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Chapter 1

Introduction

1.1 Motivation

Many dynamic systems in Science and Engineering are governed by Partial Differential
Equations. Since closed-form solutions are often unavailable, relying on numerical meth-
ods, such as finite elements, finite differences or spectral methods, becomes prohibitively
expensive as the required resolution increases. Given the rapid progress of Deep Learning
in such fields as Computer Vision and Natural Language Processing within the last decade,
a natural question arises: can similar methods be applied to learn the solution operator
to a PDE directly from the observed data, instead of relying on the repeated numerical
integration? This is the premise of operator learning. Unlike standard neural networks,
which map finite dimensional vectors between fixed grids on Euclidean spaces, the goal is
to learn mappings between infinite-dimensional Banach spaces. This requires architectures
that can accept inputs sampled at arbitrary locations and generalize across discretizations,
a property known as Discretization Invariance, which is central to this thesis.

However, a fundamental tension arises: neural networks are inherently finite dimen-
sional objects, but the operators we wish to approximate act between infinite dimensional
function spaces. Resolving this tension is precisely the domain of Functional Analysis,
as it provides means of justifying the reduction of an infinite dimensional problem via
finite dimensional approximations. We refer to the subclass of neural networks that learn
mappings between function spaces as Neural Operators. The theoretical foundations of
Neural Operators, from Universal Approximation guarantees to Discretization Invariance,
rely on classical functional-analytic tools such as compactness, the approximation property
of Banach spaces, and Sobolev Embedding Theorem. This thesis presents a detailed study
of these theoretical foundations in the context of Neural Operators, with a particular fo-
cus on Discretization Invariance and the proof strategies for the Universal Approximation
guarantees.

1.2 Literature Review

The first Universal Approximation results for neural networks, i.e. their ability to approx-
imate continuous real valued functions defined on compact subsets of Euclidean domains,
date back to Cybenko (1989) [1] and Hornik (1989) [2]. They are based on the classical
Stone-Weierstrass Theorem and highlight the key role of non-linearity for the Universal
Approximation guarantees. Chen and Chen (1995) [3] pioneered the field of operator learn-
ing by extending the Universal Approximation guaranties for neural networks to infinite
dimensional Banach spaces, and introduced key components such as non-locality, as well as
an approach on how to reduce the problem to finite dimensional approximation, referred to
as encode-approrimate-decode proof strategy, which is used extensively in the subsequent
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literature.

Lu et. al. (2021) [4] extended their work by adding depth to the neural network
architecture known as DeepONet, which has achieved success in practical applications and
brought attention to the field. Subsequent works extended the architecture by applying
Monte Carlo approximation of kernel methods (Nelsen et. al. (2021) [5]) or combining
the ideas from the Principal Component Analysis (PCA-Net, Bhattacharya et al. (2021)
[6]), among others. The main limitation of these approaches was the reliance on the fixed
discretization grid, which requires the neural network parameters to be retrained upon the
change of grid resolution.

A discretization invariant architecture known as the Fourier Neural Operator (FNO)
was introduced by Li (2020) [7] and remains one of the most widely applied Neural Oper-
ator architectures to this day. Inspired by the Green operator, it relies on the Fast Fourier
Transform algorithm to decompose the input function and achieves Discretization Invari-
ance by implementing a continuous Kernel Integral Operator in its layers. Kovachki et al.
(2021) [8] provided theoretical foundations and Universal Approximation guarantees for
FNO on Hilbert spaces and later extended their results to a generalized class of Kernel
Integral based Neural Operators on Banach spaces, including the Discretization Invariance
guarantees [9].

While the majority of the previous literature was focused on the practical Neural Op-
erator architectures, Lanthaler et al. (2025) [10] investigated the minimal requirements
for the Universal Approximation guarantees to hold for Neural Operators. They illustrate
based on a FNO with only one Fourier mode, referred to as Averaging Neural Operator
(ANO), that non-locality and non-linearity are a sufficient criteria and show that many of
the common Neural Operator architectures can be reduced to ANO as their special case,
thus providing generalized Universal Approximation guarantees.

The focus of the recent literature on Neural Operators has shifted towards finding
explicit convergence rates and investigating the discrepancies between theoretical guaran-
tees and the observed empirical performance of Neural Operator architectures. Despite
their state-of-the-art performance on many benchmarks, Fourier Neural Operators display
a preference for learning low-frequency components and struggle on PDEs with strong
oscillations, a phenomenon referred to as Spectral bias |11, 12].

Separately, the theoretical Discretization Invariance results in [9] promise resolution-
independent evaluation, but the proofs are non-constructive and provide no convergence
rate. Lanthaler, Stuart and Trautner (2024) [13] close this gap for the Fourier Neural Op-
erator on periodic domains, establishing explicit algebraic rates via aliasing analysis, while
Brugiapaglia, Franco and Nelsen [14] survey the parallel question of sample complexity,
i.e. how many training examples suffice to learn an operator that achieves a certain target
accuracy. To the best of our knowledge, explicit discretization convergence rates for general
Kernel Integral Neural Operators on bounded domains D C R? with Lipschitz boundary,
with inputs in Sobolev spaces W*P (D) satisfying kp > d, have not been established, which
we address in Chapter 3 of this thesis.

1.3 Outline

We begin Chapter 2 by defining the general problem that Neural Operators are intended
to solve in section 2.1 and providing formal definitions of Neural Operators in section 2.2.
Specifically, we establish the core components of Neural Operators, provide their functional-
analytic definitions and study their properties, filling in the gaps that we identified in the
literature.

In Chapter 3, we analyze the Discretization Invariance property of Neural Operators,
which guarantees that a trained model generalizes across different discretization resolu-
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tions without retraining. We revisit the proof of Kovachki et al. [9] and clarify several
implicit assumptions in section 3.3. Building on the Sobolev Embedding Theorem and
the Morrey inequality |15, Cor. E.14, p. 302|, we provide an alternative proof that relaxes
the compactness requirement to boundedness on Sobolev spaces in subsection 3.3.2 and
establishes explicit algebraic convergence rates for discretized operators in section 3.4. To
the best of our knowledge, these results are original to this thesis.

In Chapter 4, we study Universal Approximation guarantees for Neural Operators. We
begin with the theorem of Chen and Chen (1995) [3| in subsection 4.1.1, which establishes
sufficiency and implicitly introduces the key requirements of non-linearity, non-locality, and
compactness, as well as the encode-approximate-decode proof strategy (subsection 4.1.2).
We then present the generalization by Kovachki et al. [9], who extend the proof pattern to
general Banach spaces via the Approximation Property (section 4.2) and establish Univer-
sal Approximation for Kernel Integral based Neural Operators (section 4.3). Analogously
to our Discretization Invariance result, we further relax the compactness requirement to
boundedness on Sobolev spaces via the Morrey inequality under additional assumptions on
the target operator regularity (subsection 4.2.2). In the concluding synthesis (section 4.4),
we formalize the necessary components and the shared proof template, and contrast the
Kernel Integral approach of Kovachki et al. with the minimal Averaging Neural Operator
of Lanthaler et al. (2025) [10], discussing the tradeoff between architectural richness and
the possibility of obtaining explicit convergence rates.
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Chapter 2

Foundations

2.1 Problem Definition

We consider the problem of learning a mapping between two infinite-dimensional Banach
spaces. Let D C R? be a bounded Lipschitz domain. We define the input space A as a
Banach space of real-valued coefficient functions (representing physical parameters such
as conductivity or permeability), and the output space U as the Banach space of solution
functions, both defined over domain D. Our objective is to learn the non-linear operator
Gt : A — U, which maps a given coefficient a € A to its corresponding PDE solution
ueU.

The ground truth operator G' arises from the inversion of a parametric Partial Differ-
ential Equation. Specifically, we consider a system

(Lou)(z) = f(z), VYxeD

where f € U* is a fixed forcing term, and for each a € A, L, : U — U* is the associated
differential operator. We formalize this as follows:

Definition 2.1.1 (Target Operator; [9, Sec. 2.1]). Let D C R? be a bounded Lipschitz
domain and let A, U be admissible function spaces over D, i.e. each is one of C(D), LP(D)
or WkP(D) with p € [1,00), equipped with its canonical norm. Let f € U* be a fixed
forcing term and L, : Y — U* the differential operator associated to the parameter a € A.
The target operator G : A — U is defined as

G'(a) =L f. (2.1)

Remark 2.1.2. We draw a distinction between the solution operator L;! : f + u and the
operator G' : a — u that we want to learn. Given a fized parameter function a € A, the
linear operator L;! maps the forcing function f € U* to the solution function u € U,
whereas G' : A — U maps any parameter function a € A to the solution u € U, given a
fized forcing function f. Hence, the operator G' is generally non-linear.

The PDE setting above motivates the general operator learning problem. The theoret-
ical results of this thesis depend only on continuity of G' and regularity of the domain D,
not on the PDE structure itself. We formalize the learning task as follows.

Definition 2.1.3 (Operator Learning Problem; |9, Sec. 2.2]). Let D ¢ R? and D’ ¢ R
be bounded Lipschitz domains, and let A, U be admissible function spaces over D and D’
respectively, i.e. each is one of C(D), LP(D) or WkP(D) with p € [1,00), equipped with
its canonical norm. Let Gt : A — U be continuous. The operator learning problem is to

9
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construct a parametric approximation Gy : A — U, 6 € RP, such that, given a compact set

KcCA,

sup [|G"(a) — Go(a)llu (2.2)

aeK

is minimized. Unlike standard deep learning approaches that map finite-dimensional vec-
tors (discretized grids), Gy is defined directly on the Banach spaces.

Remark 2.1.4 (Neural Operator Notation). We retain the parameter § € RP in Defini-
tion 2.1.3, following [9], because the learning problem is defined as minimization over 6.
The focus of this thesis, however, is the existence of a Neural Operator approximating the
true operator G rather than its construction. In every such statement 6 occurs only under
an existential quantifier and thus carries no information about the operator. We therefore
write G for a generic Neural Operator under consideration, restoring the subscript only
where the value of 6 is significant.

Remark 2.1.5 (Banach Spaces). The reviewed literature on Neural Operators commonly
refers to the general "Banach spaces of functions” when discussing the spaces A and U
[10, 9]. To accommodate for different topologies used by Chen and Chen [3], Kovachki
et al. [9] and Lanthaler et al. [10] in their Universal Approximation Theorems discussed
in Chapter 4, we define the spaces explicitly as in Definition 2.1.1 and Definition 2.1.3.
Throughout, D C R? denotes a bounded Lipschitz domain. We write C(D;R™) for the
Banach space of continuous functions with the supremum norm, LP(D; R™) with 1 < p <
oo for the Lebesgue space of the equivalence classes of p-integrable functions with || - ||z»
norm, and W*P(D;R™) for the Sobolev space of LP functions whose weak derivatives up to
k-th order lie in LP, combined with the || - ||y»» norm. When mentioning Banach spaces,
we refer to the spaces above with their respective norms, unless a different topology is
specified explicitly.

2.2 Neural Operator

In this section, we discuss the general formulation of the Neural Operator as presented in
Kovachki et al. (2023) [9]. While empirical successes of specific architectures, such as the
DeepONet [4], the Fourier Neural Operator (FNO) [7] and Graph Neural Operator (GNO)
[16], have been previously established, Kovachki et al. [9] unify these architectures under
a rigorous mathematical framework.

To understand the mechanics of this framework, it is crucial to establish why the Neural
Operator takes its specific form.

Remark 2.2.1 (On the definitions of Neural Operators in the literature). The Neural Op-
erator architecture appears under different but structurally equivalent descriptions across
the examined literature (section 1.2), all of which decompose the operator into three com-
ponents: an encoding or lifting stage, a learning stage, and a decoding or projection stage.

Kovachki et al. [9] present the architecture as a composition of a pointwise Lifting
operator P, iterative layers consisting of a sum of Kernel Integral operators K; and linear
Skip-connection operator W; composed with pointwise nonlinearities o, and a pointwise
Projection operator Q:

Gy = Qoor(Wr—1+Kr_1+br_1) 0001 (Wo+ Ko+ bg) oP. (2:3)

Lanthaler et al. [10] identify a hidden encoder-decoder structure inherent to the Neural
Operator architectures. In their Averaging Neural Operator (ANO), the composition of a
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non-local averaging operation R followed by a pointwise nonlinearity o and integration L
acts as a nonlinear encoder that maps the input function to a constant vector:

v:=(LoR)(u) = /U(R(u(:c),a:)) dr € R, (2.4)

which is then decoded by a pointwise map Q : R% — Y to produce the output function.
The learning and encoding stages are thus merged into a single non-local operation.

The recent survey by Brugiapaglia, Franco, and Nelsen (2026) [14] frames the construc-
tion as an instance of the encode—approrimate—decode strategy that originates from Chen
and Chen (1995) [3].

All three descriptions capture the same structural idea: an infinite-dimensional input
function is mapped into a finite-dimensional representation, transformed, and projected
back to the output space. The approaches differ in how explicitly they specify the inter-
mediate operations. Kovachki et al. define the learning stage as a parameterized Kernel
Integral operator, which makes the analytical properties of the architecture (continuity,
Discretization Invariance, approximation rates) directly accessible and reflects the empir-
ical architectures (FNO, GNO) most closely. In this thesis we adopt the Kovachki et al.
formulation, as the explicit Kernel Integral structure, first proposed by Li et al. (2020)
[16] and later generalized by Kovachki et al. (2023) [9], is essential for the Discretization
Invariance analysis in Chapter 3 and the convergence rate estimates derived there.

The remainder of this section introduces the components of the Neural Operator ar-
chitecture following Kovachki et al. [9].

Remark 2.2.2 (Operator-theoretic formulation of the Neural Operator). Kovachki et al. [9,
sec. 3| define the Neural Operator components as maps on Euclidean spaces, effectively
specifying the discretized architecture, and interpret these pointwise maps as inducing Ne-
mytskii operators on Lebesgue and Sobolev spaces. Lanthaler et al. [10, Sec. 1.2] instead
define the architecture on general Banach spaces of real-valued functions, without estab-
lishing the function space properties of the resulting operators. In the subsequent sections
of Chapter 2, we make these properties explicit, providing operator-theoretic definitions
of the Kernel Integral based Neural Operator and its components, instantiated on the
Lebesgue spaces LP(D) of (equivalence classes of) p-integrable functions with p € [1, c0).
The equivalent definitions and proofs of selected operator properties, relevant to the Dis-
cretization Invariance and Universal Approximation results, are provided for the C(D)
space with sup-norm and W*P(D) space in Appendix A.

2.2.1 Motivation

Kovachki et al. (2023) introduce the Neural Operator directly as a composed, deep neural
architecture operating on latent feature spaces in R? [9]. While this presentation efficiently
sets up the subsequent Universal Approximation Theorem, which we discuss in detail in
Chapter 4, it bypasses the classical functional-analytic roots that naturally motivate this
specific design. To rigorously understand the Neural Operator architecture, we first recon-
struct the underlying logic by analyzing a direct, single-step mapping between function
spaces before expanding into the deep latent formulation.

Remark 2.2.3 (On well-posedness of the approximating operator). Our objective is to
learn the true operator G : A — U (Definition 2.1.1). Because both A and U are infinite-
dimensional function Banach spaces (as described in Remark 2.1.5), we cannot observe
them directly. Empirically, we work with a finite L number of pointwise evaluations of
the input function @ € A on a discrete subset Dy, of the bounded domain D C R?¢. Dy
is assumed to approximate D arbitrarily well, as we show in Chapter 3. Consequently,
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the learned empirical operator G1, takes the signature Gy : REX4 5 14, For this map-
ping to be mathematically well-posed, i.e. accepting a finite-dimensional discrete input
while outputting a continuous function in U, the core operations of Gy, must act globally
and continuously over the domain D, effectively interpolating the discrete observations
{zi, (i) Yoy

Remark 2.2.4 (Green’s function motivation). To motivate the construction of this mapping,
we first consider a simplified, single-step transformation directly from an input function
a € A to an output function v € U. For this construction, we follow the argumentation of Li
et al. (2020) |16, sec. 3] which illustrates the intuition behind the Kernel Integral operator
being inspired by the Green’s function [15, Def. 3.18, p. 97]. In functional analysis, the
solution to a linear PDE is often expressed via a Green’s function, which takes the form of
a global integral operator. Inspired by this, the natural choice for our continuous mapping
is a parameterized Kernel Integral Operator K. If we were to approximate the map a — u
directly, it would take the form:

(Ka)(x) = /D sz, y)a(y)du(y), Vi€ D (2.5)

where p is a Borel measure on R? (typically chosen as the Lebesgue measure [9]) and
k € C(D x D;R%:*da) is a continuous integration kernel. We provide the formal definition
of the Kernel Integral Operator and study its properties in subsection 2.2.3.

From a functional-analytic perspective, the operator X is inherently compact. We
establish this fact rigorously in Proposition 2.2.17. This compactness has architectural
consequences, as discussed in the following remark.

Remark 2.2.5 (Motivation behind the Skip Connection operator). Relying solely on a com-
pact operator introduces a critical limitation. Compact integral operators map weakly
convergent sequences to strongly convergent ones, fundamentally acting as low-pass filters
that smooth their inputs. If the model relied exclusively on K, it would suffer from over-
smoothing and fail to approximate target operators that contain non-compact components,
such as Differential Operators or the Identity map.

To resolve this, Li et al. (2023) [16] augment the global integration operator K with
a local, pointwise linear transformation. Let W be a learnable weight matrix, which in-
duces a pointwise operator W defined as (Wa)(x) = W (a(z)) (formal definition in subsec-
tion 2.2.2). Critically, the operator W is non-compact. By defining the mapping as W+ K,
the architecture breaks strict compactness. The compact operator K efficiently captures
non-local, low-frequency dependencies, while the non-compact pointwise operator W acts
as a skip connection that preserves and propagates local, high-frequency information [9].

Remark 2.2.6 (On construction of the hidden network layer). While this single-step con-
struction, where we sum a global integral and a local linear map, is mathematically sound,
a single application is insufficiently expressive to approximate highly non-linear operators.
To achieve the capacity of a deep neural network, the architecture does not map directly
from A to U. Instead, the input a(z) is first lifted to a higher-dimensional latent represen-
tation v(z) € R%. The combined operator, followed by a continuous non-linear activation
function o, is then applied iteratively to generate a sequence of hidden continuous functions
Vg — V41!

v (@) = o (W) () + (Kve) (@) (2.6)

After T iterations, the final latent representation vy (x) is projected back down to the
target space U. This iterative formulation defines the core layers of the Neural Operator,
retaining the functional-analytic guarantees of the single-step map while leveraging the
expressive power of deep latent spaces. The Kernel Integral Layer is further discussed in
subsection 2.2.4.
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Remark 2.2.7 (Expansion to higher dimensions). As mentioned above, in order to improve
the learning capacity of the empirical model, Kovachki et al. (2023) [9] expand the dimen-
sionality of hidden representations v¢(z) of inputs {a(z;)}£, by introducing a pointwise
lifting operator P : R% — R% with d, > d,. Consequently, the output of the final T-th
layer needs to be mapped back to the output dimension d,,, which defines a pointwise pro-
jection map @ : R% — R% . The lifting and projection functions, as well as the Nemytskii
operators @ and P that they induce, are formally defined in subsection 2.2.5.

Combining the lifting, iterative layers, and projection results in the full Neural Operator
architecture Gy : A — U expressed as

Gp = Qoor(Wr—1+ Kr—1 +br_1)o...0oc1(Wo + Ko + by) o P (2.7)

The formal definition of the operator is discussed in subsection 2.2.6.

However, Kovachki et al. (2023) deviate from this formulation in their proof of the
Universal Approximation Theorem [9, Thm. 11] by dropping the non-compact linear map
W entirely. This is not a mathematical necessity imposed by compactness constraints,
but rather a simplification: the Kernel Integral Operators K alone suffice for Universal
Approximation, as we discuss in section 4.3.

2.2.2 Induced Nemytskii Operators ¥ and W

The maps o, W, @, P defined in subsection 2.2.6 are all pointwise functions, or "local maps"
as Kovachki et al. refer to them in [9, sec. 3]. However, since G is defined to be a map
between function spaces, a rigorous justification that those functions induce operators on
Banach spaces is required. The authors briefly mention that "P, Q, and o can be thought of
as defining Nemitsky (Nemytskii) operators ... when each of their components are assumed
to be Borel measurable” |9, sec. 3, p. 10]. However, these assumptions are not verified
in the reviewed literature that offers definitions of Kernel Integral based Neural Operators
[9, 7, 16]. Hence, we devote this section to verifying that the requirements for functions o
and W to be Nemytskii operators are fulfilled and address the lifting P and projection @
operators in subsection 2.2.5.

Definition 2.2.8 (Nemytskii Operator, [17, Sec. 10.3.4]). Let @ C R? be a measurable
set. Let f: Q x R™ — R* be a function satisfying the Carathéodory conditions:

1. f(z,-) : R™ — R¥ is continuous for almost every = € €.
2. f(-,y) : Q — RF is measurable for every y € R™.

For any measurable function u : 2 — R™, the induced Nemytskii operator Ny is defined
pointwise by:
[Ny(u)](z) = f(z,u(x)), forae xecl (2.8)

The operator Ny maps LP(€;R™) into LI(€;R¥) (where 1 < p,q < oo) if and only if
there exists a constant C' > 0 and a function g € LI(€;R*) such that:
| (z,y)| < g(x) + Cly[P/9 for a.e. z € Q and all y € R™. (2.9)

We now provide formal definitions for the Nemytskii operators induced by pointwise
functions in (2.6).

Definition 2.2.9 (Induced skip connection operator W). Let W € R% > he a weight
matrix. The induced skip connection operator W : LP(D;R%) — LP(D;R%) with p €
[1,00) is the Nemytskii operator defined pointwise by

Wol(x) = Wo(z), forae. z € D. (2.10)
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The following proposition verifies that W is a well-defined Nemytskii operator:

Proposition 2.2.10. Let D C R¢ be a measurable set and let W : R% — R% be a linear
transformation represented by a finite-dimensional weight matriz. The map W defined

by Wwol(x) = Wo(x) is a well-defined Nemytskii operator on Lebesque spaces mapping
LP(D;R%) to LP(D;R%) for 1 < p < oo.

Proof. We define the underlying pointwise function fy : DxR% — R% as fy (z,y) = Wy.
We first verify the Carathéodory conditions. For any fixed y € R%, fy-(-,%) is constant
with respect to z, and thus trivially Lebesgue measurable on D. For almost every = € D,
the map fy(z,-) is simply matrix multiplication, which is a continuous operation on R%.

Next, we verify the growth condition. Since W is a finite-dimensional linear operator,
it is bounded by its operator norm ||W |, induced by the Euclidean norm |-| on R%. Hence,
for all y € R% and almost every z € D, we have:

[fw (2, 9)| = Wy < [[W][[y] (2.11)

This satisfies the Nemytskii growth condition |f(x,y)| < g(z) + C|y| with constant C' =
IW|| > 0, and g(x) =0 € LP(D). Thus, W is a well-defined bounded Nemytskii operator
on LP(D;R%). Explicitly, for any v € LP(D;R%)

ol = /D (Wo(z)[P de < HWH”/D o) da = [WI” o]z, < oo (2.12)

it follows, that | Wul|ze < ||W]| ||lv||zr and W € L(LP(D;R%)).
O

Remark 2.2.11 (Growth constraint on activation function o). While proving that any fi-
nite dimensional matrix W induces a well defined Nemytskii operator is trivial, Proposi-
tion 2.2.13 shows that Kovachki et al. (2023) [9] omitted an important requirement on the
activation function o : R% — R%  namely that it must grow at most linearly. While this
requirement is satisfied for the most commonly used activation functions, such as ReLU,
GeLU, or Tanh, a non-linear continuous function such as o(z) = e* would fail to induce a
valid Nemytskii opeartor mapping L? to LP.

Definition 2.2.12 (Induced activation operator ). Let o : R® — R% be a continuous
non-linear activation function with at most linear growth. The induced activation operator
Y : LP(D;R%) — LP(D;R%) with p € [1,00) is the Nemytskii operator defined pointwise
by

[Xv](z) = o(v(x)), fora.e. x € D. (2.13)

The following proposition verifies that ¥ is a well-defined Nemytskii operator given that
it’s induced by o with at most linear growth.

Proposition 2.2.13. Let o : R% — R% be a continuous non-linear activation function
with at most linear growth. The map ¥ defined by [Yv](z) = o(v(z)) is a well-defined
non-linear bounded Nemytskii operator on LP(D;R%™) with 1 < p < oo.

Proof. Let the pointwise function be f,(z,y) = o(y) with ¢ € C(R%). Similar to the
linear case, f, is independent of the spatial variable € D, making it trivially measurable
for any fixed y € R%. By definition, ¢ is assumed to be continuous on R%, satisfying the
second Carathéodory condition (Definition 2.2.8).

By the assumption of at most linear growth, there exist constants C' > 0 and C’ > 0
such that |o(y)| < C" + Cly| for all y € R%. Because the spatial domain D is bounded,
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it has finite Lebesgue measure, ensuring that the constant function g(x) = C’ belongs to
LP(D;R%). Thus, the inequality becomes:

|fo(z,y)| < g(2) + Cly| (2.14)

This satisfies the required growth condition LP(D) — LP(D), confirming that ¥ is a well-
defined Nemytskii operator.

