encourages the policy to maintain a certain level
of randomness in action selection, provided that such stochasticity does not lead
to a significant decrease in expected reward. In this way, exploration is promoted
in directions that the value network deems promising. During training, the weight
of the entropy regularisation term can be gradually reduced, allowing the policy to
converge towards a more deterministic strategy. The use of entropy regularisation
has become a standard practice in reinforcement learning since its inclusion in the
Asynchronous Advantage Actor-Critic algorithm by Mnih et al. [MPBM+16].

6.5 Neural Network Architectures

It is expected that both the convolutional neural network on hexagonal grids and the
reinforcement learning method described in the previous sections can be applied to
complex implementations of war games, without much need for adjustment. In
contrast, the design of the neural network architectures is more limited to the appli-
cation in the basic setting used for experimentation. In this section, the architectures
of the actor and critic networks are described, focusing on the features that address
specific challenges of war games on hexagonal grids.

6.5.1 Value Network Architecture

The value network is divided into two branches. The first branch is based on the
difference between the health values of the two opposing units. This simple value
is passed through several ReLU activation layers in order to learn the non-linearity
of the relationship. This fundamental value is then modified by the second branch,
which focuses on the spatial configuration of the grid.

The second branch contains a single convolutional neural network on hexagonal
grids with several ReLU activation and normalization layers. The convolutional
layers should be able to differentiate the following situations based on the spatial
configuration of the grid: when both units are almost dead, and the opponent is
close enough to deal the final damage, the value of the state is very low; in the
opposite case, the estimated value should be higher, although in both situations the
difference in health levels is the same.

To be able to process grids of different sizes, a global pooling layer is applied
after the convolutional layers. Global pooling layers were first introduced by Lin et
al. [LCY13] and popularized by the publication on the neural network GoogLeNet
[SLJ+15] for image recognition tasks. A global pooling layer aggregates the spatial
information of the feature maps produced by the convolutional layers into a single
or few values per channel by averaging or taking the maximum value across the
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Figure 18: Architecture of the critic network

spatial dimensions. In the case of the presented experiment, taking the maximum
value is more appropriate because it allows the identification of a critical situation
without diluting it with the average of the other values.

Finally, a Tanh function is applied to the sum of the outputs of the two branches
to bound the final value to the interval [−1, 1]. Figure 18 illustrates the architecture
of the critic network.

6.5.2 General Design Principles of the Policy Network Architecture

The policy network architecture has to face more difficult challenges, as explained in
Section 3.1: it must decide the correct action type (fleeing or pursuing) based on the
local spatial configuration and implement this action type by selecting the correct
direction of movement, which also depends on the spatial configuration of the grid
relative to the unit to move.

A first design of the policy network was based on applying convolutional layers
with directional groups of channels to the input state and using each of the six dif-
ferent directional groups for the evaluation of the six possible movement directions.
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For the specific action of remaining still, an independent branch was used. In this
way, each of the seven possible actions is evaluated by a different branch in the net-
work, either through an independent branch or through a branch corresponding to
one of the directional groups.

This approach has two main limitations. First, the use of different branches for
different action types is not very generalizable, since it is limited to settings where
the action space is finite and not too large, in order to keep the computational cost
of the network manageable. Second, the selection of the action type and the direc-
tional component of the action are not separated in the design of the neural network.
The same elements of the network are responsible for learning both aspects of the
action selection. Additional depth is required in order to learn both aspects effec-
tively. The convergence of the learning process is more difficult, not only because
of the increased depth, but also because of the interdependence of the two aspects
of action selection: adjustments to select the correct action type can lead to changes
in the directional component of the action, and vice versa. It was not possible to
successfully train this architecture.

