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Chapter 1

Introduction

1.1 Problem Statement and Motivation

Money laundering is estimated to account for 2 to 5 percent of global gross domestic product, cor-
responding to approximately 800 billion to 2 trillion US dollars annually [Bakhshinejad et al., 2024,
Section 1]. Beyond its economic scale, it constitutes an enabling infrastructure for organised crime:
76 percent of the most dangerous criminal networks identified in the 2024 Furopol report are active
across two to seven countries [FATFE et al., 2025, p. 19|, confirming that the problem is inherently
transnational and structurally complex.

Financial institutions are required by law to detect and report suspicious transaction activity. The
primary instrument for this is the Transaction Monitoring System (TMS), which evaluates incom-
ing transactions against predefined rule sets and generates alerts for human review. Despite decades
of refinement, industry-standard TMS produce a false alert rate (FAR) of 95 %-98 % [Bakhshinejad
et al., 2024, § 1|: nearly every alert generated is a false positive. Columbia School of International
and Public Affairs (SIPA) [2018] confirm that 90 %95 % of alerts in typical deployments require no
further action, producing enormous investigative overhead while diverting attention from genuinely
suspicious activity. The ratio of suspicious to non-suspicious transactions in Anti Money Laundering
(AML) datasets ranges from 1:100 to 1:1,000 [Bakhshinejad et al., 2024, § 1.2.2], making the detection
problem one of extreme class imbalance.

A central limitation of rule-based approaches is that they primarily evaluate scalar properties of
individual transactions. Many money-laundering typologies, however, manifest themselves through
relational and temporal patterns involving several accounts and transactions. Such patterns may
include cyclic flows, fan-in/fan-out structures, layering chains, or abrupt changes in local network
topology. Detecting them therefore requires methods that explicitly represent the network structure
of transaction data.

This does not imply that every individual transaction carries a separable structural signal. Rather, the



relevant information may emerge only after aggregation across several transactions, filtration levels,
or accounts. The present thesis investigates to what extent spectral and topological quantities can
provide a mathematically interpretable description of such multi-scale structures.

1.2 Mathematical Approach and Research Questions

This thesis investigates money laundering from a mathematical perspective. Transaction data are
modelled as finite directed weighted multigraphs D = (V, A, w), in which vertices represent accounts,
arcs represent transactions, and weights encode transaction amounts. The central question is:

How can spectral and topological operators, in particular persistent Laplacians, be used
to characterise money-laundering patterns in transaction networks, and at which level of
aggregation, indiwvidual transactions, filtration windows, or accounts, do these operators
provide usable structural information?

This primary question decomposes into three secondary questions:

1. How can standard AML typologies, such as cycles, fan-in/fan-out structures, layering cascades,
strongly connected components, and temporal bursts, be formalised as graph-theoretic and topo-
logical objects, and how can classical, Hodge, and persistent Laplacians be constructed on trans-
action graphs to encode these structures spectrally?

2. Which theoretical properties of persistent Laplacians, including the kernel-homology correspon-
dence, spectral formulae on elementary substructures such as paths, and the monotonicity of
the up-Laplacian spectrum under filtration extension, can be assessed numerically on a concrete
filtered transaction graph? In particular, under which conditions does the coarse discretisation
required for tractable computation on realistic transaction volumes limit the numerical observ-
ability of these theoretical guarantees?

3. How do the resulting spectral features behave on synthetic AML data at different levels of
aggregation, individual transaction types, filtration windows, and accounts? Do fraud-related
structures become distinguishable from benign background activity at any of these levels, and
what role do threshold calibration and the choice of aggregation scheme play in this outcome?

Central working hypothesis. We hypothesise that the kernel of the persistent Lapla-
cian Af’ recovers persistent Betti numbers exactly on a filtered transaction graph, and
that its non-zero spectrum is consistent with the spectral behaviour derived for elementary
path-like substructures. We further hypothesise that individual transactions, viewed in iso-
lation, carry too little structural information to yield a stable descriptive separation under
extreme class imbalance. By contrast, aggregating spectral contributions over the transac-
tions incident to an account may produce a descriptive shift towards higher feature values



for fraud-labelled accounts than for background accounts.
This latter pattern is not interpreted as evidence of a validated classification method. Its
practical relevance depends on the consistency between the filtration thresholds, the graph
on which they are calibrated, and the volume and transaction-frequency distribution of the
population to which the resulting features are transferred.

The approach proceeds in three steps. First, transaction networks are modelled as directed

weighted multigraphs and analysed using directed, combinatorial, and symmetrised Laplacians. Sec-
ond, for the topological and persistent-spectral analysis, the directed graph is mapped to a symmetrised
weighted graph and lifted to a simplicial complex via the clique construction. This deliberately ab-
stracts from the orientation of individual transactions; directed flow information is therefore not re-
covered by the topological construction, but is retained separately for the combinatorial analysis of
directed structures such as strongly connected components and in-/out-degree asymmetries.
The clique construction enables the definition of Hodge Laplacians, whose kernels encode indepen-
dent one-dimensional homological features through the first Betti number ;. Third, a volumetric
filtration of simplicial complexes, indexed by decreasing transaction-amount thresholds, is constructed
on a pattern-centred working subgraph. Persistent Laplacians Aff 'L are then used to extract spec-
tral features along this filtration. These quantities are mapped descriptively to transaction types
and aggregated at the account level, where they are compared with the fraud labels of the synthetic
AMLWORLD dataset of Altman et al. [2024].

1.3 Relevance

Mathematical relevance. Transaction networks provide a structured setting for the application
and further development of modern spectral-topological methods. The persistent Laplacian, intro-
duced and studied by Wei and Wei [2024] and Mémoli et al. [2022], refines persistent homology by
recovering persistent Betti numbers from the kernel of a self-adjoint operator while encoding additional
geometric information in its non-zero spectrum. Applied to simplicial filtrations derived from trans-
action data, this framework connects spectral graph theory, Hodge theory on simplicial complexes,
and persistent homology in a unified operator-theoretic setting. The directed nature of transaction
graphs further motivates the Laplacian theory for digraphs developed by Li and Zhang [2012]. In
this thesis, directed operators are used to retain and analyse flow-related information, whereas the
persistent-spectral and topological constructions are defined on a symmetrised graph. This separation
makes explicit that the latter constructions describe undirected structural properties of the transaction
network rather than recovering the original orientation of individual transactions; the corresponding
framework is developed in Chapters 3 and 4. The exact kernel identities and the spectral formulae
derived for elementary substructures are mathematically well behaved at the analytical level. Their
numerical evaluation on large, coarse, and discretised transaction filtrations may nevertheless be sensi-
tive to the selected threshold sequence, matrix conditioning, and floating-point implementation. This
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distinction between analytical validity and numerical observability motivates further work on stable
persistent Laplacian computations for large transaction networks.

Applied and regulatory relevance. Under Article 8(2) of Directive (EU) 2015/849 European Par-
liament and Council [2015], obliged entities must document and justify their risk assessment method-
ology. This creates a practical need for methods whose quantities, modelling choices, and limitations
can be communicated clearly within a transaction-monitoring process (see Subsection 2.1.2).

Spectral invariants such as the Fiedler value Aj(L), the first Betti number (1, and the persis-
tent spectral gap )\é;)p have explicit mathematical definitions and can be related to properties such
as connectivity, cyclic structure, and bottlenecks. They may therefore complement less-transparent
representations in exploratory AML analyses. However, interpretability alone does not establish reg-
ulatory suitability, operational effectiveness, or a reduction in false alerts. Such claims would require
validation on representative data, an explicitly defined decision rule, and a comparison with relevant

operational baselines.

1.4 Scope and Limitations

This work has a mathematical focus: The emphasis is on the derivation, proof, and spectral-theoretical
interpretation of the relevant operators, not on the development of a fully functional AML system.
Accordingly, the following limitations apply:

e The empirical analysis uses the synthetic AMLWORLD dataset Altman et al. [2024]. No real
production transaction data are used.

e No large-scale performance benchmarking against industrial TMS is performed, and no classifica-
tion metric beyond descriptive group comparisons is introduced, in order to restrict all empirical
claims to quantities directly derived from the theory of Chapters 3 and 4.

e The simplicial complex construction is restricted to clique complexes of dimension at most two
(vertices, edges, triangles), which suffices for the 0- and 1-Hodge and persistent Laplacians of
primary interest.

e For computational tractability, the persistent Laplacian is evaluated on a pattern-centred work-
ing subgraph of moderate size (Definition 5.4.1) rather than on the full transaction network.
The resulting filtration thresholds are calibrated on this subgraph, and their transfer to the full
account population is examined critically in Chapter 5 rather than assumed to be unproblematic.

e Scalability considerations are addressed at the algorithmic level (Chapter 4) but not empirically
validated at production scale.



e The transfer of filtration thresholds from the working graph to the full account population is
not a recalibration on the full edge distribution. Consequently, account-level comparisons are
interpreted as descriptive results under a specific thresholding and aggregation scheme, rather
than as estimates of out-of-sample detection performance.

1.5 Structure of the Thesis

The thesis is organised as follows.

Chapter 2 provides the criminological and regulatory background. It introduces the legal defini-
tion of money laundering, the three-phase placement—layering—integration cycle, the main typologies
(smurfing, TBML, shell companies, hawala), and the existing detection landscape. Each typology is
described in terms of its structural signature in the transaction graph, preparing the mathematical
formalisation of Chapters 3 and 4.

Chapter 3 develops the mathematical foundations. Transaction networks are introduced as di-
rected weighted multigraphs. Classical and symmetrised Laplacians are defined and their spectral
properties established. The chapter then develops the topological framework: simplicial complexes
and clique complexes, boundary operators, Hodge Laplacians, and the Hodge decomposition of edge
flows. It closes with an introduction to persistent Laplacians and filtrations, which are studied in full
in Chapter 4.

Chapter 4 develops the theory and algorithmics of persistent Laplacians in full. The Betti-nullity
correspondence, the Schur-complement representation, two explicit algorithms, spectral stability re-
sults, the persistent Cheeger inequality, and closed-form eigenvalue formulae for path inclusions are
proved.

Chapter 5 presents the empirical case study based on the synthetic AMLWORLD dataset of Altman
et al. [2024]. It proceeds in five stages:

e Data basis. Description and preprocessing of the AMLWORLD data, including the labelling
structure and basic volume statistics.

e Graph construction. Construction of the directed weighted transaction graph and of a pattern-
centred working graph used for the filtration.

e Filtrations. Definition of a volumetric filtration on the working graph.

e Window-level analysis. Evaluation of persistent Laplacians on successive filtration pairs. This
analysis numerically validates the Betti—nullity correspondence and compares observed spectra
with the path-spectrum formula on elementary substructures. It also examines the numerical



observability of up-Laplacian monotonicity under filtration extension, including deviations that
arise under the coarse discretisation used in the empirical setting.

e Account-level aggregation. Mapping of spectral quantities back to individual transactions
and aggregation at the account level, followed by a descriptive comparison between fraud-labelled
and background accounts and a critical discussion of threshold calibration and transfer to the
full account population.



Chapter 2

Financial Crime and Structural
Characteristics of Transaction Networks

2.1 Terminology and Regulatory Framework

Money laundering creates a threat to financial systems’ safety across the globe. According to [Bakhshine-
jad et al., 2024, p. 496], the total size of the money laundering activity is believed to range from 2
to 5 percent of the world’s gross domestic product, which translates into 800 billion to 2 trillion US
dollars. This figure makes money laundering the third-largest segment of organized crime |Deprez
et al., 2025b, p. 1].

2.1.1 Financial Crime and AML Functions

Within the legal framework of the European Union, the money laundering act is defined in Article 1(3)
of Directive (EU) 2015/849 [European Parliament and Council, 2015, Article 1, (3)]| as the conversion,
transfer, concealment, acquisition, possession or use of property obtained through criminal activities
along with the participation in, or assistance to, these activities. Criminal law minimum harmoni-
sation in the Union is guaranteed by Directive (EU) 2018/1673 |European Parliament and Council,
2018b, (11)], which in addition to the aforementioned also prohibits self-laundering and sets a maxi-
mum period of imprisonment of four years. In the context of German law, Section 1(1) GwG [Federal
Republic of Germany, 2017, § 1(1)] links money laundering directly to the criminal offence defined in
Section 261 StGB [Federal Ministry of Justice, 2024, Section 261].

Money laundering has become an international crime phenomenon as a result of the processes of
digitalisation and globalisation [FATF et al., 2025, p. 6]. According to the Europol study Decoding
the EU’s most threatening criminal networks (2024), 76 percent of the most dangerous criminal net-
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works are active in two to seven countries [FATF et al., 2025, p. 19]. It proves that purely national
rules-based frameworks are not adequate. To combat money laundering, a framework of laws and
procedures ( anti-money laundering (AML)) has been established, comprising customer due diligence,
transaction monitoring, and suspicious activity reporting [Bakhshinejad et al., 2024, p. 496].

The concept of a transaction as a central operation is of crucial importance for the graph-theoretic
model developed in Chapter 3. According to the German Anti-Money Laundering Act (GwG), a
transaction is defined as a single act or, where a connection between them appears to exist, several
acts that are intended to effect or do effect a movement of funds or another transfer of assets [Federal
Republic of Germany, 2017, § 1(5)]. This definition explicitly encompasses both individual and related
sequences of acts, reflecting the possibility that economically connected activities may constitute a
single transaction. A graph-theoretic representation of this concept is provided in Definition 3.1.1.

2.1.2 Core AML Processes: KYC, TMS, SARs

The three core processes KYC (Know Your Customer), TMS (Transaction Monitoring Systems), and
SARs (Suspicious Activity Reports) are the institutional environment in which the network detection
methods introduced in Chapters 4 and 5 have to be implemented.

Know Your Customer (KYC). Under Article 13(1) of the Directive (EU) 2015/849 [European
Parliament and Council, 2015, Art. 13(1)], the obliged entity is required to perform customer identi-
fication, verification of the identity of the customer, determination of the beneficial owner, evaluation
of the purpose of the business relationship, and continuous monitoring of transactions. Under the
GwG in Germany, there is an individual obligation to carry out continuous transaction monitoring on
the basis of the risk profile of every single customer [Federal Republic of Germany, 2017, § 10(1) No. 5].

Transaction Monitoring Systems (TMS). TMS form the basis of alert generation systems for
AML compliance programs [Columbia School of International and Public Affairs (SIPA), 2018]. They
analyze transaction flows according to pre-defined scenarios and generate automatic alerts on possible
money laundering activities. Although TMS play a critical role in the process, industry standard
solutions of TMS are marked with a false alert rate (FAR) of 95 %-98 % [Bakhshinejad et al., 2024,
p. 497], Columbia School of International and Public Affairs (SIPA) [2018] report an even higher per-
centage of 90 %95 %. The ratio of suspicious to non-suspicious samples is one to 100 to one to 1,000
[Bakhshinejad et al., 2024, p. 497]. The imbalance calls for algorithms that focus more on the struc-
ture of anomalies than the total amount of transactions. The independence of the spectral features
discussed in Chapters 3 and 4 from the transaction volume is investigated in Chapter 5.

The alert process, which includes triaging alerts, reviewing cases, and reporting to regulators [Bakhshine-
jad et al., 2024, p. 496], ends with the money laundering reporting officer (MLRO) who, under Section 7
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GwG [Federal Republic of Germany, 2017, § 7|, is directly accountable to management. The concrete
analytical methodology within the TMS remains largely at the discretion of the obliged entity, creating
scope for graph-based and spectral approaches.

Suspicious Activity Reports (SARs). The obligation to file SARs is anchored in Article 33
of Directive (EU) 2015/849 [European Parliament and Council, 2015, Art. 33| and implemented in
Germany via Section 43(1) GwG [Federal Republic of Germany, 2017, § 43(1)].

2.1.3 Regulatory Requirements and Supervisory Expectations

The main factors that govern the European Union’s AML structure are the Fourth Money-Laundering
Directive European Parliament and Council [2015] and the Fifth Anti-Money-Laundering Directive,
which covers virtual assets European Parliament and Council [2018a]. The main principle that guides
this structure is the risk-based approach: according to Article 8(1) of Directive (EU) 2015/849 [Eu-
ropean Parliament and Council, 2015, Art. 8(1)|, the risk-based approach entails identifying and
assessing risks related to money laundering for customers, products, regions, and transactions. In
addition, Article 8(2) of Directive (EU) 2015/849 [European Parliament and Council, 2015, Art. 8(2)]
states that entities must document their risk assessments and revise them on a regular basis. At the
national level, BaFin exercises supervisory responsibility over banks under Sections 50 and 51 GwG
[Federal Republic of Germany, 2017, §§ 50, 51].

Spectral and graph-based methods used inside a TMS must then comply with three regulatory
dimensions based on a risk-based approach:

1. Risk-sensitivity: The detection rule must adapt to structural anomalies in the transaction
network independent of the actual amounts transacted in compliance with Article 8(1) of Direc-
tive (EU) 2015/849 [European Parliament and Council, 2015, Art. 8(1)].

2. Effectiveness: The technique must demonstrably decrease the number of false alerts in com-
parison to a rule-based TMS in compliance with the supervisory expectations of BaFin under
Sections 50-51 GwG [Federal Republic of Germany, 2017, §§ 50, 51].

3. Interpretability: Detection rules must be mathematically defined and explainable for an
obliged entity to explain its risk assessment approach in Article 8(2) of Directive (EU) 2015/849 [Eu-
ropean Parliament and Council, 2015, Art. 8(2)].

Whether the spectral operators introduced in Chapters 3 and 4 satisfy these three dimensions is
assessed in Chapter 5.



2.2 Money Laundering in Practice: Typologies and Patterns

Before the mathematical tools developed in Chapters 3 and 4 can be applied to transaction networks,
we must first understand which structural patterns typically arise in such data. This section therefore
reviews the criminological and regulatory literature on the most common forms of money laundering
and uses these empirical findings to motivate the graph-theoretic and spectral formalisations intro-
duced in the subsequent chapters.

2.2.1 The Money Laundering Cycle: Placement, Layering, Integration

This subsection is based on the framework proposed in Association of Certified Fraud Examiners
(ACFE) [2025a].

Money laundering is not a single event, but rather a structured, multi-stage process aimed at con-
cealing the illegal origin of funds and reintroducing them into the legal economic cycle. The process
is typically divided into three successive phases: placement, layering, and integration. Each of these
phases leaves characteristic structural traces in transaction networks, which are formalised in Chap-
ter 4 as spectral and topological invariants.

Placement. The first stage, placement, concerns the physical introduction of illegally obtained cash
into the financial system, typically through deposits, currency exchanges, or cross-border transfers.
From a regulatory perspective, this phase is both the most critical and the most traceable, as the
link between criminal proceeds and financial transactions is most direct at this point [Association of
Certified Fraud Examiners (ACFE), 2025a, pp. 2-3]. In graph-theoretic terms, the concentration of
cash inflows across multiple accounts gives rise to nodes with unusually high in-degree, which can serve
as indicator of anomalous activity. The formal definition of in-degree is provided in Definition 3.1.6.

Layering. If the placement stage remains undetected, the process enters its second phase, layering.
In this phase, the aim is to disrupt the audit trail by routing funds through a chain of increasingly
complex transactions spanning multiple accounts, currencies, and jurisdictions [Association of Cer-
tified Fraud Examiners (ACFE), 2025a, p. 3|. Such repeated movements of funds between accounts
naturally give rise to cyclic substructures in the transaction graph. These cycles admit a spectral char-
acterisation via the nullity of the 1-Hodge Laplacian A, whose kernel dimension coincides with the
first Betti number ;. Both quantities are introduced formally in Sections 3.4.4 and 3.5.5, respectively.
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Integration. The third stage, integration, closes the cycle by channeling the layered funds back
into seemingly legitimate economic activity. At this point, detection becomes considerably more chal-
lenging, as the illicit funds now exhibit the outward characteristics of lawful income [Association of
Certified Fraud Examiners (ACFE), 2025a, pp. 3-4]. From a graph-theoretic viewpoint, integration
manifests itself as an expansion of the largest weakly connected component of the transaction graph,
reflecting the merger of illicit flows with pre-existing legitimate structures. The resulting spectral
dynamics are exploited in Chapter 4 for the retrospective identification of subgraphs associated with
money-laundering activity.