By raising the pointwise growth bound to the power p > 1 and due to the elementary
inequality (a + b)P < 2P~1(aP + bP) for a,b > 0 and p > 1, we show that the operator X is
a bounded operator on LP(D;R%). For any v € LP(D;R%) with p € [1,00) it holds

ISol, = /D o (w()) P de (2.15)
g/D(c’+C|v(x)\)de (2.16)
< 21 ((C)P|D| + CP||v]E,) < oo (2.17)

Thus X is a well defined bounded Nemytskii operator on LP(D;R%), satisfying the affine
growth bound. 0

2.2.3 The Kernel Integral Operator

As established in Remark 2.2.4, the core component allowing the Neural Operator to
process infinite-dimensional continuous inputs is the integral operator. In classical PDEs,
integral operators with specifically constructed kernels (such as Green’s functions) are used
to map forcing functions directly to solution functions.

Kovachki et al. (2023) [9] parameterize this concept for statistical learning. The authors
define the Kernel Integral Operator using a neural network parameterized kernel sy (z,y)
[9]. While Li et al. (2021) [7] and Kovachki et al. (2023) |9] define the kernel integral
operator at the pointwise level, the conditions under which it constitutes a well-defined
bounded operator on Lebesgue spaces LP(D, Rd”) are not explicitly verified.

Definition 2.2.14 (Kernel Integral Operator, [9, sec. 3, eq. 7|). Let D C R be a bounded
measurable domain. Let V := LP(D;R%) denote the Lebesgue space with 1 < p < oo.
Given a parameterized, continuous kernel function rg € C(D x D;R%*d) the Kernel
Integral Operator Ky :V — V is defined as:

Cyv](z) = /D ke(x,y)v(y)du(y), forae zeD (2.18)

where p is the Lebesgue measure.

Lemma 2.2.15 (Boundedness). Let D C R be a bounded domain, and let KC be a Kernel
Integral Operator with a continuous kernel k € C(D x D). For any p € [1, 00|, the operator
K defines a continuous map from LP(D) to L>°(D). Additionally, K is a bounded linear
operator on LP(D).

Proof. Let f € LP(D). The operator K is defined as:
€N@ = [ s i@y Vf e D) (219)

Because D C R? is bounded, its closure D is compact by the Heine-Borel theorem.
Hence, the product space D x D is also compact and given that x is continuous, the
image k(D x D) is compact [18, Prop. 1.8.20] and therefore bounded. That implies that
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there exists M < oo such that |||l < M for  restricted to D x D. Furthermore, by
Heine-Cantor theorem & is uniformly continuous on D x D [18, Prop. 1.8.20].

By applying the triangle inequality for integrals, we find the bound for the pointwise
absolute value:

() ()] < /D ()11 £ (9) | dy (2.20)
< 1iloo /D 1F()] dy (2.21)
= [lKlloc [ fll 1 < o0 (2.22)

Let g be the Holder conjugate of p, where % + % =1, with ¢ = co if p = 1. Applying
Holder’s inequality to || f||z1:

1fller = /D [f )] 1dy < [|fllzelI11]] za (2.23)

Note that ||1)z« = |D|Y9 for ¢ < oo, and |[1]|p= = 1. Thus, we can define a finite
constant C, = ||1||s with C; < oo because the bounded domain D C R? has a finite
Lebesgue measure. Substituting this bound into (2.22), we obtain a uniform bound on K f
independent of x:

sup [(Kf)(@)| < [|£]loo - Cq - [Ifl|zr (2.24)
xeD

To show continuity of KCf, fix € > 0. For f = 0 the map K0 = 0 is continuous. Assume
| fllzr > 0 and set &' = ¢/|f||z1. By uniform continuity of &, there exists § > 0 such that
for all z,z € D with [l — z|| < ¢ it holds sup,cp(|x(2,y) — k(z,y)|) < €. By linearity of
the integral:

(CF) (&) — (KF) (= |</ Iw(z,y) — 5z )11 ()] dy (2.25)
< sup (r.) — (2, ) / ()] dy (2.26)
e fll =e (2.27)

Hence the essential supremum || f]|ze coincides with supremum of f due to continuity
of K f. This implies

1Kl Lo = Slelg\(’Cf)(fv)l < MCql|f| v (2.28)

It follows that f € L*°(D) and K : LP(D) — L*°(D) is bounded.

The linearity of K follows directly from the linearity of the Lebesgue integral, as the
integrals are finite for all z € D.

To prove boundedness of X on LP(D), observe that since D has finite measure, L>°(D) C
LP(D). We establish an explicit bound as follows:

1K lzr = (/D I(/Cf)(ﬂf)!pdx> " (2.29)

< ([ st ar) . (230

= |DIVPIK ] Lo (2.31)
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Combining the inequalities (2.24) and (2.31):
ICSllze < IDIYP- M - Cy - | fllze < o0 (2.32)

For p = oo the claim follows immediately from (2.24). Thus, K is a well-defined and
bounded linear operator from LP(D) to LP(D). O

Lemma 2.2.16 (Equicontinuity). Let D C_Rd be a bounded domain, K be a kernel integral
operator with a continuous kernel k € C(D x D), and B C LP(D) be a bounded set for
p € [1,00). Then the image K(B) is uniformly equicontinuous on D.

Proof. To prove that IC(B) is uniformly equicontinuous, we must show that Ve > 0, 3§ >
0:Vf e B and Vx,z € D with |z — 2| < ¢ it follows that |(Kf)(z) — (Kf)(z)| < e.

Because D C R? is bounded, its closure D is compact by the Heine-Borel theorem and
hence the product space D x D is also compact. Since x € C(D x D) is a continuous
function on a compact domain, it is uniformly continuous by the Heine-Cantor theorem
[18, Prop. 1.8.20].

The uniform continuity of x implies that for any ¢’ > 0, there exists § > 0 such that
for all (x,y), (z,y) € D x D:

|z — 2| <0 = |k(z,y) — k(z,y)| <& (2.33)
Since B is a bounded set in LP(D), there exists a constant C' < oo such that

sup | fllz» < C
feB

Let g be the Holder conjugate to p with %%—% =land g = ccif p = 1. Define Cy = |[1||1a(p)-
Note, that C, = | D[/ for ¢ < oo and Cy, = 1.

Fix € > 0 and choose & such that ¢/ = ﬁ From uniform continuity of x it follows
that we can find 6 > 0 such that (2.33) holds. For any f € B and any z,z € D with
|z — z| < §, we establish the bound:

(K@) — (KF) ()] = \ | () =) ) (2.3
< [ 1sGe9) = sl )] dy (2.35)
By applying the Holder’s inequality with p € (1, 00):
(D@ =~ KN < () = (e sl (2.:36)
< ([ ay) " 16l (2.37)
< S/IZ‘Q Nei ) (2.38)
= (Cjc> C, C=¢ (2.39)

For the case p =1 the (2.38) becomes

[(KF) (@) = (KA (2)] < lr(z, ) = w5z, )1 f]] e (2.40)
<& |fllm (2.41)
=(5) c== (2.42)

Thus, K(B) is uniformly equicontinuous. O
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Proposition 2.2.17 (Compactness). Let D C R? be a bounded domain, and let K be a
Kernel Integral Operator with a continuous kernel k € C(D x D). Then K is a compact
operator on LP(D) for any p € [1,00).

Proof. Let B C LP(D) be a bounded set. Because D C R? is bounded, its closure D is
compact by the Heine-Borel Theorem.

By Lemma 2.2.15, K is a bounded linear operator on LP(D), meaning K(B) C C(D)
and IC(B) is uniformly bounded. Furthermore, the set K(B) is uniformly equicontinuous by
Lemma 2.2.16. By the Arzela-Ascoli theorem [18, Thm. 5.4.2, p. 196|, K(B) is precompact
in C(D) with respect to the supremum norm.

Because D is bounded, the space C(D) embeds continuously into LP(D). Continuous
mappings preserve precompactness, meaning the image of K(B) under this embedding
remains precompact in LP(D).

Hence, K maps bounded sets in LP(D) to precompact sets in LP(D), and is therefore
compact according to [18, Def. 7.5.1]. O

2.2.4 Single Neural Operator Layer

With the globally acting Kernel Integral Operator formally defined (Definition 2.2.14), we
can now assemble the complete mapping for a single hidden layer of the Neural Operator.

Unlike standard neural networks that learn maps between Euclidean vectors (e.g.,
R%4 — R64) a Neural Operator layer learns a continuous mapping between Banach spaces
of functions. Kovachki et al. [9] define the update from the ¢-th hidden representation
vy € V to the next representation vy, 1 € V with V := LP(D;R%), p € [1,00) as follows:

Definition 2.2.18 (Neural Operator Layer, [9, sec. 3, eq. 6]). Let V := LP(D;R%) with
p € [1,00). Given a kernel k4 € C(D x D;R%*4) a weight matrix W € R%*dv and
a continuous activation function o : R® — R% with at most linear growth, the Neural
Operator layer defines the update from the ¢-th hidden representation v; € V to the next
representation v,y € V by

vyri(x) =0 <th(x) + /D /%(ac,y)vt(y)du(y)) , forae zeD (2.43)

where p is the Lebesgue measure.

Notice that the argument of the activation function in (2.43) is a pointwise summation
of two distinct operators: the global integration operator Ky, and a pointwise linear map
W : R% — R% acting strictly locally as a skip connection.

Remark 2.2.19 (Neural operator layer definition in operator notation). To treat equation
(2.43) rigorously, we translate the pointwise algebraic formulation into a composition of
the formal operators on V established in previous sections:

e K, is the Kernel Integral Operator ( Definition 2.2.14).

e W is the continuous Nemytskii operator induced by the finite-dimensional weight
matrix W (Definition 2.2.9).

e 3 is the continuous Nemytskii operator induced by the activation function o (Defi-
nition 2.2.12).

The Neural Operator Layer from (2.43) can then be written concisely as a non-linear
operator H : V — V:

H(v) = 2 (th + }C¢vt> (2.44)
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We formally establish the well-posedness of this layer.

Proposition 2.2.20 (Boundedness and Continuity). Let D C R? be a bounded domain.
Assume the kernel k¢ is continuous on D x D, the weight matriz W is finite-dimensional,
and the activation o : R% — R% is continuous with at most linear growth. Then the Neural
Operator layer H := X o (W +Ky) is a bounded and continuous operator on Lebesgue space
LP(D;R%) with p € [1,00).

Proof. Because W and Ky are both bounded linear operators on LP(D;R%) with p €
[1,00), as established in Proposition 2.2.10 and Lemma 2.2.15, their sum £ := W + K, is
a bounded linear operator, as follows from the triangle inequality. By Proposition 2.2.13,
the activation function ¢ induces a continuous and bounded non-linear Nemytskii operator
> : LP — LP. As a composition of continuous operators, H is continuous. From the
boundedness of linear operator £ it follows Vv € LP(D;R%):

[£vllze < \I£llze (o] e (2.45)
From Proposition 2.2.13 due to the affine bound of ¥ it holds for all v € LP(D;R%):
[HollLr = [[5(Lo)[[r < C(A+ [[Lo][Lr) < C(L+ [[L][zr [[v]|2r) < 00 (2.46)

Hence, the full layer mapping H = Yo L is a well-defined bounded and continuous operator
on LP(D;R%), p € [1,00). Due to non-linearity of the induced operator ¥ the operator H
is non-linear. O

2.2.5 Lifting and Projection

As motivated in Remark 2.2.7, the lifting and projection operators serve as the entry and
exit points of the Neural Operator architecture, mapping between the input and output
function spaces A and U and the higher-dimensional latent space V in which the Kernel
Integral layers operate. While Kovachki et al. (2023) [9] treat these operators primarily
as a mean of changing dimensions, Lanthaler et al. (2025) [10] reveal that they carry a
deeper significance for the Universal Approximation guarantees. We present the formal
definitions following Kovachki et al., and then discuss the contrasting perspectives.

Definition 2.2.21 (Lifting Operator, [9, sec. 3]). Let A := LP(D;R%) and V :=
LP(D;R%) with p € [1,00) and d, > d,. Given a pointwise function P : R% — R%,
the lifting operator P : A — V is the Nemytskii operator defined by

[P(a)](x) = P(a(z)), forae. z€D,acA. (2.47)

Definition 2.2.22 (Projection Operator, [9, sec. 3]). Let V := LP(D;R%) and U :=
LP(D;R%) with d, > d,. Given a pointwise function Q : R% — R%  the projection
operator Q :V — U is the Nemytskii operator defined by

[Q(v)](z) = Q(v(z)), forae z€D,ve. (2.48)

As established in subsection 2.2.2, because P and @) are finite-dimensional linear maps,
the induced operators P and Q are bounded and continuous. The proofs follow analogous
to Proposition 2.2.10.

Remark 2.2.23 (Contrasting roles of lifting and projection). In Kovachki et al. (2023) [9],
the lifting operator P embeds the d,-dimensional input into a d,-dimensional latent space,
expanding the integration kernel to a d, x d, matrix field and allowing the network to
apply multiple distinct continuous transformations simultaneously. The projection opera-
tor Q reverses this expansion after the final layer. However, in the proof of the Universal
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Approximation Theorem [9, Thm. 11], the authors set d, = d, = d,, effectively replacing
P and Q by the identity. The entire Approximation-theoretic argumentation is based on
the Kernel Integral layers Ky (Definition 2.2.14).

Lanthaler et al. (2025) [10] assign a fundamentally different role to these operators. In
their Averaging Neural Operator (ANO), the Kernel Integral Operator (Definition 2.2.14)
is simplified by reducing the kernel to the identity x(x,y) = I, so that K acts as pure spa-
tial averaging, [Kv](z) = [, v(y) du(y). In this configuration, the Kernel Integral layer is
only responsible for adding non-locality to the architecture. All other work is redistributed
to the lifting and projection operators. The lifting layer R : u — R(u(z),z) incorporates
explicit positional encoding by depending on the input x € D, applying a nonlinear trans-
formation to the input function in contrast to the lifting operator P in Kovachki et al.
definition. The subsequent averaging layer then integrates out this spatial dependence,
resulting in a position-independent encoding vector v € R% acting as a finite-dimensional
representation of the input function a. The composition £oR acts as a nonlinear encoder,
since it maps the entire input function to a constant vector, but, importantly, relies on
the positional encoding in R to prevent translation equivariance, because otherwise the
non-local averaging operator K would absorb the positional information in x € D. The
decoder Q : v — Q(v, ) then reconstructs the output function from this constant encoding
vector with explicit spatial dependence.

This decomposition results in a clean theoretical separation: nonlinearity is provided by
the encoder, non-locality by the averaging layer, and spatial reconstruction by the decoder.
Each element contributes exactly one necessary component for the Universal Approxima-
tion, as discussed in section 4.4. In contrast, Kovachki et al.’s formulation describes the
architecture closer to how it is implemented in practice, where the Kernel Integral layers
are responsible for providing all three above mentioned components. However, the two
perspectives are complementary rather than contradicting each other, and we examine the
consequences for the respective Universal Approximation Theorems in Chapter 4.

2.2.6 Properties of the Neural Operator

Having formally established the functional-analytic properties of the lifting map, the Kernel
Integration Operator, and the local pointwise transformations, we can now formally define
the complete Neural Operator. The multi-layer Neural Operator is constructed as a direct
composition of these layer-wise mappings.

Definition 2.2.24 (The Neural Operator [9, sec. 3]). Let D C R? be a bounded domain.
Let the input space A = LP(D;R%), the latent feature space ¥V = LP(D;R®%), and the
output target space U = LP(D;R%) be Lebesgue spaces with 1 < p < co. Given T € N
hidden layers, the Neural Operator G : A — U is defined as the composition:

g:QOHTOHT_10-~'OH10P (249)

where P : A — V is the lifting Nemytskii operator (Definition 2.2.21), H; : V — V is
the ¢-th Kernel Integral based hidden layer H; := X; o Wy + Ky ) (Definition 2.2.18),
Q:V — U is the projection Nemytskii operator (Definition 2.2.22).

With the full operator defined, we state its core properties as the proofs are omitted in
the original literature.

Proposition 2.2.25 (Properties of the Neural Operator). Let D C R? be a bounded
domain. Let the input space A = LP(D;R%), the latent feature space V = LP(D;R%), and
the output target space U = LP(D;R%) be Lebesque spaces with 1 < p < 00.

Assume the kernels kg € C(D x D;R%*%) qre continuous, the weight matrices P, Q,
and Wy are finite-dimensional, and the activations oy are continuous with at most linear
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growth. Then the Neural Operator G : A — U is a well-defined, bounded, and continuous
non-linear operator. Furthermore, in general, G is not a compact operator.

Proof. The proof of boundedness and continuity follows from the properties of function
composition. In previous sections, we established that P and Q are bounded continuous
Nemytskii operators (Proposition 2.2.10), and that each hidden layer #H; is a bounded
continuous operator on V (Proposition 2.2.20). Because the composition of bounded and
continuous operators between Banach spaces remains bounded and continuous, the full
mapping G is bounded and continuous from A to .

To assess compactness, we examine the hidden layer H; = X; o W, + Ky +). While the
integration operator with continuous kernel Ky is compact in V = LP(D;R%), p € [1,00)
(Proposition 2.2.17), the pointwise linear operator W; acts as the identity over the infinite-
dimensional spatial domain and is strictly non-compact. The sum of a compact and a
non-compact operator is non-compact. Because the activation ¥; is continuous and non-
compact, the entire hidden layer H; is non-compact. Consequently, the composed operator
G does not map bounded sets in A to precompact sets in U, implying that the full Neural
Operator is not compact. [l

Remark 2.2.26. In their proofs of the Discretization Invariance [9, Thm. 8] and the Univer-
sal Approximation Theorems, Kovachki et al. (2023) [9, Thm. 11| work with a simplified
architecture in which the skip connections W, are omitted and the lifting and projection
dimensions are set to d, = d, = d,. We provide the formal definition of the simplified
operator as we will refer to it subsequently in Chapter 3 and Chapter 4.

Definition 2.2.27 (Neural Operator (theoretical form), [9, Thm. 11]). Let D C R? be
a bounded domain. Let the input space A = LP(D;R%) and the output target space
U = LP(D;R%) be Lebesgue spaces with 1 < p < oo0.

The theoretical Neural Operator G : A — U is defined as

G=YroKgro---0X10Ky, (2.50)

for T' € N, where each layer consists only of a Kernel Integral Operator Ky ; with continuous
kernel kg € C(D x D;R%x*dv)  followed by a Nemytskii operator ¥; induced by a non-
linear activation function with at most linear growth oy.

Remark 2.2.28. As a composition of compact Kernel Integral Operators (Proposition 2.2.17)
and bounded continuous Nemytskii operators (Proposition 2.2.13), the theoretical Neu-
ral Operator from Definition 2.2.27 is a compact nonlinear operator on LP(D;R%) with
p € [1,00) and D C R% [18, Prop. 7.5.7, p. 269].

Remark 2.2.29 (Definitions on C (D) with sup-norm and W*?(D) spaces). The definitions
of the Neural Operator in its theoretical form on C(D) with sup-norm and W*?(D) spaces,
as well as the well-definiteness and boundedness proofs for it’s components, namely the in-
duced Nemytksii Activation Operator ¥ and the Kernel Integral Operator Ky, are provided
in Appendix A.

2.2.7 Neural Operator Instantiations

The Neural Operator framework (Definition 2.2.24) is deliberately general, so that the
kernel k4 in the integral operator (Definition 2.2.14) can be parameterized in different
ways, resulting in architectures with distinct computational and theoretical trade-offs. We
present three instantiations that form a natural hierarchy and that motivate the theoretical
developments on Discretization Invariance and Universal Approximation guarantees that
we further discuss in Chapter 3 and Chapter 4.
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Definition 2.2.30 (Graph Neural Operator (GNO), [16, eq. 8]). The Graph Neural Op-
erator parameterizes the kernel kg directly as a neural network k : R2(d+da) _y Rebvxdo
that takes as input both spatial coordinates and function values:

Kyv)(z) = /B ol a@), oo duls), Ve € D (2.51)

where integration is truncated to a ball B(z,r) of radius » > 0. The integral is approxi-
mated via Monte Carlo summation on a graph whose nodes are the discretization points
and whose edges connect points within radius r [16, sec. 3|.

The GNO is the most general instantiation as its kernel is not constrained and can
depend on the input function a, which comes at computational cost O(J?) in the number
of discretization points J [9, sec. 4.5]. Historically it’s the first kernel integral based neural
operator architecture [16] and it directly reflects the Green’s function motivation discussed
in Remark 2.2.4.

Definition 2.2.31 (Fourier Neural Operator (FNO), [9, eq. 26]; |7, def. 3]). The Fourier
Neural Operator restricts the kernel to be translation-invariant, r¢(z,y) = ke(z —y), and
parameterizes it directly in Fourier space. The kernel integral layer becomes:

K] (z) = F! <R¢ : (]-'v))(a:), Vz €D (2.52)

where F denotes the Fourier transform, Ry € Chmaxxdvxdy j5 5 Jearnable complex-valued
tensor of truncated Fourier modes, and kmax controls the frequency cutoff [9, sec. 4.4].

Because the kernel is translation-invariant, the integral reduces to a convolution, which
can be computed efficiently in Fourier space at O(Jlog J) via the Fast Fourier Transform.
This restriction is natural from the perspective of fundamental solutions to PDEs with
constant coefficients, where the Green’s function depends only on =z — y [7, sec. 4]. The
FNO is among the most widely adopted Neural Operator architectures in practice [14].

Definition 2.2.32 (Averaging Neural Operator (ANO), [10, sec. 2.2]). The Averaging
Neural Operator sets the kernel to the identity x(z,y) = || 7114, x4, , reducing the integral
operator to spatial averaging:

o] (z) = ‘é’ /Q o(y) dy € R (2.53)

The ANO architecture consists of a single hidden layer ¥ = Qo L o R, where R : u —
R(u(z),z) and Q : v — Q(v,z) are single-hidden-layer neural networks with width d.,
acting as nonlinear encoder and decoder respectively [10, sec. 2.2].

The ANO is the minimal architecture for which Universal Approximation can be proved.
By reducing the Kernel Integral layer to simple averaging, Lanthaler et al. (2025) [10]
isolate the theoretical role of each component: the encoder £ o R provides nonlinearity,
the averaging provides non-locality, and the decoder Q reconstructs spatial dependence
(Remark 2.2.23). Since the ANO is a special case of the general Kernel Integral framework,
its Universal Approximation property extends directly to the GNO and FNO as corollaries
[10, Cor. 1][10, Cor. 3|. We analyze and compare the Universal Approximation theorems
for the Kovachki and Lanthaler frameworks in section 4.4.



Chapter 3

Discretization Invariance

Discretization Invariance for the abstract Kernel Integral (Definition 2.2.14) based Neural
Operators is one of the key contributions of Kovachki et al. (2023)[9]. It provides the mech-
anism by which Neural Operators, defined as maps between infinite-dimensional function
spaces, can be trained and evaluated using finite pointwise observations. The core idea is
to introduce non-locality in the neural network by formulating its hidden layers as integral
operators with learnable kernels. Because integration is defined independently of any par-
ticular grid, the learned parameters remain valid across different discretization resolutions.
In practice, the integral is approximated via quadrature over the observation points, and
the Discretization Invariance property guarantees that this approximation converges as the
grid is refined.

We begin this section by establishing the motivation behind the Discretization Invari-
ance property of Neural Operators in section 3.1 and presenting core definitions in sec-
tion 3.2. In section 3.3 we analyze the non-constructive Discretization Invariance theorem
for general Neural Operator architectures [9, Thm. 8] and propose an alternative proof
approach for operators on Sobolev spaces in subsection 3.3.2, which allows us to establish
explicit convergence rates for general kernel integral based Neural Operators in section 3.4.

3.1 Discretization Invariance: Motivation

A central challenge in learning operators is reconciling the infinite-dimensional nature
of the function spaces A and U with the finite nature of computational resources. The
Neural Operator overcomes this by operating on discretizations of the input functions while
learning a representation that is independent of the discretization resolution.

Let D ¢ R? be an open and bounded domain. We assume the input functions a €
A are observed on a finite grid Dy, = {x1,...,2} C D of size L. Consequently, the
computational input is a vector of evaluations a|p, € RE*din - The goal is to construct a
parametric operator Gy that approximates the true operator G': A — U (Definition 2.1.1)
regardless of the grid size L used during training or inference.

The resolution independence of the learned operator is achieved through the kernel
integration layer (Definition 2.2.14). In the continuous limit, the layer computes an in-
tegral operator. In practice, this integral is approximated via a quadrature rule (e.g., a
Riemann sum) over the grid points. For an input function a and a learned kernel x4, the
approximation takes the form

D] ¢
| rtey oty =~ 7 3 ale) (3.1)

Critically, the kernel parameters ¢ define the continuous function k4(-,-) and are shared
across all discretizations. This formulation has two implications for the resolution L:

23
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Mesh refinement

Figure 3.1: Mesh refinement. Source: Kovachki et al. (2023) |9, fig. 1]

1. Resolution Independence: Parameters ¢ learned on a coarse training grid (e.g., L =
64) define a valid continuous operator. This same operator can be evaluated on a
finer grid (e.g., L = 256) during inference without retraining.

2. Approxzimation Quality: The grid size L controls the quadrature error of the integral
approximation. As L. — oo, the discrete sum converges to the exact integral, improv-
ing the fidelity of the model’s prediction relative to the learned continuous operator,
as depicted in Figure 3.1.