An alternative to the previous approach, in which the neural network directly
chooses the action, is to let the policy network evaluate to which tile in the grid the
unit should move, and to derive the specific action from that choice. An advantage
of this approach is that the neural network can evaluate the spatial configuration
of the grid in order to solve the single task of determining how beneficial it is to
move to each particular tile. The directional component of the action can be derived
by computing the path between the unit’s location and the target tile. This path
can be computed with the A* algorithm, a variant of Dijkstra’s algorithm. Because
reaching a particular target typically requires performing a sequence of movements
over multiple turns, this approach makes it very difficult for the neural network
to consider the path to the target tile. For example, if a unit is weaker than the
enemy, the artificial intelligence could choose to flee to the furthest tile away from
the enemy. If that tile happens to be behind the enemy, then the artificial intelligence
would lead its weak unit directly into the enemy’s attack range, which is a very poor
strategy. The problem of not considering the path to the target tile is illustrated in
Figure 19.

The third and final version of the policy network, which was successfully trained,
adopts from the previous approach the idea of evaluating tiles instead of actions, but
instead of evaluating the whole grid, it is restricted to the tiles that can be reached in
a single turn, thereby avoiding the problem of not considering the path to the target
tile and simplifying the derivation of the action from the target tile.

In order to be able to consider the enemy unit when it lies outside the movement
range of the unit, the distance to the enemy unit is encoded in a separate channel
of the neural network input. Figure 20 illustrates the encoding of the distance to
the enemy unit and its influence on the evaluation of the neighboring tiles around
the own unit. With this encoding, the first step in the shortest path to the enemy
unit in a homogeneous grid can be identified. The objective is to provide the neural
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Figure 19: Incorrect execution of a fleeing strategy: the red unit, with less health than
the blue unit, chooses to flee to the furthest tile away from the enemy, in
the direction of the blue unit, which is a very poor strategy.

network with the information needed to learn the correct direction, depending on
the location of the enemy unit relative to the own unit.

o o
o x o

o o
x

Figure 20: Radial distance encoding around the enemy unit, marked with a red
cross, and its influence on the evaluation of the neighboring tiles around
the own unit, marked with a blue cross.

Nevertheless, the optimal direction is conditioned not only by the location of the
enemy unit, but also by the type of action. The direction to flee is the opposite of the
direction required to perform an attack. To be able to learn this kind of conditional
knowledge, an attention mechanism, a simplified version of the transformer archi-
tecture [VSP+17], is used. In contrast to standard fully connected neural networks
or convolutional neural networks, this type of neural network does not perform a
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linear transformation of the input data with learnable weights. Instead, it is based
on matrix multiplications of the input data. The input is split into a query matrix
Q of size m × n and a key matrix K of size n × p, and the output is computed by
multiplying the query matrix with the key matrix. To increase the expressiveness of
the attention mechanism, an additional multiplication can be applied to the result of
the first step, using a value matrix V of size p×q. In the transformer architecture, linear
transformations are applied to each of the three matrices, all derived from the same
input data. The terminology of keys, queries, and values is taken from the analogy
of a search engine.

For the present experiment, in order to determine the correct direction for an ac-
tion type, only a basic attention mechanism is necessary. The radial distance encod-
ing with respect to the enemy unit is used as the key matrix. The query consists of
an encoding representing how much power the own unit can exert on each particu-
lar tile of the grid with respect to the enemy unit. A convolutional neural network
should compute this encoding before the matrix multiplication. A positive value in-
dicates that the own power surpasses the enemy power on that tile, while a negative
value indicates the opposite. The highest result of the elementwise multiplication
between the query and the radial distance encoding indicates the tile with the most
beneficial power relationship.

For the basic experiment, only an elementwise multiplication between the query
and the radial distance encoding is needed. As the game becomes more sophisti-
cated, it is expected that the complexity and conditional nature of the optimal policy
will also increase. In these cases, it is expected that several layers of self-attention
with query, key, and value matrices will need to be stacked in order to model a
policy based on complex conditions. The idea of using a multiplicative interaction,
based on the self-attention mechanism, to determine the optimal direction for dif-
ferent action types was newly conceived by the author for this experiment.