2.2.2 Common Typologies

The typologies introduced below can be viewed as refinements of the three-phase cycle outlined above.
Each of them gives rise to a characteristic structural signature in the transaction graph, and these
correspondences are summarised in Table 2.1.

Smurfing and Structuring. One of the most widely used placement techniques is to break up
large amounts of illicit cash into many smaller transactions, each carefully calibrated to remain below
the thresholds that trigger reporting obligations [Association of Certified Fraud Examiners (ACFE),
2025a, p. 3]. This practice gives rise to a characteristic star-shaped subgraph: numerous low-weight
source nodes funnel funds into one or a small number of target accounts. Such structures are marked
by high fan-in degree and pronounced temporal bursts, both of which are formalised as detection
features in Sections 2.3.2 and 4.8.

Shell Companies. Corporate vehicles that lack substantive economic activity play a central role in
the layering phase [Association of Certified Fraud Examiners (ACFE), 2025b, p. 8|. Chains of such
shell companies give rise to directed paths of considerable depth, often accompanied by feedback loops.
These cyclic structures increase the first Betti number 31 of the associated simplicial complex, so that
elevated values of §; within a subgraph can serve as a topological indicator of layering activity, as
formalised in Section 3.4.4.

Alternative Remittance Systems. Informal value-transfer systems such as hawala operate en-
tirely outside the formal banking infrastructure [Association of Certified Fraud Examiners (ACFE),
2025b, p. 24]. Their bilateral settlement mechanisms leave no direct trace in conventional financial
records, effectively bypassing standard transaction monitoring. From a graph-theoretic viewpoint, this
gives rise to connectivity gaps that lower the algebraic connectivity A; of the reconstructed transaction
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graph, the corresponding spectral interpretation is developed in Section 3.3.

Bulk Cash Smuggling. Despite the increasing sophistication of the typologies discussed above,
bulk cash smuggling — the physical transportation of large amounts of cash across borders — remains
widespread [Association of Certified Fraud Examiners (ACFE), 2025b, p. 14]. The subsequent place-
ment of smuggled cash leads to abrupt activations of previously dormant nodes, producing temporal
bursts that can be detected via the persistent Laplacian feature Fj(7) introduced in Definition 4.8.1.

2.2.3 Graph-Based Views on Transaction Networks

The global financial system is, in essence, a network: institutions, accounts, and transactions are
linked through relationships that differ in volume, currency, and instrument type. Building on this
perspective, Granados and Vargas [2022] show empirically that analysing the structural organisation
of a financial network allows one to identify suspicious groups of agents and to characterise the ways
in which their members are separated from one another |Granados and Vargas, 2022, p. 2|.

This viewpoint directly motivates the spectral indicators introduced in Chapter 3. The algebraic
connectivity A1 (see Definition 3.3.10) measures how tightly a subgraph is integrated into the surround-
ing network [von Luxburg, 2007, pp. 4-6][Spielman, 2025, p. 30|, while strongly connected components
isolate groups of accounts within which funds can circulate along closed loops [Granados and Vargas,
2022, pp. 8-9|.

Weber et al. [2018] establish graph analytics as an increasingly important instrument in AML
practice, noting that a natural representation of transactional data is a bipartite directed graph with
account identifiers on one side and transactions on the other [Weber et al., 2018, p. 3]. Real-world
AML transaction graphs, however, contain billions of edges between millions of nodes, which imposes
stringent scalability requirements on any spectral method.These constraints guide the algorithmic de-
sign in Chapter 5.

These observations motivate the graph model introduced in Chapter 3, which captures direction-
ality, edge weights, and multi-edge structures in transaction networks.

2.3 Graph-Theoretic Patterns in Transaction Networks

Transaction networks form the empirical starting point for the spectral analysis of money-laundering
structures. This section describes the patterns observed in criminological practice in graph-theoretic
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language. Each pattern corresponds to a spectral or topological signal that is formalised and quantified
in Chapters 3 and 4. Table 2.1 summarises these correspondences.

2.3.1 Cycles, Rings, and Circular Trade

The most elementary pattern in criminal transaction networks is the circulation structure: funds travel
in a closed loop that eventually returns to its starting point. Granados and Vargas [2022] formalise
this as an explicit graph rule: launderers resort to deposit triangulation between the same agents in
order to complete a cycle [Granados and Vargas, 2022, p. 8], and at least part of the money involved
is expected to return to the originating agent |Granados and Vargas, 2022, p. 9]. Cycles of length
£ > 3 through a common node are regarded as suspicious. The detection task then reduces to finding
maximal cliques in the reduced network [Granados and Vargas, 2022, p. 9].

N
< K

) Two crossing cycles sharing a common bifur-

(a) A directed cycle of length ¢ = 4: funds orig- catlon node A (highlighted): the co-occurrence of
inating at node A circulate through intermediary multiple cycles through the same node is the pri-
nodes B, C, D before returning to A. mary suspiciousness indicator.

Figure 2.1: Directed cycle structures as layering patterns. Based on |Granados and Vargas, 2022, p. 9].

As illustrated in Figure 2.1, panel (a) shows the minimal circulation structure satisfying Rule 5
of Granados and Vargas [2022]: among all possible paths in the network, closed paths are more rele-
vant than simple paths [Granados and Vargas, 2022, p. 9]. Panel (b) extends this to the strategically
more suspicious case of crossing cycles sharing a bifurcation node, which forms the basis of the clique-
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reduction strategy developed in Granados and Vargas [2022].

Bonato et al. [2024] corroborate this empirically: applying a cycle-detection algorithm to unre-
ported transactions, they identify 183 directed cycles of unreported transfers among 646 accounts
[Bonato et al., 2024, p. 8]. The spectral and topological formalisation of cycles, via the first Betti
number 31 (Section 3.4.4) and the Fiedler value A\j (L¥™) of the symmetrised Laplacian (Section 3.3),
is given in those sections respectively.

2.3.2 Fan-In and Fan-Out Structures (Smurfing)

Whereas circular structures are characterised by the return of capital, smurfing is defined by a funda-
mental degree asymmetry.

Deprez et al. [2025a] distinguish two canonical variants: in the scatter-gather topology, funds fan
out from a source account via mule accounts and fan in at the destination; in the gather-scatter topol-
ogy, funds are first collected at a central hub before being redistributed [Deprez et al., 2025a, p. 2|.
A defining characteristic is the uni-directional flow of funds with minimal return flow [Deprez et al.,
2025a, p. 6.

As illustrated in Figure 2.2, both topologies produce a characteristic degree asymmetry: high
out-degree nodes (sources) and high in-degree nodes (destinations) are linked exclusively through in-
termediate mule nodes of low degree.

This structural signature distinguishes smurfing from the cyclic patterns of Section 2.3.1 and
motivates the dedicated fan-in and fan-out degree features of Definition 3.2.6 (Section 3.2) and the
detection features of Section 4.8.2.

2.3.3 Layering Cascades

The layering phase routes funds through a series of complex financial transactions designed to confuse
the audit trail, with the explicit aim of making the transaction trail challenging to follow [Association
of Certified Fraud Examiners (ACFE), 2025a, Bonato et al., 2024, p. 3].

From a graph-theoretic perspective, layering cascades correspond to bottleneck structures in the
transaction graph: subgraphs through which all fund flows must pass and that are connected to the
rest of the network by relatively few edges. The spectral formalisation of this bottleneck property, via
the algebraic connectivity of the symmetrised Laplacian and its relationship to isoperimetric constants,
is developed in Sections 3.3.3 and 4.4.3.
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(a) Scatter-gather: funds fan out from a sin- (b) Gather-scatter: funds are first pooled at
gle source and converge at a single destina- a central hub before being redistributed to
tion. multiple destinations.

Figure 2.2: The two canonical smurfing topologies. Based on Deprez et al. [2025a, Figure 1, p. 2].

2.3.4 Strongly Connected Components and Circulation

When multiple layering stages are coupled through feedback, strongly connected components (SCCs)
emerge: subgraphs in which every node can reach every other node via directed paths (Definition 3.3.7).

Granados and Vargas [2022] formalise the underlying suspiciousness rules in terms of graph-
structural properties: maximal cliques in the reduced network contain several intersecting cycles and
thus satisfy all suspiciousness rules simultaneously |Granados and Vargas, 2022, pp. 10-11]. Their
empirical analysis of the Bahamas Leaks and Panama Papers networks further reveals negative degree
assortativity [Granados and Vargas, 2022, p. 4], indicating that high-degree nodes tend to connect pre-
dominantly to low-degree nodes, a structural pattern consistent with hub-and-spoke money-laundering
behaviour.

Crucially, strongly connected components are an inherently directed notion and cannot, in gen-
eral, be recovered from the kernel of the symmetrised Laplacian L®¥™ (Definition 3.2.13). Indeed,
symmetrisation discards arc orientation, so that ker(L®™) reflects only the connected components of
the undirected graph Ggym, equivalently the weakly connected components of the original transaction
graph (Proposition 3.2.15). Consequently, strong connectivity is treated in this thesis purely as a
combinatorial property of the directed transaction graph D (Section 5.3.3), while the spectral analysis
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of connectivity and cyclic structure via L™ is carried out on the symmetrised operator in Chapter 5,
Section 5.4.1.

2.3.5 Temporal Bursts and Dynamic Graphs

Fontes et al. [2021] investigate motif structures in banking transaction graphs using a six-hour look-
back window and show that the dominant fraud motifs consist of repeated transactions between the
same client—merchant pairs within a single window, which appear as three-node cliques in the trans-
action graph [Fontes et al., 2021, p. 5]. This pattern supports the view that temporal concentration
is a primary structural signature of fraudulent activity. It is, moreover, distinct from the path-based
propagation patterns that emerge in the corresponding entity graph.

Weber et al. [2018] validate dynamic graph topologies on AMLSim, generating a synthetic transac-
tion network with around one million nodes and nine million edges [Weber et al., 2018, pp. 4-5]. This
scale illustrates that temporal organisation is not an optional refinement but an essential dimension
of any realistic AML graph model. Abrupt changes in cyclic structure across successive time windows
are therefore captured as a spectral feature in Section 4.8.1.
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Summary

Table 2.1: Graph-theoretic patterns and their spectral and topological signals.

Section Pattern Mathematical sig- Formalised in
nal

2.3.1 Cycles / rings f1 > 1, small A\ (L®™) Secs. 3.3.3, 3.4.4

2.3.2 Fan-in / fan-out d® > d9 (or vice Def. 3.2.6;

versa), degree asym- Sec. 4.8.2
metry (weighted volumes,

Def. 3.2.6)
2.3.3 Layering cascades  small AL(LY™), Thm. 4.4.9
Cheeger constant
234 SCCs (directed) / SCCs: purely combi- Sec. 5.3.3;
circulation natorial in D; Sec. 3.3.2

circulation in  Ggym:
dim ker(L¥™) > 1

2.3.5 Temporal bursts Fs(r) >1 Def. 4.8.1, (4.45)

The operators L™, 31, A1, ker(IN/), and Af’L, together with the symmetrised graph Ggyy, are intro-
duced in Chapter 3 and the temporal burst indicator F3(7) in Section 4.8.

2.3.6 Bridging the Gap: From Directed Flows to Symmetrised Topological Shapes

A central challenge in mapping money-laundering typologies onto algebraic topology is the inherent di-
rectedness of financial transactions. As discussed in Section 2.2.1, placement, layering, and integration
are directional processes in which capital moves sequentially from source to destination. Classical and
persistent spectral theory for simplicial complexes, however, has largely been developed for undirected
structures, where self-adjoint operators ensure real and stable spectra.

To bridge this conceptual gap, the present thesis adopts a deliberate abstraction step. Before
constructing the clique complex K (Gsym) (Definition 3.4.4), the directed transaction network is trans-
formed into a symmetrised graph Ggyn,. This transformation deliberately discards the orientation of
individual transactions and thereby changes the analytical focus from directed flows to undirected
structural co-occurrences and topological backbones.

Directed layering cycles or multi-account smurfing hubs, for example, still appear as dense, tightly
connected components or closed loops in Ggym. Although the precise directional flow is temporarily
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abstracted away, the structural anomaly itself is retained and encoded in the combinatorial topology,
for instance through non-vanishing Betti numbers §;. The crucial temporal and volumetric dynamics
of these directed flows are then recovered not via asymmetric operators, but through the multi-scale
filtration process introduced in Chapter 4.

2.4 Existing Approaches and the Case for Spectral Methods

The development of AML detection methods can broadly be divided into three successive generations:
rule-based systems, machine-learning approaches, and graph-based or spectral methods. In this sec-
tion, each generation is reviewed in turn, with an emphasis on its structural limitations, and three core
requirements are distilled that motivate the spectral-topological framework developed in Chapters 3
and 4.

2.4.1 Rule-Based Approaches

Rule-based TMS have long been the dominant AML technology. Their operating principle is straight-
forward: a predefined set of rules is evaluated for each incoming transaction, and an alert is generated
whenever a threshold is violated [Bakhshinejad et al., 2024, p. 496]. The key operational drawback
is an extremely high false-positive rate: the false alert rate (FAR) typically lies between 95 % and
98 % [Bakhshinejad et al., 2024, p. 497|, a finding corroborated by Columbia School of International
and Public Affairs (SIPA) [2018], who report values in the range of 90 %—95 % for industry-standard
systems. This limitation is rooted in the architecture of rule-based approaches themselves: they rely
on fixed scalar thresholds and are not designed to capture graph-topological structure such as cycles,
hubs, or bipartite patterns.

2.4.2 Machine Learning and Graph-based Methods and Remaining Gaps

Graph-based methods are particularly well suited to AML, as transaction data are inherently network-
structured [Weber et al., 2018, p. 3|. Even without machine learning, classical graph algorithms such
as cycle detection, PageRank, degree-distribution analysis, and label propagation can reduce false
positives by 20-30 % in systems where KYC information supports reliable entity identification [Weber
et al., 2018, p. 3].

Granados and Vargas [2022| demonstrate empirically that topological analysis of large-scale fi-
nancial networks can uncover suspicious clusters and describe how their members are separated, but
also note that many laundering schemes rely on a small number of interactions within tightly knit
groups that evade standard community-detection techniques |[Granados and Vargas, 2022, pp. 17-18].
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Graph neural networks go some way towards addressing this by exploiting network structure directly:
Bakhshinejad et al. [2024] propose a graph convolutional network in which convolutions are interpreted
as first-order approximations of local spectral filters on the graph [Bakhshinejad et al., 2024, p. 500].
Nonetheless, Deprez et al. [2025b], in a survey of 97 studies, conclude that most existing work still
depends on expert-defined rules and manual feature engineering [Deprez et al., 2025b, p. 1], and that
GNNs tend to struggle under extreme class imbalance and in hub-dominated networks [Deprez et al.,
2025b, p. 29].

Important gaps therefore remain. In particular, most current approaches do not examine the
stability of topological features across multiple filtration scales. Persistent Betti numbers are rarely
employed in AML settings and the spectral signatures of directed graphs are largely unexplored in this
application domain. Addressing these gaps is the central objective of Chapters 3 and 4. The persis-
tent Laplacian Aé(’L provides a scale-stable operator whose kernel recovers persistent Betti numbers
along filtrations of transaction graphs, thereby combining spectral and topological information within
a single self-adjoint operator.

2.4.3 Why Spectral and Topological Methods?

The limitations surveyed above converge to a common conclusion: effective AML detection requires
methods that (i) sensitively capture higher-order structural patterns such as cycles and communities,
(ii) characterise topological features in a stable way across multiple scales, and (iii) remain compatible
with supervisory expectations on explainability.

Structural sensitivity. Spectral quantities such as the eigenvalues of the graph Laplacian L =
D — W capture global network properties, including connectivity, community structure, and bipartite-
ness, that are inaccessible to local, threshold-based rules [von Luxburg, 2007, pp. 3-4]. Their formal
development is deferred to Section 3.2.

Multi-scale robustness. Mémoli et al. [2022] introduce the persistent Laplacian Ag( ’L, Wei and
Wei [2024] further develop and apply it. Stability results for persistent eigenvalues show that controlled
perturbations of the underlying filtration lead only to correspondingly bounded spectral changes [Mé-
moli et al., 2022, p. 22, Theorem 5.9|.

Since transaction networks are inherently directed, Li and Zhang [2012] provide the necessary Lapla-
cian theory for digraphs. This framework is recalled in Section 3.2 and integrated with the persistent-
Laplacian construction in Chapter 4.
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Interpretability and regulatory alignment. Spectral quantities such as A;(L) and Bf L can
be directly related to intuitive concepts such as connectivity, cycle density, and bottleneck strength,
and can therefore be documented in a regulatory context, satisfying the explainability requirements
recalled in Section 2.1 European Parliament and Council [2015], Federal Republic of Germany [2017].
By contrast, the latent representations of deep neural networks are difficult to interpret under severe
class imbalance and hub-dominated topologies, and they do not naturally expose topological invariants
such as 31 or 1.

Chapter 3 develops the operator-theoretic foundation for all three properties: directed and symmetrised
graph Laplacians, Hodge Laplacians on clique complexes, and the persistent Laplacian Aff L as the
central operator of Chapter 4.

The three requirements derived above, structural sensitivity, multi-scale robustness, and regulatory
interpretability, translate directly into mathematical desiderata: a self-adjoint Laplacian whose kernel
encodes cycle counts (/31), whose smallest positive eigenvalue measures bottleneck strength (A1), and
whose spectral perturbation is controlled by the interleaving distance between filtrations.
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Chapter 3

Graph, Spectral, and Topological
Foundations

The purpose of this chapter is to establish the mathematical foundations required for a spectral-
topological analysis of transaction networks. Transaction data are modelled as directed, weighted
multigraphs, reflecting the inherent asymmetry and heterogeneity of monetary flows. Building on this
representation, the chapter develops a sequence of linear and topological operators that progressively
enrich the structural information extracted from the network.

Section 3.1 introduces transaction graphs as directed multigraphs with weighted arcs and without
loops, capturing both the structure and magnitude of financial interactions. Section 3.2 translates
these discrete objects into matrix form via adjacency, degree, and Laplacian operators. While di-
rected Laplacians preserve flow orientation, their lack of symmetry motivates the introduction of a
symmetrised Laplacian, which is self-adjoint and therefore amenable to classical spectral theory.

Section 3.3 discusses connectivity, paths, and cycles, preparing the transition to higher-order struc-
tures. Section 3.4 introduces simplicial complexes and boundary operators, enabling the formulation
of Hodge Laplacians in Section 3.5. These operators decompose flows into gradient, curl, and harmonic
components, providing a multi-dimensional analogue of graph Laplacians.

Finally, Section 3.6 introduces persistent Laplacians along filtrations of simplicial complexes. These
operators combine the stability of persistent homology with the analytical richness of spectral theory,
yielding scale-dependent eigenvalues that quantify the persistence and strength of topological features.
This framework prepares Chapter 4.

Throughout this chapter, all graphs are assumed to be finite. Unless stated otherwise, weights are
assumed to be non-negative, and all vector spaces are considered over R.
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3.1 Graphs for Transaction Networks

The first step towards a spectral-topological analysis of transaction data is to specify an appropriate
graph model.