Remark 3.1.1 (Relation to prior work). The convergence of the discrete approximation to
the continuous operator is established by Kovachki et al. [9, Thm. 8], whose proof relies on
a precompactness assumption and does not offer explicit convergence rates. Architecture-
specific rates have been obtained for particular instantiations: Lanthaler et al. (2024)
[13] establishes O(N~*) for the aliasing error of Fourier Neural Operators, while Li et al.
[16] derive O(m~'/?) via Monte Carlo quadrature for Graph Kernel Networks. However,
to the best of our knowledge, no explicit rate has been established at the level of the
abstract Kernel Integral Operator. In the subsequent sections, we address this gap by pro-
viding an alternative proof under Sobolev regularity assumptions that establishes explicit
convergence rates.

3.2 Discretization Invariance: Definitions

Definition 3.2.1 (Discrete Refinement; [9, Def. 1]). Given the domain D C RY, define a
sequence Dy C --- C Dy, € D with |Dr| = L and L € N as a discrete refinement of D
such that Ve > 0 9L = L(e) € N such that

DC | fyeR?:|ly—all <<} (3.2)
zeDy,

Given a discrete refinement (D)7, any member Dy, is called a discretization of D.

Remark 3.2.2 (Discretization as e-net). Definition 3.2.1 implies that for any € > 0 there
exists a finite e-net of centroids Dy, := {;}£ | such that D can be covered by finitely many
open balls Bs(z;), i € {1,...,L}. From the definition it follows that D is totally bounded.
In particular, S = |J72; D¢, is dense in D.

Given the parameter function a € A, a: D C R — R™, pointwise evaluation on the
discretization Dy, results in the data set {(z;,a(x;))}-, € RE4 x RE™ (9, sec. 2.3].

Definition 3.2.3 (Discretization Invariant Operator; cf. |9, Def. 4]). Let © C RP be a
finite-dimensional parameter space and G: A x © — U a map representing a parametric
class of operators with parameters # € ©. Given a discrete refinement (D,,)7° ; of the
domain D C R? and a sequence of operators {QL}EOZI with G : RY x RE™ x © — U, we
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say G is discretization-invariant if for any 6 € ©, any bounded set K C A, and Ve > 0
AN € N such that VL > N it holds

sup [|9(alp,,0) — G(a,0)[lu <€

aeK
Remark 3.2.4 (Relation to |9, Defs. 3-4]). Definition 3.2.3 differs from the formulation of
Kovachki et al. [9] in two respects.

First, the term ‘“risk” is dropped. Kovachki et al. define a discretized uniform risk
Ri(G,G, D) = supe 1G(Dr,alp,) — G(a)|lu [9, Def. 3] and formulate Discretization
Invariance as limy oo Rxg = 0 [9, Def. 4|. Standard risk R(f) = E[¢(f(X),Y)] inherently
requires a probability space and an expectation over a data-generating distribution. The
quantity Ry is a uniform approximation error over the set K, measuring structural dis-
cretization error rather than generalization error. Definition 3.2.3 uses this characterization
directly.

Second, the compactness hypothesis on K C A is weakened to boundedness, which is
strictly weaker in infinite-dimensional Banach spaces. Definition 3.2.3 therefore admits a
larger class of parameter families. The price is that establishing Discretization Invariance
in this stronger sense requires additional regularity on G: in the proof of Theorem 3.3.10,
the Morrey embedding W*?(D) < C%%(D) supplies uniform Holder continuity on K,
which provides the equicontinuity that Kovachki et al. obtain from the precompactness
assumption. The e~ formulation replacing the limit is purely notational and anticipates
the explicit rates derived in Corollary 3.4.3.

Remark 3.2.5 (On the map QL) The discrete operator G;, maps the finite-dimensional
input {(x,a(z;))}, € RL? x RE™ to a function in the infinite-dimensional space U.
This is well-defined because the kernel integral formulation evaluates ry(z,-) at all z €
D, producing a continuous output from discrete input data. The space of observations
{(x1,a(z))) Hey € (R xR™)L naturally embeds in RE4 x RE™ via the canonical coordinate
identification, which is an isometric isomorphism.

3.3 Discretization Invariance Theorem

One of the key contributions of Kovachki et al. (2023) is the Discretization Invariance The-
orem for Neural Operators [9, Thm. 8|, which establishes that operators between Banach
spaces can be learned from discrete sets of function evaluations. In this section we outline
the proof and address its limitations. Specifically, we identify a discrepancy between the
theorem statement and the proof: the proof relies on assumptions, such as Sobolev regu-
larity for the embedding theorem as well as equicontinuity and pointwise boundedness to
justify the existence of a precompact set, that are not explicitly included in the theorem
statement. We identify these implicit assumptions and, in subsection 3.3.2, propose an
alternative proof that makes all assumptions explicit and extends the Discretization In-
variance guarantee to a wider class of functions. A detailed step-by-step analysis of the
original proof is presented in Appendix B.

Remark 3.3.1. The theorem statement below reflects the formulation as provided in Ko-
vachki et. al. (2023) |9, Thm. 8|. In Theorem 3.3.8 we propose an adjusted theorem
statement based on our analysis of the theorem and its proof in subsection 3.3.1.

Theorem 3.3.2 (Discretization Invariance; [9, Thm. 8|). Let D ¢ R% and D' ¢ RY be
two domains for some d,d" € N. Let A and U be real-valued Banach function spaces on
D and D' respectively. Suppose that A and U can be continuously embedded in C(D)
and C(D') respectively and that o1,09,03 € C(R). Then, for any n € N, the set of
Neural Operators NOy(o1,09,03; D, D) whose elements are viewed as maps A — U is
discretization-invariant. [9, Thm. 8]
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Proof outline; [9, Thm. 8, Appdz. EJ. Without loss of generality, the domains are aligned
as D = D’ and the continuous embedding is invoked to place the parameter space A
and solution space U in C(D), which is necessary to allow pointwise evaluations on the
discretized grid.

The multi-layer Neural Operator (Definition 2.2.24) is then reduced to a single-layer
operator consisting of a kernel integral with continuous kernel x € C'(D x D), continuous
bias b € C(D), and continuous activation function o:

G(@)(@) = o [ wta.y)aly)dy -+ o)) (33

as in Definition 2.2.27. The extension to the multi-layer case follows by composition and
continuity of each layer. ‘
Given a discretization {y; }1_, = D; of the domain D (Definition 3.2.1), define a family

of pairwise disjoint partitions (P;) such that each Pj(k) contains exactly one point y; of the
discretization and

J

k k l

UrPP =D, PYnP" =0 fork+#l (3.4)
k=1

This allows the definition of the Riemann sum approximation of the single-layer Neural

Operator for any z € D and a € C(D):

Gy(a) () = o (3 s, yo) ala) [P + b(e) (3.5)

k=1

Consider a compact set K C A with the bound ||a||4 < M for all a € K, and construct a
finite e-net of N representative functions {a,}Y_; C K.

This concludes the setup. To show convergence of Qj to G, the proof constructs a
three-¢ argument for the pre-activation expressions and applies the modulus of continuity
of the activation function o.

First, the bounds on the pre-activation expression are obtained as:

sup |, @ )aw)dy-+b@)| <MDkl + Pl (3.6)
S

Equivalent bounds hold for the discretized Riemann sum operator (3.5), which restricts
the domain of the activation function o to a compact subset of R. By the Heine-Cantor
Theorem [18, Prop. 1.8.20, p. 32|, o is uniformly continuous on this compact set.

As the final step, a three-¢ argument establishes that the pre-activation approximation
error decomposes into three components: the continuous approximation error of a by a,,
the discrete approximation error of a by a,, and the Riemann sum convergence for the
Neural Operator evaluated on the finite set of representative functions {an}rjyzl C K. This
concludes the proof. O

For a detailed analysis of the proof, including the omitted steps and explicit justification
statements, we refer to Appendix B.

3.3.1 Analysis of the Discretization Invariance Theorem

On implicit assumptions in the proof setup

We now identify several implicit assumptions in the proof of Theorem 3.3.2 that are not
reflected in the theorem statement.
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Remark 3.3.3 (Role of continuity). We begin our analysis of the proof by addressing the
continuous embedding assumption, stated under the "without loss of generality" claim.
Given that the proof is based on approximating Neural Operator via Riemann sums, eval-
uated at the points of the discretized grid D; C D, the continuity of A is necessary for
allowing pointwise evaluations of parameter functions a € A. In the Lebesgue or Sobolev
spaces the discretized grid D; = {yk}izl has a zero mass as a countable union of points.
Besides, pointwise evaluations of a(yi) may be undefined. Hence, continuity is central
to the proof in order to enable well defined pointwise evaluations of the operator on the
discretized domain.

Remark 3.3.4 (Missing justification for continuous embedding claim). The statement of the
Theorem 3.3.2 defines A, U as general Banach function spaces. The continuous embedding
claim is non-trivial and requires additional assumptions based on the choice of the Banach
space. For instance, for the LP(D) Lebesgue spaces such continuous embedding does not
exist. Since according to their problem definition |9, sec. 2.2] Kovachki et al. intend to
approximate operators G : A — U that output solution functions to PDEs, it is justified to
assume that A, U C W¥P(D) are Sobolev spaces. For the Sobolev spaces the existence of
the continuous embedding is guaranteed by the Sobolev Embedding Theorem. However,
in order to invoke it, additional assumptions on the regularity of the spaces A, U as well
as the boundary 0D are required to be stated explicitly. To formalize, given D C R¢
we define A,U C WHP(D) with k > d/p and a bounded C'-boundary 0D. Then, by
the Sobolev Embedding Theorem [18, Thm. 5.3.28, p. 193] there exists a continuous
embedding W*? — C(D) with

1o < Clfllwe

for C > 0.

Remark 3.3.5 (Necessary assumptions for compactness of K). Kovachki et al. (2023) [9]
rely on an additional strong assumption that needs addressing. They define a compact set
K C C(D) to construct the e-net in the parameter function space A. Since C(D) is infinite-
dimensional, the closed unit ball is not compact by the Riesz Theorem [18, Thm. 2.3.2, p.
80|, so compactness of K is non-trivial and requires additional assumptions. Given that
A — C(D), we are required to invoke Ascoli-Arzela Theorem to construct a precompact
set in C'(D). The precompactness of K is sufficient for existence of e-net due to total
boundedness. However, by Ascoli-Arzela, set K must contain only equicontinuous and
pointwise bounded functions on a compact domain D [18, Thm. 5.4.2, p. 196]. Given that
D c R% is closed, the compactness of D is guaranteed by the Heine-Borel Theorem under
an additional assumption that the domain D is bounded, which is a standard requirement
for PDEs with a boundary condition, as defined in the problem setting section 2.1. The
requirement on the equicontinuity and pointwise boundedness of functions in K, as well as
boundedness of the domain D must be stated explicitly in the theorem definition, which
further narrows the set of functions for which Discretization Invariance holds.

Having identified the missing assumptions in the theorem statement, we now address
our attention to the key mechanisms that the proof is based on.

On the role of Compactness in the proof of the Discretization Invariance The-
orem

The compactness of K is required in order to construct the e-net on the parameter function
space A, which is later used in the three-e argument of the proof to show convergence of
the pre-activation expression. Essentially, the main objective of the proof is to establish
convergence of the Riemann sums on the discretized grid D; to the integral expression for
any parameter function a € K. Since the rate of Riemann convergence depends on the
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particular function a, and K contains infinitely many functions, there is no guarantee that
a single grid resolution suffices for all a € K simultaneously. Hence, the authors invoke
the e-net to reduce this to a finite problem: by fixing N representative functions {a,}2_;,
they can choose a grid refinement J € N such that for all j > J and all a, in the finite
e-net, the Riemann sums

J
‘/ K (2, y)an(y)dy — Z"fxykanyk k)!‘ (3.7)

=1

converge. In order to show

J
k
[ ra ety - Y ntematu) PO < (3.8)
D k=1
the authors choose to expand this expression via the triangle inequality into components

/ w2, 9)la(y) — an(y)|dy (3.9)
D

and
7
> ke, y)lalyr) — an(y)| 1P| (3.10)
k=1

as well as the Riemann convergence for the fixed set of representative functions {a,})\_,
as stated above. A detailed derivation is presented in Appendix B.

Remark 3.3.6 (Alternative approach for constructing e-net). It was in fact not necessary to
assume the compactness of K and thus impose additional assumptions on the parameter
space A. Given that we have established A as a Sobolev space, by the Rellich-Kondrachov
Theorem [18, Thm. 5.4.6] a bounded subset K has a precompact image under the em-
bedding into in C(D), given that D C R? is bounded with C' boundary. However, this
requirement is already satisfied given that we invoke the Sobolev Embedding Theorem
earlier. As a consequence of Rellich-Kondrachov, the precompactness of the image of K in
C(D) guarantees the existence of a finite e-net as required by the subsequent proof steps.

Remark 3.3.7 (Absence of explicit convergence rates). However, the e-net based approach
does not yield explicit convergence rates, as it relies on asymptotic convergence of Riemann
sums for the expression

J
[ wepanto)dn =3 s panml 70| < (3.11)
k=1

in the three-e argument. Thus, we propose an alternative, constructive proof that allows

k)

us to establish explicit convergence rates on each interval of partition P]( and forgoes the

construction of the e-net over K, which is presented in subsection 3.3.2.

This concludes our analysis of the Theorem on Discretization Invariance for Neural
Operators by Kovachki et al. [9, Thm. 8]. A detailed analysis, combined with expanded
derivation of the statements of the proof is presented in Appendix B.

Refined theorem statement

Finally, we establish the adjusted Discretization Invariance Theorem statement, which
explicitly mentions required assumptions to reflect the presented proof by Kovachki et al.
(2023) [9, Thm. 8]
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Theorem 3.3.8 (Discretization Invariance, single-layer; restatement of [9, Thm. 8|). Let
D C R? be a bounded open domain with a bounded C' boundary OD. Let (Dj)?il denote
its discrete refinement. Assume the parameter space A and solution space U are subsets of

the Sobolev space W*P(D) with k > d/p.

Let K C A be a uniformly bounded and equicontinuous family of parameter functions.
Consider a single-layer Neural Operator G : A — U defined by a continuous kernel k €
C(D x D) and a continuous activation function o.

Then, for any € > 0, there exists a sufficiently dense discrete grid D; such that the
empirical operator Qj, evaluated via Riemann sums on Dj, satisfies:

sup |G(a) = Gj(alp,) e < €
aeK

Remark 3.3.9. Theorem 3.3.8 is a restatement of the single-layer Discretization Invariance
result of [9, Thm. 8. The conclusion and the proof strategy (Riemann-sum approximation
of the kernel integral) are theirs. The hypotheses stated above make explicit the regularity
and compactness conditions on which the argument actually relies. In particular, uniform
boundedness and equicontinuity of K C A, the Sobolev embedding threshold k > d/p,
and the C! regularity of D are introduced here to close gaps in the original formulation.
The alternative proof presented in subsection 3.3.2 weakens several of these hypotheses, in
particular replacing the equicontinuity and compactness requirements with boundedness
in WkP(D).

3.3.2 Refined Discretization Invariance Proof

In this section we present an alternative proof of the Discretization Invariance Theorem,
in contrast to the proof of Kovachki et al (2023), described in Theorem 3.3.2. The alter-
native proof utilizes the guarantees of the Sobolev Embedding Theorem [18, Thm. 5.3.28]
under weaker assumptions on the function space A, replacing equicontinuity and uniform
boundedness assumptions of input set K with boundedness in W*P?(D), as this proof does
not rely on finding a compact subset K of A that the proof presented in Kovachki et al.
(2023) [9, Thm. 8, Appdx. E] is based on.

As discussed in Remark 3.3.6, the assumptions of equicontinuity and uniform bounded-
ness of the input set K C A can be omitted by invoking the Rellich-Kondrachov Theorem
under the Sobolev Embedding Theorem guarantees. However, our alternative proof omits
constructing the e-net on K entirely, which allows us to define explicit rates of convergence
of the discretized operator, as it does not rely on the asymptotic convergence of Riemann
sums for finitely many representative functions, as argued in Remark 3.3.7. We first present
the alternative proof strategy for the Discretization Invariance Theorem in Theorem 3.3.10,
which allows us to replace the reliance on asymptotic Riemann sum convergence for finitely
many e-net representatives with explicit bounds on each partition element via Holder con-
tinuity due to the Sobolev Embedding Theorem, and then establish explicit convergence
rates in Corollary 3.4.3 under additional assumptions of Lipschitz continuity of the integral
kernel.

Theorem 3.3.10 (Discretization Invariance for a Single-Layer Neural Operator on Sobolev
Spaces). Let D C R? be a bounded open domain with a Lipschitz continuous boundary. Let
k € N and p € [1,00) be regularity parameters satisfying kp > d. Assume the parameter
space A is a subset of the Sobolev space W*P(D), and solution space U C C(D) with ||.||so
norm. Let K be a bounded set of equivalence classes of functions in W*P(D).

Consider a single-layer Neural Operator G : A — U defined by a continuous kernel
k € C(DxD), a continuous biasb € C(D), and a continuous activation function o € C(R).
Let (D;)72, denote a discrete refinement of the domain D.
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Then, for any € > 0, there exists a sufficiently dense discrete grid Dy, such that the
empirical operator G,,, evaluated via Riemann sums on D, € (Dj)?ip satisfies:

sup [|G(a) = Gm(alp,)llop) < € (3.12)
aeK

Remark 3.3.11 (Limitation). Theorem 3.3.10 is restricted to the single-layer case. The gap
in [9, Thm. 8] identified in Remark 3.3.4 arises in the composition of multiple layers, where
the original proof passes from layerwise convergence to convergence of the full operator by
an unjustified continuity argument. The present result makes the single-layer mechanism
rigorous but does not address that composition step, which remains open and is discussed
as future work in Chapter 5.

Remark 3.3.12 (Attribution and relation to prior work). Theorem 3.3.10 and its proof
are original to this thesis. The result is inspired by, and generalizes, the single-layer
discretization-invariance result of [9, Thm. 8|, which assumes the parameter family K
to be precompact in C(D). The present formulation requires only that K be bounded in
Wk’p(D) with kp > d. The equicontinuity that the Riemann-sum approximation argument
needs is provided by the Morrey embedding W*?(D) < C%(D) ([15, Cor. E.14]), rather
than assumed directly. This substitution expands the class of admissible parameter families
and allows us to establish in Corollary 3.4.3 an explicit algebraic convergence rate that the
precompactness hypothesis alone does not provide.

Remark 3.3.13 (Proof outline: Discretization invariance via Hélder continuity). Given the
discretizations (D;) of domain D and Lebesgue measurable partitions (P;), on each cell of

the partition Pj(i), we approximate the value of fP@ k(z,y)a(y)dy for a given z € D by

evaluating the kernel x and the parameter functiorjl a at the representative point of that
interval y; € Dj, resulting in the approximation «(z, yi)a(yi)|Pj(i)|. We utilize the uniform
continuity of the continuous integral kernel x defined on the compact domain D x D, as
well as the Holder continuity bounds for a € C%%, guaranteed by the Sobolev Embedding
Theorem, to bound the approximation error on each interval P](Z) We further construct
Riemann sums to approximate the Neural Operator on the whole domain D.

Remark 3.3.14 (Explicit convergence rates requirements). Under an additional assumption
of Lipschitz continuity of the activation function o (Definition 2.2.12) and integral kernel
k (Definition 2.2.14), we further establish explicit convergence rates for the discretized
operator, which to our knowledge are not present in the existing literature (Remark 3.3.12).
The results are presented in Corollary 3.4.3.

Proof of Theorem 3.3.10. Given a bounded open domain D C R? with a Lipschitz contin-
uous boundary and the Sobolev space A C WP (D) with kp > d, by Sobolev Embedding
Theorem [15, Cor. E.14, p. 302] and Morrey’s Inequality [15, Thm E.13, p. 302] we obtain

continuous embedding A — C%%(D) with exponent a = {%W +1 —% € (0,1] (ford/p ¢ Z).
Each equivalence class a € A thus admits a continuous representative in C%%(D), on which
pointwise evaluation is well-defined. Let K C A be a bounded set of equivalence classes of
functions in W*P each of which has a continuous representative in C%%(D).

Define a family of pairwise disjoint, Lebesgue-measurable partitions (P;) of D such

that each Pj(i) contains exactly one point y; of the discretization D; of D:

P =D (3.13)

J
=1

)
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with PJ(Z) N Pj(l) = forl #iVl,ie{l,..7} Further we define the diameter of PJ(I) as
hg-i) = diam(Pj(i)) and h; = max; hg-i) as the maximum diameter of a disjoint element of
the partition P;. By definition of the discrete refinement (D;), hj — 0 as j — oo.

Given a discrete refinement (Dj)?‘;l of D, define a discrete approximation G; : RI4 x
R/ — C(D) of an operator G € NO with k € C(D x D,R),b € C(D,R),0 € C(R) as a

Riemann sum

J .
gj(yla - Yg, W1, aw]) =0 (Z K(7yl)wl‘P](Z)| + b()) (314)

i=1

where w; := a(y;) are the pointwise evaluations of the parameter function a € K on the
element of the discretized domain y; € D;.
Recall the single layer Neural Operator G, defined as

6(0)(a) = ( [ wte.pati)dy + o)) (3.15)

Denote the expression within the integral as f(x,y) = k(z,y)a(y) with a € K and k(z,y) €
C(D x D,R).

By the Heine-Borel Theorem, the domain D x D is compact as it is a Cartesian product
of closed and bounded subsets of the finite dimensional space R?. The integral kernel
function k € C(D x D) is uniformly continuous, as it is a continuous function defined on
a compact domain |18, Prop. 1.8.20, p. 32|. Additionally, by [18, Prop. 1.8.20, p. 32|, the
image of the integral kernel function x is compact and hence  is bounded, i.e.

Cy := sup sup |k(z, y)| = ||K|[0c < 00, (3.16)
xzeD yeD

and there exists a modulus of continuity w, such that for all € D and all y,y' € D

Kz, y) — Kz, y")| < wellly = 11 (3.17)

The modulus of continuity w, with respect to the second variable holds uniformly for all
x € D due to uniform continuity of x. Without loss of generality, take w, non-decreasing
by replacing it with ¢ > supy,_,/ < [k(2,y) — k(z,¥y’)|, which dominates it and is non-
decreasing by construction.

Given that the equivalence class of functions a € K is bounded with M > 0:

llalleo < lallcon < Cllallynr, < CM (3.18)

for a C' > 0. Denote Cjy = CM. Furthermore, by the Sobolev Embedding Theorem [15,
Cor. E.14, p. 302], a € K is Holder continuous. By the definition of Hélder continuity |19,
Ch. 5.1, p. 254], for all y,9’ € D:

la(y) — a(y)] < lallcoally — ¥'||* < Cully — y/||* (3.19)

Since the constants only depend on ||al|y ks, the above bounds hold uniformly for all
a € K. ‘

Recall, that on each partition element Pj(z) we use exactly one representative point y;
from the discretized grid D;. We will now construct a bound for the approximation of the
integral operator. Fix an arbitrary evaluation point & € D. For this fixed z, the integrand
becomes a scalar-valued function f(z,y) = k(z,y)a(y). As illustrated below, the obtained
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bounds are independent of the choice of a € K.

[5(z,y)aly) — k(z, yi)a(y:)| < |k(z, y)aly) — Kz, y)a(y;)
+r(z, y)a(yi) — k@, yi)a(y:)| (3.20)

< [k(z, )| |aly) — aly)| + k(2. y) — Kz, y:)| la(yi)]  (3.21)

< slleslaly) — alyi)| + |5(z,y) — Kz, y:)] [lalle (3:22)

< CuCumlly = vill ™ + Cryuws(lly — yill) (3.23)

Denote C = C,.C)y; with C,, from (3.16) and C)s obtained in (3.18). The equation (3.23)
)

shows that convergence rate depends on hgi via the Holder exponent o and the kernel

modulus w,, (3.17). Since y,y; € Pj(i), we have
sup ||y — wil| < A" (3.24)
yEP;’)

for each element Pj(i) of the partition P;.

Since t — t“ is non-decreasing on [0,00) for @ > 0 and due to monotonicity of the

modulus of continuity wy, the bound ||y — y;|| < h\Y from (3.24) makes the bound from

j .
(3.23) independent of choice of y. Hence, for all y € Pj(z),

I6(@, y)a(y) — k(@ y)ay:)| < C (W) + Carwa(h?). (3.25)

Given a partition element Pj(i) and by applying the triangle inequality for integrals, we

bound the approximation error on pY

;* via Riemann sums, using (3.25), as:

‘ / o0ty o) = / )= o (3.26)
</ ) = Tl (3.27)
= [, InGe)aly) — s(e.w)alun) dy (3.29)
= /PJ() (€ (W) + Carwn(h?)) dy (3.29)
= (C]“ (h)° + Cngeon(h) ) 1P (3.30)

Thus, by splitting the integral over the partition and applying the triangle inequality,
followed by the result from (3.30), we can define the approximation error of the Integral
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Kernel Operator via Riemann sums on the whole domain D as follows:

' / Fla,y)dy — Zf (z.y0)| P} = > / o F@y)dy =Y fay) P (331
' j i=1
= Z / () = fyi))dy (332
< ; /P () = Fy)ldy (33
<> (G + Crrwe)) 1P (3.34)
=1
i, .
<X (Chy)* + Caronlhy)) 1P (3.35)
(éh + Cywi j)) D (3.36)

where h; = max; diam(Pj(Z)). The bound is independent of the choice of x € D. Hence,
as the mesh becomes more refined, i.e. h; — 0, the approximation error goes to zero
asymptotically. Its convergence rate depends on the modulus of continuity of the integral
kernel function w, (3.17).