6.5.3 Implementation of the Policy Network Architecture

The specific architecture of the neural network for the policy in the present experi-
ment does not require much depth and instead makes greater use of width, making
the learning process easier to converge. Diagram 21 illustrates the architecture of the
actor network. The policy network begins with a single convolutional layer with a
normalization layer and a ReLU activation layer. The directional groups of chan-
nels with shared weights are used only to reflect the rotation invariance of the game
from the perspective of the six possible rotations of the grid. The directional groups
do not correspond to the six possible movement directions, like in the first design
of the policy network. Each of the six directional groups has four channels, result-
ing in 24 channels for the convolutional layer in total. The values of all directional
groups are summed after the convolutional layer to obtain four total channels that
are rotationally invariant with respect to the input.

An elementwise multiplication is applied between the output of the convolutional
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Figure 21: Architecture of the actor network

layer and the radial distance encoding. At the end, all four channels are reduced to
a single one with a standard linear layer, yielding a single scalar for the evalua-
tion of each individual tile. To enable the neural network to learn different degrees
of randomness by selecting different actions, the evaluation values of the tiles are
standardized and a learnable temperature is applied to the standardized values.
The temperature acts as a scaling factor applied equally to all evaluation values of
the tiles. To avoid the learned temperature converging to zero or infinity, which
would cause numerical instability during training, the temperature is bounded us-
ing a tanh function. The output consists of numerical values for each neighboring
tile, which are transformed into probabilities using a softmax function.

7 Evaluation

To evaluate the proposed techniques for training war games on hexagonal grids,
different variations of the described reinforcement learning method were assessed
and compared with each other. A further goal of the evaluation is to demonstrate
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that even basic implementations of war games on hexagonal grids present signifi-
cant machine learning challenges that require the use of the proposed techniques to
be successfully trained. Indirectly, the correct functioning of the hexagonal convo-
lutional networks is also corroborated, since they are a crucial part of both the value
and policy networks, and the training process depends on these convolutional lay-
ers to converge to optimal results.

7.1 Methodology

To evaluate the results of training with the developed reinforcement learning method,
two approaches were considered. The first and most basic approach was based on
data annotated by a human expert in order to measure the distance between the out-
put of the trained neural network and the optimal strategy identified by the expert.
The second approach was not based on any prior knowledge and instead consisted
of evaluating the trained AI by letting it play against different versions of itself.

The first approach, based on human knowledge, can only be successfully applied
to sufficiently simple games whose challenges have already been completely mas-
tered by a human expert, ensuring that optimal strategies discovered by an artificial
intelligence are not misclassified. This human knowledge is used only for evalua-
tion; the reinforcement learning method itself does not use prior knowledge. The
annotated data consists of different game scenarios, where the expected output is
determined by a human expert. For the value network, the mean squared error be-
tween the estimated value and the expected value was measured. For the policy
network, the mean squared error between the probability assigned to the optimal
action and 1 was measured.

The second approach, based on the results of matches between different versions
of the AI, has fewer limitations and can be successfully applied to more complex
games. This approach evaluates a set of different versions of the AI by letting them
play against each other in a round-robin tournament (a tournament in which ev-
ery participant plays against every other participant, similar to national football
leagues) and by measuring the performance of each version against the others using
the Elo rating system, a popular rating system used in chess and other competitive
games. The Elo rating system assigns a higher rating to a player who wins against a
strong opponent and a lower rating to a player who loses against a weak opponent.
This system computes the expected outcome of a match for player A, EA, based on
the ratings of both players, RA and RB :

EA =
1

1 + 10(RB−RA)/400

Based on the expected outcome of the match, the rating of player A is updated after
the match using the following formula:

R1
A = R0

A +K(S − EA)
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where S is the actual outcome of the match (1 for a win, 0.5 for a draw, and 0 for a
loss), and K is a development factor that determines how quickly ratings change.

In the Elo system, it is important to evaluate players in fair matches, where the
skill of the players is the main factor determining the outcome of the match. Oth-
erwise, the differences between the ratings of different players would be very small
and heavily affected by the variance of the results. Since the game environment cre-
ates asymmetric scenarios during training, as the health levels of the two opposing
units are initialized randomly, the expected outcome of these randomly generated
scenarios is often skewed in favor of one of the sides. Therefore, a selection of fair
scenarios has to be made. Similar to the divide and choose procedure in game theory,
in a first stage, the most balanced scenarios are selected by one artificial intelligence,
and in a second stage, the other contestant chooses which side to play, red or blue.
In this way, no expert knowledge is needed for the selection of fair scenarios. The
disadvantage of this approach is that not only the policy network, but also the value
network is evaluated, since the value network determines the initial decision.