Transaction networks are inherently asymmetric (sender — receiver), weighted (transaction amounts)
and may contain multiple transactions and self-transfers. This motivates the following unified graph
model as the basic mathematical object of the thesis.

Definition 3.1.1 (Transaction graph).
A transaction graph is defined as a finite directed weighted multigraph, i.e. a triple

D = (V? A7 w)?
where

e V is a non-empty finite set of vertices,

e ACV xV is a multiset of directed arcs, allowing multiple arcs between the same ordered pair
but no loops of the form (v,v),

e w: A — R>( is a non-negative weight function.

An arc (u,v) € A represents a directed transaction from account u to account v over a fixed ob-
servation window, with w(u,v) denoting the associated transaction amount.

Remark 3.1.2. The above definition corresponds to a directed multigraph without loops: multiple
arcs between the same ordered pair are permitted, but self-arcs of the form (v,v) are excluded from
the outset. This suffices to accurately model transaction data, where multiple transfers between the
same accounts are common, while self-transfers (an account sending funds to itself) are irrelevant to
the detection of money-laundering cycles. Indeed, a loop (v,v) does not constitute a circular money
flow between distinct accounts. The money-laundering cycles of interest such as the ring A — B —
C — A discussed in Example 3.1.2, involve directed cycles through at least two distinct accounts.
For all spectral and topological constructions in Sections 3.2-3.6, loops are therefore excluded. This
convention is standard in spectral graph theory [Spielman, 2025, Naderi and Pankrashkin, 2024] and
entails no loss of information relevant to the detection of cyclic fraud patterns, as those are captured
via the first Betti number f; of the associated simplicial complex (see Section 3.4).

3.1.1 Directed graphs for transactions

Definition 3.1.3 (Graph).
A graph is an ordered pair G = (V, E), where V is a non-empty and finite set of elements called
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vertices, and E is a finite set of elements called edges. Each edge is a two-element subset {u,v} with
u,v eV.
In an undirected graph, the pair set of E has no order: {u,v} = {v,u} for u,v € V with u # v.

Such undirected graphs model symmetric relations. In contrast, monetary flows have a natural direc-
tion from sender to receiver, which is encoded by directed graphs.

Definition 3.1.4 (Directed graph, digraph).

A directed graph (or digraph) is an ordered pair D = (V, A), where V is a non-empty finite set of
vertices and A C V x V is a finite set of arcs.

An arc (u,v) € A is directed from the tail u to the head v.

Two vertices u,v € V are adjacent if (u,v) € A or (v,u) € A.

Remark 3.1.5 (AML interpretation). In the AML setting, vertices represent accounts and arcs represent
observed transactions:

V = {accounts}, A = {observed transactions between accounts}.

An arc (u,v) corresponds to at least one transaction from account u to account wv.

Definition 3.1.6 (In-degree and out-degree, semi-degrees).
Let D = (V, A) be a digraph and v € V. The out-degree of v is

dh(v) == #{(v,u) € A:u eV},

and the in-degree of v is
dy(v) == #{(u,v) € A:u eV}

Remark 3.1.7 (Interpretation in transaction networks). In a transaction network, df (v) counts the
number of outgoing transactions from account v, while d,(v) counts incoming transactions.

Strong imbalances between in-degree and out-degree are often an indicator for collection or distribution
accounts in money-laundering schemes, see Chapter 2.

3.1.2 Multi-edge and weighted models

Real transaction data may contain multiple transfers between the same pair of accounts and self-
transfers. To capture this, multiple arcs and weights are allowed.

Definition 3.1.8 (Multigraph / Pseudograph).
A multigraph or pseudograph is a graph G = (V, E) in which multiple edges between the same pair of
vertices and loops (edges of the form {u,u}) are allowed.

Definition 3.1.9 (Directed Multigraph).
A directed multigraph is a digraph D = (V, A) in which multiple arcs between the same ordered pair
(u,v) are permitted.
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Remark 3.1.10. Throughout this thesis, transaction graphs(Definition 3.1.1) are directed multigraphs
allowing multiple arcs but no loops (v, v). This differs from the general pseudograph convention [Bang-
Jensen and Gutin, 2009, p. 18], in which loops are permitted; here they are excluded from the outset,
since self-transfers are irrelevant to cyclic AML-pattern detection (Remark 3.1.2). All spectral and
topological constructions in Sections 3.2-3.6 are therefore defined directly on D = (V, A, w) without
further loop-reduction.

In the following sections, a transaction graph containing the raw transactions is assumed. In this
case, parallel arcs are sometimes combined into a single weighted arc.

Definition 3.1.11 (Weighted graph and weighted digraph).

A weighted graph is a triple G = (V, E,w), where (V,E) is a graph and w : E — R>( assigns a
non-negative weight to each edge.

Similarly, a weighted digraph is a triple D = (V, A,w) with w : A — R>o.

In the unweighted case, a weight of 1 is assumed.

For a transaction graph D = (V, A,w), the weight w(u,v) will typically denote the aggregated
transaction volume from u to v over a fixed time window,

w(u,v) = total transaction amount from account u to account v,

or, alternatively, the number of transactions or a risk-weighted amount. Parallel arcs corresponding to
multiple transactions between the same accounts can either be stored explicitly or aggregated into a
single weighted arc; both viewpoints lead to the same matrix representations considered in Section 3.2.

This representation retains both the structure (who transacts with whom) and the strength (how
much is transferred) of connections and forms the basis for the spectral and topological analysis in the
subsequent sections.

Example: Transaction network To illustrate the above notions, consider a example transaction
network with four accounts V' = {A, B, C, D} observed over a fixed time window. Accounts A, B,C
form a directed transfer ring with identical transaction volumes, while account D only engages in
a few low-volume transfers. Table 3.1 summarises the aggregated transaction amounts between the
accounts.

In this example, the high-volume ring A - B — C' — A represents a stylised cyclic flow pattern,
as it is often observed in simplified money-laundering schemes [Association of Certified Fraud Exam-
iners (ACFE), 2025a, Granados and Vargas, 2022|, whereas the edges A — D and D — C model
comparatively harmless transfers. The full transaction graph is thus given by the directed weighted
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Table 3.1: Example transaction graph with four accounts and aggregated transaction volumes.

Sender Receiver Weight w,, Interpretation

A B 5000 part of ring A - B —-C — A
B C 5000 part of ring A - B —-C — A
C A 5000 part of ring A - B—-C — A
A D 100 isolated low-volume transfer
D C 200 isolated low-volume transfer

Figure 3.1: Graph representation of the example transaction network D = (V, A, w) with vertices
V ={A, B,C, D} and weighted directed edges as in Table 3.1.

multigraph D = (V, A, w) with the vertex set V' = {A, B,C, D} and arc weights as in Table 3.1.

While such a tabular representation is convenient for small networks, it quickly becomes unintu-
itive once the number of accounts and transactions increases: individual entries are hard to relate
to each other and global structures such as rings, hubs, or cascades are no longer visually apparent.
This motivates representing the same data as a graph, in which vertices correspond to accounts and
directed, weighted edges encode the observed transactions. Figure 3.1 illustrates the toy network from
Table 3.1 in this graphical form.

In this thesis, the detailed modelling of real-world transaction data as directed, weighted graphs is
discussed in Chapter 4. The present chapter focuses solely on introducing and motivating the math-
ematical foundations of graph-based, spectral, and topological methods that will later be applied to
such transaction networks.
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3.1.3 Local structure: subgraphs and strongly connected regions

Many money-laundering patterns are localized: they involve small groups of accounts that form tightly
connected rings, layered paths or cascades; see Chapter 2.
Such patterns are conveniently described via subgraphs of the transaction graph.

Definition 3.1.12 (Subgraph and induced subgraph).
Let G = (V, E) be a (directed or undirected) graph.

o A subgraph of G is an ordered pair G' = (V/, E’) with V' C V and E' C E.
e For U C V, the subgraph of G induced by U is defined as Gy := (U, Ey) with
Ey :={{u,u'} € E:u,u €U}
in the undirected case, and analogously Ey := {(u,u’) € E : u,u’ € U} in the directed case.

Remark 3.1.13 (Use in AML subgraph analysis). In practice, the clique complexes and associated
Hodge and persistent Laplacians introduced in Chapters 3 and 4 are computed not on the full transac-
tion graph, but on induced subgraphs G corresponding to subsets of accounts flagged as suspicious by
rule-based systems or preliminary machine-learning models. This restriction to candidate subgraphs
controls the combinatorial growth of higher-order cliques in dense regions (e.g. around exchanges or
payment service providers) and makes the persistent Laplacian layer computationally feasible. For
the topological constructions in Sections 3.4-3.6, only the underlying undirected connectivity of these
subgraphs is relevant, obtained either by forgetting orientations or via the symmetrisation procedure
introduced in Section 3.2.

3.2 Classical Graph Laplacians and Spectra

This section is primarily based on von Luxburg [2007], Spielman [2025|, and Naderi and Pankrashkin
[2024]; directed Laplacians follow Prayitno et al. [2019] and Li and Zhang [2012].

One of the most powerful tools in graph theory is the translation of combinatorial structures into
linear algebra. By associating graphs with matrices, access to spectral theory is gained: eigenvalues,
eigenvectors, and quadratic forms become representatives of connectivity, flow, and clustering. As
Spielman [2025, p. 3] puts it, a matrix can be understood as a linear operator that maps a vector v
to Mv, or as a quadratic form that maps v to the scalar v Mv.
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In this section, adjacency and degree matrices, as well as the corresponding Laplacian matrices,
are introduced. These matrices form the central link between the combinatorial structure of trans-
action graphs and the spectral methods that are later generalised to Hodge and persistent Laplace
operators. In the undirected setting, graph Laplacians are real symmetric and positive semidefinite,
with well-known connections between their spectra and notions of connectivity, clustering, and flow.

From a modelling perspective, transaction networks are inherently directed and may contain mul-
tiple edges; loops are excluded from all spectral and topological constructions as explained in Re-
mark 3.1.2. Most existing theory for Hodge Laplacians and persistent Laplacians has been developed
for symmetric Laplacians on undirected weighted graphs. Therefore a two-layer perspective is adopted
in this section: on the one hand, directed Laplacians based on in- and out-degrees preserve informa-
tion about flow orientation and local imbalances of funds, but are typically non-symmetric and thus
fall outside the standard spectral framework; on the other hand, a symmetrised Laplacian is derived
from the directed transaction graph, which fits into the classical symmetric setting while retaining
undirected weighted connectivity information. This symmetrised operator serves as the basis for the
topological and persistent Laplace operators considered in later sections.

Remark 3.2.1 (Notation). Throughout this section, the following notation is used:

e D denotes a directed graph (digraph) as in Definition 3.1.1;

A denotes the (unweighted) adjacency matrix of an undirected graph; W denotes the weighted
adjacency matrix, both for undirected and directed graphs;

e D denotes a diagonal degree matrix (with superscripts D™, D D%™ in the directed and
symmetrised settings);

e [ denotes the combinatorial Laplacian of an undirected graph;

e [ denotes the normalised Laplacian;

® Lgym denotes the symmetrised Laplacian associated with a directed graph.

e dp(v), df(v) denote the unweighted in- and out-degrees (arc counts) of Definition 3.1.6; di*,

d?" denote the corresponding weighted degrees (arc-weight sums) of Definition 3.2.6. The two
coincide when w = 1.

Throughout this work, we restrict ourselves to finite graphs. Hence, all associated matrices define
bounded linear operators on finite-dimensional spaces.
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3.2.1 Adjacency and Degree matrices

We begin with the standard definitions for undirected weighted graphs.

Definition 3.2.2 ((Weighted) adjacency matrix).
Let G = (V, E) be a simple undirected graph with n = |V| vertices. Fix an ordering V' = {v1,...,v,}.
The adjacency matriz of G is the n x n matrix A = (A;;) defined by

1 if {Ui,’Uj}GE,
Aij = :
0 otherwise.
In the weighted case, A is replaced by a matrix W = (w;;) with non-negative entries w;; that encode
edge weights [von Luxburg, 2007, p. 2|.

In the finite-dimensional setting considered here, the adjacency matrix of an undirected graph defines
a bounded self-adjoint operator on R™.

Definition 3.2.3 (Degree matrix).
Let G = (V, E) be an undirected graph with n = |V| vertices. The degree matriz of G is the diagonal
n x n matrix D = (Dyy)u,vev defined by

d(u) ifu=w,
Duw = )
0 otherwise,

where d(u) denotes the (possibly weighted) degree of vertex u.

As the primary goal of this thesis is to model financial transactions, we must transition from undirected
structures to directed ones.Standard directed Laplacians are typically non-symmetric and possess com-
plex spectra, which prevents a direct application of classical spectral clustering and robust multi-scale
homological tools. To ensure algebraic and spectral stability along the topological filtrations developed
in Chapter 4, a two-layer operator perspective is adopted.

In the first layer, the directed multi-edge data is consolidated into un-symmetrised matrix represen-
tations to compute local flow imbalances and semi-degrees. In the second layer, these representations
are mapped onto a self-adjoint, symmetrised operator. This procedural step effectively yields a real,
non-negative spectrum that is robust against small volume perturbations, while directional flow infor-
mation is retained separately in the original directed graph and its directed operators. The simplicial
complex constructed from the symmetrised graph is used exclusively for the undirected topological and
persistent-spectral analysis. Consequently, we now establish the corresponding directed definitions for
a transaction graph D = (V, A, w) from Definition 3.1.1.
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Definition 3.2.4 (Adjacency matrix of a directed multigraph).
Let D = (V, A) be a directed multigraph with vertex set V' = {vy,...,v,}, where loops are excluded.
The weighted adjacency matriz of D is the matrix W = (wj;)1<i j<n defined by

wij = Z w(e)

e€A(vi,vj)

where A(v;,v;) denotes the set of all arcs from v; to vj. If D is unweighted, we set w(e) = 1 for all
e € A, reducing w;; to the arc multiplicity p(vs, v;).

In particular, for transaction graphs the entry w;; can be taken as the sum of the weights of all
arcs from v; to v;.

Remark 3.2.5. Note that throughout this thesis, the symbol W is used uniformly for the weighted
adjacency matrix, both in the undirected setting (Definition 3.2.2) and in the directed setting (Defi-
nition 3.2.4). The unweighted adjacency matrix of an undirected graph is denoted A.

In the transaction-network setting, the weighted adjacency matrix W may correlate with either the
number of transactions between accounts in a given time window (if arcs are counted) or the total
transferred amounts (if arc weights are summed). The degree matrix collects the total outgoing or
incident volume per account.

To define Laplacians in the directed setting, we also require in- and out-degree matrices consistent
with W.

Definition 3.2.6 (Degree matrices of a (multi)digraph).

Let D = (V, A,w) be a finite directed (multi)graph with vertex set V' = {v1,...,v,}, arc multiset
A (loops excluded), and a nonnegative weight function w : A — R>(. Define the weighted adjacency
matrix W = (wjj;)i<ij<n as in Definition 3.2.4. For each vertex v; € V define the in-degree and

out-degree as
n n
in ,__ E out ,__ E
di = Wy, dZ = Wi,
Jj=1 Jj=1

for directed graphs.

These quantities extend the unweighted arc-counts of Definition 3.1.6 to the weighted setting: whereas
dp(v) and df(v) count arcs, d™ and d?"* aggregate arc weights (transaction volumes). The two coin-
cide when w = 1.

The corresponding diagonal in-/out-degree matrices D™ and D" are defined by

D =d*, DYt =dM,  DE=Dy"=0 (i+#}).
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Remark 3.2.7 (Flow interpretation). In a transaction graph, d?"* collects the total outgoing transaction
volume (or count) from account v;, and d%n the incoming volume, over the chosen time window. These
quantities will later be used to quantify local flow imbalances that are characteristic for money mules,
collection hubs or cash-out accounts in laundering schemes.

3.2.2 Graph Laplacians

Spectral methods on graphs are built around Laplacian matrices, whose eigenvalues and eigenvectors
encode connectivity and flow structure in a network [von Luxburg, 2007, p. 3|.

Definition 3.2.8 (Combinatorial Laplacian).
Let G = (V, E) be an undirected weighted graph with degree matrix D and weighted adjacency matrix
W. The (combinatorial) graph Laplacian of G is the n x n matrix

L:=D-W.

Definition 3.2.9 (Normalized Laplacian).
Let G be as above and assume that all vertex degrees are positive. The normalized Laplacian of G is

L:=1-D '2Wwp12
where I denotes the identity matrix.

For both L and L, edges with large weight contribute strongly to the corresponding quadratic
forms =" Lz and x ' Lz, penalizing differences between the values of x on adjacent vertices.
This makes Laplacians natural operators for measuring the smoothness of signals on graphs: a cochain
f has small Rayleigh quotient f'Lf precisely when it varies little across densely connected regions
of the graph [von Luxburg, 2007, p. 28|. From a financial-crime perspective, these operators provide
the bridge between the combinatorial structure of transaction graphs and quantitative indicators such
as cluster separation and connectivity of suspicious sub-networks [von Luxburg, 2007]; the additional
indicator of cyclic money flows is captured by the 1-Hodge Laplacian L; and its kernel, as detailed in
Sections 3.5 and 3.6.

Motivated by transaction networks adapt these constructions to the directed setting. A directed
Laplacian preserves information about flow orientation but is typically non-symmetric, whereas Hodge
and persistent Laplacians require symmetric, positive semidefinite operators. This leads to a two-layer
approach: we keep directed Laplacians for flow-based analysis and introduce a symmetrised Laplacian
for the topological and persistent-spectral layers.

Definition 3.2.10 (Directed Laplacians).
The in-degree Laplacian and out-degree Laplacian of a directed (multi)graph D = (V, A) (loops
excluded) are defined as

L™(D):=D"-W,  L°(D):=D" - W.

30



Remark 3.2.11. By the loop-exclusion convention of Remark 3.1.2, any self-transfer arc (v,v) con-
tributes 0 to the weighted adjacency matrix W of D, and hence does not affect the directed Laplacians
L™ and L°vt,

Example: Directed Laplacians for the example transaction graph We now compute the
directed Laplacians for the transaction graph introduced in Example 3.1.2. Fix the vertex ordering
V =(AB,C,D) and let W = (wij);{jzl denote the weighted adjacency matrix of the corresponding
directed multigraph D. According to Definition 3.2.4, the entries w;; collect the aggregated transaction
volumes from account ¢ to account j over the observation window. For the example network in Table 3.1
this yields

0 5000 0 100

0 0 5000 O

W= 5000 0O 0 0 |’
0 0 200 0

where, for instance, wio = 5000 corresponds to the aggregated transfers from A to B, and w34 = 0
reflects the absence of a direct transaction from C to D.

Following Definition 3.2.6, the out-degree and in-degree of a vertex v; are obtained as dout(v;) =
>_jwij and din(v;) = >_; wj;, respectively. For the present example one obtains
dout (A) = 5100,  dout(B) = 5000, dout(C) = 5000, dout(D) = 200,

and
din(A) = 5000, din(B) = 5000, din(C)= 5200, din(D) = 100.

Hence the diagonal out-degree and in-degree matrices D°"* and D™ take the form

5100 0 0 0 5000 0 0 0
pout _ [ 05000 0 0 pin_ [ 0 5000 0 0
0 0 5000 0 |’ 0 0 5200 0

0 0 0 200 0 0 0 100

By Definition 3.2.10, the out-degree and in-degree Laplacians are given by L°% = D% — W and
L' =D — W, ie.

5100 —5000 0  —100

Jo_ | 0 5000 —5000 0
~5000 0 5000 0 |°
0 0  —200 200
5000 —5000 O  —100

m_| 0 5000 —5000 0

—5000 0 5200 0
0 0 —200 100
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Remark 3.2.12 (AML interpretation of directed Laplacians). The matrices L°"* and L™ reflect local
imbalances between outgoing and incoming transaction volumes at each account.