To complete the proof, we need to show that
1G(a) = Gi(alp,)llep) < & (3.37)

As established in (3.18) and (3.16), a € K is bounded by Cjs and s by Cj. Besides,
l|a]|co < [lal|co.e < Chas follows from (3.18). By applying the triangle inequality, we obtain
the upper bound of the integration operator:

( dy‘ / |k(z,y)a(y)| dy (3.38)
< /D lallool I loody (3:39)
< Cum Cy|D| (3.40)

Define the pre-activation function z € C(D) as

z(x) = /D k(z,y)aly) dy + b(x) (3.41)

The bias term b(z) € C(D), as a continuous function on a compact domain, is bounded by
16| < 00 due to the Extreme Value Theorem [18, Thm. 1.8.25]. Combined with (3.40)
we obtain the bound for z:

sup [2(z)| < Cn Cx| D] +[|b]|oo (3.42)
zeD

Similarly, we define the discretized pre-activation function 2 € C(D) as

J
ZH (x,yi)a(yi)| P(z | + b(x) (3.43)

=1
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and establish the bound via triangle inequality

j .
sup [2(2)] < [8lloolalloc PV + 1Bl (3.44)
zeD i=1
< Chr C| D]+ | blloo (3.45)

Denote the bound as R := Cy Cy|D| + ||b]]oc-

The domain of the continuous activation function o € C(R), restricted to the outputs
of z(x) and Z(z), becomes a compact set [-R, R] C R. By the Heine-Cantor Theorem
[18, Prop. 1.8.20, p. 32|, o is uniformly continuous on [—R, R], which implies, that
there exists a modulus of continuity wy, with w,(0) = 0. Without loss of generality, take
ws non-decreasing by replacing it with s — sup,_,<s|o(u) — o(v)|, the supremum over
u,v € [—R, R], which is non-decreasing by construction. It follows:

o ( /D fay)dy + b(x)) —0 (Z Fla,y) | PP+ b<w>> ' (3.46)
=1

< w, (l /D @, y)dy + b(x) — ; £, y) | PP~ b(x)

< W, (C’h?‘\D! + CMw,.;(hj)\DD

Given € > 0, choose 6 > 0 such that w,(d) < e, which is possible since w,(0) = 0 and
we is continuous. By (3.36), because limp,; o h§ = 0 and limp, o wi(hj) = 0, there exists
N € N such that for all j > N:

(C’h}’—i—CMwH(hj)) ID| <6 (3.49)
Then, by monotonicity of w, and (3.48):
wg((éhy+cMwﬁ(hj)) \D|) < wy(d) <& (3.50)

Since N depends only on Cyy, Cy, |D|, and § and not on the particular a € K, the bound
holds uniformly over K, confirming (3.37). This concludes the proof.
O

Remark 3.3.15 (Moduli of continuity and explicit convergence rates). From (3.36) and
(3.50) it follows that we can derive explicit convergence rates for the Neural Operator
approximations by imposing additional requirements on the regularity of the integral kernel
k(z,y) (Definition 2.2.14) and the activation function o (Definition 2.2.12), as we discuss
in the subsequent Corollary 3.4.3.

3.4 Explicit convergence rates for discretized operators

Having established the convergence of the discretized operator in (3.50) of theorem 3.3.10
proof, we can derive explicit convergence rates by replacing the modulus of continuity
functions for activation function w, as well as the integral kernel function wy at the cost
of imposing additional assumptions.

Remark 3.4.1 (On regularity of the activation function o). In the definition of the simpli-
fied Neural Operator used in the Discretization Invariance and Universal Approximation
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Theorem proofs, Kovachki et al. (2023) |9, sec. 8.1] restrict the set of activation functions
used in the Neural Operator to a set of continuous functions on R that map the input
set to a compact set in C™(K) with K being a compact subset of R?. Furthermore, they
require any such function o to be Borel measurable and have at most linear growth, i.e.
SUP,cRr ‘fﬁg} < o0o. Kovachki et al. (2023) indicate that any Lipschitz continuous acti-
vation function, such as commonly used ReLLU, GeLU, Tanh or Sigmoid, would satisfy
this requirement [9, Section 8.1, p. 49]. Commonly used activation functions with their
respective Lipschitz constants are presented in Table 3.1.

As a consequence, we can replace the modulus of continuity w, with Lipschitz continuity

constant in eq. 3.50, obtaining:

16(2) ~ Gyalp,llc(p) < Lol D (ChS + Carwn (b)) (351)

Remark 3.4.2 (On regularity of the integral kernel ). The assumption of Lipschitz con-
tinuity of k requires justification, since the true solution operator (Green’s function) of a
PDE need not be globally continuous. However, the Discretization Invariance result con-
cerns the learned Neural Operator, not the true solution operator itself. In practice, the
two dominant empirical architectures parameterize x in a way that guarantees Lipschitz
continuity: in Graph Neural Operators (GNOs) (Definition 2.2.30), the kernel is learned
via a Multilayer Perceptron x4, which is a composition of affine maps and Lipschitz contin-
uous activation functions and is therefore Lipschitz. In Fourier Neural Operators (FNOs)
(Definition 2.2.31), the kernel is parameterized in the frequency domain and restricted to a
finite set of Fourier modes, which results in a smooth and hence Lipschitz continuous func-
tion. Therefore, for both classes of architectures the assumption of Lipschitz continuity of
K is justified.

Activation Function Expression o(z) Lipschitz Constant L,

ReLU max(0, x) 1
Tanh tanh(x) 1
Sigmoid (1+e )t 0.25
GELU x - ®(x) ~ 1.129

Table 3.1: Standard activation functions utilized in Neural Operator architectures and
their corresponding global Lipschitz constants.

Having provided the justification for our assumptions on the Lipschitz continuity of
the Nemytskii operator induced by the Activation function o (Definition 2.2.12) and the
Kernel Integral Operator with kernel k£ (Definition 2.2.14) in the Neural Operator (Defi-
nition 2.2.24), we proceed to establishing the explicit convergence rates for the discretized
Neural Operator.

Corollary 3.4.3 (Convergence Rates for the Lipschitz Continuous Discretized Neural
Operator). Let D C R? be a bounded open domain with a Lipschitz continuous boundary.

Let k € N and p € [1,00) be regularity parameters satisfying kp > d, with o = {%w +1—% €

(0,1] (for d/p ¢ 7.) being the Hélder continuity exponent of the embedding W*P(D) —
C%(D) [15, Cor. E.18, E. 14]. Let the parameter space A be a subset of the Sobolev space
WHP(D) and and solution space U C C(D). Let K be a bounded set of equivalence classes
of functions in A.

Consider a single-layer Neural Operator G : A — U defined by a Lipschitz continuous
kernel k € C(D x D) with Lipschitz constant L, and supremum bound Cy = ||k|ls0, and
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a Lipschitz continuous activation function o with Lipschitz constant Ly. Let (Dj)32,
denote a discrete refinement of the domain D, and let Cpy = C M where C' > 0 is the
Sobolev embedding constant and M = sup,c g ||a||yys.p-

Then, for any discretization Dj € (D;)52, with mesh width h; = max; diam(P ()) the

empirical operator G;, evaluated via Riemann sums on Dj, satisfies:

sup 1G(a) = Gjalp,)lc(py < Lo Car ID] (Cr b + Ly hy) (3.52)

Proof. The proof follows from Theorem 3.3.10 by replacing the moduli of continuity in
inequalities (3.23) and (3.36) with the respective Lipschitz constants.

Given that the integral kernel x is Lipschitz continuous with constant L, the Lips-
chitz bound |k(x,y) — k(x,y;)| < Lklly — yi|| replaces the modulus wy in (3.23). By the
(i) i

)

monotonicity argument preceding (3.25) (using ||y — ;|| < h;"), we obtain, for all y € Pj(z),

|k(z, y)aly) — £z, yi)a(y:)| <[5l la(y) — a(y:)]

+ k2, y) = k(z, yi)l llalloo (3.53)
< CeCully = will* + LuCumlly — wil (3.54)
< Cur (C (B + L, 1) (3.55)

where C)s, Ck, and hg-i) are as defined in the proof of Theorem 3.3.10.
Define ¢(t) := Cyt® + Lyt for t > 0. Since Cy, L, > 0 and o > 0, ¢ is a monotonic

non-decreasing function on [0,00). Since h;i) = diam(Pj(i)) < h; for every i, we have
qb(hg-i)) < ¢(h;). Hence, by applying the result from (3.55) to (3.36) and by monotonicity

of ¢ with Chy > 0 and ]P](Z)] > 0 we obtain the bounds on the integral approximation via
Riemann sums:

/Df(y)dy—' ()| P\ <ZCM( (Mo + L, h“)\ P (3.56)
=" Cuo(h) [P 3.57
Z w $(h57) [P} (3.57)
=1
L6
< Car (hy) Y 1P} (3.58)
i=1
j .
= Car (Ceh§ + Lihy) S [P (3.59)
=1
= Ci (Ckh + Lihy) D) (3.60)

where the last equality uses Zgzl |PJ(Z)| = |D| since {PJ(Z)} partitions D.

For the following step we adopt the notation for the pre-activation expressions z and
Z from (3.41) and (3.43). Since the activation function o is Lipschitz continuous with
constant L, for every x € D it holds

0(2(2)) — 0 (2(2))] < Ly |2(z) — 2(2)| (3.61)
/D ) dy =3 fla) PO (3.62)
=1

=L,
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where the bias term b(z) cancels. The right-hand side is independent of = by (3.60), so
taking the supremum over z € D,

1G(a) = Gj(alp,)llopy = lo(2) = o(2)llc(p) (3.63)
= sup |o(2(2)) — o(2(2))] (3.64)
< Ly Oyt D] (Ch$ + Lichy) . (3.65)

Observe that the final bound depends only on the global constants and the grid spacing h;,
and, hence, holds uniformly over a € K. By taking the supremum over a € K we obtain:

Sup IG(a) = Gj(alp,)llc(py < LoCu|D| (Cih§ + Lihy) (3.66)
which completes the proof. O

Remark 3.4.4 (Approximation error decomposition). The bound in Corollary 3.4.3 decom-
poses the approximation error into two components:

Total error < C1 h§ + Ca h; (3.67)

where C1,Cy > 0 are constant for a given bounded domain D with C; := L,CyCx|D],
Cy := LyCyLi|D| and « € (0,1] is the Hélder exponent of the embedding W*P(D)
C%(D). The first component C1hf§ arises from the pointwise approximation of the input
function a between grid points and is governed by «, reflecting the regularity of the input
function class. The second component Csh; arises from the Lipschitz continuity of the
learned kernel k and is controlled by the choice of architecture.

Since a < 1, the input term decays no faster than the kernel term, and the convergence
rate equals a. For a <1 the input term h§ dominates for sufficiently fine grids, and the
rate is limited by the regularity of the input function class. At @ = 1 both terms decay
at the same order hj, and the rate is 1. In either case the rate is limited by the input
regularity o and not by the kernel, so imposing regularity on x beyond Lipschitz continuity
does not improve the discretization rate.

Remark 3.4.5 (Lower bound on the number of grid partitions N). The explicit convergence
bound for the discretized operator in Corollary 3.4.3 is expressed in terms of the maximum
partition cell diameter h; := maxy diam(Pj(l)). This quantity is intrinsic to the bound.
In practice, however, the relevant quantity is the number of sample points NN, chosen by
a practitioner with regards to the associated computational costs. Hence, expressing the
bound in terms of N has a practical application. Establishing a convergence rate in N
would require an additional assumption of quasi-uniformity of the partition. Such a rate
is obtained by Lanthaler et al. (2024) [13]| for the FNO (Definition 2.2.31), where a uni-
form grid is intrinsic to the Fast-Fourier-Transform-based architecture. Without imposing
any uniformity assumptions on the discretization in term of Definition 3.2.1, we can still
establish a lower bound on the number of sample points N required for a given maximum
partition cell diameter h;, which is the purpose of Proposition 3.4.6.

Proposition 3.4.6 (Mesh cardinality lower bound). Let D C R? be a bounded domain,
and let (Pj(l))i]\i1 be a partition of D into N measurqble cells with Ufil Pj(l) = D and
Pj(z) N Pj(l) =0 fori# 1. Let hj = maxj<i<n diam(Pj(l)) denote the mazximum mesh size.
Then the lower bound on the amount of partitions N is given by
DI,
N> Pl (3.68)

Vd
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d/2

m is the volume of a unit ball

where |D| is the Lebesque measure of D and vg =
in RY,
Proof. Fix a partition element Pj(z) and any point 1y € PJ(Z) Since diam(Pj(i)) < hj, every
y € Pj(i) satisfies ||y —yo|| < hj, so PJ(Z) C B(yo, h;). By monotonicity of Lebesgue measure,
PP < vynd, (3.69)
/2

where vy = (24T is the volume of the unit ball in R%. As the cells form a disjoint

partition of D, their measures sum to |D]:

N N
Dl = Y IPY| < Y vt = Nught (3.70)
i=1 i=1
Dividing by th? > 0 gives N > |D| ud_l hj_d. ]

Remark 3.4.7 (Practical application). The error decomposition from (3.67) combined with
Proposition 3.4.6 gives an explicit lower estimate on the sample resolution required for
a target accuracy. Fix e > 0 and let o € (0,1] be the regularity exponent of the input
class in spatial dimension d. By Corollary 3.4.3, the discretization error is bounded by
Clh;?‘ + C2h;. Since a < 1, a sufficient condition for the error to be bounded by ¢ is

Clh]ql S % and Cghj S %, (3.71)

the first of which is the more restrictive constraint for sufficiently small € and requires

£ 1/o
hi <|=— 72
i< (55) - (3.72)
expressed as a lower bound on hj_d:
—1/a
€

— <pt ,

(201> < h; (3.73)

By Proposition 3.4.6, any partition with maximal cell diameter h; on the bounded domain

D satisfies N > %hj_d. Substituting the required mesh size (3.74) into this lower bound,
the number of sample points must satisfy

D D| (207 \ Y
N> Ply-a s 1Dl <1> (3.75)

Vq J Vq 9

hence, the required number of sample points estimate follows directly from the regularity
of the input function class, and the estimate holds for any partition fine enough to achieve
€ without an assumption of grid uniformity.

Remark 3.4.8 (Curse of dimensionality). The estimate N > e=%/® (absorbing constants)
from (3.75) of Remark 3.4.7 demonstrates the curse of dimensionality. The exponent d/a
grows linearly in the spatial dimension d, so the number of sample points sufficient to
guarantee a discretization error below € grows exponentially in d for any fixed error € < 1
and regularity o € (0,1]. Equivalently, reducing the target error by half would require
scaling the sample size by at least 2%/,
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The obtained estimate N > e~% describes the lower bound on the sample count that
the discretization error bound (3.66) obtained in Corollary 3.4.3 requires, not a rate of
convergence of the discretization error in V. It holds for any discrete refinement satisfying
Definition 3.2.1, with no assumption of grid uniformity or cell regularity.

The dependence on « highlights the impact of input function class regularity on the
sample requirements. Rougher input classes (smaller «) increase the exponent d/a and
hence require more sample points N for a given error target €, while a = 1, the cap imposed
by the Holder embedding, gives the mildest exponent d.
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Chapter 4

Universal Approximation Theorems

4.1 Motivating Problem

The Universal Approximation Theorem for finite dimensional spaces, as proven by Cybenko
(1989) [1], shows that a single layer neural network composed of finite sums of affine
transformations followed by a nonlinear activation function acts as universal approximator
for continuous functions defined on a unit hypercube I, C R. The proof by Cybenko
demonstrates that a set of such finite sums f(z) = Y1, ¢;o(w; - @ + b;), where o is a non-
linear activation function such as sigmoid, is dense in C'(I,,) with respect to the supremum
norm, in the same spirit as classical density results like Stone-Weierstrass approximation
[18, Thm. 2.4.1, p. 61]. Despite the fact that the proof is non-constructive, as it relies
on the Hahn-Banach Theorem [18, Thm. 4.2.4, p. 124| and the Riesz Representation
Theorem [18, Thm. 4.3.8, p. 134] to construct an argument by contradiction, it sets
the foundation for the first key component of the subsequent Universal Approximation
Theorems for infinite dimensional spaces, the non-linearity of activation function o [3].

Our objective differs from Cybenko’s in a structural way. Instead of approximating
functions f : I, — R™ that map points between finite dimensional spaces, we want to
approximate operators G : A — U between infinite dimensional Banach spaces of func-
tions (Remark 2.1.5). Two obstacles arise immediately. First, neural networks are by
construction maps between finite dimensional vector spaces, which prevents us from in-
gesting elements of the Banach space A directly. Second, the compactness arguments that
Cybenko-like density results are based on are not freely available in the infinite dimensional
spaces, as per Riesz Theorem [18, Thm. 2.3.2, p. 60| the unit ball is not compact in A, and
without some form of compactness no finite-dimensional reduction can be uniform. One
approach to work around this limitation is to factor the element a € A into a finite dimen-
sional representation in R™, approximate the finite dimensional map via a neural network,
and decode the output back into &. This is the approach taken by Chen & Chen (1995)
[3, Thm. 5] and, as we will demonstrate, the prerequisite is precisely the compactness of
the input set, as was previously identified, and which now has to be assumed on the input
space K C A.

4.1.1 Fixed-Grid based Approach to Universal Approximation

As discussed above, we begin our analysis by presenting the Universal Approximation
Theorem (UAT) statement by Chen and Chen (1995):

Theorem 4.1.1 (Fixed-Grid UAT by Chen & Chen, 1995 [3, Thm. 5|). Let A = C(D)
and U = C(D"), where D ¢ R* and D' C RY are compact. Let K C A be compact, and
let G: K — U be a continuous (nonlinear) operator. Let o : R — R be any nonpolynomial
continuous function. Then for every € > 0 there exist positive integers N, M, m € N,

41
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sampling points x1,...,xym € D, and real parameters cf,ffj, Hf, ¢ € R and wy, € R, for

k=1,....Nandi=1,...,M and j =1,...,m, such that

m

N
G(a)(y) — ZZCQCU Zfz@ a(z) + 607 | o(we-y+G)| <e (4.1)
k=

1i=1 j=1
holds for all a € K and all y € D’.

Remark 4.1.2 (On notation in Chen and Chen (1995) [3]). We restate the result of Chen
and Chen (1995) [3]| in the notation adopted throughout this thesis. The translation is
summarized in the following table.

Chen & Chen (1995) This thesis
ueV C C(Ky) ae KCA
G(u) € C(K3) Gla)eU
K| CR" D cCR?

Ky CR™ D' cRY

g (Tauber-Wiener function) o (nonpolynomial continuous activation)

In particular, the symbol u in the original paper denotes an input function (parameter),
whereas in our setting U denotes the output (solution) space. To avoid this collision, we
consistently use a for the input parameter and reserve U for the solution space, in line with
the convention established in section 2.1. Likewise, the original paper uses K;, Ky for the
spatial domains on which input and output functions are defined, while we reserve K for
a compact subset of the parameter space A and write D, D’ for the spatial domains.

Proof outline (following Chen and Chen (1995) [3, Thm. 5]). Two structural observations
drive the construction of the approximating function:

First, the output. For a fixed a € A, the function y — G(a)(y) is a continuous map on
a compact set D' € R%. The classical UAT by Cybenko states that this function can be
approximated to an arbitrary accuracy by a finite sum

N
> ako(wr -y + G (4.2)

k=1

[1, Thm. 2]. However, given that the output function G(a) varies dependent on the input
function a € K, classical Cybenko is not enough, since we need to find unique set of weights
wi, Cx that works uniformly for the whole family of functions G(K). Otherwise, the weights
wk, ¢ would need to be retrained for each input function a, which defeats the purpose.
Hence, compactness of K C A is required, as it guarantees via Ascoli-Arzela Theorem |18,
Thm. 5.4.2, p. 196] the equicontinuity of the input set of functions K, which in turn allows
a uniform choice of parameters wy, (x.

Second, the dependence on the input function ¢ € K. Once the basis for the output
{o(wg, -y + bg)} is fixed uniformly, the only free variable left in (4.2) is the coefficient cy.
Given that the input function a varies across the set K, the coefficient ¢; must depend
on the choice of a. The non-trivial result is that this dependence is continuous, i.e. the
mapping a +— ¢ defines a continuous functional on K. This observation reduces the
operator approximation problem to approximating a finite set of continuous functionals on
a compact set K, which can be solved by sampling evaluation of a at a fixed grid of points
{z;}™, C D and applying Cybenko for the second time on the resulting finite dimensional
vector {a(z;)}™, C R™.

The two observations combined provide the architecture of the proof, where we apply
the "outer" Cybenko UAT [1] in y to fix the basis, followed by the "inner" Cybenko UAT [1]
in the sampled evaluations of a to find the coefficients. The proof formalises each step. [
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Remark 4.1.3. Chen and Chen (1995) divided their proof of the UAT into 5 separate
theorems, which combined deliver the approximation claim. Before presenting the formal
proof, we state the relevant results [3, Thm. 3, Thm. 4| from Chen and Chen (1995) that
are required for the formal proof as lemmas and provide proof ideas.

Remark 4.1.4 (Universal Approximation via non-polynomial continuous functions). Theo-
rems 1-3 of Chen and Chen [3] generalize the Universal Approximation results for continu-
ous nonlinear functions established by Cybenko [1] and Hornik [2]. Their key contribution
is to show that any Tauber- Wiener function qualifies as an activation function in the hid-
den layer, where a continuous function o € S’(R) is Tauber-Wiener if and only if it is not
a polynomial. Throughout this thesis we refer to ¢ simply as a nonpolynomial continuous
function, omitting the Tauber-Wiener terminology to avoid introducing definitions from
the Tempered Distribution Theory that are not otherwise used.

Lemma 4.1.5 (Cybenko approximation with uniform weights; |3, Thm. 3]). Let Q@ C R?
be compact and let V- C C(Q) be a compact subset. Let o : R — R be any nonpolynomial
continuous function. Then for every e > O there exist a positive integer N € N, parameters
wr € RP and { € R for k = 1,...,N, independent of f € V, and continuous linear
functionals ¢, : V. — R such that

M=

sup sup |f(2) = Y cex(f)o(w -2+ G)| < e. (4.3)

fEV zeQ =1

Remark 4.1.6 (The learned basis for equicontinuous set). Lemma 4.1.5 implies that given
a compact set of equicontinuous functions V' C C(Q2) acting on a compact domain @ C RP,
and an error tolerance € > 0, there exists a fized set of non-linear continuous functions
{Be}i_| with learned Bg(2) = o(wy - z + (x), such that the continuous transformation
described by any function f € V on €) can be approximated as a linear combination of the
{Br}i_ |, where the weights oy, = cx(f) only depend on the choice of function f € V and
not the input z € 2. Hence the set {5k}£f:1 can be thought of as forming a basis for the
V C C(9) analogous to a uniform Fourier truncation.

Proof outline. (following [3, Theorem 3]) . For asingle f € C(2), the density of sigmoidal
sums is guaranteed by the Cybenko UAT [1|. The challenge is to find a uniform set of
weights wy, (i that are shared across the whole compact set V' C C(Q).

Assume WLOG that © = [0, 1]" and extend each f € V to an even periodic function
f* on [—1,1]". The compact set of extensions V* remains compact by [3, Lemma 3|. Since
the extension is even, the sin coefficients in the Fourier expansion vanish by symmetry,
and each f* admits a pure cosine expansion with real-valued Fourier coefficients d,, (f*).

By the Ascoli-Arzela Theorem [18, Thm. 5.4.2, p. 196|, compactness of V* implies
equicontinuity, which guarantees the existence of a single modulus of continuity w(d)
bounding |f*(t) — f*(t + 0)| for all f* € V* and all ¢. Since the Fourier coefficients
satisfy |dp, (f*)] < C-w(1/|m]) for all f* € V* with the same constant C, a single trunca-
tion radius R controls the approximation error uniformly over V*. More precisely, Chen &
Chen use a smoothed truncation via Bochner-Riesz means on a multivariate domain, we
refer to |3, Lemma 4] for details. The result is that

f(x) — Z A (f*) cos(mm - 2)|| < /2

Im|<R

holds for all f* € V* simultaneously.
It remains to approximate the cosine basis via the sigmoidal sum. Each cos(mm - x)
is a continuous function of the single variable u = 7#m -z € R. Since ¢ is nonpolynomial
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and hence Tauber-Wiener by [3, Thm. 1|, there exist M € N and constants s;,&;,;
such that | cos(u) — Zj]\/il sjo(§ju+mn;)| < e/(2L) on the relevant bounded interval, where
L= Z|m| <R |d,| absorbs the Fourier coefficients. Substituting into the truncated Fourier
sum yields a double sum over pairs (m,j), which can be rearranged into a single sum
SN en(f)o(wg - 2+ ¢) with N = [{|m| < R}|- M. The weights wy, = &mm and biases
Ck = n; depend only on the Fourier frequencies and the TW approximation to cosine, not on
f. The output coefficients c;(f) = dpm(f*)-s; are defined as products of a linear continuous
functional of f with a fixed constant, hence they remain linear continuous functionals of
f. Combined, this results in the expression of (4.3). O

Lemma 4.1.7 (Approximation of continuous functionals on a compact subset of A; [3,
Thm. 4]). Let K € A= C(D) be compact, with D C R? compact, and let F : K — R be
a continuous functional. Let o : R — R be any nonpolynomial continuous function. Then
for every € > 0 there exist positive integers M,m € N, sampling points x1,...,Tm € D,
and real parameters c;,0;,&; € R fori=1,...,M and j =1,...,m such that

M m
sup [F(a) — Zci o Z&j a(z;)+6; || <e. (4.4)
acK i=1 j=1

Proof idea. (following [3, Thm. 4]). The construction of the approximating function can
be divided into two parts. First, given compactness of K C A, by the Ascoli-Arzela
Theorem [18, Thm. 5.4.2, p. 196] the set K is equicontinuous, i.e. ¥n > 0 3§ > 0 :
Va € K, Vx,y € D is holds that |x — y| < ¢ implies |a(x) — a(y)| < . By compactness
of D C R%, we construct an §-net {x; }7L, and a corresponding partition of unity {7}}7",
[18, Lemma 5.3.14|, such that the discretized function

an(x) =Y a(a;)Tj(z) (4.5)

j=1

satisfies ||a; — al|c(py < n uniformly for all @ € K. As a result, any a € K can be
approximated with accuracy n by the finite dimensional vector (a(z1),...,a(x,,)) € R™
uniformly across the whole set of functions K. We call this map the encoder and denote
it as £ : K — R™. Given the desired accuracy 7, it samples the point grid {z;}7, C D
to approximate the identity on K as

E(a) = (a(xy),...,a(zy)) € R™

We further denote the discretization of K for a given accuracy n as K" := {a, : a € K}.