As we will see in the following, the actor-critic pairs were often trained with
weaker agents, causing the value network to converge to overly optimistic esti-
mates, as these estimates depend on the performance of the set of opponent agents.
The selection of fair matches by an agent was based on estimates close to 0 in a range
between -1 and 1 from the perspective of one player, which indicates an expected
draw. Nevertheless, as a skilled agent can avoid defeat against a weak opponent,
which would not be possible against a stronger opponent, the selected matches were
often not fair, and one of the sides was favored due to these optimistic estimates.
These estimates were biased by the weak performance of the opponent agents used
during training. The evaluation of the matches with an Elo system was therefore
very unstable, as the outcome of the game was already largely determined by the
incorrect selection of fair matches.

Possible solutions to this problem include comparing the estimates using the value
network of each agent –as in the present approach– but evaluating it from both per-
spectives, in order to select games that present similar estimations for both sides,
even if these are far from 0. Another possible solution would be to train a separate,
more accurate value network using data generated by all policy versions, and use it
for the selection of fair matches.

7.2 Results

In the following, the results of several variations of the training process using the
described scalable reinforcement learning method with mini-batch gradient descent
are presented. The best training results were obtained with a fictitious play method
comprising six cycles, in which the actor-critic pairs are trained against past versions
of a set of six agents. Unlike the standard fictitious play method, in every cycle, each
agent was trained not only against the latest version of the other agents, but also, at
a lower frequency, against all previous versions of the other agents, in order to use a
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larger set of opponent agents and to ensure that the trained policies did not cycle or
forget strategies learned against earlier opponents. Each fictitious play cycle consists
of 180 seconds of training for each agent. In each cycle, the entropy regularisation is
reduced by half, starting from a high value of 0.2.

The training data is generated using 14 different threads on 8 CPU cores, and the
gradient computation is performed on a GPU. The mini-batches have a temporal
dimension of size 24, and the size of the partial trajectory dimension is 240, resulting
in a total batch size of 5760 states per training step. The only reliable evaluation of
the training process was based on annotated scenarios provided by a human expert,
as explained above. These scenarios cover all three strategies described in Section
6.1. The results shown in Diagram 22 indicate a clear improvement in the training
error with this configuration, which reaches almost optimal performance for all six
instances 6. The training time with the optimal configuration was the same as that
of the other configurations; only the evaluation frequency was higher.

A configuration without mini-batches was also evaluated, in which the actor-critic
pairs are updated after each generated state. The results shown in Diagram 23 in-
dicate that learning is not detectable. Partly, these poor results were caused by an
inefficient use of computational resources, as only one thread was used for data gen-
eration. Nevertheless, the training process stagnated at a very unsatisfactory level in
all trained instances, because the computed gradients were based on a single data
point and were therefore of very low quality, making the learning process highly
unstable.

To show the importance of the fictitious play method, the actor-critic pairs were
trained against a set of eight fixed random agents. Since the opponent agents are not
updated, the training process consists of a standard reinforcement learning setup,
where the environment, which also includes the fixed opponent agents, is static.
The set of random agents is larger than in other configurations, in order to promote
generalization and to prevent the trained policies from overfitting to a small set of
opponents, which would lead to poor performance against unseen opponents. As
Figure 24 shows, the training process achieves good results. In particular, the large
set of opponent agents provides substantial stability during training. Nevertheless,
even for this basic implementation of the game, fictitious play yields better results.
For more complex settings, the importance of fictitious play is expected to be even
higher.

To illustrate the importance of training against a large set of opponent agents for
achieving good performance, the last results are compared with those of a config-
uration that uses fictitious play with a very small set of opponent agents, trained
only against the latest version of the agents from the previous cycle (cf. Figure 25).