The diagonal entries of D°" encode total outflow per account, while the off-diagonal entries of L%
reflect redistribution along directed edges. These operators serve as the directed-graph layer of the
two-layer approach introduced in Definition 3.2.13; the topological layer is built on L™,

In general, the matrices L™ (D) and L°" (D) are not symmetric, since the adjacency matrix W of a di-
rected graph is asymmetric whenever the arc set is not invariant under arc reversal. Consequently, their
spectra may contain complex eigenvalues and many of the classical spectral properties of undirected
Laplacians (real, nonnegative spectrum, variational characterisations, Cheeger-type inequalities, etc.)
do not carry over directly [Chung, 2005, pp. 381-383||Li and Zhang, 2012, pp. 1-7].

Definition 3.2.13 (symmetrised graph and Laplacian).

Let D = (V, A,w) be a finite directed weighted multigraph and let n = |V| denote the number of
vertices. Let W € R™ ™ be the corresponding weighted adjacency matrix of D. The symmetrised
weighted adjacency matrix is defined by

. 1
W= (W 4+ wh.
The symmetrised graph is the undirected weighted graph
Gsym = (V7 Esymy Wsym),

where Egy, contains all unordered pairs {7, j} such that WZ-Sjym > (0. The associated degree matrix
D™ is defined by
n
D= S WET DY (1),
j=1
and the symmetrised Laplacian is
Lgym := D™ — W™,

Remark 3.2.14. The matrix Lgyy, is the combinatorial Laplacian of the undirected weighted graph
Gsym. In particular, it is real symmetric and positive semi-definite, as follows directly from the
quadratic-form characterisation (3.1) applied to Gsym, and its spectral properties can be analysed
using standard results from spectral graph theory [von Luxburg, 2007, pp. 4-6]|Spielman, 2025, pp. 5—
6.

The Filtration as a Proxy for Directed Dynamics. The potential information loss incurred by
this graph symmetrisation is systematically mitigated by the multi-scale filtration architecture devel-
oped in detail in Section 3.6.2. As formalised in Definition 3.6.1, a simplicial filtration allows us to
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examine a family of growing complexes K = {K;};cr indexed by a continuous or discrete parameter
t € R. In a financial-crime context, this sequence is generated by thresholding the symmetrised edge-
weight matrix W™ along transaction volumes or frequencies.

Proposition 3.2.15 (Basic properties of the symmetrised Laplacian). [von Luzburg, 2007, pp.4—6]Let
D = (V,A,w) be a finite directed weighted pseudograph and let Lgyy, be the symmetrised Laplacian
associated with D.

Then:

1. Lgym 18 a real symmetric matriz.
2. Lgym 1is positive semi-definite.
3. The multiplicity of the eigenvalue O equals the number of connected components of Ggym.

The proofs fot those properties are given in von Luxburg [2007] [von Luxburg, 2007, pp.5-6].

3.2.3 Basic spectral properties

In this subsection we recall the key spectral properties of combinatorial and normalised Laplacians on
undirected weighted graphs. By the discussion above, the same statements apply to the symmetrised
Laplacian Lgyy, associated with a transaction graph D.

Theorem 3.2.16 (Symmetry and positive semi-definiteness). [von Luzburg, 2007, Props. 1, 3, pp. 4
ff.] Let G = (V, E) be an undirected weighted graph with weighted adjacency matric W = (wij)1<i j<n-
Let D = diag(d(v1),...,d(vs)) be the diagonal degree matriz, where d(v;) := 3%, wij denotes the
weighted degree of vertex v; (assumed strictly positive for all i € {1,...,n}). Define the combinatorial
Laplacian as L := D — W and the normalised Laplacian as £ := I — D™YV2WD~Y2. Then L and L
are real symmetric matrices, and for all x € R™,

1 n

T 2

x' Lx = 55 1wij(aci xj)° > 0, (3.1)
INES

17'l
-
:Uﬁa:ZEZwij

2
( ZT; _ l’j > 2 0.
i,j=1 Vd(vi)  /d(vy)

In particular, all eigenvalues of L and L are real and non-negative.

(3.2)

The proof for L is given in von Luxburg [2007, p. 4] and for £ in von Luxburg [2007, pp. 5 f.]. Applied
to Lgym, this shows that the symmetrised transaction Laplacian admits real, nonnegative eigenvalues
and an orthogonal eigenbasis. These properties will later be mirrored in the Hodge Laplacians on
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simplicial complexes built from Gy, whose kernels and spectra encode higher-order structures such
as cycles and cavities in transaction networks.

Theorem 3.2.17 (Zero eigenvalues and connected components). [fvon Luzburg, 2007, Proposition 2,
Proposition 4, pp. 4 ff.] Let G = (V, E) be an undirected weighted graph with combinatorial Laplacian
L :=D —W and normalised Laplacian L := I — D~Y2WD~1/2,

Then:

1. The multiplicity of the eigenvalue 0 of L equals the number of connected components of G.

2. The same holds for L: the multiplicity of the eigenvalue 0 of L equals the number of connected
components of G.

The proof for L is given in von Luxburg [2007, pp. 4 f.|; for £ the proof is analogous using The-
orem 3.2.16, under the assumption that all vertex degrees of G are positive (i.e. G has no isolated
vertices).

For the symmetrised transaction graph Gy, the multiplicity of the zero eigenvalue of Ly, thus
counts the number of undirected connected components after symmetrization. In the AML setting,
this allows us to distinguish disconnected clusters of accounts that do not share any transaction paths
(even indirectly), which is essential when localizing suspicious subgraphs and interpreting persistent
Laplacians on filtrations of Ggym.

The smallest eigenvalue of both L and L is always 0, and its eigenspace is spanned by indicator
vectors of the connected components. This provides a first link between spectral information and
global connectivity.

Theorem 3.2.18 (Spectral theorem for symmetric matrices). Let M € R™*™ be a real symmetric ma-
trix. Then there exists an orthonormal basis of R™ consisting of eigenvectors of M, and all eigenvalues
of M are real.

Remark 3.2.19. Various formulations and proofs of the spectral theorem can be found in standard
university lecture notes and textbooks on linear algebra; see e.g. Naderi and Pankrashkin [2024, p. 28].

Applied to L and L, the spectral theorem guarantees that these matrices admit an orthogonal eigen-
value decomposition. This property will later be mirrored in the Hodge Laplacians in Section 3.5,
where the spectral decomposition may correlate with topological information such as the number of
cycles.
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Example: symmetrised Laplacian for the toy transaction graph We now compute the sym-
metrised Laplacian Lgyy, associated with the transaction graph from Example 3.1.2. Let W denote its
weighted adjacency matrix as in Example 3.2.2. Following Definition 3.2.13, the symmetrised weighted
adjacency matrix is

W™ = LW+ W),

For the present example one computes

0 0 5000 O 0 5000 5000 100
T 5000 O 0 0 - 5000 0 5000 O
W= 0 5000 O 200]|° W+ = 5000 5000 O 200 |’
100 0 0 0 100 0 200 O

and thus
0 2500 2500 50

2500 0 2500 O
2500 2500 0 100
50 0 100 O

ey —

(™) e,

The corresponding symmetrised degree matrix D™ has diagonal entries dsym(v;) =) y

deym(A) = 5050,  daym(B) = 5000, deym(C) = 5100,  dsym (D) = 150,

and consequently
5050 0 0
0 5000 O
0 0 5100
0 0 0 150

psym

g O O O

The symmetrised combinatorial Laplacian Lgyy, is then

5050 —2500 —2500 —50
—2500 5000 —2500 0
—-2500 —-2500 5100 —100
—50 0 —100 150

Loy = D™ — W™ =

By construction, Leyy is a real symmetric, positive semi-definite matrix, so that all its eigenvalues
are real and non-negative and an orthonormal eigenbasis exists, in accordance with Theorems 3.2.16
and 3.2.18. In the symmetrised view, the high-volume ring A-B—C appears as a strongly weighted
triangle, while D is only weakly attached to this core, reflecting its peripheral role in the toy transac-
tion network.
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3.3 Paths, Connectivity, and Cycles

The combinatorial material in this section follows primarily Naderi and Pankrashkin [2024] and Bang-
Jensen and Gutin [2009]; spectral connectivity results are taken from Spielman [2025].

Money-laundering schemes are often built from characteristic structures such as long transfer
chains, tightly connected rings of accounts, and densely interlinked subnetworks. These patterns are
naturally expressed using the language of walks, paths, cycles, and connectivity concepts for graphs.
In transaction networks, funds flow along directed paths from senders to recipients and often return
to their source within multi-layered structures or closely interconnected rings; such configurations un-
derlie typical money laundering schemes and fraud rings, in which sums of money are routed through
chains of intermediary accounts and ultimately concentrated again; see Chapter 2.

Building on the transaction graph model from Section 3.1 and the Laplace operators introduced in
Section 3.2, the notions of walks, paths, connectivity, and cycles are formalised in this section for both
the original directed transaction graph and its symmetrised counterpart. Directed paths and cycles
encode the possible routes along which funds can move and return, while connectivity and components
describe how the universe of accounts decomposes into subnetworks. Spectral indicators such as the
multiplicity of the zero eigenvalue and the algebraic connectivity link these combinatorial properties
to the spectrum of the (symmetrised) Laplacian. The same ideas reappear later in the language
of Hodge-Laplace operators and persistent Laplace operators, where paths and cycles correspond to
higher-order harmonic structures.

For the combinatorial definitions, both the directed transaction graph D = (V, A, w) and its sym-
metrised, undirected counterpart Gy, associated with Lgym,, are used. The former reflects the actual
direction of cash flows, while the latter provides the symmetric framework required for the spectral
and topological tools developed in Sections 3.4-3.6.

Remark 3.3.1 (Spectral viewpoint in the symmetrised setting). In the following, all spectral statements
about Laplacians (such as the characterisation of connected components via the multiplicity of the
eigenvalue 0 or the interpretation of the first positive eigenvalue as algebraic connectivity) are under-
stood for the symmetrised transaction graph Ggym and its Laplacian Lgyy,, which is real symmetric
and positive semidefinite.

They do not apply to the non-symmetric in-/out-degree Laplacians L™ and L°" of the original
directed multigraph D, which are used solely to encode oriented flow information.
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3.3.1 Walks, Paths, and Cycles

On graphs, walks and paths provide the basic language to describe movement and cyclic structures.

Definition 3.3.2 (Undirected walks, paths, cycles).
Let G = (V, E) be an undirected graph and let z,y € V, k € N.

e A walk of length k from x to y is a sequence (xg, x1, ..., xx) of vertices such that o = z, x = ¥,
and {z;_1,z;} € Eforall j=1,... k.

e The walk is closed if x = y.
e [f all vertices in the sequence are pairwise distinct, the walk is called a path.
e A closed walk (xg,...,zx) with zyp = x and xq, ..., xx_1 pairwise distinct is called a cycle.

When reasoning about undirected connectivity it is sufficient to consider simple paths, since every
walk between two vertices contains a path between them.

Proposition 3.3.3. [Naderi and Pankrashkin, 2024, p. 9, Proposition 1.1.14]
Let G = (V, E) be an undirected graph and let u,v € V, u # v. If there exists a walk from u to v, then
there also exists a path from u to v.

The above notions transfer to financial graphs (see Definition 3.1.1) by requiring that all edges are
traversed in their orientation.

Definition 3.3.4 (Directed walks, trails, paths, cycles).
Let D = (V, A) be a directed multigraph.

e A directed walk in D is a finite sequence
W = ri1ai1xr2a9...0_1Tk

of vertices x; € V' and arcs a; € A such that, for every ¢ = 1,...,k — 1, the tail of a; is z; and
the head of a; is xj41.

The length of W is the number of its arcs, i.e. K — 1. The walk is called closed if x1 = x} and
open otherwise. When the arcs are clear from the context, we write W = z1x2 ... x).

e A trail is a walk in which all arcs are distinct.

e A walk (or trail) is called a path if all its vertices are distinct.
o A closed walk W = 1 ...2 with k > 3, 21 = x; and z1,...,z;_1 pairwise distinct is called a
cycle.
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In the AML context, directed cycles in the transaction graph D model typical fraud rings: money
leaves a source account, passes through a series of intermediary accounts, and returns to the source
or to a tightly connected group of accounts |Granados and Vargas, 2022, pp. 89, Rules 3 and 5].
In Section 3.5 these cycles will be represented as elements of the kernel of the Hodge 1-Laplacian
on edges, and in Section 3.6 persistent Laplacians will quantify the stability of such cyclic structures
across filtration scales.

Example: Directed cycle in the example transaction graph In the transaction graph from
Example 3.1.2, the vertices A, B,C and the arcs A — B, B — (', C' — A form a directed cycle of
length three. More precisely, the sequence

A—-B—-C—=A

is a closed directed walk in the sense of Definition 3.3.4, and since all intermediate vertices are distinct,
it is a directed cycle. In the AML context, this cycle models a simplified fraud ring in which funds
can circulate indefinitely among the three accounts via repeated layering transactions [Association of
Certified Fraud Examiners (ACFE), 2025a, Layering|, while account D remains only weakly connected
to this core structure via the low-volume edges A — D and D — C, consistent with structuring pat-
terns designed to stay below reporting thresholds [Association of Certified Fraud Examiners (ACFE),
2025a, Placement].

3.3.2 Connectivity and Components

Connectivity formalises the intuitive notion that a graph consists of one piece or several disjoint parts.

Definition 3.3.5 (Connected graph and distance).

Let G = (V,E) be an undirected graph. The graph G is called connected if for any two distinct
vertices u,v € V there exists a path from u to v. The distance d(u,v) between u and v is defined as
the length of a shortest path between u and v, and d(u,u) := 0.

Definition 3.3.6 (Connected components).
A connected component of an undirected graph G = (V| E) is a maximal connected subgraph of G.
If G has components G1,...,G), with vertex sets Vi,...,V, forming a partition of V, this is often
denoted by

G:Gll_l'-‘l_le.

After reordering the vertices so that those belonging to the same component are grouped together,
the adjacency and Laplacian matrices of G acquire a block-diagonal form, and each block acts on one
component.
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For the symmetrised transaction graph Gy associated with Lgyy,, this decomposition reflects a par-
tition of the account universe into undirected components between which there is no path, even if
directed transactions exist internally in each component.

In directed graphs, connectivity must take edge directions into account. The directed distance
dist(u, v) from u to v is defined as the length of a shortest directed path from u to v, with dist(u, u) := 0;
if no directed path from u to v exists, dist(u,v) := oco.

Definition 3.3.7 (Strong connectivity and SCCs).
A directed graph D = (V, A) is called strongly connected or strong if for every pair of vertices u,v € V
there exists a directed path from wu to v:

dmeN, Jxg,...,xm €V:ag=u, y, =0, and (x;-1,2;) € Afor all 1 <i < m.
A strongly connected component (SCC) of D is a maximal strongly connected subgraph of D.

Remark 3.3.8 (SCCs in transaction networks). In transaction networks, SCCs represent groups of
accounts between which funds can circulate along directed paths. Classic fraud rings correspond
to SCCs that contain non-trivial directed cycles and unusually dense internal transfer patterns while
remaining weakly connected to the rest of the graph [Granados and Vargas, 2022, pp. 8-9]. In Chapter 4
these notions are used to design subgraphs on which Hodge and persistent Laplacians are computed.

3.3.3 Spectral Indicators of Connectivity

The graph Laplacian provides a direct spectral handle on connectivity. For an undirected weighted
graph, the multiplicity of the zero eigenvalue of the Laplacian equals the number of connected com-
ponents, and the smallest positive eigenvalue (the Fiedler value, Definition 3.3.10) quantifies how well
these components are tied together [von Luxburg, 2007, pp. 4-6]. In the present setting, these state-
ments apply in particular to the symmetrised Laplacian Lgyy, of a transaction graph.

Proposition 3.3.9 (Smallest eigenvalue of L). [Naderi and Pankrashkin, 2024, p. 36/Let G = (V, E)
be a graph with connected components Gj = (Vj, E;), j=1,...,N. Then 0 is the smallest eigenvalue
of the Laplacian L and

dimker L = N, ker L = span{ly, : j=1,...,N}.
In particular, G is connected < 0 is a simple eigenvalue of L.

The proof is found in [Naderi and Pankrashkin, 2024, p. 36].

Applied to the symmetrised transaction Laplacian Lgyr,, this means that its kernel may correlate with
the coarse decomposition of the account universe into undirected connected components [von Luxburg,
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2007, pp. 56, Prop. 4]|Lim, 2020, p. 17].

In spectral AML applications, this allows one to detect disconnected clusters of accounts from the
spectrum alone [Granados and Vargas, 2022, pp. 4-5], and to restrict attention to components that
contain suspicious activity when constructing filtrations for persistent Laplacians.

For the Laplacian of a graph, the first non-zero eigenvalue characterises how tightly the graph is
connected |Lim, 2020, p. 17].

Definition 3.3.10 (Algebraic connectivity / Fiedler value).

Let 0 = N < A1 < --- < A\,—1 denote the eigenvalues of the Laplacian L (or of £) of a graph
G = (V,E). The algebraic connectivity or Fiedler value of G is defined as the smallest positive
eigenvalue \p.

Lemma 3.3.11. [Spielman, 2025, Lemma 3.1.1, p. 30] Let G = (V, E) be an undirected weighted
graph with Laplacian L or L. Let 0 = A\g < A1 < -+ < A\,_1 denote the eigenvalues of the Laplacian.
Then

A >0 <= G is connected (Definition 3.3.5).

The proof can be found in [Spielman, 2025, pp. 30-31].
For the normalised Laplacian, small values of \; indicate that the graph can be partitioned into two
large vertex sets separated by relatively few edges, while large values of A\; imply the absence of such
sparse cuts. Cheeger-type inequalities make this intuition precise by relating A; to isoperimetric ratios
of cuts in the graph; see Spielman [2025, pp. 171 ff.| for details.

In Section 3.5, analogous statements will be formulated for the Hodge 1-Laplacian L; acting on
edges: its kernel provides a proxy for cycles in the sense of 1-homology, and its smallest positive eigen-
value measures how robust one-dimensional structures (such as transaction rings and cascades) are.
In Section 3.6, persistent Laplacians will inherit these interpretations across filtration scales, allowing
us to distinguish transient from structurally persistent patterns in transaction networks.

3.4 Simplicial Complexes and Boundary Operators

The material in this section follows primarily Mémoli et al. [2022] and Lim [2020]. Clique complexes
are treated in Lim [2020, p. 6].

Graphs capture pairwise relationships between accounts, but many money-laundering patterns in-
volve coordinated behaviour within small groups of accounts, such as tightly knit rings or clusters
of intermediaries. To model such higher-order interactions, the setting is extended from graphs to
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simplicial complexes, in which vertices, edges, and triangles encode multi-way relationships.

In this section, simplicial complexes are constructed from the symmetrised transaction graph Ggym,
which is associated with the Laplace operator Lgyy, introduced in Section 3.2. This topological frame-
work forms the basis for Hodge-type Laplace operators in Section 3.5 and later for persistent Laplace
operators on transaction networks in Section 3.6.

3.4.1 Simplices and Simplicial Complexes

Throughout this section, the discussion is limited to dimensions k < 2, which are sufficient for the
later use of 0- and 1-Hodge and persistent 1-Hodge Laplacians on transaction graphs.

Definition 3.4.1 (k-simplices).

Let V be a finite set. A non-empty subset ¢ C V with o] = k + 1 is called a k-simplez. Thus,
0-simplices are single vertices, 1-simplices are unordered edges, and 2-simplices are triangles.

Definition 3.4.2 (Simplicial complex).