Second, given that F'is a continuous functional on a compact set K, by Heine-Cantor
Theorem [18, 1.8.20, p. 32] it is uniformly continuous on K. However, F' may not be defined
on K. Chen and Chen address this by defining a continuous extension F* : K* — R on
the compact set K* = K U K" via Tietze extension. We refer for details to [3, Lemma 7
and Thm. 4 proof].

By the Heine-Cantor Theorem, the uniform continuity of F* implies that we can find
n small enough such that |F*(a) — F*(a,)| < €/2 for all @ € K. The restriction F*|gn
depends only on the discretized vector (a(z1), ..., a(rm)) € R™, hence the map v — F*(ay)
with @) := > 70", v;T;(2) is a continuous function on the compact image £(K) C R™. By
the classical Cybenko UAT theorem [1, Thm. 2] applied to this function, there exist a
function F* with M € N and parameters ¢;, 6;, &ij such that

M m
[F*(ay) = F*(ag)] = | F*(ay) = > cio | D &yalay) +6 || < (4.6)
i=1 j=1
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Given that F*|x = F and by triangle inequality we obtain the final approximation

|F(a) — F*(ay)| = |F*(a) — F*(ay)| (4.7)
< |F*(a) — F*(ap)| + | F*(ay) — F*(ay)| (4.8)

<g+%:5 (4.9)

O

Having both components in place, we can now proceed to proving the Theorem 4.1.1
as outlined earlier in this section.

Proof of the Theorem 4.1.1 (following [3, Thm. 5]). Given a compact set K C A and con-
tinuous operator G : A — U, the image V := G(K) C U is compact in C(D’). Since V
is a compact subset of C(D’) and D' C RY s compact by assumption, we may apply
Lemma 4.1.5 with Q = D’ and the compact family V. Formally, 3N € N, parameters
wy € R/,Ck € R independent of choice of a € K, non-polynomial continuous activation
function ¢ and continuous linear functionals ¢; : V' — R such that

N
G(a)(y) =D en(Ga) olwr -y + G| < (4.10)
k=1

N ™

foralla € K and all y € D'.

The (4.10) can be interpreted as a truncated Fourier-type expansion of G(a) in the
sigmoidal basis {o(wg -y + ()}, with coefficients c;x(G(a)). Only the coefficients ¢, vary
with a, the basis is fixed and independent of the choice of the input function a € K.

Next, for each fixed k € {1,..., N} define the functionals F}, as

Fp,: K >R, Fgla):=cp(G(a)) (4.11)

As a composition of a continuous operator G : K — V and a continuous linear functional
cr V. — R, the functional Fj is continuous. Note, that Fj is generally non-linear in a
due to non-linearity of the operator G.

This allows us to reduce the problem of approximating operators between Banach spaces
to the approximation of N continuous functionals {F;}4_; on the compact set K C C(D).
We can now apply Lemma 4.1.7 to each functional Fj with error bounds /2N L, where

N

L:=Y " sup |o(w-y+ Gl (4.12)
k=1 yeD’

The lemma provides for each k € {1,..., N} a M}, € N with sampling points {xl}f\i * and

real valued parameters cf, flkj, Of , which can be unified to a single grid {x;}!"; C D of size

m by taking unions and padding unused weights ff} with zeros, such that

3
ZC g Zgl] .’Ej +0k < m (413)

for all a € K with M := maxy M.
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Substituting (4.13) into (4.10) and applying the triangle inequality we obtain the ap-
proximation bounds:

N
|9(@)() = Frla)) olwn -y + G| = (4.14)
k=1
N M m
= [6@ ) =D ko Yo el alw) +0F | olwi-y+G)|  (415)
k=1 i=1 j=1
€ N A
< S+ Y |Fula) = Fula)| - oy + Gl (4.16)
k=1
S S
SN gp L= (4.17)

for all @ € K and all y € D', where 3 (a) denotes the inner sigmoidal sum approximating
Fy(a). This concludes the proof.
O

4.1.2 Analysis of the Fixed Grid UAT

Remark 4.1.8 (On discretization in the UAT by Chen & Chen). The architecture of the
approximating function in Theorem 4.1.1 requires two distinct fixed discretization choices,
both of which are determined at design time and neither of them admitting canonical
refinement.

First, the input sampling grid {z1, ..., z;} C D depends on the equicontinuity modulus
of the compact set of input functions K C A. Refining the grid, e.g. increasing from m
to 2m sampling points to improve accuracy, results in a different encoder & : K — R?™,
hence a different finite-dimensional target map, and consequently a different approximating
neural network with no canonical relationship to the original. The entire architecture must
be reconstructed and retrained.

Second, the output basis {o(wg-y+x) HY_; is determined by the equicontinuity modulus
of the image G(K) C U. A different choice of N or the weights wy, (x produces a different
basis, and again no refinement structure relates the resulting approximators to one another.

Remark 4.1.9 (On compactness of the input set K C A). The proof of Theorem 4.1.1 is
entirely based on two applications of compactness via the Ascoli-Arzeld Theorem: once
for K C A, to construct the encoder through equicontinuity of the input family, and once
for G(K) C U, to construct the output basis through equicontinuity of the output family.
Without compactness, neither the uniform §-net on D nor the uniform choice of output
weights wg, (x can be guaranteed to work across the entire set of input functions K C A
simultaneously.

This reliance on compactness, however, is not specific to the Chen and Chen (1995) 3]
proof technique. It is a structural requirement of the encode-approximate-decode strategy
itself. Any approach that reduces an infinite-dimensional operator approximation problem
to a finite-dimensional one via pointwise sampling must control the variation of the set
of input functions uniformly, and compactness (or an equivalent condition such as total
boundedness) is what provides that control. As we will see in the following sections, sub-
sequent refinements of the Universal Approximation Theorem relax other aspects of the
Chen and Chen (1995) [3| construction, such as dependence on a fixed discretization grid,
but the compactness assumption on the input set K propagates through all of them. The
scope and necessity of this assumption will be examined in detail when we compare the ap-
proaches of Kovachki et al. [9] and Lanthaler et al. [10] in section 4.3 and subsection 4.4.2.
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Remark 4.1.10 (On the encode-approzimate-decode pattern). The encode-approximate-decode
strategy introduced by Chen and Chen bridges the conceptual gap between infinite-dimensional
function spaces and the inherently finite-dimensional nature of neural networks.

This three-stage decomposition, where we first encode an infinite-dimensional input into
a finite-dimensional representation, apply a finite-dimensional universal approximator, and
then decode back into the output function space, is a structural pattern that recurs in every
subsequent Universal Approximation result for operators discussed in this thesis.

What varies between approaches is the realization of each stage. For instance, the en-
coder may be pointwise evaluation on a fixed grid (Chen and Chen, (1995) [3]), projection
onto a finite Fourier basis (|9]), or a non-local averaging operator ([10]). The architec-
tural properties demonstrated in subsequent sections, such as Discretization Invariance
and generality beyond C(D), arise from different choices at each stage. However, the
encode-approzimate-decode proof strategy remains invariant across the entire literature.

Both discretizations identified in Remark 4.1.8 are consequences of Chen and Chen’s 3]
specific instantiation of the encode-approrimate-decode pattern, namely pointwise evalua-
tion as the encoder and finite sigmoidal expansion as the decoder. Improving the accuracy
of the approximation under this instantiation requires not only retraining parameters but
also restructuring the architecture itself.

The Chapter 3 of this thesis addresses this limitation directly. There we show how
both fixed discretizations can be replaced by a non-local Kernel Integral Operator that
acts on the input function a € A through integration rather than pointwise evaluation.
The integral formulation offers a natural refinement structure, since discretizations of the
kernel integral converge to the continuous operator as the quadrature grid is refined, and
most importantly, the approximating operator is defined independently of any particular
grid. This is the property we call Discretization Invariance (Definition 3.2.1), and the
explicit convergence rates derived in Chapter 3 quantify how the approximation error
decreases as the grid is refined.

In the following sections, we generalize the encode-approximate-decode strategy used
by Chen and Chen and present the discretization-invariant formulation of the Universal
Approximation Theorem due to Kovachki et al. (2023) [9].

4.2 Generalised Encode-Approximate-Decode Framework

In this section, we present the generalized Universal Approximation Theorem for Banach
spaces with Approximation Property (AP), an important theoretical result that guarantees
the existence of the finite dimensional approximation for the operators between Banach
spaces and provides a unifying theoretical framework for the approximator architectures
observed in applied literature. The proof formalizes the encode-approximate-decode strat-
egy and relies on two main components, the Approximation Property of Banach spaces
and compactness.

4.2.1 On the role of the Approximation Property of Banach Spaces

We begin by introducing the concept of the Approximation Property and discussing its
implications, as it appears to be the foundational component in operator learning that can
be traced back to all practical approaches discussed in this thesis. Informally, it guarantees
that elements of compact subsets can be approximated by images of finite rank operators.

Definition 4.2.1 (Approximation Property for Banach Spaces; |9, Def. 17, p. 72|). A
Banach space X is said to have an Approximation Property (AP) if for any compact set
K C X and € > 0 there exists a finite rank operator T': X — X such that

||z —Tx||x <e
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for all z € K.

An important result that aids in understanding how AP enables interpolation, which
is essential to any UAT proof, is that every Banach space that admits a basis has the
approximation property [20, Thm. 4.1.33]. In order to illustrate this idea, we will require
a formall definition of the Schauder basis:

Definition 4.2.2 (Schauder Basis; [20, def. 4.1.1, p. 350]). Let @ C R™ and X(2) a
Banach space. A Schauder basis is a sequence of elements {3;}5°, C X such that for every
x € X there exists a unique sequence of scalars {¢;}°,, with ¢; € R Vi € N, such that

o0
r=> cib;
=1

Remark 4.2.3. Unlike the Hamel basis, the Schauder basis is countable and its elements
must be ordered. The coefficients {c¢;}3°; from Definition 4.2.2 can be represented as
evaluations of a sequence of functionals {f;}7°; C X* on a Banach space X with Schauder
basis B(X) := {8;}3°;, and the expansion z = ), f;(x)f; converges uniformly on every
compact subset of X [21, Thm 9.6, p. 115]. Hence, given a compact subset K C X and an
error tolerance £ > 0, we can find a subset {3;}; C B(X) and a sequence of functionals
{fi}¥, C X* with N < oo such that

N
|l — Zfi(!E)BiHX <e, VzeK
i=1

Remark 4.2.4. Recall from the proof of the Theorem 4.1.1 that this approach was used
by Chen and Chen in (4.10) to construct the approximation of the operator output as a
truncated Fourier-type expansion of G(a) € U in the sigmoidal basis {o(wy - y + (&) 1,
with coefficients ¢x(G(a)) acting as functionals on the output space U C C(R™).

We conclude this interlude by presenting practical results that guarantee the existence
of approximation property in the spaces of our interest: C,LP, and W¥*P. Since those
results aim to aid us in proving the generalized UAT | we state them in this work as
lemmas.

Lemma 4.2.5 (|20, Thm. 4.1.33|). Every Banach space with a Basis has the approzimation
property.

Remark 4.2.6. Kovachki et al. (2023) verify explicitly that the Approximation Property
(def. 4.2.1) holds for LP(D), W™P(D), and C™(D) on bounded Lipschitz domains [9,
Lemma 26]. The argument proceeds by establishing that each of these spaces either has a
Schauder basis (which implies the AP by 4.2.5) or is isomorphic to a space that does. In
particular, it is well-known result that LP(0,1) admits a Haar system which is a Schauder
basis [20, Example 4.1.27|, and the extension to LP(D) follows from a measure-preserving
isomorphism [9, Lemma 26]. The Sobolev cases W™P (D) are reduced to L -type spaces via
Stein’s extension theorem |9, Lemma 26|, and the C™ cases use a classical basis construction
due to Ciesielski and Domsta (1972) [22, Thm. 5.

4.2.2 Generalised UAT for Banach Spaces with AP

Theorem 4.2.7 (Generalised Universal Approximation Theorem for Banach Spaces with
AP; |9, Lemma 22]). Let X, Y be Banach spaces with AP and let G : X — 'Y be a continuous
operator. For every compact set K C X and ¢ > 0 there exists J,J' € N and continuous
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linear maps Fy : X — R? and Gy : R7 — Y as well as a continuous map ¢ € C(RY, RJ,)
such that

ig}g!\g(l‘) —(GropoFy)(z)lly <e (4.18)

Furthermore there exist functionals wy,...,wy € X* such that Fj has the form
Fj(x) = (wi(z),...,ws(x)), VeeX (4.19)

and there exist 81, ...,85 € Y such that Gy has the form

J/
Gy (U) = Zvjﬁj, Yv € RJ/ (4.20)
j=1

If Y admits a basis, then {Bj}le can be chosen such that there exists an extension
{81521 C Y which is a basis for Y.

Before presenting the proof, we introduce an auxiliary result without proof that shows
the conditions under which an infinite union of compact sets is compact.

Lemma 4.2.8 (|9, Lemma 21|). Let X,Y be Banach spaces and T : X — 'Y a continuous
operator. Let K C X be a compact set and {F,, : X — Y}2°, a sequence of continous
operators such that

lim sup ||F(x) — Fp(x)|ly =0

n—oo zeK

Then the set -
W= | Fu(K)UF(K)
n=1

1s compact 'Y

The proof below follows the argument of |9, Kovachki et al. (2023), Lemma 22|. We
present it in expanded form with the construction of the encoder-decoder factorization
made explicit.

Proof of Theorem 4.2.7 (following [9, Lemma 22]). First, in order to approximate a con-
tinuous operator between two infinite dimensional Banach spaces G : X — Y via a finite
dimensional function, we need to discretize the input and output Banach spaces X and Y.
We begin with the input Banach space X. Since X has Approximation Property
(Definition 4.2.1), for all compact sets K C X and Ve > 0 3 finite rank operator I : X —
X with J € N such that
|z —Ifz||x <e VoeK.

Since the identity operator [ f has finite rank, it can be interpreted as constructing an
element x € K as a linear combination of a finite set of elements {a;}7_ ; of X:

J
If (x) =) cia (4.21)
=1

Note, if X admits a basis, then {a;}7_; is its finite subset.

Since the set {a;}7_, is fixed for all + € K, the weights {¢;}7_; € R/ must depend
on the input z € K. Hence, we can define them as ¢; = w;(x) with w; € X*, where
{wi}{_, € X* is a finite set of functionals. We can re-define (4.21) as:

J

I (z) = Z wi(z)ay (4.22)

=1
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Given that the identity I f,( : X — X has a finite rank, we factorize it as as a chain of
two operators 15X = Gf]( o Fj(, with Fj( : X — R’ being the encoder, defined as

FX(z) = (wi(x),...,ws(z)) (4.23)

with {w;}_; € X*, and a decoder G5 : R’ — X, which constructs any element € K as
a linear combination of the set of elements {a;}7_ ; € X:

J
GX(v) := Zviai (4.24)
i=1

where (v;)? € R” is a finite input vector of real valued coefficients.

Similarly, we construct the encoder and decoder operators for the output space Y. First
we need to extend the compact set K to include the elements I f,( (K). We define the set

7 = [j IXK)UK (4.25)
n=1

which is compact by Lemma 4.2.8. Note that the definitions of F’ j( and G%( as the compact
set K C X is chosen arbitrarily.
Now, we define the set

W:=(GoIf)(K)CY (4.26)

Given that Go I 5( is continuous as a product of continuous maps and K is compact, the
set W is compact in Y. Note that W depends on the choice of J in f .

Similar to X, we construct the finite rank operator I}/, Y —» Y, with F}f Y 5 R
and G}/, :R7" — Y for the Banach space Y, with

Fy(y):=(a),....ar(y), WeY (4.27)
J/

GY,(v) == szﬂi, Yo e R” (4.28)
=1

with {8}/, € Y and {g¢;}/_, € Y* such that I, = G¥, o F},. If the Banach space Y admits
a basis B(Y), the set {8}/, € B(Y)) can be chosen as a finite subset of the basis of Y.

Now that we have defined the discretization of Banach spaces X and Y, we can represent
the non-linear transformation G with a continuous function ¢ € C(R’, R’ l), defined as:

p:=FLoGoG¥ (4.29)
Note, that

GY opoFy =I%oGolf (4.30)

We have defined all the components required for the proof. The encoder operator Fj(
reduces the input x € X to a finite-dimensional representation, the approzimator map
¢ € C(R7,R”") learns the non-linear transformation defined by the operator G, and the
decoder operator G}I/, constructs a vector in Y based on the output weights of . It remains
to show that the operator G?,/, opo Ff : X = Y converges to G for all x € K.
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Observe that the continuous operator G is uniformly continuous for each compact set
Z € X, which implies that Ve > 0 36 > 0 such that V1,29 € Z with ||z1 — x9||x < 0 :
|G(x1) — G(x2)|ly < /2. Due to the Approximation Property of Banach space X, we can
find a J > 0 such that ||z — IXx||x < §, which implies ||G(z) — G(IXx)|ly < &/2 for all
r € Z.

Now, for the output Banach space Y the Approximation Property guarantees that we
can find J' such that ||y — I%y||y < /2 for all y € W. Recall from (4.26) that the set W
depends on our choice of J for I7 X,

Applying the triangle 1nequahty and using the identity GY, JopoF j( =1 }/, oGol L),( from
(4.30) results in:

I1G(z) = (G 0 9o FX)(@)lly = 1G(z) — I3(G(I5 )|y (4.31)
<|1G(z) = GUF )|y + G5 x) — Ty(G(IF @))lly (4.32)

€ €

for all z € K. This concludes the proof.
O

4.2.3 Discussion on the Error-Decomposition and Applied Architectures

Remark 4.2.9 (Applied Instantiations of the FEncode-Approximate-Decode Framework).
Several prominent operator learning architectures, including the original Chen & Chen
network [3], DeepONet [4], PCA-Net [6], and the Fourier Neural Operator [7], can each be
interpreted as a specific realization of the composition (G j oo Fy, ) from Theorem 4.2.7,
(4.29). The main difference arises in their choice of basis, encoder functionals, and the
approximator function.

Chen and Chen (1995) [3]. The original operator UAT (Theorem 4.1.1) works on
X = C(Ky),Y = C(K>) with compact K1, Ky C R?. The encoder F; evaluates the input
function at J fixed sensor points {si,...,s5} C K1, so Fy(x) = (x(s1),...,2z(ss)) (4.11)
with each w; = d,, being a Dirac evaluation functional. The decoder Gy reconstructs the
output as a linear combination Zglzl vgo(wg -y + ;) in a sigmoidal basis of C(K3) (4.10),
and the approximator ¢ is itself a neural network mapping sensor values to the expansion
coefficients (4.15).

DeepONet (Lu et al., 2019). The Deep Operator Network [4] separates ¢ into a branch
net (processing the discretized input) and a trunk net (producing basis functions for the
output), which are connected via an inner product. The encoder remains pointwise eval-
uation at sensor locations, as in Chen & Chen. The main difference is that the trunk net
learns the output basis {Bk}ilzl instead of fixing it a priori, which can be interpreted as
learning a data-adapted decoder G j» end-to-end. The existence guarantee of Theorem 4.2.7
applies to this architecture since learned basis functions in Y are still elements of Y.

PCA-Net (Bhattacharya et al., 2021). The PCA-Net [6] restricts to Hilbert spaces
X =Y = L?, where the Schauder basis (Definition 4.2.2) is replaced by a PCA basis
which is derived from the data. The encoder F; projects onto the first J empirically
derived eigenfunctions of the input covariance via inner products w;(z) = {z, ¢;X), and the
decoder G j reconstructs in the leading J’ eigenfunctions of the output covariance. The
approximator ¢ is a feed forward network between the two latent spaces R’ and R” ", Since
Hilbert spaces admit an orthonormal basis [18, Thm. 6.5.13, p. 230] (and hence the AP
by Lemma 4.2.5), this architecture fits within the framework defined in Theorem 4.2.7.

Fourier Neural Operator (Li et al., 2020). The FNO (introduced in [7] and formalised in
[8]) operates on L?(T?), where T? := [0, 1]¢ denotes the d-dimensional torus with periodic
boundary conditions. It uses the Fourier basis {s +— e?™'$},  as the fixed orthonormal
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basis for both encoding and decoding. The encoder F; truncates the input function a € A
to the first J Fourier modes, the approximator ¢ applies learnable linear transformations
in Fourier space (pointwise multiplication of mode coefficients), and the decoder G j re-
constructs via the inverse discrete Fourier transform. This is an instance of Theorem 4.2.7
on L?(T%), where the Fourier system is the canonical orthonormal Schauder basis.

In all cases, the abstract result in Theorem 4.2.7 guarantees existence of a sufficient
finite-dimensional factorization. The applied architectures differ in three main components:
(1) the choice of basis (fixed analytic [3], learned [4], or data-driven [6]), (ii) the form of
the encoder functionals (pointwise evaluation [3], inner products [4], or integral transforms
[8]), and (iii) the parametrization of ¢ (shallow network [3], deep network [6] [4], or Kernel
Integral Operator [8]).

Remark 4.2.10 (On the Error Structure and the Role of the Output Bottleneck). The non-
contructive proof of Theorem 4.2.7 shows how the approximation error due to discretization
can be decomposed into two components, both governed by the Approximation Property
applied separately to X and Y. The first term in (4.31), |G(z) —G(IX )|y, is the encoding
error: compactness of the input set K forces G to be uniformly continuous on K, which
lets us translate a small input deviations ||z — I5z||x < § into a small output deviations
uniformly over K. The second term, ||G(I5z) — I3,(G(I¥x))|ly, is the decoding error:
it measures how well the finite-rank reconstruction of the output function in Y captures
the image of the already-discretized operator, controlled by the AP of Y applied to the
compact image set W := (G o I5)(K).

Note, that the finite-dimensional map ¢ = F}/, oGo G§ does not introduce an explicit
additional error in this existence result, since it is defined exactly. In practical architectures
discussed in Remark 4.2.9, ¢ is unknown and must be approximated by a parametric model
® =~ ¢ (e.g. a neural network), which introduces a third error term controlled by classical
finite-dimensional universal approximation results [2, 1].

Furthermore, the decoding error is not always defined as an independent source of error
in practical architectures, as the decoding step is often combined with the approximation
of non-linear transformation ¢ by design. In all bottleneck architectures, such as Chen
& Chen [3], DeepONet [4], PCA-Net [6], the output of ¢ is defined in the fixed span
of finite basis {ﬁj}jlzl by construction, and the network is trained to minimize the error
(G jr o x o Fy)(z) — G(x)|ly from the data. This gives the appearance that the decoding
error is absorbed into the approximation error of ¢.

However, the decoding error controlled by the AP of Y defines an effective lower bound
on the approximation error in bottleneck architectures: if a non-trivial component of G(x)
lies in the orthogonal complement of span{3;} JJIZI, no choice of the approximation function
¢ can recover it. In PCA-Net [6], this lower bound is precisely the tail 3, )\}/ of the
output covariance spectrum, and in Chen and Chen [3] and DeepONet [4] it is controlled
by the expressiveness of the chosen output basis, defined as sigmoidal in the former, and as
learned trunk functions in the latter. Hence, even assuming that the non-linear transfor-
mation ¢ can be approximated arbitrarily well, the approximation error for the operator
G remains limited by the choice of basis {g; }3]/:1 used to reconstruct the output function.

The Neural Operator framework of Kovachki et al. [9], presented in the next chapter,
removes this bottleneck by replacing the fixed finite-rank factorization through R”" with
a kernel integral layer ( Definition 2.2.14) that acts directly on function spaces. As a
consequence, the error decomposition simplifies to two terms: the input discretization
error and the operator approximation error. This structure is reflected in the explicit
convergence rates that we derived in Corollary 3.4.3, where the operator approximation
error is decomposed into a Holder regularity contribution from the discretization of the
input space and a Lipschitz kernel approximation contribution from the Neural Operator
(Definition 2.2.24) architecture, effectively removing the lower bound on the latter defined
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by the output trucation.