6The instability observed in two of the instances can be attributed to missing information in the input
features of the neural network: the network has access only to information about the difference
in health, but not to the absolute health values. Thus, in scenarios where both units are nearly
defeated, the strategy of avoiding the final strike from the enemy while still attempting to kill
the opponent when he enters the own unit’s attack range is much more difficult to learn, and the
training process becomes unstable.
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Although the results for one agent are slightly better than those of the previous con-
figuration, the training process is considerably less reliable.

Finally, to show the importance of using sufficiently large mini-batches for com-
puting high-quality gradients and thus improving the training process, an experi-
ment was performed with a reduction of the mini-batch size to 60%, achieved by
reducing the size of the partial trajectory dimension from 240 to 140, which leads to
a significant deterioration of the training process, as shown in Figure 26.
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A comparison of the five different configurations of the training process is shown
in Figure 27, where the median error over all instances for each of the 5 training
method configurations is plotted. The use of the median is intended to reduce the
effect of outliers.

In the results of all five configurations of the training process, it can be observed
that the error of the critic network barely decreases. As mentioned in the previous
section, the value network learns overly optimistic estimates, since the actor-critic
pairs are trained not only against the latest version of the agents but also against a
large set of past versions, which are significantly weaker than the current version.
These optimistic estimates create discrepancies with the expected values obtained
from annotated scenarios provided by a human expert.

In contrast, when the entropy regularisation is set to a very high value, promot-
ing exploration at the expense of policy optimisation, the value network is able to
produce much more accurate estimates (cf. Figure 28), because the initial random
policies are not substantially weaker than the trained policies, while still ensuring
sufficient exploration.

8 Conclusion

This bachelor’s thesis investigated war games on hexagonal grids as a domain for
the development and evaluation of reinforcement learning algorithms. The goal
was to explore the challenges that this class of games poses for machine learning
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methods while designing a framework that enables the efficient training of neural
network-based agents.

To this end, a reinforcement learning framework based on actor-critic methods
with eligibility traces and fictitious self-play was developed. The reinforcement
learning method was designed to use mini-batch gradient descent and to scale effi-
ciently on a single machine with multiple CPU cores and a GPU. A main contribu-
tion of this thesis is the design of a novel convolutional neural network architecture
specifically tailored for hexagonal grids, capable of exploiting symmetries that nat-
urally occur in many hexagonal-grid games through the incorporation of rotational
weight sharing. An architecture for the actor network was designed to address the
specific challenge of action selection in war games, where multiple dependencies on
the spatial configuration of the grid must be taken into account.

The experimental results demonstrate that the developed framework is capable of
learning competitive strategies in a basic implementation of a war game on hexag-
onal grids. The experiments also highlighted the importance of the employed tech-
niques, such as fictitious play and mini-batch gradient descent, for achieving good
performance, even in a relatively simple game environment. These results support
the idea that the proposed class of games presents significant challenges for machine
learning methods that can motivate the development of new reinforcement learning
techniques and serve as a benchmark for evaluating them.

Future work could extend the framework to more sophisticated war games fea-
turing multiple units, different win conditions, and richer tactical interactions. In
particular, modeling the spatial relationships among multiple units with respect to
the unit to move is expected to be a significant challenge. Multiple units would also
introduce non-homogeneous game steps, as several actions are performed within a
single turn, making the problem of credit assignment more difficult. A more com-
plex action space would also pose a challenge for exploration, especially in the ab-
sence of guidance from human-generated data.

Overall, the results suggest that war games on hexagonal grids are a promis-
ing domain for the development and evaluation of reinforcement learning tech-
niques. The proposed framework demonstrates that mini-batch gradient descent,
actor-critic methods, and fictitious self-play can be successfully combined to learn
competitive strategies in this class of games. Furthermore, the developed hexagonal
convolutional architecture provides a foundation for exploiting the unique struc-
tural properties of hexagonal grids in future research. The presented framework
therefore serves as a basis for further investigations into more complex war games
and advanced reinforcement learning methods.
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