A non-empty family K of finite subsets of V' is an (abstract) simplicial complex if it is closed under
inclusion: whenever 0 € K and 7 C o, then 7 € K. The elements of K are called simplices, the
collection of all k-simplices is denoted K.

In particular, if {u,v,w} is a 2-simplex in K, then {u,v}, {u,w}, {v,w} and the three vertices them-

selves must also belong to K.

A convenient way to build a simplicial complex from an undirected graph is via cliques.

Definition 3.4.3 (Cliques in a graph).
Let G = (V, E) be an undirected graph with finite vertex set V = {1,...,n} and edge set E C (‘2/)
For k > 1, the set of k-cliques is

Cle(G) := {{i1,...,ix} SV : {ip,iq} € Eforall 1 <p<q<k},
i.e. Clg(G) consists of all k-element vertex sets that span complete subgraphs in G.

Definition 3.4.4 (Clique complex).
Let G = (V, E) be a graph with clique sets Cli(G) and clique number w(G), the size of a largest
clique in G. The clique complex of G is the simplicial complex

)
k=1

where the collection of k-simplices of K (G) (as defined in Definition 3.4.2) is given by K}, := Clg41(G).
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In K(G), vertices of G become 0-simplices, edges become 1-simplices, and each triangle of mutually
connected vertices becomes a 2-simplex [Lim, 2020, p. 6].

For transaction networks, we will apply this construction to the symmetrised graph Ggym, the
clique complex K(Ggsym) thus lifts the (symmetrised) transaction structure to a higher-dimensional
object in which tightly coupled groups of accounts become explicit topological entities, suitable for
homological and spectral analysis.

Example: Clique complex of the example graph Let Ggy, denote the symmetrised trans-
action graph of the Example 3.2.3, obtained from the weighted adjacency matrix W™, Since the
accounts A, B, C' are mutually connected in Ggyn,, they form a 3-clique and thus give rise to a 2-simplex
{A, B,C?} in the clique complex K(Ggym).

In particular, K(Gsym) contains the O-simplices A, B,C, D, the 1-simplices corresponding to the
edges of Ggym, and the single 2-simplex {A, B,C} spanning the high-volume transaction triangle.
From a topological perspective, the fraud ring A-B—C becomes an explicit 2-dimensional simplex in
K (Gsym), on which homology and Hodge Laplacians can be defined.

3.4.2 Chain Groups

To perform algebraic constructions on a simplicial complex, such as the definition of boundary opera-
tors or Laplace operators, we work with formal linear combinations of simplices organized into chain
groups.

Definition 3.4.5 (Oriented simplices and chain groups).

Let K be a simplicial complex on a finite ordered vertex set V equipped with a total ordering <.
An oriented g-simplez is a simplex o = {vy,...,v4} € K with vertices ordered as vy < v1 < -+ < vy,
written [vo, ..., vq].

The q-th chain group Cf := Cy4(K,R) is the real vector space freely generated by all oriented g-
simplices, subject to the relation

[Vr(0)s -+ Un(q)] = sg0(7) [vo, - - ., vy

for every permutation 7 of {0,...,q}.

In the graph case, C& consists of formal linear combinations of vertices, C{ of oriented edges, and
CX of oriented triangles. These spaces support the boundary operators used to define homology and
later Hodge Laplacians on the clique complex K (Ggsym ).
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The total ordering < on V' imposes a formal reference orientation on the simplices of K(Ggym
coupled from the physical direction of money flows in the directed transaction graph D = (V,
The directed transaction data are encoded as follows.

m), de-
A, w).

Definition 3.4.6 (Transaction 1-chain). Let D = (V, A, w) be a directed weighted transaction graph
and K(Ggsym) its clique complex with total vertex ordering <. The transaction 1-chain associated
with D is

wp = Z w(u,v) [u,v] — Z w(u,v) [v,u] € Ci(K(Gsym))-

(u,w)EA, u<v (u,w)EA, u>v

When the Hodge 1-Laplacian L is applied to wp in Chapter 4, its kernel captures cyclic money-flow
patterns and its nonzero spectrum encodes geometric flow information, while net-flow asymmetries at
vertices are handled by the directed Laplacians of Section 3.2. For the applications in this thesis, we
work with the chain groups Co(K (Gsym)), C1(K(Gsym)), and Co(K (Ggym)).

3.4.3 Boundary Operators

The topological structure of a simplicial complex is encoded in boundary operators on chains, which
connect adjacent dimensions and satisfy the fundamental “boundary of a boundary” identity.

Definition 3.4.7 (Boundary operators).
Let K be a simplicial complex with chain groups CK For ¢ > 1, the g-th boundary operator

0(5{ CK — CK 1 is defined on an oriented g-simplex [vo, ...,vg] € K by
q .
Of o, -y vgl := > (= 1)'[vo, ., Dis - -, g,
i=0

where 0; indicates omission of the i-th vertex. The definition is extended linearly to all of Cf .

In particular, the boundary of an oriented edge is the alternating sum of its endpoints, and the
boundary of an oriented triangle is the alternating sum of its oriented edges. For all ¢ it holds that

aK L0 8K ’
reflecting the fact that the boundary of a boundary is empty.

Example: Path Let G be the path on three vertices vg—v; —vy and K = K(G) its clique complex.
Then Cy(K) is spanned by vy, v1,ve and C1(K) by eg1 = [vo, v1] and e1a = [v1,v9]. With the ordering
vy < v1 < V2,

01(eo1) = v1 — wo, O1(e12) = v2 — v1.
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4(02 = span{[vg, v1, ’02]}]

2-chaiis

e 0o

,/, ¥
‘ [C’l = span{[vo, v1], [v1, V2], [V2, Uo]}]

)
¥

(Co = span{[vo], [v1], [v2]} ]

:
©

02[vo, v1,v2] = [v1,v2] — [0, v2] + [v0, V1]
The composition 91 o 92 = 0 shows that
the boundary of a boundary is empty.

Figure 3.2: Chain complex of a 2-simplex and its boundary operators.

Example: Triangle Let G be a triangle on vertices vg,v1,v2 and K = K(G). Then Cy(K) is
spanned by t = [vg, v1,v2] and C1(K) by ep1 = [vo, v1], eo2 = [vo, v2], €12 = [v1, v2]. With vy < v1 < vy,

82(15) = e12 — €p2 + €o1, 81(6U) =v; — v;.

These examples already illustrate how 1-cycles can appear as 1-chains with zero boundary (for in-
stance, suitable linear combinations of edges around a triangle). This perspective will reappear in
the interpretation of the kernel of the 1-Hodge Laplacian and, later, of the persistent 1-Laplacian on
filtrations of K(Ggsym).

3.4.4 Homology and Betti Numbers

Homology groups quantify the presence of holes of different dimensions in a simplicial complex. In the
context of transaction networks, the corresponding Betti numbers measure, in particular, how many
connected components and independent cyclic flow patterns are present.

Definition 3.4.8 (Homology groups and Betti numbers).
Let K be a simplicial complex with boundary operators 8(5{. Since 8(5{ o 8;11 = 0 [Lim, 2020, p. 13,
Eq. (4.4)], the image im(@tﬁ_l) is a subspace of ker(@é{). For ¢ > 0, the g-th homology group of K is

Hy(K) := ker(@f)/im(@lﬁl).
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Its dimension

65 = dim H,(K)
is called the g-th Betti number of K.
,85( counts the number of independent g-dimensional holes in K [Lim, 2020, pp. 10-12, 16-17|. In
transaction graphs, By measures disconnected account clusters in Ggym and $; > 1 signals at least
one independent cyclic flow pattern—a topological signature of layering and fraud rings Section 2.2)

[Granados and Vargas, 2022, pp. 8-9]. The spectral characterisation Sy = dimker(Ly) is established
in Theorem 3.5.10 below.

The following standard consequence of the rank—nullity theorem for linear maps between finite-
dimensional vector spaces will be used throughout Chapters 4 and 5.

Corollary 3.4.9 (Rank—nullity for boundary operators). Let K be a finite simplicial complex and
85(: CqK — Cf_l its q-th boundary operator. Then the rank-nullity relation

. K K . K
dim C;' = rank(d,") + nullity(9,")
holds. In particular, the q-th Betti number satisfies

Bf = nullity(@f) — rank (im 8;5_1),

where 55{ = dim H,(K) is defined in Definition 3.4.8.

In the next section, these homological invariants will be linked directly to the spectra of Hodge
Laplacians, providing the key bridge from topology to spectral features that will eventually be ex-
ploited in persistent Laplacian-based AML indicators.

3.5 The Hodge Laplacian

This section follows primarily Lim [2020], combinatorial Laplacians on chains are treated in Mémoli
et al. [2022, pp. 4-5].

The material in this section establishes the non-persistent case: the Hodge Laplacian Aé( on a
single simplicial complex K, whose kernel recovers the classical Betti number Bf (Theorem 4.2.10).
Section 3.6 then generalises this construction to a simplicial pair X C Y, yielding the persistent Lapla-
cian A?’Y whose kernel recovers the persistent Betti number ﬁg( o (Theorem 3.6.8).

Throughout this section, chain and cochain spaces are identified via the standard ¢? inner product;
under this identification Af = L4, as made precise in the following remark.
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Remark 3.5.1 (Chain—cochain identification). Throughout this thesis, the canonical identification
Cy(K) = CUK), o — o;,

between chain and cochain spaces via the ¢2 inner product (Remark 3.5.2) is used without further
comment. Under this identification, boundary and coboundary operators are related by o4 = 974
(Definition 3.5.3), and the combinatorial Laplacian on chains Af coincides with the Hodge g-Laplacian
on cochains Ly. In particular, H,(K) = H9(K) as real vector spaces under this identification, so that
Theorems 3.5.10 and 3.5.11 are equivalent formulations of the same spectral fact.

The classical graph Laplacian from Section 3.2 acts on functions on vertices and describes con-
nectivity and flow structure at the level of edges. In the simplicial setting, an analogous construction
exists for k-cochains, leading to Hodge Laplacians that capture not only vertex-based diffusion but
also higher-order patterns such as cycles and surface-like structures.

Throughout this section, the clique complex K = K(Ggsym) of the symmetrised transaction graph

introduced in Sections 3.1-3.4 is considered. Hodge Laplacians on these clique complexes are defined,
their fundamental properties are recalled, and their relationship to homology via Betti numbers is
explained. The 0-Hodge Laplacian recovers the usual graph Laplacian, whereas the 1-Hodge Lapla-
cian acts on edge-based flows and admits a discrete Helmholtz decomposition into gradient, curl, and
harmonic components [Lim, 2020, pp. 10-11].
In money laundering, the layering stage directs illicit funds through multiple parties via complex trans-
action flows to conceal their origin [Kurshan and Shen, 2020, p. 7|. The Hodge decomposition provides
a natural mathematical framework to separate potential-driven flows from cyclic transfer patterns, and
to identify persistent harmonic flow structures that may be indicative of such layering activity.

3.5.1 Chain and cochain spaces, inner products, and adjoints

Let K be a finite simplicial complex. For ¢ > 0, the ¢-th chain group C,(K) is the real vector space
spanned by oriented g-simplices of K, see Section 3.4. The corresponding cochain space is the dual
space

C(K) := Hom(C,y(K), R).

Here, Hom(V, W) denotes the real vector space of linear maps from a finite-dimensional real vector
space V to a finite-dimensional real vector space W. In particular, C¢(K) is the space of linear func-
tionals on the chain group Cy(K). In finite dimension, C4(K) is again a finite-dimensional real vector
space.

Remark 3.5.2. Following Mémoli et al. [2022, p. 5] and Lim [2020, p. 7], all chain and cochain spaces
are equipped with inner products defined with respect to the canonical basis of oriented simplices
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and the corresponding dual basis, respectively. Concretely, if {o1,...,0.,} denotes the set of oriented
g-simplices, the standard ¢?-inner product of Lim [2020, p. 7, Eq. (3.1)] declares {01, ...,0,} to be an
orthonormal basis of Cy(K). Adjoints of linear operators between chain or cochain spaces are always
understood with respect to these inner products.

For ¢ > 1, the boundary operator 9, : Cy(K) — Cy—1(K) is defined as in Definition 3.4.7 in Section 3.4
and extended linearly [Mémoli et al., 2022, pp. 4-5]. The coboundary operators on cochains are then
given by

§q: CUK) = CTTHK),  b6g:=0%,
where 8;‘ 11 denotes the adjoint of 9,41 with respect to the inner products specified in Remark 3.5.2
[Mémoli et al., 2022, p. 5]. This definition is consistent with the explicit formula for higher-order

coboundary operators given in Lim [2020, p. 13, Eq. (4.2)]. By convention, dy := 0 and 0_; = 0
[Mémoli et al., 2022, p. 5.

Definition 3.5.3 (Coboundary operator).
For ¢ > 0, the g-th coboundary operator is defined as the adjoint of the boundary operator,

6y CU(K) — CTY(K), 8 = 0511,

where 9, denotes the adjoint of 9,41 with respect to the inner products of Remark 3.5.2.
By convention, 0y := 0 and d_; = 0.

This definition is consistent with the explicit formula for higher-order coboundary operators given in
Lim [2020, p. 13, Eq. (4.2)].

Definition 3.5.4 (Adjoint coboundary operator). Let K be a finite simplicial complex with cochain
spaces C*(K) equipped with the inner products of Remark 3.5.2. For k > 0, the adjoint coboundary
operator is the map

6 CHY(K) — CM(K),

defined as the adjoint of 03, : C*(K) — C*¥+1(K) with respect to these inner products, i.e. the unique
operator satisfying

(6 f, 9)crer(ry = (f, Gegdony for all f € CM(K), g € C*H(K).

Since C*(K) and C¥*1(K) are finite-dimensional inner product spaces, &; is uniquely determined and
equals the matrix transpose of dj in the orthonormal bases of Remark 3.5.2. By convention, §*; := 0.
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3.5.2 Definition of the Hodge k-Laplacian

On the chain level, combinatorial Laplacians are built from boundary operators and their adjoints.

Definition 3.5.5 (Combinatorial Laplacian on chains).
Let K be a simplicial complex with chain groups C’f and boundary operators 85 . For ¢ > 0, the
q-th combinatorial Laplacian on chains is the operator

K . nK K K ._ oK K \x K\*x qK
AK K K AK .= 0K (0K )" + (0 )0 .
—_——— ——

AZ+ Ag-

For ¢ = 0 and unit weights, Aé( reduces to the classical combinatorial graph Laplacian on the 1-
skeleton of K [Mémoli et al., 2022, p. 5|. In this sense, the combinatorial Laplacians extend the
classical Laplacian to all dimensions in a unified framework.

3.5.3 Hodge k-Laplacians on cochains

On the cochain level, an analogous construction is obtained by using the coboundary operators d,
introduced in Definition 3.5.3 in Section 3.5.1.

Definition 3.5.6 (Hodge k-Laplacian on cochains).
Let K be a simplicial complex with cochain spaces C*(K) and coboundary operators &y, : C*(K) —
C*1Y(K). For k > 0, the Hodge k-Laplacian is the self-adjoint operator

Ly :CHK) = C¥K),  Li:=06,_10;_1 + 6}k,

where by convention 6_1 := 0. A k-cochain f € CF(K) satisfying L,f = 0 is called a harmonic
k-cochain.

Self-adjointness and positive semidefiniteness of Ly, follow directly from the definition as a sum of
two positive semidefinite operators [Lim, 2020, p. 4, p. 14]. For k = 0, Lo coincides with the graph
Laplacian acting on vertex-based signals when K is the clique complex of a graph [Lim, 2020, p. §].
For k =1, L acts on edge-based cochains and gives rise to the discrete Hodge decomposition of edge
flows [Lim, 2020, pp. 10-11].

In this thesis, the main object of interest will be the 1-Hodge Laplacian L1 on the clique complexes

K (Gsym) of (symmetrised) transaction graphs, and later its persistent counterparts along time-based
filtrations.
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3.5.4 Harmonic Cochains and Hodge Decomposition

The Hodge Laplacians have a precise relationship with cohomology and admit an orthogonal decom-
position of cochain spaces into exact, coexact, and harmonic parts.

Theorem 3.5.7 (Hodge decomposition).
[Lim, 2020, p. 14, Sec. 4.3, p. 30 (A.2)] Let K be a finite simplicial complex and k > 0. The k-th
cohomology group

H¥(K) = ker(8y,) / im(Sx—1)

1s isomorphic to the space of harmonic k-cochains,
H*(K) = ker(6;,) Nker(0;_) = ker(Ly),
and the cochain space C¥(K) admits the orthogonal decomposition
CH(K) = im(6k—1) & ker(Ly) & im(d}),
where & denotes an orthogonal direct sum with respect to the standard inner product on C*(K).

The decomposition follows from an application of the abstract linear-algebraic Hodge theorem to the
cochain complex: since i 0 ;1 = 0 by [Lim, 2020, p. 13 (4.4)], one may set A = § and B = d;_1 in
Lim [2020, p. 34, Sec. 2.3], from which the isomorphism and the orthogonal decomposition follow by
Lim [2020, p. 30, Thm. A.2].

Elements of im(J;—1) are referred to as ezact k-cochains, elements of im(6;) as coezact k-cochains,
and harmonic cochains form canonical representatives of cohomology classes. The decomposition
shows that every cochain can be written uniquely as the sum of an exact, a coexact, and a harmonic
part. For k = 1, this specialises to a discrete Helmholtz decomposition of edge flows.

Theorem 3.5.8 (Helmholtz decomposition for edge flows). [Lim, 2020, pp. 10-11]Let G be a graph
with at least one triangle and let K(G) be its clique complezx. Then the space of 1-cochains decomposes
orthogonally as

CYK(G)) = im(grad) @ ker(L;) @ im(curl®).

Moreover,

ker(Ly) = ker(curl) Nker(div).

In words, any edge-based flow can be decomposed into a gradient part (driven by a potential on
vertices), a curl part (driven by triangular flux), and a harmonic part (cyclic flows not bounded by
any triangle) [Lim, 2020, pp. 10-11, Table 2|]. In the AML context, the harmonic component of the
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1-Hodge Laplacian reflects precisely the independent cyclic money flows that are not explained by
local potential differences or higher-order surface structures, providing a spectral signature of fraud
rings [Lim, 2020, p. 17].

Example: Harmonic edge flow on the example ring Consider again the transaction graph on
{A,B,C, D} and the clique complex K (Gsym). Define an edge-based cochain f € C1(K(Gsym)) that
assigns the same constant value ¢ > 0 to each oriented edge along the four-cycle A - B —-C — D — A
and zero to all other edges.

Geometrically, f represents a purely cyclic flow circulating along the ring A - B — C — D — A with-
out any source or sink at any vertex. Since no triangle in K (Ggym) covers all four edges simultaneously,
the curl of f vanishes; and since every vertex has equal algebraic in-flow and out-flow with respect to
this oriented cycle, the divergence of f vanishes as well. Hence f € ker(curl)Nker(div) = ker(L;) [Lim,
2020, pp. 11-12], illustrating how a circular money-flow pattern appears as a harmonic component in
the Hodge decomposition of edge flows.

Remark 3.5.9. The cycle A —- B — C — D — A is a directed cycle in the original transaction graph
D. After symmetrisation, the four edges form a 1-cycle in K (Ggym). This cycle is harmonic precisely
because it is not the boundary of any 2-chain in K(Ggym): no triangle fills in all four edges, so the
cycle persists topologically as a generator of Hy (K (Gsym)) [Lim, 2020, pp. 11-12].

By contrast, the three-cycle A -+ B — C' — A would not be harmonic, since {4, B, C} is a 2-simplex
in K(Ggym) (see Example 3.4.1) and the cycle is therefore the boundary of that triangle. The self-
transfer (loop) case (v,v), excluded by Remark 3.1.2, would contribute no 1l-cycle and is therefore
irrelevant for this analysis.