4.3 Continuous Non-Locality Guarantees Discretization In-
variance

In this section we show how the Kernel Integral Operator (Definition 2.2.14) provides a
realization of the encode-approzimate-decode framework (Remark 4.1.10) that achieves Dis-
cretization Invariance (Definition 3.2.3) through continuous non-locality. We first outline
the Universal Approximation Theorem for Kernel Integral Operators due to Kovachki et al.
[9] in Theorem 4.3.1, compressing the key ideas of their proof into the encode-approzimate-
decode structure established in the preceding section. In Corollary 4.3.5, we extend this
result from compact to bounded subsets of Sobolev spaces, yielding explicit approximation
guarantees under weaker hypotheses on the input set, consistent with the generalized Dis-
cretization Invariance rates established in Corollary 3.4.3. We conclude with a discussion
in Remark 4.3.7 of how continuous non-locality via kernel integration enables Discretiza-
tion Invariance, and show that the fixed-grid approach of Chen and Chen (Theorem 4.1.1)
can be viewed as a special case of this generalized framework.

4.3.1 Universal Approximation via Integral Kernel Operators

Theorem 4.3.1 (Discretization-Invariant UAT; [9, Thm. 11]). Let D € R? and D' ¢ R
be bounded Lipschitz domains. Let the input space A be one of LPL(D) or W*P1(D) for
some 1 < p1 < 00, k1 € N or C(D), and let the output space U be one of LP2(D') or
Whk2P2(D') for some 1 < py < o0, ko € N or C(D'). Let G' : A — U be a continuous
operator and let the activation function o in NOp (Definition 2.2.27) be globally Lipschitz
and non-polynomial. Then for any compact set K C A and 0 < e < 1, there exist T € N
and a Neural Operator G € NOp such that

sup |G'(a) — G(a)llu < e. (4.34)

acK
Remark 4.3.2. The proof of Theorem 11 in Kovachki et al. (2023) [9] is distributed across
six core lemmas (Lemmas 21, 22, 26, 32, 34, 35) and several auxiliary results (Lemmas 18—
20, 27-30) spanning approximately 30 pages of appendices. The auxiliary lemmas establish
functional-analytic foundations, such as Riesz-type representation theorems for WP 9,
Lemma 28| and C™ [9, Lemma 27| spaces, mollification arguments for approximating
Radon measures by smooth kernels [9, Lemma 30|, and verification of the Approximation
Property for the relevant Banach spaces via Schauder basis theory and extension operators
|9, Lemmas 18, 19, 20|. The core lemmas then show that each component of the encode-
approximate-decode factorization from Theorem 4.2.7 can be realized within the Neural
Operator architecture using integral kernel operators with neural-network-parametrized
kernels.

In the following proof outline, we consolidate the logic of these results into a single ar-
gument, organized around the three components of the factorization. Instead of restating
each lemma separately, we focus on how the Kernel Integral Operator (Definition 2.2.14
serves as the unifying architectural component that enables all three steps, namely en-
coding, transformation, and decoding, while guaranteeing the Discretization Invariance
(Definition 3.2.3). We demonstrate the proof ideas on the example of A = LP(D) and in-
voke the auxiliary functional-analytic results for W*?(D) and C(D) spaces with references
to the corresponding lemmas by Kovachki et al. [9] when required.

Proof outline. The proof is based on the existence result from Theorem 4.2.7 and proceeds
by parametrizing each component of the G ~ Gy o ¢ o Fj encode-approximate-decode
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architecture with Kernel Integral operators (Definition 2.2.14), which provide continuous
non-locality that guarantees Discretization Invariance. The total error budget is divided
in two between the asymptotic result from Theorem 4.2.7 and the approximation of the
theoretical operator Q with G € NO7, which we focus on in this proof outline.

Step 1. Abstract factorization via Theorem 4.2.7. Since LP1(D), W*1(D) and C (D)
have Approximation Property (Definition 4.2.1) as discussed in Remark 4.2.6, by Theo-
rem 4.2.7 there exist continuous maps Fy : A — R’, G : R’”" — U and p:R = R/
such that

sup [|6'(a) = (G 00 Fy)(@)u < 5 (4.35)
acK
where the map F is realized as J continuous functionals ¢; € A* (4.23) and Gy recon-
structs elements of U based on fixed J' representing elements {f; }3]/:1 C U, as defined in
(4.28). We denote G := G o po Fy.

Step 2. Encoding input via a Kernel Integral Operator. The encoder F : A — R’
is defined by F(a) := (ci(a),...,cj(a)) where each ¢; € A*. We first show that F' can
be approximated by an integral kernel operator on the example of A = LP(D) and then
discuss how this result is transferred to W*? and C(D) spaces.

Fix 6 > 0. For A = LP(D), the Riesz Representation Theorem [18, Thm. 5.1.27|
represents each functional as ¢;j(a) = [, v;jadz for a unique v; € L(D) with % + % =
1. Since C§°(D) is dense in L4(D) [18, Thm. 5.1.23|, there exist f; € C5°(D) with
lf; —vjllLa < 6/(2M), where M := sup,cx ||a|/z». By Holder’s inequality:

@~ [ fada|=|[ @ - g)ade| <oy = Fluslalir <5 (430)

Since D is compact, fj!p is uniformly continuous, and the classical Universal Approx-
imation Theorem! guarantees that there exist a neural network fj with non-polynomial
activation such that sup,cp |f;(z) — f;(x)| < §/(2M|D|"/9). Applying Holder’s inequality
gives:

. i 5
[ = Fyada] <1, = Fllie 1D alzs < 5. (437

Combining both approximations from (4.36) and (4.37) and applying the triangle inequal-
ity:

‘cj(a)—/ fjad:v‘ <6, VaeK. (4.38)
D
Finally, define the integral kernel x : R? x R? — R7*1 by stacking:
fiz)
Ky, o) =] (4.39)
fr(x)

Note, that the kernel x does not depend on y, and the weights in the neural network
associated with the first argument are set to zero. We can now define the neural network
based encoder approximation Fj as:

Iy Fie) a(z) da
Fy(a)(y) == /D vy, 7) alz) dr = s ~ F(a) (4.40)
In fJ(:r)a(:c) dx

!Any of Cybenko (1989) [1], Hornik et al. (1989) [2], or Pinkus (1999)[23] applies here. Kovachki et
al.[9] invoke Pinkus.
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which is a spatially constant R”/-valued function that outputs the same vector for every
y € D, hence it creates a consistent encoding of any function a € K on the discretized
R grid. The y-independence is a necessary architecture choice as it allows to apply a
standard UAT for approximating the continuous transformation ¢ from (4.35).

Step 8. Approzimating continuous transformation @ with classical UAT. In the first
step we defined our approximation function as a composition G =G g o @ o Fj where
¢ : R/ — R’ describes the non-linear continuous transformation. Since ¢ is a continuous
function between finite dimensional spaces, by the classic UAT [1] it can be approximated
via a neural network with non-polynomial activation function. Kovachki et al. leverage
this result by showing that a Neural Operator (Definition 2.2.24) is a generalization of the
standard feed-forward neural network and hence the classic UAT applies [9, Lemma 35].

By choosing a kernel with no spatial dependence £ (z,y) = W;/|D| with W; € R¥*4
and a constant bias bs(z) = by, for a constant input function v = w1 with w € R’ the
Kernel Integral operator (Definition 2.2.14) reduces to

/ &9 (@, y)v(y)dy :/ w0 (2, gyl dy = 2L
b D D

which is a standard neural network layer w +— o(Wyw + b). Hence, for every feed forward
neural network ¢ there exists a Neural Operator G € NO7p such that

d(w) = G(wl)(z), Yw e R’ ,Yze D (4.42)

Recall that in Step 2 we defined the encoder Fs ((4.40)) as a constant map on D, hence
the continuous transformation function ¢ can be approximated via a Neural Operator
G € NOrp |9, Lemma 35|. We denote the resulting approximation function of ¢ with
¢:R/ 5 R7.

Step 4. Decoding output via a Kernel Integral Operator. The decoder function G :
R’ — U reconstructs an element of Banach space U as a linear combination of J’ basis
elements {3; }3]/:1 C U, as guaranteed by the Approximation Property (Lemma 4.2.5). The
challenge we address in this step is how to define the map G as a Kernel Integral Operator.
The approach mirrors the idea described in Step 2, with a key difference that while in
(4.39) the kernel s(y, z) was defined as a non-local function constant in y € D, the output
kernel k°“(y, z) is designed such that it ignores the integral variable z and produces a
spatially varying output in U.

Formally, given the transformed vector of coefficients w € R?" with w = @(Fs(a)) and
a subset of functions {3; }3]/:1 C U, we can approximate the function

D (4.41)

J’
G(w) =Y w;B; (4.43)
j=1
by defining the kernel k%% : D’ x D' — R/’ as a row vector:
ou 1 2 2
W) = g [ L0)s s B () (4.44)

where each Bj is a neural network approximation of basis element 3;, as we will discuss
below. Since k°“ is independent of the integral variable z, integrating against a constant
function v = w1 yields:

J
// KO (y, 2)wl(z)dr = |Dl’| ;wjﬁj (y) /D, ldx (4.45)

J/
=> w;B;(y) (4.46)
j=1
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which results in an element of ¢/ that approximates G(w) = Z‘-]I L Wi

The approximation of the basis elements { ﬂ] _; C U differs from the approach used in
Step 2, where we rely on the Riesz Representatlon Theorem and approximate the elements
of the dual space A*, in a way that we are approximating the elements of the space U
directly. By the density of smooth functions in U, each basis element f3; is approximated
by Bj € C°°(D’), cf. Kovahcki et al. (2023) [9, Lemma 34]. Note, for our example with
U = LP(D) this follows directly from the density of smooth functions with compact support
Ce° in LP [18, Thm. 5. 1. 23] and the fact that C2°(D’) € C°°(D’). We then invoke
Pinkus (1999)[23] to approximate each 3; € C°°(D') with a NN j; with non-polynomial
activation function. Denoting the decoder approximation from (4.45) as G : R?" — U we
obtain

J/

IG(w) = G(w)| = || w;iB; — B; (4.47)
=1

< lwlh -m?XHBj — Bjllu (4.48)

< Hle‘m]aX(H/Bj_BjHu‘f‘HBj_BjHM (4.49)

<l (3 +3) (4.50)

We need to bound w = @(Fs(a)) uniformly on K because it depends on the choice of
a € K. Since K is compact and ¢ o Fs is continuous, C' := sup,cg ||@(F5(a))||1 < oo, and
choosing § < &’/C' gives the desired bound.

Step 5. Combining error bounds. The total approximation error decomposes via the

triangle inequality into the factorization error from Step I and the realization error from
Steps 2-4:

sup [|G'(a) — G(a)lu < sup 1G%(a) — G(a)llus + sup IG(a) — G(a)llu (4.51)

aeK

<e/2 by Step 1 (eq. 4.35)  realization error from Steps 2-4

The realization error arises from three independent approximations, each controlled by
the error tolerance § > 0: the encoding of functionals ¢; € A* via integral kernels (Step
2, (4.38)), the approximation of the continuous transformation ¢ via a neural network
embedded in the NO architecture (Step 3), and the reconstruction of basis elements 3; € U
via neural network approximations (Step 4, (4.45)). Since each of these three approximation
errors can be made arbitrarily small by choosing § sufficiently small independently of one
another, there exists a § > 0 such that their combined contribution is bounded by &/2.
Together with Equation 4.35, this yields

sup [¢'(a) = Gla)llu < 5 + 5 =< (4.52)
acK

which completes the proof outline.

4.3.2 Relaxing Compactness to Boundedness for Sobolev Spaces

Remark 4.3.3 (On the Role of Compactness). Compactness of the function set K C A
plays a central role in the proof of Theorem 4.3.1 as several steps in the proof directly rely
on it. Compactness guarantees total boundedness, which provides a finite e-net of rep-
resentative functions over the set K required to obtain a uniform truncation of Schauder
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basis expansion via the Approximation Property (Definition 4.2.1). Additionally, the ap-
plication of the classic Universal Approximation Theorem [1] throughout Steps 2-4 of the
proof requires the input set K to be compact.

As argued in Remark 3.3.5, compactness of a set K C A in an infinite-dimensional
space is a strong assumption, as by the Riesz’ Theorem a closed and bounded ball in infinite
dimensional space is not compact [18, Thm. 2.3.2, p. 60]. In Theorem 3.3.10 we extended
the Discretization Invariance results of Kovachki et al [9] from compact to bounded sets in
Sobolev spaces with enough regularity. However, the Universal Approximation guarantees
of Theorem 4.3.1 are only provided for compact sets on Sobolev spaces W’“”(D) with
p € [1,00) and kp > d. Similar to our approach in the proof of Theorem 3.3.10, we can
relax the compactness assumption to boundedness in Sobolev spaces with enough regularity
by invoking the Sobolev Embedding Theorem combined with the Morrey Inequality [15,
Thm. 13, p. 302], followed by the Ascoli-Arzela Theorem [18, Thm. 5.4.2, p. 196] to obtain a
pre-compact set in C(D), as presented in the subsequent corollary. However, this approach
comes at a cost of imposing additional assumption of uniform continuity of the target
operator G in C(D) with sup-norm topology on the input space A, thus establishing a
tradeoff.

Remark 4.3.4. The following corollary extends the UAT guarantee by Theorem 4.3.1 |9,
Thm. 11] to bounded sets on Sobolev input spaces with explicit regularity assumptions.
This result is original to this thesis.

Corollary 4.3.5 (Discretization-Invariant UAT for bounded sets on Sobolev Spaces). Let
D c R? and D' ¢ RY be bounded Lipschitz domains. Let A be a Sobolev space
WHPL(D) for some 1 < p; < 00, k1 € N with kip1 > d, and let the output space
U be one of LP*(D') or WF2P2(D') for some 1 < py < o0, ka € N or C(D'). Let the
target operator be Gt : A — U. Assume additionally that G' is uniformly continuous
in C(D) with sup-norm topology on A. Let the activation function o in NOrp (Defini-
tion 2.2.27) be globally Lipschitz and non-polynomial. Then for any bounded set K C A
and 0 < e <1, there exist T € N and a Neural Operator G € NOp such that

sup [|G'(a) — G(a)llu < e (4.53)
acK

Proof. Given a bounded open domain D C R? with a Lipschitz continuous boundary and
the Sobolev space A = W*tPL(D) with k; > d/p1, by Sobolev Embedding Theorem |15,

Cor. E.14, p. 302| and Morrey’s Inequality [15, Thm E.13, p. 302| we obtain continuous
embedding A — C%%(D) with a = {p%—‘ +1- pil € (0,1] (for d/p1 ¢ Z). Furthermore,
the Morrey’s Inequality guarantees that there exists a constant C' > 0 such that

lallon(py < Clallyim, Vae A (454)

Given that K is bounded, there exists a uniform bound M := sup,cx ||al| 4, which, com-
bined with the equation above implies that all a € K are uniformly bounded in C%%(D):

sup la(z)| < CM, Vae K (4.55)
z€D

By the definition of Holder continuity [19, Ch. 5.1, p. 254], there exists a constant L such
that for all a € C%%(D) and x,y € D it holds

la(z) — a(y)| < Lljz —y|* (4.56)
Note, that L depends on a. The smallest such L is the Hélder seminorm of a defined as
[a]co.a(py == sup latz) = )] (4.57)

x,yED ||£E - yHa
TFY



o8 CHAPTER 4. UNIVERSAL APPROXIMATION THEOREMS

and the Holder norm is respectively

lallco.epy = llallopy + [alcoe(p) (4.58)

[19, Ch. 5.1, p. 254]. Due to sup ||a||yyr.0 < M and (4.55) we obtain the uniform bound

la(z) = a(y)| < [alcoap)lle =yl
< lallco.epyllx =yl
< Cllallwsi e [lz = yl|*
< CM|jz —yl*

Hence, for each ¢ > 0 we can find § > 0 with § = (¢/CM)Y® such that for all z,y € D
with ||z — y[[ < ¢ it holds

la(z) —a(y)| < CM||lz —y||* <CMd* =¢, VaecK (4.63)

which implies that the bounded set K is equicontinuous in C%%(D).

The closed and bounded domain D € R? with d < oo is compact by the Heine-Borel
Theorem. Pointwise boundedness of K C C%¥(D) follows from uniform boundedness
shown in (4.55). Due to the inclusion C%%(D) C C(D), the set K is equicontinuous and
pointwise bounded in C'(D), and by Ascoli-Arzela Theorem [18, 5.4.2, p.196] the set K is
precompact in C'(D) on the compact domain D. Since C(D) is a complete Banach space
in the supremum norm, the closure K is compact.

We have shown K is compact in C(D) and K C K. By hypothesis G! is uniformly
continuous in C'(D) with sup-norm topology over A. However, the compact set K C C(D)
may contains points C(D) \ W¥P1(D) where G is not defined. Since K is dense in it’s
closure K, the output space U is a Banach space and hence complete, and G is uniformly
continuous on K, the continuous operator ,C’;T : K — U extends Gt uniquely onto the closure
K [18, Thm. 1.5.2, p. 23].

Applying Theorem 4.3.1 with input space A = C(D) and compact set K gives us a
Neural Operator G € NOr with

sup |G (a) — G(a)llu < e (4.64)
acK

Since K C K and G'(a) = G(a) for all a € K, the bound from the corollary statement
(4.53) follows.
U

In Theorem 3.3.10 we have extended the Discretization Invariance result for Neural
Operators from compact to bounded sets on Sobolev spaces with continuous true operator
Gt : C(D) — U. The result of Corollary 4.3.5 guarantees that the Neural Operator
G € NOr that we are discretizing is able to approximate the true operator G' on those
bounded sets under an additional assumption of the continuity of G'. The total error can be
decomposed into two main components, the approximation error and discretization error.
We were able to derive explicit error rates for the discretization error in Corollary 3.4.3.
A natural question is whether we can achieve the same for the approximation error. We
address this in the following remark.

Remark 4.3.6 (On non-constructive nature of Universal Approximation Theorem). As dis-
cussed in Remark 4.3.3, the proof of Theorem 4.3.1 relies on the Approximation Property
of Banach spaces (Definition 4.2.1) as well as the classical Universal Approximation The-
orem |[1], both of which are non-constructive proofs. The proof of Theorem 4.2.7, which
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guarantees the factorization of the Neural Operator in Theorem 4.3.1, utilizes the Approxi-
mation Property of input and output Banach spaces to find finite truncations of a Schauder
basis. As per Definition 4.2.1, the Approximation Property only guarantees the existence
of finite-rank approximations of the identity on compact sets but provides no bound on the
rank required for a given € > 0. Similarly, the classic Universal Approximation Theorem
in its standard formulations (Cybenko (1989) [1], Hornik (1989) [2]|, Pinkus (1999) [23])
guarantees that a continuous real valued function can be approximated via single layer
neural networks of arbitrary width, but none of these provide explicit convergence rates.
Consequently, due to the reliance on two non-constructive results, our Corollary 4.3.5 can
only guarantee ezistence of the approximation for bounded sets on Sobolev spaces under
additional assumptions, without providing explicit convergence rates.

4.3.3 Integration as the Mechanism for Discretization Invariant Approx-
imation

Remark 4.3.7 (Continuous non-locality guarantees Discretization Invariance). In the Step
2 of Theorem 4.3.1 proof we defined the encoder operator F' : A — R’ as a vector of
functionals F'(a) := (c1(a),...,cs(a)) with each ¢; € A* and showed on the example of
A = LP(D) that by applying the Riesz Representation Theorem followed by the density
argument of smooth functions with compact support C§°(D) in A* = L(D) we can
represent each functional ¢; € A* as an integration operator

/fg z)du(z), Vae A (4.65)

where f; € C3°(D) and p is a Lebesgue measure. Hence, the functional ¢; evaluates
elements of the Banach space a € A directly, and by continuity of the integral the expression
in (4.65) is evaluated across the whole domain D, the property that we previously referred
to as continuous non-locality.

Recall from Theorem 4.3.1 proof that the continuous function f; from (4.65) is further
approximated by a neural network f with a non-polynomial activation o. The neural
network f] is a function f] R? — R defined as

fi(x) = Wyo(... Wio(Wox +bo) + by ...) + by (4.66)

The parameters 6; = {Wy, by, ..., W, by} determine a function of the continuous variable
z € R Hence, the function f] can be evaluated at any x € D, regardless of the choice
of the discretization grid. When a practitioner chooses a grid Dy = {z1,...,zn}, they
evaluate f;(xy) at each grid point and compute 3, wyf;(xx) a(zy,). Choosing a different
grid D+ only changes the points at which fj is evaluated when approximating the integral
from (4.65). The parameters ¢; are independent of the choice of the discretization Dy
because fj is defined pointwise on R?, not on a grid. Hence the grid only determines where
fj is sampled, not how fj is defined.

Remark 4.3.8 (Pointwise evaluations as in Chen and Chen are a special case of Integral
Kernel Operator). As stated in the previous remark, the key improvement that Integral
Kernel based Neural Operator offers compared to the sensor based encoder approaches, as
in Chen and Chen [3], DeepONet [4] or PCA-Net [6], is Discretization Invariance. We can
demonstrate that Integral Kernel Operator based encoder is a generalization of the previous
approaches. In Theorem 4.1.1 we defined the encoder step as pointwise evaluations of the
input function a € A on a fixed grid Dy = {z;}}¥ as F(a) := (a(x1),...,a(zy)) (4.1.1).
Formally, this can be expressed as

_ / b2, (2)a(z)du(z) (4.67)
D
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where d,; is a Dirac delta. However, d,; is not a continuous function, it’s a distribution,
and it cannot be approximated via a neural network or integrated against a LP function as
|9, Lemma 32| proceeds, as outlined in Step 2 of Theorem 4.3.1 proof. In |9, Lemma 32]
Kovachki et al. replace each ¢, ; with a smooth function with compact support f; € C§°(D)
(4.65), where each f; can be defined as a mollifier ¢, (- — z;) € C§°(D) with support of
radius 7 > 0. Each f;(z) = ¢.(z — ;) can be seen as mollification of the Dirac mass d;
and the expression for the functional ¢; € A* becomes

¢j(a) = /D oo — 27)a(x)dps(z) (4.68)

As r — 0, the mollified kernel ¢, collapses to a Dirac mass, and the expression above
becomes the fixed grid pointwise evaluations. In the limiting behavior, the continuous
non-locality degenerates to the discretized non-locality, where the approximating network
parameters in (4.4) need to be retrained with every grid change Dy, hence the Discretiza-
tion Invariance is lost.

Remark 4.3.9 (On the simplified Neural Operator architecture in the UAT proof). The
proof of Theorem 4.3.1 uses the simplified Neural Operator (Definition 2.2.27), which
removes the lifting operator P, the projection operator Q, and the skip connection W
from the full architecture (Definition 2.2.24). We examine whether these components
would cause complications if retained.

The lifting operator P potentially introduces an issue in the proof. In Step 2 of the
proof, the encoder F : A — R” is constructed from bounded linear functionals cj €
A*, whose existence is guaranteed by the Approximation Property and whose integral
representation follows from the Riesz Representation Theorem [18, Thm. 5.1.27|. If a
nonlinear lifting P is composed before the first integral layer, the encoding becomes

¢;(P(a) = /D () Plal2)) da (4.69)

which is a nonlinear functional of a. Both the Approximation Property, which gives us
linear finite-rank approximations of identity operator, and the Riesz Representation The-
orem, which characterizes linear functionals, require the functionals ¢; € A* to be linear.
A linear lifting operator P(a) = Wa would preserve linearity, but would be redundant as
it can be absorbed into the first Kernel Integral Operator.

The skip connection W and the projection Q@ do not introduce comparable complica-
tions. In Step 3, we defined the integration kernel in (4.41) as multiplication of a constant
input vector w € R’ by a spatially independent kernel x® (z,y) = W;/|D|. For a constant
input v = w1, the skip connection gives W(wl)(xz) = W - w, which is absorbed into the
weight matrix of the classical neural network. The projection Q acts after the decoder and
does not interfere with the linear reconstruction guaranteed by the AP.

Since the proof is existential, Kovachki et al. simply set P =1d, @ = Id, and W =0
in every layer. The UAT then holds for the simplified architecture, and because the full
architecture is strictly more expressive, as it contains the simplified architecture as the
special case P = Id, @ = Id, W = 0, universality of the full architecture follows as an
immediate corollary. What remains non-trivial, as noted by Kovachki et al. [9, Sec. 8.1],
is explaining the practical benefit of these components. This would require quantitative
approximation rates, which, as discussed in Remark 4.3.6, is not achievable with the current
proof approach due to the non-constructive nature of both the Approximation Property
and the classical Universal Approximation Theorem that the proof relies on.
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4.4 Synthesis: the Structure of Universal Approximation

In the preceding sections, we presented the Universal Approximation Theorem of Chen
and Chen (1995) in Theorem 4.1.1, which established sufficiency of the encode-approzimate-
decode strategy and implicitly introduced the core components of non-linearity, non-locality,
and compactness. We then generalized these ideas through the framework of Kovachki et
al. (2023) in Theorem 4.3.1, which extended the result to general Banach spaces via the
Approximation Property and provided the Integral Kernel parameterization that enabled
the discretization invariance results of Chapter 3. In this section, we formalize the nec-
essary requirements for Universal Approximation, distill the shared proof strategy into a
unified template, and compare the Integral Kernel approach of Kovachki et al. with the
minimal Averaging Neural Operator of Lanthaler et al. (2025) [10] to examine the tradeoff
between architectural richness and theoretical minimality.

4.4.1 Necessary Components for Universal Approximation

From our analysis of Universal Approximation Theorems, presented in Theorem 4.1.1,
Theorem 4.2.7 and Theorem 4.3.1, we can deduce that there are three necessary compo-
nents across all formulations that are required to guarantee the Universal Approximation
of operators on infinite dimensional Banach Spaces: non-locality and non-linearity of the
approximating function and compactness of the input set.