3.5.5 Betti Numbers and Spectra
This subsection follows Lim [2020, pp. 10-12, 16-17] and Mémoli et al. [2022, pp. 4-5].

The kernels of Hodge Laplacians encode homological information: their dimensions coincide with
Betti numbers and therefore quantify the number of holes of different dimensions.

For clique complexes of graphs, the Betti numbers of Definition 3.4.8 admit a spectral characteri-
sation via Hodge Laplacians.

Theorem 3.5.10 (Betti numbers via Hodge Laplacians). [Lim, 2020, pp. 10-12, 16-17]
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Let G be a graph with Hodge k-Laplacians Ly on the clique complex K(G). Then
Br(K(G)) = dim H*(K(G)) = dim ker(Ly,).

In particular, Bo(G) = dimker(Lg) equals the number of connected components of G, and B1(G) =
dimker(Ly) counts the number of independent one-dimensional cycles.

Proof. By Theorem 3.5.7, the Hodge isomorphism gives H*(K(G)) = ker(Ly,), so dim H*(K(G)) =
dimker(Ly). Since B = dim H*(K(G)) by Definition 3.4.8, the first equality follows. The case
k = 0 recovers the classical fact that dimker(Lg) equals the number of connected components of G,
as constant functions on each component form a basis of ker(Lg) [Lim, 2020, p. 10]. For k = 1, the
equality $; = dimker(L;) counts independent cycles not bounded by any triangle, i.e. elements of
ker(curl) Nker(div) [Lim, 2020, p. 12].

O

Thus, computing the spectrum of L; simultaneously yields both geometric information via nonzero
eigenvalues and eigenvectors and topological information via the multiplicity of the eigenvalue 0 [Lim,
2020, p. 17].

These relationships extend to combinatorial Laplacians on chains.

Theorem 3.5.11 (Nullity of combinatorial Laplacians). [Mémoli et al., 2022, p. 5, Thm. 2.2[Let K
be a simplicial complex and Aff its g-th combinatorial Laplacian on chains. Then, for every q > 0,

ﬁf = nullity(Aé{).
Proof. The proof is made in Mémoli et al. [2022] [Mémoli et al., 2022, p. 28|. O]

This result extends the familiar relationship between the kernel of the graph Laplacian and connec-
tivity to all dimensions.

In the next section, this Hodge-theoretic viewpoint is combined with filtrations of simplicial com-
plexes to define persistent Laplacians, whose kernels recover persistent homology and whose spectra
provide additional information along the filtration. For transaction networks, this will allow us to
track which topological features of money flows (such as rings or clusters) persist across scales and
which appear only as transient noise.

3.6 Persistent Laplacians

This section introduces persistent Laplacians as a preview of Chapter 4. Definitions follow Mémoli
et al. [2022] and Wei and Wei [2024]; proofs and algorithms are deferred to Chapter 4.
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Classical homology and Hodge theory describe the topology of a single complex at a fixed scale.
In transaction networks relevant structures may appear or disappear as thresholds in time, volume, or
risk are varied, and the main interest lies in patterns that persist across a range of scales rather than
in transient noise.

Classical persistent homology summarises how topological features such as connected components
and cycles appear and disappear along a filtration, but it only records the dimensions of homology
groups [Wei and Wei, 2024, pp. 3-4|. Persistent Laplacians refine this picture: their kernels recover
persistent homology, while their non-zero eigenvalues encode additional geometric structure along the
filtration [Wei and Wei, 2024, pp. 3—4, 10-11]|. The full theory, algorithms, and application to trans-
action networks are developed in Chapter 4; the present section introduces the key definitions and
motivates their use in the AML context.

Building on the Hodge-theoretic framework of Section 3.5, we now extend the construction to a
pair of simplicial complexes K C L. The key idea is to replace the single boundary operator 85 by a

restricted operator 35( L that “sees” the ambient complex L, while acting on the chain group Cy(K)
of the smaller complex.

3.6.1 Motivation: Limitations of Persistent Homology

Persistent homology describes how topological features, such as connected components, cycles, and
voids, appear and disappear as a simplicial complex evolves along a filtration

K'cK'c...c KV,
For each pair of indices (s,t) and dimension ¢, the corresponding persistent Betti numbers 55( K
measure how many g¢-dimensional features are present at level K and still survive up to level K*;
their formal definition is recalled in Section 3.6.2.

Persistent homology itself is purely topological: it only retains information encoded in the kernels
of boundary operators, i.e. the null spaces, and disregards all non-zero spectral data. To enrich this
picture, one may instead work with a refined operator that reproduces the same topological invariants
while simultaneously capturing additional geometric structure in its non-zero spectrum [Wei and Wei,
2024, p. 10]. This operator is the persistent Laplacian, which will be introduced rigorously in Defini-
tion 4.2.4.

The strengths and limitations of the three underlying frameworks, classical homology, Hodge Lapla-
cians, and persistent homology, are analysed systematically in Chapter 4, Section 4.1.
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3.6.2 Filtrations in Practice

In applied settings, filtrations are often defined via proximity or threshold parameters.

Definition 3.6.1 (Simplicial filtration).
A simplicial filtration K = {K;}ier is a family of simplicial complexes on the same finite ordered
vertex set V', indexed by T' C R, such that Ky — K; for all s <t in T.

Volume-based filtration. Let (Gsym,w) be the symmetrised transaction graph with non-negative
edge weights w(e). Fix a finite decreasing sequence of volume thresholds vy > v; > -+ > vy > 0 and
define

Gy, = (V.{e € E|w(e) > vi}),

with clique complexes K,, := K(G,,). As vy decreases, more edges are admitted and the complexes
grow: if v, > vy, then K,, C K,,. To fit this family into the standard simplicial filtration framework
of Definition 3.6.1, we introduce a monotone reparametrisation ¢ — v(t), for instance t; := —vj, or
ty := k, and write the filtration as {K;}ier with 9 < t; < -+ < tps and

t1 <ty = Kt1 QKtQ.

In particular, decreasing the volume threshold corresponds to increasing the filtration parameter ¢.
In transaction networks, filtrations arise naturally in two ways that are directly relevant for AML
detection:

o Temporal filtration: the complex K} is built from all transactions up to time t; increasing ¢t adds
new edges and higher simplices as accounts interact over time.

o Volume-based filtration: the complex Ky is the clique complex of the subgraph of Gy, retaining
only edges with symmetrised weight wgym(e) > 6; decreasing 6 gradually admits lower-volume
transactions, making smurfing patterns visible as new 1-cycles that appear once 6 drops to or
below the individual transaction amounts. The non-strict inequality > is adopted throughout
this thesis (see Definition 4.7.3 and Remark 4.7.4).

Concrete constructions on AMLworld data are given in Chapter 5.

3.6.3 Persistent Homology Groups and Betti Numbers

Definition 3.6.2 (Persistent homology group of a filtration).

For any s <t in T, functoriality of homology yields a linear map qu,t : Hy(K) — Hy(K). The g-th
persistent homology group of the pair (K, Ky) is im(f;’t), and the g-th persistent Betti number qu’t is
its rank.
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Remark 3.6.3 (Notation: filtration pair vs. simplicial pair). Whenever the filtration pair (K, K;) of
Definition 3.6.2 is concretely given by a simplicial inclusion K C L, we write

Bt =8yt (K=K, L=I).
Both notations are used interchangeably throughout Chapter 4; the pair-based notation ﬁf L s for-
malised in Definition 3.6.4.

Definition 3.6.4 (Persistent homology group of a simplicial pair).
Let K C L be simplicial complexes and g > 0. The g-th persistent homology group of the pair is

HKL —keraK/ 1m8+lﬂC’( )

and its dimension is the g-th persistent Betti number of (K, L).
In the volume filtration of Definition 4.7.3, the pair (K, L) = (Ky,, Ky,

Wsym(€) > 0; see Remark 4.7.4. In particular, 55’L = Bg’t in the sense of Definition 3.6.2 whenever
K = K, and L = K; (cf. Remark 3.6.3).

) arises from the convention

Lemma 3.6.5 (Image of the restricted boundary operator). Let K C L and C’;if, ox +1 as in Defi-
nition 3.6.6. Then
1m8q+f = im oL 1 N Co(K). (3.3)

Proof. By definition of Céi’f, a chain ¢ € Cgy1(L) belongs to C’;i’f if and only if c')qLH(c) € Cy(K).
Therefore,

im % +1 = {8§+1 RS qui’f
= {aq-H s € Cgpa(L), aq+1( c) € Co(K)}
1m8+1 NCy(K). O

Lemma 3.6.5 shows that the three equivalent formulations used in this thesis, namely im 8q +1 ,im oL 1
Cy(K), and the explicit quotient in Definition 3.6.4, all refer to the same subspace of Cy(K). The

persistent homology group may therefore be written equivalently as
K,L K /. ok, K
H" = kerd, /1rr18q+ ker 9, / (im 9% 1 NCy(K)), (3.4)

and both notations are used interchangeably in Chapter 4.

From a topological perspective, ﬂf L counts the g-dimensional homology classes that are “born” in K
and remain “alive” in L, that is, cycles that have not yet been filled by higher-dimensional simplices
added in L.

In the AML context, a persistent 1-cycle, corresponding to a high BIK’L, signals a fraud ring that
remains topologically present across the filtration range from K to L [Wei and Wei, 2024, p. 9].

54



3.6.4 Definition of Persistent Laplacians

Persistent Laplacians extend the Hodge Laplacians of Section 3.5 from single complexes to simplicial
pairs (K, L) and provide a spectral counterpart to persistent homology. Their definition is given below.
The main structural results, including the Betti—nullity correspondence, are proved in Chapter 4.

Definition 3.6.6 (Persistent Laplacian on a simplicial pair).
Let K C L be simplicial complexes and g > 0. Define

Cpyt = {c € Cun(L) : 9L, () € Cy(K)},

and let 8§if be the restriction of (‘)éjrl to C;if- The g-th persistent Laplacian is
KL . K,L . oK, L/ qK,L K% K
A7 Cy(K) — Cy(K), A" i=0.07(0,07) +(05)7 9, -
K,L K
Ay Ag_

When K = L, this reduces to the standard Hodge ¢-Laplacian Aé(.

Remark 3.6.7 (Preview notation). In this section we consider a pair of simplicial complexes K C
L to preview the persistent Laplacian Aff L The full operator-theoretic treatment, including the
Betti-nullity correspondence and Schur-complement representation for Af ’L, is given in Chapter 4;
see in particular Definition 4.2.4 and Theorem 4.2.10.

Theorem 3.6.8 (Persistent Hodge theorem). [Wei and Wei, 202/, pp. 10-11] Let K C L be simplicial
complezes and g > 0. Then
ker Aé{’L = Hf’L,

and Cy(K) admits the orthogonal decomposition
Cy(K) :imAgf ® kerAff’L @ imAf_.

The proof follows Steps 1-3 in Theorem 4.2.10; see also Remark 3.6.9 for a comparison of the two
notations. Self-adjointness and positive semidefiniteness of Af L are established in Proposition 4.2.7.

3.6.5 Matrix Representation and Spectral Information

For numerical work, persistent Laplacians are assembled from boundary matrices. The key computa-
tional tool is a Schur-complement reduction of the full boundary matrix (‘3;:“, which yields a compact
formula entirely in terms of the simplices of K. In the unweighted case (w = 1), this reads

AKL = AK 4 By, Bl, By,
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where Bjs and By are off-diagonal blocks of 8qL+1 indexed by S(f{ and SqL \K, respectively; this follows
from the Schur-complement identity for the up-persistent Laplacian [Mémoli et al., 2022, Theorem 4.6,
Lemma 4.7].

The full derivation for the weighted case and two explicit algorithms are presented in Section 4.3.2.

Remark 3.6.9. The zero eigenvalues of Af L recover the persistent Betti numbers [Mémoli et al.,
2022, Theorem 2.7|, while the non-zero eigenvalues encode additional geometric information about the
filtration, such as the scales at which features are weakly or strongly represented, that is invisible to
homology alone [Wei and Wei, 2024, pp. 4, 10-11]. This makes the persistent Laplacian a strictly finer
invariant than persistent homology: two filtration pairs with the same persistent Betti number but
different geometry will generically have different non-zero spectra [Wei and Wei, 2024, pp. 10-11].

3.6.6 Example: Transaction Ring in a Filtration

Example. Consider the transaction network from Example 3.1.2 with an amount-based filtration
obtained by lowering a transaction-volume threshold. At high thresholds, only edges with wsym(e) > 6
are retained; in the ring A — B — C — A these are precisely the high-volume arcs, so the correspond-
ing 1-dimensional homology class is born early and persists over a wide range of #. The low-volume
edges A — D and D — C satisfy wsym(e) > 6 only once 6 drops to or below their individual weights,
and generate at most short-lived peripheral features.

From the viewpoint of persistent Laplacians (Remark 3.6.9), the kernel of A{{’L reflects the per-
sistent ring A-B-C |[Mémoli et al., 2022, p. 7, Theorem 2.7|, while the non-zero eigenvalues encode
its geometric strength at each filtration scale.

Remark 3.6.10 (Loops and persistent Laplacians). As established in Remark 3.1.2, loops are excluded
from all spectral and topological constructions. In the filtration setting this is automatically ensured:
the clique complexes Ky = K (Ggym) are built from the symmetrised graph at each filtration step, and
1-simplices are two-element subsets {u,v} with u # v by definition. Self-transfers, if present in the
raw data, therefore never contribute to the persistent Laplacian or to the persistent Betti numbers
.

Chapter 4 develops the full operator-theoretic and algorithmic machinery: the Betti—nullity cor-
respondence (Theorem 4.2.10) closes the loop between the spectral and homological perspectives, the
Schur-complement formula (Theorem 4.3.3) makes eigenvalue computation tractable, and the persis-
tent Cheeger inequality (Theorem 4.4.9) connects the spectrum directly to the layering-bottleneck

interpretation of Section 2.3.3.
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Chapter 4

Persistent Laplacians for Transaction
Network Analysis

4.1 From Persistent Homology to the Persistent Laplacian

This chapter develops the theory and algorithmics of the persistent Laplacian for AML transaction
networks and formulates the structural guarantees (monotonicity, stability, Cheeger-type bounds) that
are numerically put to the test in Chapter 5 on the pattern-centred working graph Gyork-

4.1.1 Three Operators, Three Limitations

The analysis of cyclic transaction structures requires an operator that simultaneously meets three
structural criteria: it must track topological features across filtration scales (Definition 3.6.1), it must
distinguish structures that are identical up to homotopy equivalence but differ in their geometric
or quantitative realization, in line with the limitations of persistent homology discussed in Wei and
Wei [2024, p. 3|, and it must act on a concrete, computable function space. No classical operator
simultaneously fulfils all three requirements in a unified framework. This observation motivates the
construction of the persistent Laplacian and clarifies the respective limitations of persistent homology
and classical Hodge-theoretic operators.

The five graph-theoretic AML patterns identified in Table 2.1 of Chapter 2, namely cycles and rings,
fan-in /fan-out structures, layering cascades, strongly connected components, and temporal bursts, each
leave a distinct signature in the topology of the transaction complex. Table 4.1 below indicates which
of the three operator classes can capture each type of signature; the precise correspondence is given
in Table 4.2 of Section 4.8.
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Persistent homology. Given a filtration X = {K;};cr in the sense of Definition 3.6.1, persistent
homology records, for each homology class, a birth-death interval [b, d); see Section 3.6.3 for the pre-
cise construction. The resulting barcode is a homotopy invariant: two simplicial complexes with the
same homotopy type but different finer metric or geometric properties are indistinguishable by their
barcodes [Wei and Wei, 2024, pp. 3-4].

Moreover, the barcode records only the dimension of the persistent homology groups, that is, the num-
ber of surviving cycles, but carries no information about their geometric weight or internal structure
[Wei and Wei, 2024, p. 3].

Remark 4.1.1. In the AML context this limitation is directly operational. A compact, high-volume
fraud ring (Section 2.3.1) and a loose, sparse cycle of benign transactions may carry identical one-
dimensional persistent bars if their topological type coincides. Persistent homology alone cannot
separate them. From a spectral viewpoint, persistent Laplacians attach, at each filtration step, a
self-adjoint, positive semi-definite Laplace operator whose kernel is naturally isomorphic to the cor-
responding persistent homology group and whose nullity equals the persistent Betti number [Mémoli
et al., 2022, Thm. 2.7, Sec. 2.3|[Liu et al., 2024, Cor. 3.9, Thm. 3.10|. The ambient chain space ad-
mits an orthogonal decomposition into this harmonic subspace and two Laplacian images, so that the
non-zero spectrum of Aé{’L resides entirely on complementary components and thereby carries infor-
mation about the filtration that is not contained in the barcodes alone. In practical terms, this means
that the first Betti number 8% of a single complex (Section 3.4.4) detects the ewistence of a cyclic
structure, whereas the persistent spectral gap )\gl)p(K , L) (Definition 4.8.1) is a quantitative measure
of the geometric robustness of such a cyclic structure across a filtration step. This topological-spectral
distinction is critical for separating structurally strong fraud rings from transient noise.

Classical graph and Hodge Laplacians. The combinatorial Laplacian Aé( , introduced in Defini-
tion 3.5.5, is a self-adjoint, positive semi-definite operator on Cy(K’) whose nullity equals the ¢g-th Betti
number Bf , as shown in Theorem 3.5.11. For ¢ = 0, it reduces to the classical graph Laplacian [Meé-
moli et al., 2022, p. 5|; its Fiedler value A;(Lsym ), the smallest positive eigenvalue of the symmetrised
Laplacian Lgyy, in the sense of Definition 3.3.10, provides a quantitative measure of connectivity via
Cheeger-type inequalities [Lim, 2020, p. 17][Mémoli et al., 2022, Thm. 4.20], and B = dim ker(AX)
counts independent cyclic flow patterns (Section 3.4.4). Both quantities already appear as spectral
indicators in Table 2.1: A;(Lsym) signals layering cascades and strongly connected components (Sec-
tions 2.3.3-2.3.4), while 8 > 1 signals cycles and rings (Section 2.3.1).

However, Af operates at a fixed scale: it is defined on a single simplicial complex K and contains no
filtration parameter, so it captures only a snapshot of the network at a given transaction threshold.
Consequently, it carries no information about how structure evolves as the threshold varies and is there-
fore insensitive to the multi-scale persistence of fraud-ring patterns that characterise layering cascades.
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The persistent Laplacian as the natural synthesis. The persistent ¢g-Laplacian Af ’L, defined
formally in Section 4.2, resolves both deficiencies simultaneously. It acts on the chain group Cy(K)
of the smaller complex while encoding the ambient structure of L through the restricted boundary

operator orL.

1 the inner product conventions are those fixed in Remark 3.5.2.

As a self-adjoint, positive semi-definite operator on a finite-dimensional inner product space [Liu
et al., 2024, p. 11, Rem. 3.3], it admits a complete real spectral decomposition and the persistence
spectra vary continuously under perturbations of the filtration, as quantified by the stability theorem
[Mémoli et al., 2022, Thm. 5.9].

By the persistent Hodge theorem (Theorem 3.6.8), Cy(K) admits the orthogonal decomposi-
tion (4.11) established in Section 4.2.3 |Liu et al., 2024, Thm. 3.10].

Table 4.1 summarises the structural capabilities of the three operators discussed above.

Table 4.1: Comparison of spectral and topological operators for transaction network analysis. The
AML pattern column refers to the typologies formalised in Table 2.1.

Persistent Graph / Hodge Persistent AML pattern

Homology Laplacian Laplacian (Table 2.1)
Multi-scale v X v Layering cascades,
(filtration-aware) temporal bursts
Higher-order struc- v v v Cycles, SCCs
ture (¢ > 1)
Geometric / metric X v v Distinguishes  fraud
information rings from  benign
cycles
Self-adjoint opera- X v v —
tor on Cy(K)
PSD, real spec- X v v —
trum
Recovers Betti v v v Cycles (BE > 1),
numbers SCCs (B > 1)
Recovers persistent v X v Persistent fraud rings,
Blc;tzi numbers temporal bursts
q
Stable under filtra- v X v Robust to  volume
tion perturbations noise in smurfing de-
tection
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Having compared the three operators, we now define the persistent Laplacian formally and estab-
lish its fundamental properties.

4.1.2 Operator Structure and Key Properties

The persistent g-Laplacian decomposes as

K,L _ KL ( qK,L\* K\* K
Aq - aq-H (aq-I—l) + (811 ) 8q ’ (4'1)
S—— N———
Aé(’f, filtration-sensitive Aéf_7 depends only on K

where Qﬁ’f: C;if — Cy4(K) is the restriction of the full boundary operator aqLH to

Clt = {ceCpa(L) | 9Fyc e Cy(K)

as defined in Definition 3.6.6.

Figure 4.1 summarizes the operator structure of the persistent ¢-Laplacian. The diagonal blue

arrows aﬁf and (85&%)* encode the filtration-sensitive up-persistent part A(ff, whereas the horizontal

blue arrows in the top row represent the down-Laplacian A(f, acting purely on Cy(K).

oK oK

K atl K a K
Can “ i

: 7. o :

| aK,L)* (aq ) |

l e+l l

| | |

I K,L I I

| Gt | |

| - | |

l 7 l l

I L l L l

Y I''e 8 A a Y

L at+l L a L
Cq+1 Cq qul

Figure 4.1: Illustration of the up-persistent Laplacian Aff and down persistent Laplacian Ag, along
a filtration K < L. Inspired by Mémoli et al. [2022, p. 6].

The two summands satisfy a mixed-orthogonality relation. Indeed,
K,L K _ aK,L(aK,L\*(qK\* K
Agy 0By = 0437 (8q+1) (9,)79;' -

Since 85 o 851% = 0 by the boundary-of-a-boundary identity (Definition 3.4.7), it follows that
K, L% * K, L\ %
(aq—‘;l) (85{> = (8(5{ © q+1) = 07
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which yields
AKlFonAl =

In particular, the images of the up- and down-Laplacians are orthogonal,
m(AXF) L Im(AK)),

in accordance with the persistent Hodge decomposition (4.11). As a consequence, since the condition
BA = 0 implies that the non-zero spectrum of the joint operator AA* + B*B decomposes into the
disjoint union of the individual spectra of AA* and B*B, the non-zero spectrum of Ag( Lig precisely
the disjoint union, with multiplicity, of the non-zero spectra of Af’f and Ag_ [Botnan and Dong,
2025, p. 21].

The kernel of Af’L is exactly the persistent harmonic space; by Theorem 3.6.8 it is naturally
isomorphic to the g-th persistent homology group [Liu et al., 2024, p. 12, Cor. 3.9, Thm. 3.10] [Mémoli
et al., 2022, p. 7, Thm. 2.7]:

dimkerAf’L = ﬂf’L, (4.2)

where ﬁf Lis the g-th persistent Betti number of the pair (K, L) in the sense of Definition 3.6.4.
For AML detection, the three key properties are the following.

1. Kernel = persistent homology. By (4.2) and Theorem 4.2.10, every fraud ring detected by
persistent homology is reflected in the kernel of ACIf’L; no topological information is lost. In
terms of Table 2.1, the signal 5; > 1 for cycles and rings (Section 2.3.1) is fully preserved as
ﬁf’L = nullity(A{(’L).

2. Non-zero spectrum = geometric refinement. By the persistent <hodge Theorem, the
kernel of Aé(’L encodes precisely the persistent Betti numbers, and the non-zero eigenvalues
provide strictly richer information about the filtration than any barcode invariant alone [Wei and
Wei, 2024, pp. 10-11]. In the AML model, the non-harmonic eigenvalues are used to quantify
how strongly cyclic transaction patterns are geometrically realised at a given filtration scale.
The persistent spectral gap )\gl)p(K , L) serves as a summary statistic of this intensity.

3. Algebraic stability. For two filtration functions f,g with [|f — g|]lcc < &, the interleaving
distance between the resulting persistent Laplacian spectra satisfies

dr(Ly, Lg) < |If —gllo < € (4.3)

[Liu et al., 2024, p. 20, Thm. 5.3|, guaranteeing that AML-detection signatures are robust to
small perturbations in transaction volumes or timestamps. The full statement and proof are
given in Section 4.4; the practical implications of this stability bound for the chosen window
length and volume thresholds, and the limitations of the current parameter calibration on the
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AMLWORLD dataset, are discussed in Section 5.6.4. In particular, the theoretical bound (4.3)
implies that perturbations below the smallest observed edge-weight increment which do not
change which edges satisfy wsym(e) > 6 for any threshold 6 in the sequence 6y > --- > 07 leave
the Laplacian-tree feature vector unchanged up to numerical precision. This is critical for the
smurfing and fan-in/fan-out scenarios of Section 2.3.2, where transactions are deliberately kept
close to reporting thresholds and small day-to-day variations in amounts or timestamps should
not qualitatively change the detected spectral-topological signature.

With respect to the research questions formulated in Chapter 1, Chapter 4 thus addresses the core
problem of money-laundering detection under extreme class imbalance: it constructs persistent spectral
operators whose kernels capture the rare, structurally relevant fraud rings and layering cascades in
a topological sense, while their non-zero spectra provide robust, interpretable measures of geometric
intensity. These quantities are aggregated into window- and account-level feature vectors on Gk in
Chapter 5 and empirically evaluated against the fraud labels of the AMLWORLD dataset.

Remark 4.1.2 (Regulatory interpretability). Under Article 8(2) of Directive (EU) 2015/849 [Euro-
pean Parliament and Council, 2015, Art. 8(2)|, obliged entities must document and justify their risk-
assessment methodology, as mentioned in Section 2.1.3. The features derived from Ag(’L satisfy this
requirement: ﬁlK L counts independent cycles (Definition 3.6.4), the persistent spectral gap )\g}p(K ,L)
measures their geometric strength (Definition 4.8.1), and the spectral entropy Hgpee (Section 4.6)
quantifies distributional complexity.

Each quantity is directly relatable to an AML typology via Table 4.2, and is therefore documentable
under regulatory audit, in contrast to the representations of deep neural networks [Deprez et al., 2025b,
pp. 28-29|.

4.2 Definition and Fundamental Properties

Remark 4.2.1. Throughout Chapter 4 we write Aé(’L for the persistent Laplacian of the pair (K C L)
and Aé( for the standard Hodge Laplacian of a single complex K. All chain groups in this chapter
carry the canonical (unweighted) ¢ inner product with respect to their simplex bases. Weighted inner
products from Section 3.5.4 are not used in the proofs of this chapter.

4.2.1 Definition via the Restricted Boundary Operator

Let K C L be a simplicial pair in the sense of Definition 3.6.6, and fix ¢ > 0. The key construction is
a subspace of (¢+1)-chains in L whose boundary already lies in K.

Definition 4.2.2 (Up-persistent chain group and restricted boundary operator). The up-persistent
(q+1)-chain group of the pair (K, L) is
K,L .
I = {ce Cun(D) : 8h(0) € C,(K) ).

62



and 8q+1 ck

q+1 — Cy(K) denotes the restriction of 9~ 1 to C(ﬁ’f

Remark 4.2.3 (Adjoint vs. Moore—Penrose pseudoinverse). Throughout this chapter, A* denotes the
Hilbert-space adjoint of a linear map A with respect to the canonical ¢?-inner products on domain
and codomain; in particular, (8q +1) : Cy(K) — C 1 is represented in the ordered simplex bases by
the matrix transpose BT (since both spaces carry the unweighted ¢2-inner product, cf. Remark 4.2.1).
The symbol AT denotes exclusively the Moore Penrose pseudoinverse of a matrix, which appears in
the algorithmic Schur-complement formula of Theorem 4.3.3 as B;Q. These two notations are never
conflated: A* = AT whenever A* appears in proofs, and AT whenever a numerical least-squares inverse
is required. (In Chapter 3 the adjoint of a boundary operator is occasionally written d' following Lim [2020,
p. 30], within Chapter 3 this refers to the same object as 9* here.)

Since K C L, the chain inclusions Cyy1(K) C ck +1 C Cg+1(L) hold. The group Cﬁr’f consists pre-
cisely of those (¢+1)-chains of L whose boundary is entirely supported on K [Mémoli et al., 2022, p. 6].

Equipping C’;j_’f and C,(K) with the canonical £? inner product inherited from Cy41(L) and Cy(L),
respectively (Remark 4.2.1), the restricted boundary operator 8ﬁ’f of Definition 4.2.2 admits a unique
Hilbert-space adjoint

(51)": Co() — Cgiy,
following the construction of Botnan and Dong [2025, p. 10, Def. 3.3|.

Definition 4.2.4 (Persistent ¢g-Laplacian). The g-th persistent Laplacian of the simplicial pair (K C
L) is the linear map

AKL = 05 (0051)" + (05)0K 1 Cy(K) — Cy(K). (4.4)
N — ———

Aé(,f (up part) Ag, (down part)

When K = L, both summands reduce to the corresponding summands of the standard Hodge ¢-
Laplacian Aé( of Definition 3.5.5.

Note that the down part Aq_ carries only the superscript K: it depends solely on the inner
complex K and is independent of the ambient complex L The filtration-sensitive dependence on L is
carried exclusively by Ag’L via the restricted operator ax 1 L"of Definition 4.2.2.

Lemma 4.2.5. Let K C L be a simplicial pair and g > 0. If =0, then 8q+1 = 0 and consequently
AqﬂL =0, so that AfL = Agﬁ.

Proof. By Definition 4.2.2, 9%, +1 is the restriction of 9% 1 to Cq+1 If ¢ +1 = {0}, the operator acts

on a trivial domain and is therefore the zero map. Hence A(I;L 8q Y1 (aq +1) = 0, [Mémoli et al.,

2022, p. 6]. O
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Remark 4.2.6. The two summands capture complementary information. The down part Aéf, =

(85( )*85( depends only on K and coincides with the down-Laplacian of K alone. The up part Af’f =
oELpiL

q+1( q+1
into K, and it vanishes whenever C’ 1 = 0 (Lemma 4.2.5). In the AML context, Agf reflects how
simplices entering at the next ﬁltratlon step may close cycles already present in K, which is precisely

the mechanism by which layering transactions (Section 2.3.3) build up cyclic structures incrementally.

)* is the filtration-sensitive summand: it detects (g+1)-chains in L whose boundary reaches

4.2.2 Self-Adjointness and Positive Semidefiniteness

Proposition 4.2.7. For any simplicial pair K C L and any q > 0, where all chain groups carry the
2% inner product with respect to their simplex bases (Remark 4.2.1):

(1) Af’L is self-adjoint with respect to the 2 inner product on Cy(K).
KL . - , L AKL
(2) Ag" is positive semidefinite: (Ag " ¢, ¢) > 0 for all c € Cy(K).
(3) The eigenvalues of ACI]{’L are non-negative real numbers; denoted in non-decreasing order,

0 <X <A <A< < Ay,

each counted with multiplicity, where n = dim Cy(K).

Proof. (1) Each summand is of the form AA* (for Agf) respectively B*B (for Aflf_). We verity
self-adjointness explicitly in the present setting. The chain group Cy(K) is a finite-dimensional
real vector space with ordered simplex basis {071, ... anK} equipped with the 2 inner product

K
(e,d) =>"." ¢;id; (Remark 4.2.1). The restricted boundary operator ox +1 is represented in this

R"g{xm where m = dim Cq+1’ and its adjoint (aﬁf

by the transpose BT (since the inner products on both spaces are the canonical £2 products).
Therefore Ag_f is represented by BB, which satisfies (BB")" = (B")'BT = BB, and is
hence symmetric. Analogously, Aé(_ is represented by C'TC for the matrix C of 8K , which is
likewise symmetric. The sum of two symmetric matrices is symmetric, so Af’L is self-adjoint.

basis by a real matrix B € )* is represented

(2) For any ¢ € Cy(K), the decomposition (4.4) gives

K,L _ K,L K _ K
(ANke,c) = (AfFe c) + (AN cic) = @S elf + oKel? = 0. (45)
where the second equality uses (AA*c,c) = ||A*c||? and (B*Be,c) = ||Bcl||? for any linear maps
A, B. Hence Af’L is positive semi-definite. Moreover, <A£(’Lc, c¢) = 0 if and only if both
(3q +1) ¢ =0 and 8? ¢ = 0 simultaneously, since each summand is a squared norm and therefore
non-negative.
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(3) The claim on the spectrum follows from (1) and (2) by the spectral theorem for finite-dimensional
real symmetric matrices (Theorem 3.2.18): every such matrix is diagonalizable with real eigen-
values, and positive semidefiniteness forces all eigenvalues to be non-negative.

O

This result is stated for general weighted inner products already in Mémoli et al. [2022, p. 6], and
generalized categorically to arbitrary morphisms of differential graded inner product spaces in Liu
et al. [2024, p. 11, Rem. 3.3|.

Remark 4.2.8 (Scope of Proposition 4.2.7). In Sections 4.7-4.8.1, the edge weights w;; of Gsym deter-
mine the order in which simplices enter the filtration = {K(7)};er (Definition 3.6.1) but do not
enter the chain-group inner product. All chain groups C,(K (7)) carry the canonical unweighted ¢2 in-
ner product throughout, in accordance with Remark 4.2.1. Proposition 4.2.7 therefore applies without
modification to every persistent Laplacian Ag( (K () appearing in those sections. Proposition 4.2.7
is stated and proved here for the unweighted case. The weighted generalisation, in which each chain
group Cy(K) carries a weight-induced inner product (c,d),, = Y., w(0) 'c,d, (Remark 3.5.2), is
covered by Meémoli et al. [2022, Rem. 3.2|, which shows that the persistent Laplacian takes the form
W—LPW for a symmetric positive semi-definite matrix P and a positive diagonal weight matrix W .
Self-adjointness and positive semi-definiteness with respect to the w-weighted inner product follow

immediately.

4.2.3 The Bettinullity correspondence

The following theorem is the algebraic cornerstone of the framework: it shows that the kernel of Aff’L
is canonically isomorphic to the ¢-th persistent homology group of the pair.

Remark 4.2.9 (Origin and interrelation of the Betti—nullity correspondence). The identity established
below instantiates, for the setting of simplicial pairs, a persistent version of the classical Eckmann—
Hodge theorem (,(K) = nullity(Af ) for a single simplicial complex K [Wei and Wei, 2024, pp. 34,
pp. 16-17]. Mémoli et al. [2022] gave the first fully detailed algebraic proof of the persistent version
stated here ([Mémoli et al., 2022, Thm. 2.7, Appendix A]), via the elementary fact that for matrices
A, B with AB = 0, ker ANim B = ker ANker BT, the same mechanism instantiated in Steps 1-2 of the
proof below. Liu et al. [2024] generalized this correspondence categorically to arbitrary morphisms of
differential graded inner product spaces [Liu et al., 2024, Thm. 3.10 |, proving the abstract persistent
Hodge isomorphism ker A}"" = ker dy /(ker dy Nimdy", ) [Wei and Wei, 2024, Sec. 4.1], the simplicial

q+1
statement of Mémoli et al. [2022] recovers as the special case where the morphism is the inclusion

Cq(K) = Cq(L).

The proof given below follows the elementary, matrix-level approach of Mémoli et al. [2022] di-
rectly, since it yields the explicit basis and orthogonal-decomposition structure needed for the Schur-
complement computations of Section 4.3.
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Theorem 4.2.10 (Betti—nullity correspondence [Mémoli et al., 2022, p. 7, Thm. 2.7], [Wei and Wei,
2024, pp. 10-12],|Liu et al., 2024, p. 12, Cor. 3.9]). Let K C L be a simplicial pair and ¢ > 0. Then

ker 0
K»L ~ KzL [ q
ker Aq = Hq = m7 (46)
q+1
where the denominator equals im aqLH N Cy(K) by definition of C;i’f. In particular,
nullity (Af’L) = Bf’L = dim ker 85 - rank(@ﬁf), (4.7)

where ﬁf’L 1s the persistent Betti number of the pair K C L in the sense of Definition 3.6.4, equiva-
lently ﬁ;’t of Definition 3.6.2 with K = Ky, L = K; (Remark 3.6.3).

Proof. We proceed in three steps.

Step 1: Kernel characterisation. By Proposition 4.2.7 (2), Af’Lc = 0 if and only if (Ag(’Lc, c) = 0.
From (4.5) this holds if and only if both
K KLy,
9;c=0 and (8q+1)6—0
simultaneously, since both summands in (4.5) are non-negative and their sum vanishes only when
each vanishes individually. Here (97%)*: ck— CEL denotes the adjoint of 950 XL CE with

: q+1 q+1 g+1° Ygt1
respect to the inner products. Hence

KL _ K K,L*
ker A 0% = kerd, N ker(8q+1) . (4.8)
Step 2: Harmonic representatives. We first show that ker(ﬁq[i’f)* = (im 8;1{“)% where the orthog-
onal complement is taken inside the ambient space C’f . For any c € C’f , the condition (8;1’%)*0 =0
holds if and only if <(8§if)*c, o) =0forall o € Cq[i’f. By definition of the adjoint, this is equivalent
to {c, 851’%0} =0forall o € Cﬁf, ie. c € (im aﬁf)L (complement in C;(). Thus
K,L\x . K,L\Lck
ker(9,7)" = (im 8q+1) ‘.

Next we record the inclusion needed for the orthogonal splitting below. Since 85 o 8;1% =0 (the
composite of two consecutive boundary maps in the pair complex), we have

im Bgi’f C ker 85(. (4.9)

Because ker 65( is a finite-dimensional real inner product space (as a subspace of the finite-

dimensional space CqK ) and im 85&% is a subspace of it by (4.9), the orthogonal decomposition theorem
for finite-dimensional inner product spaces gives

K _ oo oKL - IO Ther o
ker ;" = Hn@q+1 ® (1m8q+1) T
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where the complement is now (equivalently, by (4.9)) taken either inside ker 8K or inside CK — both
descriptions agree because ker 85( - C’f already contains im 0% +17 so no vector of C’K \ ker BK an
contribute to either complement. Hence every c € ker 85( decomposes uniquely as

K . AK|L
C = Charm + Cexact, Charm € (1m 8q+1) Nkerd,", Cexact € iM 8q+1. (4.10)

We now show that the assignment ®: H, KL ker Af’L, [c] = Charm, is a well-defined linear
isomorphism.

Well-definedness. Suppose ¢, ¢ € ker 85 represent the same class, [c] =[], i.e. ¢ — ¢ € im 851{
Applying the (unique) decomposition (4.10) to ¢ — ¢’ shows (¢ — ¢ )parm = 0, and by linearity of the
projection onto the orthogonal summand, (¢ — ¢ )harm = Charm — so @ does
not depend on the choice of representative.

Charm € ker AK’L Since ker 8K is a subspace containing both ¢ and cCexact, it also contains cpapm =

Hence charm =

/ /
Charm* Charm>

€ — Cexact, SO 8 Charm = 0. Moreover ¢parm € (im 3(]“) ker(BqH) , (aqH) Charm = 0. By (4.8),
Charm € ker Aq L , so ® is well-defined as a map into ker Af’L.
Injectivity. Suppose @([c]) = ®([¢]), i-e. Charm =
hence [¢] = [¢] in Hf’L. Thus @ is injective.
Surjectivity. Let h € kerAf’L. By (4.8), Qf(h = 0 and (8q+1) =0,s0 h € ker@f and

€ (im 6q+1 )L. The decomposition (4.10) applied to h then gives Aparm = h and hexact = 0, i.e.
[h]) = h. Thus ® is surjective.

cirlarm' By (410)7 c—c = Cexact — exact € lma +1,

h
o(
Since ® is clearly linear (the orthogonal projection onto (im ﬁgjf)L Nker 65( is linear), @ is a linear

isomorphism H;(’L 5 ker Af’L, proving (4.6).