Non-linearity

Remark 4.4.1 (Non-linearity). A linear Neural Operator architecture G : A — U can only
approximate linear operators, so any universal framework must incorporate a non-linear
component. In the Neural Operator architecture, non-linearity enters through the activa-
tion function o in the hidden network layers (Definition 2.2.24) and through the neural
networks that parameterize the Lifting and Projection operators ( subsection 2.2.5). This
architectural choice is based on the classical Universal Approximation results by Cybenko
(1989) [1] and Hornik et al. (1989) [2], which state that a single hidden layer with non-
polynomial activation is sufficient for uniform approximation of continuous functions on
compact subsets of R?. The underlying mechanism is the Stone-Weierstrass Theorem [18,
Thm. 2.4.1, p. 61], as it can be shown that the closure of the span of ridge functions
x — o(w -z + b) with non-polynomial o forms a subalgebra of C'(K,R) that separates
points and contains the constants, and is therefore dense. This classical result is invoked
at multiple points in both operator UAT proofs of Theorem 4.1.1 and Theorem 4.3.1, as it
guarantees that the encoding functionals, the finite-dimensional transformation, and the
output reconstruction components, as generalized in Theorem 4.2.7, can each be imple-
mented by neural networks to arbitrary accuracy.

Non-locality

Remark 4.4.2 (Non-locality). Operators between infinite-dimensional function spaces are
in general non-local, meaning that the output at a point z of a domain D C R? may
depend on the values of the input function at points other than x. A pointwise operator
G(a)(x) := o(Wa(z)+Db) cannot learn such dependencies, regardless of the choice of a non-
linear activation o, weights W, or biases b. To illustrate this, consider the shift operator
G'(a)(z) := a(z + h) for some fixed h # 0. Given two functions a1, as € A that agree at
2 but differ at 2+ h, any pointwise operator satisfies G(a1)(x) = G(az)(x) because it only
accesses the value a(z), while G'(a1)(x) = ay(x 4+ h) # az(x + h) = G(az)(z). No tuning

of the parameters of G can resolve this. Hence, any universal architecture must evaluate
function a € A non-locally [10, sec. 2.1].
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By contrast, a Kernel Integral Operator (Ka)(z) := [, &( y)dy (def. 2.2.14)
aggregates information about a across the entire domaln D to produce the output at
x, which is precisely why kernel integration is the natural parameterization for Neural
Operator layers.

Compactness

Remark 4.4.3 (Compactness). All discussed formulations of UAT for operators on infinite-
dimensional Banach spaces (Theorem 4.1.1, Theorem 4.2.7, Theorem 4.3.1) require the
input set K C A to be compact. The fundamental reason is that each proof relies on
reducing an operator between infinite-dimensional spaces to a finite-dimensional approxi-
mation problem, and compactness is what makes such a reduction possible. Total bound-
edness that follows from compactness of K guarantees that for any ¢ > 0, the behavior
of all functions in K can be captured by finitely many representatives, which enables a
uniform finite-rank approximation of the operator G on the entire set K. The role of
compactness for UAT was introduced in Remark 4.1.9 and discussed in more detail in Re-
mark 4.3.3. Furthermore, as we show in Corollary 4.3.5, for bounded subsets of W™P(D)
with mp > d, the Morrey inequality [15, Thm. E.13, p. 302| provides the equicontinuity
and uniform boundedness that is required by Ascoli-Arzela Theorem [18, Thm. 5.4.2, p.
196], so that compactness can be replaced by of boundedness in Sobolev spaces at the cost
of additional assumption of target operator continuity in C(D) with sup norm topology
over the input space.

4.4.2 The Proof Template

The goal of Universal Approximation for operators on Banach spaces is to show that, given
a compact set K C A of input functions on a bounded domain D C R?% and a continuous
operator GT . A — U, there exists a Neural Operator G € NOp (Definition 2.2.24) that
approximates G uniformly on K. Since G' is continuous and K is compact, the image
G'(K) C U is also compact, and as discussed in Remark 4.4.3, both the input and output
sets admit finite-rank approximations. A general proof strategy, shared by all approaches
we have presented, is to approximate G' by a finite-rank operator of the form

J
Z a) B, (4.70)

where a1,...,ay: A — R are continuous functionals encoding the input and 51,...,55 €
U are fixed elements of the output space providing a reconstruction basis. The encoding

E(a) := (ai(a),...,as(a)) € RY (4.71)

compresses the input into a finite vector v € R, while the decoding

J
v) =30 5, (4.72)
j=1

reconstructs an element of U as a linear combination. In general, the functionals a; may be
linear or nonlinear depending on the approach, we discuss this distinction in the following.

The proofs of Theorem 4.1.1 and Theorem 4.3.1 both realize the encode-approximate-
decode strategy of (4.70), as do several other architectures discussed in Remark 4.2.9.
The approaches differ in how each component is implemented, and as we discuss below,
Lanthaler et al. (2025) [10] show that considerably simpler implementations than those of
Theorem 4.3.1 are already sufficient for universality.
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Encoding

Remark 4.4.4 (Encoding via the Approximation Property). In Theorem 4.2.7, we showed
that the Approximation Property (Definition 4.2.1) guarantees the existence of a finite-
rank approximation of the identity operator [ 34 on a compact set K, which can be written
as It(a) = ijl ¢j(a)n; with {773‘}3]:1 C A being a subset of a Schauder basis (Defini-
tion 4.2.2) of A. Since the basis elements {n; }3-]:1 are fixed for all a € K, the coefficients
c¢j + A — R are continuous linear functionals c¢; € A*, and the finite-dimensional encoding
is given by F7(a) := (c1(a),...,cs(a)) € R7. The nonlinear transformation described by
G' is factored into a separate component p € C(R7,R7") as defined in (4.29), so that the
full encoder from (4.71) is the composition &(a) := ¢ o F'(a).

Architecturally, each linear functional c¢; is realized as an Kernel Integral Operator
(Definition 2.2.14). The Riesz Representation Theorem [18, Thm 5.1.27, p. 176] expresses
each ¢; as integration against a kernel, and the density of C§°(D) in the dual [18, Thm.
5.1.23, p.174] allows approximation of this kernel by smooth functions, which in turn can
be parameterized as neural networks via classical UAT. The resulting integral kernel x(z, y)
evaluates a € K non-locally across the entire domain D.

Remark 4.4.5 (Encoding via Averaging). Lanthaler et al. take a different approach from
Theorem 4.2.7 and do not rely on the Approximation Property. Instead of discretizing the
input space A, they employ Fourier analysis on the output space directly, similar to the
approach by Chen & Chen we discussed in Lemma 4.1.5. Given a continuous operator
Gt : C*(D) — C* (D) on a bounded Lipschitz domain D C R%, the image of a compact set
K':=GH(K) c C¥ (D) is compact. By the Stein Extension Theorem [10 Lemma A.1], the
set K’ is extended to a compact set of periodic functions K, C C’Ser( ) on a bounding
box B D D, which enables Fourier expansion. To guarantee uniform convergence of the
Fourier series over the compact set in the C*" norm, each function in Ko, is mollified with
parameter 6 > 0, resulting in a set of C'*° functions that is uniformly bounded in C"(B) for
any r > s’. By a classical result on the uniform convergence of Fourier series for smooth
periodic functions [24, Ch. 1, Sec. 3], if a set of periodic functions is uniformly bounded
in C"(B) for some r > s, then the Fourier series converges uniformly over that set in
the C* norm. Hence, Fourier series over the mollified set converges uniformly in the C*
norm, and the mollification error is controlled separately via [10, Lemma A.2]. Hence, for
large enough J € N, the truncated Fourier expansion approximates every output in GT(K)

simultaneously. Denoting the retained Fourier basis elements as {BJ -, C Lper(B), the
finite-rank approximation takes the form
~ J
G(a) =) (B(G" (@), Bj),2 8, Vaek, (4.73)
j=1

where E : C* (D) — Cger( ) is the Stein extension operator [10, Lemma A.1]. Defining
the encoding functionals as a;(a) := (E(G'(a)), B;) 2, we recover the encode-decode for-
mulation of (4.70). Note that the a; are nonlinear functionals of the input a, since the
nonlinear operator G' appears inside the inner product.

While the theoretical approach taken by Lanthaler et al. [10] is fundamentally different
from the Approximation Property based approach of Theorem 4.2.7, the resulting finite-
rank formulation again takes the form of (4.70). Architecturally, the Averaging Neural
Operator (Definition 2.2.32) implements each functional a; through the Lifting network
R : R¥ x D — R% combined with a single Averaging operation. The network R(a(y),y)
absorbs the Weight function 3; into its parameterization, so that the unweighted average
D] Jp R y) dy recovers the weighted inner products of (4.73) [10, Lemma A.9|. Since
1\? is a contlnuous map between finite-dimensional Euclidean spaces, it can be approximated
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by a neural network with non-polynomial activation to arbitrary accuracy via the classical

UAT [1, 2.

Remark 4.4.6 (Non-locality in the encoding). Despite the different theoretical routes, all
discussed approaches realize the encoder of (4.70) as a finite set of non-local functional
evaluations over the compact set K, confirming the necessity of non-locality established
in Remark 4.4.2. Chen and Chen (1995)[3| evaluate a at sensor points {z1,...,2,} C D,
Kovachki et al. (2023)[9] integrate against learned kernels, and Lanthaler et al. (2025)[10]
take inner products against Fourier basis functions. In each case, the encoding requires
access to the values of a € A across the domain D, not just at a single point, to produce
consistent finite-dimensional encoding of the function a regardless of the inputs.

Decoding and Reconstruction

The objective of the Decoder operator D from (4.70) is, given an encoding vector v € R”,
to reconstruct an element u € U as a linear combination of the basis elements {3; }3]:1 cu,
as defined in (4.72).

Remark 4.4.7 (Reconstruction of the output space). The decoder D(v) := Z‘j]:l vj B; from
(4.70) requires a finite basis {; }3-]:1 C U that can reconstruct any element in the compact
image G'(K) C U up to arbitrary accuracy. Kovachki et al. obtain such a basis from the
Approximation Property of U as a truncation of a Schauder basis, as defined in (4.28),
which guarantees existence but does not specify the basis elements explicitly, as outlined
in the proof of Theorem 4.2.7. Lanthaler et al. (2025) [10] obtain the basis constructively
as the retained Fourier basis functions {5j}3-7:1 - Lger(B) from the truncated expansion
in (4.73). In both cases, compactness of GT(K) is what guarantees that finitely many basis
elements suffice for a uniform approximation over the entire output set. Architecturally,
Kovachki et al. realize the reconstruction through Kernel Integral Operators by approx-
imating the truncated Schauder basis elements with neural networks via classic UAT [1]
and parametrizing the integration kernel of the decoder x°“* (4.44) as a summation eval-
uated locally (4.45), while in the ANO (Definition 2.2.32) the reconstruction is handled
by the projection network @ : R% x D — Rk/, which approximates the linear combina-
tion ) v Bj(x) via classical UAT [1] with the spatial coordinate x € D provided through
positional encoding.

4.4.3 The Tradeoff: Minimality vs. Quantitative Control

The proof strategies of Kovachki et al. and Lanthaler et al. arrive at the same conclu-
sion, the universality of Neural Operators, but they are motivated by different questions.
Kovachki et al. ask whether the empirically observed success of the Neural Operator archi-
tecture can be justified theoretically, and their proof shows that Integral Kernel Operators
alone are sufficient to implement every component of the encode-approrimate-decode factor-
ization. Lanthaler et al. ask what minimal requirements on the Neural Operator structure
are needed for universality to hold at all. The two perspectives are complementary in their
nature but lead to different uses of the same operator architecture, and comparing them
reveals a tradeoff between structural richness and theoretical minimality.

Remark 4.4.8 (Architectural comparison). Both approaches operate within the Neural
Operator framework of Definition 2.2.24, but differ in which roles are assigned to each
component of the Neural Operator in the proof. Kovachki et al. [9] set the lifting P (Defi-
nition 2.2.21) and projection Q (Definition 2.2.22) to the identity and the skip connection
W (Definition 2.2.14) to zero, as discussed in (Remark 4.3.9), and as we demonstrated in
Theorem 4.3.1, each step of the encode-approximate-decode framework is implemented as
a composition of the Kernel Integral Operators and the nonlinear activation. Each kernel
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kW (z,7) is parameterized as a neural network (4.39), (4.41), (4.44) and varies in both
spatial arguments z and y € D, which allows the integration operator to evaluate the
contribution of v(y) differently depending on the evaluation point = of the domain D.

Lanthaler et al. [10] take the opposite approach. The kernel integral is reduced to a
spatial averaging function x(z,y) := |D| 14, x4., which provides non-locality but is con-
stant in the spatial position variable x € D. In contrast to Kovachki et al., the lifting
network R(a(y),y) that implements the operator P does the encoding (Remark 4.4.5) and
the projection network Q(v,z) implementation of Q is responsible for the decoding (Re-
mark 4.4.7), with the skip connection Wv(z)+0b responsible for passing the positional infor-
mation between them. The resulting Averaging Neural Operator (Definition 2.2.32) is the
minimal subarchitecture of the general Neural Operator that possesses the both required
non-linearity and non-locality properties, discussed in Remark 4.4.1 and Remark 4.4.2. As
a consequence, the expressivity of the ANO is controlled by the channel dimension d., i.e.
the width of the Lifting operator (Definition 2.2.21), rather than by the complexity of the
integral kernel [10, Cor. 3]. Lanthaler et al. show in [10, Cor. 1-5| that any implementation
of Neural Operators, including the FNO (Definition 2.2.31) and the general Kernel Integral
NO, can be viewed as the ANO, since any Neural Operator whose expansion basis includes
a constant function contains the ANO as a special case.

Remark 4.4.9 (Quantitative Bounds and Discretization Invariance). The minimality of the
ANO architecture, while theoretically elegant, limits the possibility of obtaining explicit
convergence rates. In the framework of Kovachki et al., the encoding functionals c; €
A* are represented as integration against kernels ; € C(D x D) (4.39) via the Riesz
Representation Theorem [18, thm. 5.1.27, p. 176], as per Step 2 of the Theorem 4.3.1
proof, and the regularity of these kernels is determined by the input function space. When
the continuous integral [ pk(x,y)v(y) dy is replaced by a quadrature rule on N points,
the discretization error can be controlled through the Morrey inequality [15, Thm. E.13,
p. 302| applied to both x and v, resulting in the algebraic convergence rates that we
established in Corollary 3.4.3.

In the ANO (Definition 2.2.32), the Kernel Integral Operator is parametrized with
the constant k(z,y) := |D| 'y x4., and the only component that depends on the input
space is the Lifting network R(a(y),y). In the proof of [10, Lemma A.9], the encoder
is constructed by requiring R to simulate weighted inner products ﬁ Jpaly) - Bis(y)dy

via the unweighted average ﬁ Jp R(a(y),y) dy, where ;5 := |D|(83; * ps) are mollified

L?-basis functions formed via Fourier series [10, eq. A.7], as described in Remark 4.4.5.
As the approximation accuracy € > 0 decreases, finer mollification (6 — 0) via p; € C§°
and more basis functions (J — oo) are required, and the weight functions represented as
mollified basis 3;s has increasingly higher oscillation frequency. The neural network R
that simulates these weights is guaranteed to exist by the classical UAT [10, Lemma A.11],
but its complexity, in particular its Lipschitz constant, is not bounded as a function of
e. The discretization error of the empirical encoder + Zfil R(a(z;), x;) therefore depends
on the regularity of R, which is determined by the width, depth, and weight parameters
of the approximating Neural Network. The classical UAT [1] guarantees the existence of
such parameters that enable convergence for each ¢ > 0, but does not provide any explicit
bounds. In contrast, the regularity of kernel x(z,y) in the Kovachki et al. approach is
determined by the input function space A, which is what enables the application of the
Morrey inequality [15, Thm. E.13, p.302] in Corollary 3.4.3. Lanthaler et al. themselves
identify quantitative error estimates for the ANO as an open problem [10, Sec. 5].

The complementary nature of the two described approaches connects directly to the
structure of this thesis. Lanthaler et al. provide the theoretical confirmation that the three
necessary components identified in subsection 4.4.1, namely non-linearity (Remark 4.4.1),
non-locality (Remark 4.4.2), and compactness (Remark 4.4.3), are not only necessary but
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also sufficient for Universal Approximation to hold. However, it is the expressivity of
the Kernel Integral Operator structure of Kovachki et al. that allows the application of
Functional-analytic tools such as the Morrey inequality to derive the explicit convergence
rates for empirical Neural Operator architectures established in Corollary 3.4.3.



Chapter 5

Conclusion

This thesis examined the theoretical foundations of Neural Operators from a functional-
analytic perspective, focusing on Discretization Invariance and Universal Approximation.
The main original contributions are an alternative proof of the Discretization Invariance
Theorem that offers explicit algebraic convergence rates (Theorem 3.3.10, Corollary 3.4.3)
and an extension of the Universal Approximation Theorem to bounded subsets of Sobolev
spaces under additional assumptions of operator regularity (Corollary 4.3.5).

Neural Operators

The Neural Operator architecture is motivated by the classical Green’s function, which
solves linear PDEs via a global integral operator. The Kernel Integral Operator K defines
a non-local component, which is necessary for well-posedness of the empirical operator G
defined on discretized grid (Remark 2.2.3), and its compactness (Proposition 2.2.17) neces-
sitates introduction of the skip connection W to recover the local, high frequency behavior
that integral operator otherwise smooths out. In defining these components we formalized
some of the requirements otherwise left implicit in the source literature, in particular the
at-most-linear-growth requirement on the activation function ¥ without which the induced
Nemytskii operator fails to map between LP Lebesgue spaces (Proposition 2.2.13). All em-
pirical architectures of Neural Operators studied in this thesis reflect the same structural
components dictated by functional-analytic necessity: the non-local Kernel Integral, the
non-compact Skip Connection, and the non-linear Activation Function.

Discretization Invariance

The explicit convergence rate established in Corollary 3.4.3 decomposes the discretization
error into two components: one governed by the Holder regularity of the input function
class, the other by the Lipschitz regularity of the learned integral kernel. The input regu-
larity term is dominating, which means that the approximation accuracy of a discretized
Neural Operator is constrained by the regularity of the PDE solution functions that are be-
ing approximated, not by architectural design choices of the model. Smoothing the learned
kernel beyond Lipschitz continuity has diminishing returns. The resulting lower bound on
the grid resolution N > e~/ for the target approximation error rate e > 0 confirms that
the curse of dimensionality is intrinsic to the Kernel Integral based model architecture.
These rates were enabled by an alternative proof approach for the Discretization In-
variance Theorem of Kovachki et al. (Theorem 3.3.2). The original proof by Kovachki
et al. requires compactness of the input set K, obtained via an e-net construction that
reduces the problem to finitely many representative functions, but only guarantees asymp-
totic convergence. The proposed alternative approach (Theorem 3.3.10) omits constructing
the e-net by instead utilizing the Holder continuity that the Morrey embedding provides

67
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on bounded subsets of W#*P(D) with kp > d, allowing us to uniformly bound the inte-
grand variation on each partition cell of discretized grid directly. This enables establishing
explicit rates, and additionally relaxes the compactness requirement on K to boundedness.

Universal Approximation

All Universal Approximation Theorems for operators on Banach spaces analyzed in this
thesis rely on the encode-approrimate-decode proof strategy. This approach is necessary due
to the structural mismatch between the infinite-dimensional spaces on which operators act
and the finite-dimensional neural networks used to approximate them. Functional analysis
resolves this by providing tools that enable reducing the problems on infinite-dimensional
Banach spaces to finite-dimensional approximations.

First, it guarantees existence of a basis structure on the relevant Banach spaces, ei-
ther via the Approximation Property (Theorem 4.2.7) or via extension to periodic domain
followed by the Fourier decomposition (Theorem 4.1.1, Remark 4.4.5), which enables ap-
proximating elements of input and output spaces as linear combinations of finitely many
elements of truncated basis with arbitrary accuracy. The encoding step then reduces to
finding the coefficients of such a representation, and can be expressed as evaluating con-
tinuous functionals on the input space. Second, the Riesz Representation Theorem allows
representing these functionals as integration against kernels, which motivates the Kernel
Integral component in the Neural Operator architecture. Hence, the problem of learning
non-linear operators on Banach spaces effectively reduces to approximating a finite set of
real valued functionals, which produce a finite dimensional encoding of the input maps.

In the decoding step the output elements are reconstructed from finite coefficient vectors
as a linear combination of the truncated output basis. The reduction to finite dimensional
encoding vectors allows applying the classic Universal Approximation guarantees |1, 2]
to learn the non-linear transformation described by the target operator. The approxima-
tion error decomposes accordingly into an encoding error controlled by the input space
discretization, an approximation error from the learned finite-dimensional transformation,
and a decoding error determined by the expressiveness of the output basis.

The Universal Approximation guarantees rely on three requirements: non-locality, non-
linearity and compactness. Non-locality is required because the encoding functionals must
aggregate information about the input function across the entire domain to produce a
constant finite-dimensional representation.

Non-linearity is introduced via the activation function and is grounded in the Stone-
Weierstrass Theorem. The closure of ridge functions with non-polynomial activation
is dense in C(K,R), and this density result is invoked at every stage of the encode-
approzimate-decode factorization to guarantee that each component can be implemented
by a neural network.

Compactness of the input function set K ensures that the finite-rank reduction works
uniformly. Total boundedness, which follows from compactness, guarantees that for any
€ > 0, the behavior of all functions in K can be described by finitely many representatives,
so that a single set of truncated basis elements and encoding functionals can be defined
for the entire input set uniformly.

The key theorems studied in this thesis instantiate the encode-approrimate-decode strat-
egy differently, but the differences amount to variations on the same structure. The fixed-
grid approach of Chen & Chen (1995) [3] encodes via Dirac evaluations at sensor points,
which can be viewed as a special case of the Kernel Integral encoding of Kovachki et al.
(2023) 9] in the degenerate limit where the mollification radius collapses to zero. Lanthaler
et al. (2025) [10] encode via inner products against Fourier basis functions absorbed into
the lifting network, arriving at the same finite-rank formulation through a different route.
The roles assigned to each component of the Neural Operator differ across approaches, but
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the encode-approzimate-decode template is identical.

Continuous non-locality via kernel integration is what enables Discretization Invariance.
The Kernel Integral formulation of the non-local component allows defining the encoding
independently of any particular grid, so that the same learned parameters remain valid
across different grid resolutions. By contrast, when non-locality is simplified to pointwise
evaluation, as in Chen & Chen [3], the architecture becomes grid-dependent and must be
retrained for each discretization.

The relaxation of compactness to boundedness requirements on subsets of WP (D)
with kp > d under additional assumption of uniform continuity of the target operator in
C(D) with sup-norm topology, established in Corollary 4.3.5 via the Morrey embedding,
establishes a tradeoff and extends the Universal Approximation guarantees to a subset of
a wider input class of bounded sets of functions admitted by our Discretization Invari-
ance results from Theorem 3.3.10. However, explicit approximation rates for the UAT
could not be established, as both the Approximation Property and the classical UAT, on
which the analyzed proofs rely, are non-constructive existence results that guarantee con-
vergence without quantifying the required network complexity or the rate at which the
error decreases.

Limitations and Future Work

The explicit convergence rates established in Corollary 3.4.3 are derived for a single-layer
Neural Operator and define an upper bound on the discretization error. Two theoretical
directions follow. The first is the extension to multi-layer architectures with Lipschitz
continuous kernels and activations, where the question is how the discretization error ac-
cumulates through layer composition. The second concerns the tightness of the obtained
lower bound on the mesh refinement N > e=%/® The fact that input regularity governs
the rate (Remark 3.4.4) is independently supported by the FNO-specific aliasing analysis
of Lanthaler et al. (2024) [13], which suggests the dependence is a structural feature of the
discretization problem and motivates further quantitative study.

The error decomposition also suggests an empirical research direction. Since the bound
identifies input regularity as the dominant source of discretization error, Corollary 3.4.3
suggests that Discretization Invariance of a model should degrade precisely when the input
function class in a Sobolev space fails to satisfy the regularity threshold kp > d. This
offers a falsifiable explanation for the failures of Discretization Invariance reported in the
literature. The hypothesis is that Fourier Neural Operators should retain resolution in-
dependence on problems with sufficiently regular solutions and lose it on problems where
the regularity condition is violated. This hypothesis can be tested through controlled
ablation studies by varying the spatial dimension d, the Sobolev regularity of the input
function class, and the grid resolution N, while measuring the empirical convergence rate
against the predicted exponent. The results would provide a direct connection between the
functional-analytic theory developed in this thesis and the empirical behavior of Neural
Operator architectures.
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Appendix A

Neural Operator Properties

As specified in Remark 2.2.2; the Discretization Invariance and Universal Approximation
Theorems by Kovachki et al. [9] present their results on C(D), LP(D) and W*P spaces
with p € [1,00) and D C R?. Hence, in the following sections we extend the definitions of
the theoretical form of the Neural Operator Definition 2.2.27 and it’s components, Kernel
Integral Operator I (Definition 2.2.14 and Nemytskii Operator induced by the Activation
function ¥ (Definition 2.2.12) to C(D) with sup-norm and W*P with p € [1,00) spaces.
Note, that the requirements on kernel function regularity of the Kernel Integral operator
differ dependent on the topology.

A.1 Neural Operators on (D) with sup-norm

Proposition A.1.1 (Induced Nemytskii operator ¥ is well-defined on C(D) with sup-norm).
Let o : R% — R% be a continuous non-linear activation function. The map ¥ de_ﬁned by
[Xv](z) = o(v(x)) is a well-defined non-linear bounded Nemytskii operator on C(D;RY).

Proof. Well-definiteness. As a composition of continuous functions, the function [Yv](z) =
o(v(z)) is continuous for all v € C(D;R®%). By Heine-Borel Theorem, the closed and
bounded set D C R is compact. The image v(D) is compact by [18, Prop. 1.8.20, p.

32|, and thus the image [Xv](D) = o(v(D)) is also compact and therefore bounded, which
implies that the supremum norm is finite for all € D:

120]|0c = sup |o(v(z))| < 00, Vv € C(D;R™) (A1)
zeD

It follows, that the induced operator ¥ is a well defined operator on C(D;R%) topology
with || - ||oo norm.

Boundedness. Let Br := {v € C(D) : ||v|]looc < R} with R < oo be a bounded set.
Then for any x € D, ||[v(x)| < R, i.e. the image v(D) lies in a closure of a bounded ball
B(0, R) for all v € Bg. A closed and bounded ball or radius R is compact in R?. By the
Extreme Value Theorem [18, Thm. 1.8.25, p.33], the continuous function o achieves it’s
maximum on the compact set B(0, R). For any v € Bp it holds

[Ev]loe = sup [o(v(z))| < max |o(y)| < oo (A.2)

The operator ¥ maps bounded sets to bounded sets in C(D;R%) and is therefore bounded.

Continuity. Observe a convergent sequence (v,)S%; C C(D) with v, — v. Since
convergent sequences are bounded, |[v,|lcc < R, Vn € N and [|v|lcc < R. By Heine-Borel
Theorem, the closed an bounded ball B(0, R) € R% is compact, and by Heine-Cantor
Theorem the continuous function ¢ is uniformly continuous on B(0, R) C R%. It follows,
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that for any € > 0 there exists § > 0 such that for any y,y’ € B(0, R) with ||y —¢/|| < d
it holds ||o(y) — o(y')|| < e. Since v, — v uniformly, there exists N € N such that
SUP,ecp ||vn(z) —v(z)|| < 0. For all n > N it holds:

1S — 20| < sgg lo(v(z)) —o(v/(x))] < e (A.3)

Hence, the induced Nemytskii operator ¥ is continuous on C(D) in sup-norm.
O

Definition A.1.2 (Kernel Integral Operator K on C(D) with sup-norm). Let D C R? be a
bounded measurable domain. Let V := C(D). Given a parameterized continuous kernel
function kg € C'(D x D; R4v*dv) the Kernel Integral Operator Kg:V —V is defined as:

K0 (x) = /D kol y)o(y)dy, Vo€ D, (A1)

Proposition A.1.3 (Kernel Integral Operator K is a well defined and bounded operator on
C(D) with sup-norm). The Kernel Integral Operator Ky =V — V is a well defined and
bounded operator on C(D) space with sup-norm topology.

Proof. By Heine-Borel Theorem, the closed and bounded set D C R? is compact, and
D x D is compact as a product of compact sets. By [18, Prop. 1.8.20, p. 32|, the image
/-%(D, D) is compact and therefore bounded. Thus, the kernel has a finite supremum norm:

1]l oo = sup sup [s(z,y)| < oo (A.5)
zxeD yeD

Well-definiteness. To show Ky is well-defined, we must prove that for any v € V, the
image KCyv is continuous on D. For v € C(D) with [[v]s = 0 the result follows directly,
hence we assume ||v||o # 0. Since D x D is compact, kg is uniformly continuous. For any

€ > 0, there exists a § > 0 such that for all ,2' € D and all y € D with [z — 2’| <0, we
have |kg(x,y) — kg(2',y)| < e/|D|||v]s- It follows, that for any x, 2" € D with |z —2'| < 6:

KCov)(z) — [ar)(e)] < /D Iko(2,9) — Figlas )l |0()|dy (A.6)

g
< [ i ol = (A7)
b Dllow

hence Kyv € C(D) and the operator Ky is well-defined on C(D) with | - ||sc-
Boundedness. To prove that the operator Ky is bounded, we first show the pointwise
boundedness. For any x € D it holds:

Kp0](@)] = ] / n¢<x,y>v<y>dy\ (A.8)
< /D 5o 0]l ol (A.9)
= | D] Ikgllcolv]lo0 < 00 (A.10)

Taking supremum over x € D:

1Kov]loc = sugl[/%v](:v)l < D[4 lsslv]lo0 < 00 (A.11)
xre

Thus, the operator Ky is a well defined and bounded operator on C(D) space with sup-
norm. 0
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Having established the necessary properties of the components, we state the definition
of the theoretical form of Neural Operator (Definition 2.2.27) in the C'(D) with sup-norm
topology.

Definition A.1.4 (Neural Operator (theoretical form), [9, Thm. 11]). Let D C R? be
a bounded domain. Let the input space A = C(D;R%) and the output target space
U = C(D;R%) be spaces of continuous functions with || - || norm.

The theoretical Neural Operator G : A — U is defined as

G=%roKgro---0X10Ky1 (A.12)

for T' € N, where each layer consists only of a Kernel Integral Operator Ky ; with continuous
kernel kg € C(D x D;R%x*dv) followed by a Nemytskii operator ¥; induced by a non-
linear continuous activation function oy.

A.2 Neural Operators on Sobolev spaces W"? with kp > d

Remark A.2.1 (Domain notation). Throughout this thesis the bounded domain is denoted
as D C R? 1In the following propositions we instead write Q for the same domain, to
avoid collision with the weak derivative operators D and the Jacobian Do that appear
throughout this section.

Induced Nemytskii Operator ¥ on WP space
Proposition A.2.2 (Well-definedness and boundedness of ¥ on W1P). Let Q@ ¢ R? be a

bounded domain. Let o act componentwise via a scalar activation p € CHR;R), i.e.
a(y) = (p(y1),-..,p(ya)), with bounded derivative M := sup,cg |p/(t)] < oco. Then the
induced activation operator ¥ defined by [Yv](x) = o(v(x)) is a well-defined non-linear
bounded Nemytskii operator on Wl’p(Q;Rd) with 1 < p < oo, and there exists a constant

C = C(M,|Q|, p(0)) > 0 such that for all v € WIP(Q;R?) it holds
[Sollws < C(1+ lollwns). (A13

Note, that a bounded Jacobian implies at most linear growth, so by Proposition 2.2.13
the LP component is already proven and it remains to prove the properties for the weak
derivative.

Remark A.2.3 (Limitations). Proposition A.2.2 only proves well definiteness and bound-
edness of ¥ on WP, The proof of the respective properties of ¥ defined on W*? with
k> 2,p€[l,00) is out of scope for this thesis.

Proof. Since |p/| < M on R, by applying the Mean Value Theorem we obtain the linear
growth bound |o(y)| < |o(0)] + M|y|, so o satisfies the hypotheses of Proposition 2.2.13
and it follows, that Yo € LP(Q; R%) with

IZvll7, < 2271 (o (0)P19] + MP|ollf,) < oo (A.14)

Since p € CL(R) with |p/| < M and u(2) < oo, the Sobolev chain rule [18, Thm. 5.3.17]
applies to each component v’ € WHP(Q), and the weak partial derivatives of o o v are
defined as

9;(Zv) = p'(v") 90, 0,5 €{1,...,d} (A.15)

It remains to show that these derivatives are in LP(2). By (A.15) and |p'| < M, we bound
the LP norm of the weak derivative:

10;(20) llze = 16" (v") 050" | v < MO Lo, 3,5 € {1,...,d} (A.16)
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Combining (A.14) and (A.16), we obtain

d
=05, = IS0l + > 10;(Z0)7 (A.17)
j=1
<227 (| (0)P1Q] + MP[[vl7,) + MP (o[}, (A.18)
< CP(14 |v]lwe)” < o0 (A.19)

for a constant C' = C(M, |©2], p(0)). By taking p-th roots we obtain the inequality (A.13),
which implies that Yv € WHP(Q;R?). Therefore, ¥ is a well-defined bounded Nemytskii
operator on WP (Q; R%). O

Kernel Integral Operator K on W*? space

Proposition A.2.4 (Kernel Integral Operator Ky is a well-defined and bounded operator
on WHEP(Q)). Let Q C R? be bounded, let 1 < p < oo, and let k € Ng. Assume the kernel
satisfies kg € CH(Q x Q). Then the Kernel Integral Operator Ky : WEP(Q) — WFP(Q), is
a well-defined and bounded operator on W*»(Q).

Proof. Throughout, DS denotes differentiation in the first variable, and we write Ny :=
#{aeNg: |a| <k} = (kgd) for the number of multi-indices of order at most k.

By the Heine Borel Theorem, the closed and bounded set Q C R? is compact, and
Q x Q is compact as a product of compact sets. Since K¢ € Ck(f_l x 1), each partial
derivative D%k, with || < k is continuous on Q x Q. By [18, Prop. 1.8.20, p. 32| its
image is compact and therefore bounded. Hence the kernel has finite C*-bound

M := max supsup |Dgre(z,y)| < oo. (A.20)
o<k 2eQyeh

Well-definiteness. Let v € WHP(Q). Since Q is bounded, v € LP(Q) C L'(Q). We first
show that Kyv admits classical derivatives up to order k, obtained by differentiating under
the integral. For every |a| < k the integrand is dominated independently of x,

1D kg2, y) v(y)| < M fo(y)] (A.21)

with M|v| € L'(2), so the Theorem on Differentiation under the Integral Sign [25, Satz
6.1.12] applies and we obtain

D [KCyv](x / D kg(z,y)v(y) dy, la| < k. (A.22)

It remains to verify that each such derivative is continuous on Q. For v with [|v|[11(q) = 0
the claim is trivial, hence assume ||v[|11(q) # 0 and fix || < k. As D¢k is continuous on
the compact set 0 x Q, it is uniformly contmuous For any € > 0 there is § > 0 such that
for all z,2’ € Q and all y € Q with |z — 2/| < 4,

e

|Dgrg(2,y) — Dyrg(a’, y)| < o (A.23)
vl 21 (@)
It follows for any x,z’ € Q with |z — 2’| < 4,
DK gel(w) = DKl )| < [ D2wo(oy) = DEmola' )l o)l dy (A24)

g
< / lv(y)|dy =e. (A.25)
vz Ja
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Thus DY[Kgv] € C(Q) for every |a| < k, so Kyv € C¥(Q) € WFP(Q). In particular the
weak derivatives of Kyv coincide with the classical ones and are in LP(§2). Hence ICy is
well-defined on WP ().

Boundedness. Fix v € WFP(Q) and |a| < k. For any x € €, Hélder’s inequality in the
y-variable with conjugate exponent ¢ with % + % = 1 gives the pointwise bound

DK ] ()| = \ [ Dsotes) vy (A.26)
< D2 o Moo ol (A.27)
< M QM o] o) (A.28)

Raising to the p-th power and integrating over Q with 1+ p/q = p,

DKy = [ 1D Katl(@)P o < 327 190490 ol (A.29)
S . (4.30)
Summing over all |o| < k and taking p-th roots,
o 1/p 1
IKsvllwes@ = (32 1D Kgullng)) " < NP MIQI 0] zoge)- (A.31)
o<k

Finally, since [|v]|prq) < [[vllwer (o), We conclude
1
ICovllwraiy < Np'* M1 [ollwraq) < oo (A.32)

Thus K, is a well-defined and bounded operator on WP ((2). O

Remark A.2.5. The bound in (A.31) is expressed in terms of the the weaker norm ||v||zr(q)
rather than ||'UHWk,p(Q). Hence Ky in fact acts as a smoothing operator and defines
a bounded operator K, : LP(Q) — W?P(Q), and boundedness of the operator Ky :
WkP(Q) — WhP(Q) follows as an immediate corollary obtained from [vllzr) < lvllwrr@)-

Theoretical form of the Neural Operator NO; on W*P space

Definition A.2.6 (Neural Operator (theoretical form), [9, Thm. 11]). Let Q@ C R? be a
bounded domain. Let the input space A = WF*P(Q;R%) and the output target space
U = WHkP(Q; R%) be Sobolev spaces with p € [1,00) and kp > d, k > 1.

The theoretical Neural Operator G : A — U is defined as

G=%roKyro---0X10Ky1 (A.33)

for T' € N, where each layer consists only of a Kernel Integral Operator Ky ; with contin-
uously differentiable kernel g, € C F(Q x Q;R%*dv) followed by an activation Nemytskii
operator ¥; induced by a non-linear activation function o; € C*(R%).
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Appendix B

Discretization Invariance Proof

This section presents a detailed review of the proof of the Discretization Invariance The-
orem 3.3.2, presented by Kovachki et. al. (2023) [9, Thm. 8, Appx. E|. A concise proof
outline can be found in section 3.3. Given there are several steps in the proof of Theo-
rem 3.3.2 that require clarification, we present quotes from the proof that require attention
and address the points inline. Additionally, we append the omitted steps in derivations of
equations presented in the proof.

Proof of Theorem 3.3.2. The proof begins with the statement:

"Without loss of generality, we will assume that D = D' and, by continuous
embedding, that A=U = C(D)." [9, Appz. EJ

Invoking the continuous embedding requires explicit conditions on the parameter and so-
lution spaces A and U. Kovachki et al. define A and U as general Banach spaces. Such an
embedding into C(D) does not hold for LP(D), so we take A and U to be Sobolev spaces
and invoke the Sobolev Embedding Theorem [18, Thm. 5.3.28, p. 193] under the corre-
sponding regularity assumptions. Specifically, we assume A, C WP (D) with k > d/p,
for a bounded D € R? with Lipschitz boundary. The "without loss of generality" statement
therefore holds only under these additional regularity assumptions.

"Furthermore, note that, by continuity, it suffices to show the result for the
single layer" [9, Appx. EJ

NO = {f'_>0'1 (/ ﬁ(-vy)f(y)derb) : (B.1)
D
K € Ny, (09; R? x RY),
b€ Np,(09;RY), ny,my € N}

The "by continuity” statement is not precise as stacking arbitrary amount of NO
layers may lead to accumulation of the approximation error. Hence, continuity alone is
insufficient to control the propagation of the discretization error through the the arbitrary
multilayer NO operator and would require establishing quantitative bounds, for instance

via Lipschitz continuity or modulus of continuity bounds. We address this limitation in
the subsection 3.3.2.

"Let K C A be a compact set and (D;)32, be a discrete refinement of D." [9]
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Stating that K C A is a compact set is a non-trivial assumption for the set of parameter
functions of PDEs. Given that the authors assume A < C(D) earlier in the proof, for
K C A to be compact in C(D) further requirements must be satisfied. By the Ascoli-
Arzela Theorem [18, Thm. 5.4.2., p. 196], to guarantee the existence of a precompact set
K in C(D), the set of functions K must be uniformly bounded and equicontinuous, which
excludes families of functions with arbitrarily steep gradients or high-frequency oscillations.
This should be stated explicitly as a regularity assumption on the problem class. We
address this limitation in the alternative proof that we propose in subsection 3.3.2.

The authors further define the partition of the domain D as follows:

"To each discretization D; (of D) associate partitions Pj(l), ceey Pj(j) C D which
are pairwise disjoint, each contains a single, unique point of D;, each has pos-
itive Lebesque measure, and [9, Appx. EJ"

J
JpY=p
k=1

(k)

Hence, each partition cell Pj contains exactly one point g, of the discretization D;, with
ke {1,...,5}. This pairing of a partition P; with a discretization D; allows the definition
of a discrete approximation Qj : R7% x RI — U of an operator G € NO with parameters
k,b as a Riemann sum

J
Gyt -y wi, ... wj) = o (Z k() wi [PV + b(-)) , (B.2)

k=1

where wy = a(yg) are the pointwise evaluations of the parameter function a € A at the
discretization points y, € D;, and | - | denotes the Lebesgue measure of a partition cell.

This concludes the setup. The two regularity assumptions invoked above now play
their roles in the convergence argument. The embedding A < C(D) makes the pointwise
evaluations al p, well defined, so that the Riemann sum C;j approximates the kernel integral
operator. The compactness of K C A supplies, via total boundedness, the finite e-net
{a,}N_, C K that reduces the estimate over all of K to a finite family of representatives.
The remainder of the proof combines these two ingredients in a three-¢ argument.

Kovachki et al. use the compactness of K C A to establish a uniform bound on the
parameter functions:

sup ||aljy < M. (B.3)
acK

Since A = U = C(D), this bound is the supremum norm, and the Sobolev embedding
gives ||alloo < Cllallyprr [18, Thm. 5.3.28, p. 193]. We absorb the embedding constant C
into M to stay consistent with the original notation. The omitted bound on the integral
operator then follows by the triangle inequality:

[ seaar| < [ st latw)ldy (B.4)
< I8l lallo [ 1y (1.5)
< M [D||llc(pxp)- (B.6)
Hence the continuous pre-activation expression f D k(z,y) a(y) dy + b(z) is bounded by

R:= M |D|||xllc(pxp) + bl (B.7)
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The discrete pre-activation expression Zizl K(z, yk) a(yk) |Pj(k)| + b(x) satisfies the same
bound, since
: (k) : (k)
> Iwl@ gl el 1277] < lIslleoxn) lallss D 1P (B.8)
k=1 k=1
= M |D||[sllc(pxp) (B.9)

by Ui:l Pj(k) = D. Kovachki et al. instead bound the two expressions jointly:

Sup sup
xzeD jeN

J
| ey + 3wt atu) [P+ 20(2)
k=1

< 2(M|D|l&llc(pxp) + Iblcpy) =: R- (B.10)

which has a factor of 2 from summing both expressions under a single supremum. Since
R = R/2, we have [-R, R] C [~ R, R], so uniform continuity of o1 on [~ R, R] in the next
step holds on the tighter interval as well.

Kovachki et al. further state

"Hence we need only consider o1 as a map [—R, R] — R. Thus, by uniform
continuity, there exists a modulus of continuity w : R>g — R>q which is
continuous, non-negative, and non-decreasing on R>q, satisfies w(z) — w(0) =
0 as z— 0 and

lo1(21) — o1(22)] < w(|z1 — 22]) Vz1, 22 € [-R, R]. (B.11)
" /9/

Since the domain [— R, R] is compact and o is continuous, the restriction oy : [-R, R] - R
is uniformly continuous by the Heine-Cantor Theorem |18, Prop. 1.8.20, p. 32|, which is
what guarantees the modulus of continuity w in (B.11). This modulus is the mechanism
that turns a bound on the pre-activation error into a bound on the operator error. A
discretization grid D; fine enough to bring the Riemann sum within ¢ of the kernel integral
results through w in an approximation error below € between G € NO and its discretization
Qj. Formally, to show that there exists Q(e) € N such that for all m > Q

sup [|G(Dim, alp,,) = G(a)llu <&, (B.12)
aeK

it suffices to show that for all m > Q

sup sup

> / s, y) aly) dy — S w(, ) ale) [PO)| < 6 (B.13)
a€K zeD |J D

k=1

We use 0 for the pre-activation bound and e for the operator bound to keep the two
components of the final argument distinct, since [9] denote both by e.

In order to show that (B.13) holds, the authors rely on compactness of K C A, which
guarantees the existence of an e-net {a,}_; C K such that for any a € K there exists
n e {l,...,N} with

1)
4Dkl cpxpy

la— anlleqy < (B.14)
where the denominator is chosen so that the continuous and discrete approximation errors
below reduce to multiples of §/4. This is central to the proof, as it allows the discretization

of the infinite-dimensional set K C A by a finite family of N representative functions
{a,}N_, C K.



82 APPENDIX B. DISCRETIZATION INVARIANCE PROOF

"Since (Dj) is a discrete refinement, by convergence of Riemann sums,
we can find some q € N such that for any t > q, we have

sup
x€D

t
S~ ki, ye) | P I—/fo(ﬂ:,y)dy

k=1

< [Dll[£llcpxp) (B.15)

where Dy = {y1, ...,y } [9]."

The right-hand side here is the constant |D| ||k c(px p). Which does not vanish as ¢ — oco.
The bound (B.15) is therefore not itself a convergence statement, despite the phrasing "by
convergence of Riemann sums". It is a uniform estimate on the kernel quadrature, used
later in (B.23). The actual Riemann convergence the proof relies on appears separately in
(B.16), where the integrand r(z,-) a,(-) is fixed and continuous on the compact domain
D, and the quadrature error can be bounded by §/4.

For the next estimate, the authors fix a single representative a,, from the e-net and
bound the quadrature error for that function. Since a,, is continuous and & is continuous,
the product k(x,-) ay(-) is continuous, hence Riemann integrable, on the compact domain
D, so the Riemann sums converge to the integral as the grid spacing goes to zero. This
convergence is non-quantitative, as it defines a threshold p,, for each a,, but no rate, which
is what makes the argument an existence proof rather than a constructive one. We address
this in subsection 3.3.2.

"Similarly, we can find p1,...,pn € N such that, for any t, > p,, we have

in

sup Zn(x,y;i Nan(yy™) PP~ /DH(%y)an(y)dy

]
< - (B.16)
zeD k=1 4

where Dy, = {ygn), ... ,yt(:)}. Let m > max{q,p1,...,pN} and denote D, =

{1, ymt- " 9]

The threshold p,, and grid D;, depend on the representative a,,. Taking m > max{q,p1,...,pn}
produces a single refinement D,,, fine enough that (B.15) and (B.16) hold simultaneously

for every a,, n € {1,..., N}. The finiteness of the net is what makes this maximum well
defined.

Next, the authors derive two inequalities based on (B.14), used in the final estimate.
We fill in the omitted derivation steps.

Applying the triangle inequality for integrals and bounding the integrand by its supre-
mum norm gives

sup / k(z,y) (a(y) — an(y)) dy‘ < sup/ |k(z,y)||a(y) — an(y)| dy (B.17)
zeD |/ D xeD
< Ielewsn la=aullo, [ 1dy (@13
= Dl lxllcpxp) lla = anllcp)- (B.19)

For the discrete part, we factor out the function difference, then add and subtract the inte-
gral [ k(x,y) dy, applying (B.15) to the first resulting term and the bound | [, k(x, y) dy| <
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D] [[kllc(bx by to the second:

sup | (2, yx) (an(yi) — a(yr)) [P (B.20)
Z‘GD k=1
< llan = allc(p) sup Z K@, ye) | P (B.21)
IED k=
< lan —all¢ D)<sup Z k(@ yk) [PY) I—/ w(z,y) dy| + sup ’/ fi(:ﬂ,y)dyD
k= D xzeD |J D
(B.22)
< 2[D|||&llc(pxpy llan — allc(py- (B.23)

We now assemble the final estimate. For any a € K, choose a representative a, from
the e-net. Adding and subtracting both the continuous integral [, x(z,y) a,(y)dy and
the discrete sum of a,, the triangle inequality divides the quadrature error into three
components: the continuous approximation error (B.19), the Riemann quadrature error
for ay, (B.16), and the discrete approximation error (B.23).

su k(x a — Y R\T a ()
sup | wtavat)ay > o) aon) PP
< s [ #le0) @) - anlw) dy1

Vv
continuous approximation error

m
tsup | [ nla,)any) dy = Y- vl ) ane) [PV
zeD (/D k=1
Riemann quadrature error for a,
m
+sup | Sl yi) (an(yr) — alye)) 1P (B.24)
zeD k=1
discrete approximation error
< [DlEllepxpy lla = anllompy + 1 T2 D[ [|£llc(pxpy la — anllopy
<é/4 <6/4 <26/4
6 6 20
e by B.25
4 1 4 + 4 ( )

The first and third terms are bounded using (B.19), (B.23), and the net estimate (B.14);
the middle term by (B.16). Applying the modulus of continuity w from (B.11) to this
pre-activation bound, we conclude that for every € > 0 there exists Q(g) € N such that for
allm > @

sup IG(Dim alp,.) = G(@)lc(p) < e (B.26)

This completes the proof. O



	Introduction
	Motivation
	Literature Review
	Outline

	Foundations
	Problem Definition
	Neural Operator
	Motivation
	Induced Nemytskii Operators  and W
	The Kernel Integral Operator
	Single Neural Operator Layer
	Lifting and Projection
	Properties of the Neural Operator
	Neural Operator Instantiations


	Discretization Invariance
	Discretization Invariance: Motivation
	Discretization Invariance: Definitions
	Discretization Invariance Theorem
	Analysis of the Discretization Invariance Theorem
	Refined Discretization Invariance Proof

	Explicit convergence rates for discretized operators

	Universal Approximation Theorems
	Motivating Problem
	Fixed-Grid based Approach to Universal Approximation
	Analysis of the Fixed Grid UAT

	Generalised Encode-Approximate-Decode Framework
	On the role of the Approximation Property of Banach Spaces
	Generalised UAT for Banach Spaces with AP
	Discussion on the Error-Decomposition and Applied Architectures

	Continuous Non-Locality Guarantees Discretization Invariance
	Universal Approximation via Integral Kernel Operators
	Relaxing Compactness to Boundedness for Sobolev Spaces
	Integration as the Mechanism for Discretization Invariant Approximation

	Synthesis: the Structure of Universal Approximation
	Necessary Components for Universal Approximation
	The Proof Template
	The Tradeoff: Minimality vs. Quantitative Control


	Conclusion
	Neural Operator Properties
	Neural Operators on C() with sup-norm
	Neural Operators on Sobolev spaces Wk,p with kp>d

	Discretization Invariance Proof