Step 3: Dimension of the quotient space. By (4.9), the quotient ker 8K/ 1m8 1 = H
well-defined as a real vector space. The standard dimension formula for quotients of fimte d1mens1onal
vector spaces then yields

dim Hf’L = dimker 85{ — dimim 851% = dimker 8q - rank(aqﬂ)
Combining this with dim ker Af’L = dim H;(’L (Step 2) gives
nullity(Af’L) = dimker 85( — rank((‘)ﬁf) = /Bf’L,

which proves (4.7). O

The Betti—nullity correspondence enables a Schur-complement computation of the full persistent
spectrum, which is the subject of the next Subsection 4.3.
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Remark 4.2.11. When K = L, equation (4.6) reduces to the classical combinatorial Hodge theorem
ker Af = H,(K) of Theorem 3.5.11. The persistent Laplacian thus strictly generalises the Hodge
Laplacian of Definition 3.5.6.

Remark 4.2.12. For ¢ = 0, the up part A{f +L coincides with the Kron reduction of the graph Laplacian

of L to the vertex set of K [Mémoli et al., 2022, p. 14, Prop. 4.9]. Consequently, ﬁé(’L counts the
connected components of K that remain disconnected in L, and the non-zero eigenvalues of Aé{ L
are related to effective resistances in L [Mémoli et al., 2022, p. 14, Thm. 4.10]. In the transaction-
network context, a large value of /Bé( L indicates account clusters that are isolated at filtration level
K but become connected only when the threshold is lowered to . — a pattern consistent with the
compartmentalisation strategy characteristic of layering cascades (Section 2.3.3).

The persistent Hodge decomposition dual to Theorem 4.2.10 reads
Cy(K) = ker AE @ im(0)57) & im((9K)"), (4.11)

extending the classical Hodge decomposition of Section 3.5.4 to the persistent setting |[Liu et al., 2024,
p. 12, Thm. 3.10]. We verify that the three summands are pairwise orthogonal:

CKL

o+1> the

Every ¢ € ker AL satisfies (05:)*c = 0 by (4.8). For any o €

. KL | .
(i) ker Ay L 1m(8q+1) 1

definition of the adjoint yields:

(c,0710) = ((0551) ¢.0) = (0,0) = 0.

(i) ker AKE 1 im((0f°)*): Every ¢ € ker AKL satisfies 9Kc=0by (4.8). For any u € Cp_1(K), an
element of the image is (85( )*u, and we have:

(c, (85()*u> = <8§<c,u> = (0,u) = 0.

(iii) 1 (851%) 1 im((aK) ): Let o € ck i1 Land u e Cy—1(K ) Utilizing the boundary-of-a-boundary

identity 9K o 8 1 = 0 (Definition 3.4.7, applied to 0%, +1 C dk,,), we obtain:

(00 (0K u) = (K (OfSka) ) = (0,0) = 0.

The three summands are thus pairwise orthogonal and span the entirety of Cy(K) by a straight-
forward dimension count: their respective dimensions are 65( ’L, rank(@éj_’f), and rank(@cf( ), yielding:

Bg(’l’ + rank(aﬁl) + rank(@ ) = dimker 85( + rank(@f) = dim Cy(K),

where the first equality applies the Betti—nullity correspondence (4.7) and the second follows directly
from Corollary 3.4.9 applied to (9(5( .
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4.3 Schur-Complement Representation and Algorithms

The Schur-complement representation and the algorithmic constructions in this section are based on
Mémoli et al. [2022, Secs. 3.1, 4.1-4.2|. The definition of the persistent Laplacian and of the restricted
boundary operator follows Botnan and Dong [2025, Def. 3.3|, in which the up-persistent Laplacian is
defined using the Hilbert-space adjoint of the restricted boundary operator.

For a symmetric block matrix
A B
M = <BT D> )

with D positive semidefinite, we use the generalized Schur complement of D in M, defined by
M/D := A—BD'BT.

In network theory, the operation that maps a graph Laplacian to the Schur complement with
respect to a principal block associated with eliminated nodes is known as Kron reduction [Dorfler and
Bullo, 2013, p. 152, Eq. (4)]. In the notation of this thesis, Theorem 4.3.3 therefore shows that the
up-persistent Laplacian A} can be viewed as a Kron reduction of Agj+ onto the g-simplices of K.

The column-reduction construction in Mémoli et al. L?022, Lem. 3.4, Alg. 1] yields a matrix Z whose
columns form a basis of the restricted chain group C, Jr’f C Cy41(L). Combining this construction
with the Hilbert-space definition of the adjoint used for persistent Laplacians [Botnan and Dong,
2025, Def. 3.3, the orthogonal projection formula P k1 = Z(ZVZ)~'ZT, and the MoorePenrose

a+1
projection Pyerp,, = I — B;QBQQ, gives the following ambient-space representation of the adjoint in
Lemma 4.3.1:
K,L T o—1/9K,L\T
(aq—l-l)* = Z(Z Z) (aq+1) :

Equivalently, its block form is

K,L B,
o) f = :
Oas)'S ((I - BLBQQ)BEf)
The Moore-Penrose identity MT = MT(MM )" (Lemma 4.3.2) is a standard linear-algebra fact and
is proved explicitly here for completeness.
4.3.1 Block Structure of the Boundary Matrix

Fix an inclusion K C L and degree ¢ > 0. Order the (g+1)-simplices of L so that those of K come
first, and order the ¢g-simplices of L so that those of K come first. In these ordered bases the boundary
matrix 8qL+1 takes the block form

B B

L _ 11 12

aq—i—l - ( 0 322) ’ (4'12)
where:
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By € R™ X"g41; boundary of (g+1)-simplices of K into g-simplices of K; this is the matrix
representation of 8;11.

Bis € R X (g1 —ng). boundary of new (g+1)-simplices in L \ K into g-simplices of K.

By € R —mg ) x (ngy —ngq). boundary of new (g+1)-simplices into new g-simplices.

[ ]

o 0 € RM—75)%n¢\1; yanishes because no (g+1)-simplex of K has a boundary component in
Cq(L) \ Cy(K); by Definition 3.6.6, the boundary of any simplex of K consists entirely of faces
of K.

4.3.2 The Schur-Complement Formula

Before stating the main theorem, we record the form of the adjoint of the restricted boundary operator,
which is used in the proof.

Lemma 4.3.1 (Matrix representation of the restricted adjoint). Assume all simplicial complezes are
unweighted (w =1). In the block notation of (4.12), the adjoint (Bgif)* satisfies

K, L\ ¢ __ Birl
(Op41)" f = <(Id— BEQBQZ)BIQ for all f € Cy(K).

Proof. By definition, (8K’L)* f is the unique element of clL

11 il = Cy+1(K) @ ker By satistying

K, L\ K,L
<(aq+1) f’ C> = <fa anrl C>
for all ¢ = (c1,c2) " with ¢1 € Cy+1(K) and ¢z € ker Boy. Given the block form of 8ﬁf, we have
<f7 8ﬁlfc> = <Bi|—1f7 cl> + <Bi|—2f7 02>‘

The first component is identified as ¢} = Birl f. For the second component, co must lie in ker Boo, so
we project BlTQ f onto this kernel. Using the property of the Moore—Penrose pseudoinverse, where the
orthogonal projection onto ker By is Pyer Byy = I — B;QBQQ, we obtain

BT
This confirms the adjoint representation used in the derivation of the Schur complement. O

Lemma 4.3.2 (Moore—Penrose identity). For any real matriz M, we use the identity
M =MT (MM,
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Proof. Let A:= MM?" and X := M T AT. Since A is symmetric, Af is symmetric. One checks directly
that X satisfies the Moore-Penrose conditions for M: MXM = M, XMX = X, (MX)" = MX, and
(XM)T = XM. Hence X = MT. O

Denote by Cy; € R™-1%" the matrix of 9K in the ordered simplex bases of Cy(K) and Cy_1(K).
Note that C11 is distinct from Biy: the latter represents 8511 : Cg41(K) = Cy(K), while C1p represents
K - Cy(K) = Cyu1(K).

Theorem 4.3.3 (Schur-complement representation [Mémoli et al., 2022, Thm. 4.6]). In the block
notation of (4.12), the up-persistent Laplacian satisfies

ANl = BuB|| + Bio(Id — Bl,By) Bly = Bi1B{, + Bi2B{, — Bi2 B}, By B, (4.14)

where B;Q denotes the Moore—Penrose pseudoinverse of Baa.

Equivalently, Afjf is the Schur complement of the (L \ K)-principal block of AqLHr. Consequently,

AKL = BB, + B1sBJy — Bi2Bl, BBl + C\C1s . (4.15)
N——
AKL AK_
a.+ 9

The proof follows the block-matrix structure implicit in Mémoli et al. 2022, Thm. 4.6|, specialized
to the unweighted case w = 1 and the simplex bases introduced in Section 4.3.2.

Proof. We derive (4.14) from Definition 4.2.4 using Lemma 4.3.1.
Step 1: Applying the adjoint. By Lemma 4.3.1, for any f € Cy(K),

* T
@51 f = (BLf. (1d — B},Ba) BLf) .

Step 2: Applying E)q[if. Setting ¢; = By, f and ¢ = (Id — BgQng)BEf,

Af’ff = aﬁf((aﬁf)*f) = Bjic1 + Biaco
= BB\ f + Bi2(ld — Bl,Bas) B f, (4.16)

which is the first equality in (4.14).
Step 3: Identification as Schur complement. Expanding (4.16) gives

Agff = BuB\\f + Bi2aBlyf — Bi1aBlyBas B, f.

We verify that this coincides with the Schur complement of the (L \ K)-principal block of Aq% L=

8qL+1((9qL+1)*. From (4.12), the block decomposition of AL, is
[Ai-‘r]KK = BuBj; + BBy, [AqL,+]K,L\K = B12By,, [AqL,+]L\K,L\K = B By,.
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The Schur complement of BQQBQT2 in Agj 4 is
L L TN\TTAL
[Aq,+]KK - [Aq7+]K,L\K (322322) [Aq,+]L\K,K
= BBy, + B12Bjy — B12Boy (B2 Bgy) Bas B,

By Lemma 4.3.2, we have the identity Bgy(Ba2Bqy)' = B;Q. Substituting this into the Schur comple-
ment expansion yields BJQ(BQQB;B)TBQQ = B;ZBQQ, and hence

By1B{y + BisBJ, — BiaB}, BB, = AN,

confirming (4.14). The formula AX = C|Cy; is immediate from Definition 3.5.5. O

4.3.3 Algorithm 1: Direct Construction

The following procedure computes Ag{’L directly from the block decomposition (4.12) and the explicit
adjoint representation of Lemma 4.3.1.

Input. A simplicial pair K C L and a degree ¢ > 0.
Output. The matrix of Af’L in the simplex basis of Cy(K).

Steps.

1. Enumerate the g-simplices of L and the (g+1)-simplices of L, with all simplices of K ordered
first in each list. Form the boundary matrix 8qL+1 in these ordered simplex bases and extract the
blocks BH, Blg, B22 as in (412)

2. Form the matrix
DqLH = aqil([”é] \ [nf] ; ‘)7
i.e. the submatrix of (‘)qLH consisting of the rows indexed by ¢-simplices in L \ K. This matrix
represents the boundary map 8qL+1 :Cqr1(L) = Cy(L\ K).

3. Perform column reduction on Déﬂ to obtain
L L
Rq+1 = Dq+1}/7
where Y is an invertible change-of-basis matrix.

4. Let I be the index set of zero columns of Réﬂ and set Z := Y (:,I). Then the columns of Z

form a basis of the restricted chain group Cﬁf C Cy41(L) as in Mémoli et al. [2022, Lem. 3.4,
Alg. 1.
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5. Using Lemma 4.3.1, compute the matrix of the restricted adjoint
Ty
(aq+1) = Z(Z ) (8q+1) )
where 9% +1 is the restriction of 9F 1 to ck +1 in the basis Z.
6. Form the up-persistent part as

K,L _ oK,L; qK,Lyx
Aq+ - 8q+1(8q+1) ’

and the down-part as
K _ (aK\TaK
Ag— = (05) 9,
where 8qK is the boundary of K in degree gq.

7. Return the full persistent Laplacian

AKL = AKL+AK

Complexity. The dominant cost arises from assembling the boundary matrices of L and performing
the column reduction on DL . In the intended application, this direct construction is typically less

efficient than Algorithm 2, since the latter reuses the precomputed up-Laplacian AL ¢+ across all choices
of K C L.

4.3.4 Algorithm 2: Via the Schur complement

A simpler alternative computes Aff’L by first forming the up-persistent Laplacian via a Schur com-
plement of the up-Laplacian of L and then adding the down-part of K.

Input. A simplicial pair K C L and a degree ¢ > 0.
Output. The matrix of Ag(’L in the simplex basis of Cy(K).

Steps.

1. Compute the up-Laplacian
AqL+ = q+1(a )

in the ordered basis where g-simplices of K appear first.

2. Let I denote the index set of g-simplices of K and Jf* := [nf]\ If the index set of g-simplices
in L\ K. Partition



according to I j{( and J f , and compute the Schur complement of the (L \ K)-principal block:
AL = Uk — Uk UL, Uk

3. Compute the down-part of K,

K K\T K
Aq,— = (aq) 0q>

in the simplex basis of Cy(K).
4. Return the full persistent Laplacian

KL _ AKL K
Aq - Aqu +AQ7_.

Complexity. Algorithm 2 is preferred over Algorithm 1 in the AML pipeline of Chapter 5 because
Aq% . is precomputed once per filtration step and reused across all choices of K C L, amortising the
assembly cost.

Having derived two algorithms for computing Af’L, we now study how its spectrum behaves under
perturbations of the filtration.

4.4 Spectral Properties and Stability

4.4.1 Eigenvalue Monotonicity

The key spectral consequence of the Schur-complement representation (Section 4.3) is that extending
the ambient complex can only increase the up-persistent eigenvalues. The following lemma, which
underpins all subsequent monotonicity statements, is a consequence of the Loewner order on positive
semidefinite matrices.

Lemma 4.4.1 (PSD dominance under Schur complement [Mémoli et al., 2022, Lem. 4.2, Lem. 4.5|).
Let M be a symmetric positive semidefinite matriz partitioned as

A C
v (25
with D positive semidefinite, and let M/D := A — CDICT denote the Schur complement of D in M.
Then M/D =< A in the Loewner order, i.e.,
(M/D)v,v) < (Av, v) for all v. (4.17)

Here, for symmetric matrices X, Y we write X XY if and only if Y — X is positive semidefinite; this is
the Loewner partial order on Hermitian matrices (see, for example, Loewner-Halbordnung [Wikipedia
contributors, bf).
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Proof. Since M > 0, for every vector u = (v,w)",
0 < (Mu, u) = (Av, v) +2(C"v, w) + (Dw, w).

Minimising this quadratic form over w yields the minimum-norm solution w* = —DTCTv. Since
M > 0, the block factorisation M = EET used in the proof of Lemma 4.2 in Appendix A of Mémoli
et al. [2022] implies im(C ") C im(D), from which it follows that DDTCTv = CTv. Substituting w*
back into the expansion simplifies the cross-terms and yields

0 < (Av, v) — (CD'CTw, v) = ((M/D)v, v), (4.18)
which simultaneously proves M/D = 0 and M/D =< A. O

From the Loewner order M/D < A, one immediately deduces a pointwise inequality on eigenvalues
via the Courant—Fischer Min—-Max theorem (also known as the variational, or minimum-maximum,
principle; see, for example, Satz von Courant-Fischer |[Wikipedia contributors, a]). For a symmetric
(or Hermitian) matrix X with eigenvalues A\; < --- < \,, this theorem states that its k-th eigenvalue
can be written as

(Xv, v)

NV (Xv, v)
RX) = min, max T

)

which implies that, since both M /D and A are symmetric positive semidefinite matrices of size n x n,

Ap(M/D) = min max (/D) v, v) i max 30 V)

= (A 4.19
G TR S i e e T M) (4.19)

for each k = 1,...,n, because the Rayleigh quotient of M /D does not exceed that of A for any given
vector v. The following lemma records the quotient property of Schur complements that is needed in
the proof of the main monotonicity theorem.

Lemma 4.4.2 (Quotient property of Schur complements [Mémoli et al., 2022, Lem. 4.4]). Let M be
a symmetric positive semidefinite matriz partitioned conformally as

A A Agg
M = AIQ Aoy Ass

Al AJy Asg

Let Ago 33 denote the compound lower-right block matrix (i? ﬁ%). Then the Schur complement
23 33

of Aga-33 in M equals the Schur complement of (Aaa-33/As3) in the Schur complement of Ass in M :

M/Az 33 = (M/As3)/(A22-33/As3). (4.20)

In particular, for a simplicial pair K C K' C L, successive Schur complementation of Cy(L\ K') and
then Cy(K'\ K) yields the same result as simultaneously complementing Cq(L \ K).
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Proof. The identity (4.20) is a standard property of Schur complements of positive semidefinite ma-
trices; the formal algebraic proof is given in [Mémoli et al., 2022, Lem. 4.4]. The simplicial inter-
pretation follows directly from the block structure of Ai 4 with respect to the orthogonal splitting
Cy(Ky)) & Cy(Kyy \ Ky, ) & Cy(Kyy \ Ki,) via Theorem 4.3.3. O

Applying Lemma 4.4.1 and Lemma 4.4.2 to the block decomposition of A; , now yields the central
monotonicity result.

Theorem 4.4.3 (Monotonicity of up-persistent eigenvalues [Mémoli et al., 2022, Thm. 5.2|). Let K =

{Ki}ier be a simplicial filtration in the sense of Definition 3.6.1 and fix ¢ > 0. For any t; < ty < t3

) K
m T and eachkzl,...,nqtl,

/\q,Jr,k(Ktl?KtQ) < )‘q,+,k(Kt1aKt3) and )‘q7+,k(Kt2vKt3) < /\q,+,k(Kt17Kt3)~ (4'21)

Proof. We prove the first inequality; the second follows from an independent interlacing argument
detailed at the end of Step 3.

Step 1: Block decomposition. Since K;, C K, the full up-Laplacian Agfﬁ admits a block

decomposition
ARz _ A A
q,+ Ail'2 Agy

with respect to the splitting Cy(Ky,) @ Cq(Ky, \ Ky, ). By Theorem 4.3.3, the persistent up-Laplacian

Af;:&’Kt:* equals the Schur complement of Ass in Agfﬁ:
K¢ K.
AT = Au - A12A£2A1T2' (4.22)

Step 2: Quotient property. Since K;, C K;, C K;,, we further partition the complement space as
C(I(Kts \Ktl) = Cq(Ktz \Ktl) ©® CtI(Kta \Kt2)7

giving the refined block decomposition

K All A12 A13
Apts = (AL, Ay Axy

Aly Aly Asg

where Aj; is indexed by Cy (K%, ), the middle block by Cy (K, \ K¢, ), and the lower block by Cy (K¢, \

Ky,). By Theorem 4.3.3, the persistent up-Laplacian Afﬁ: K2 5 the Schur complement of the lower-

right block Asy 33 in Agff. By the quotient property (Lemma 4.4.2), this step avoids loss of generality

and equals the sequential Schur complementation of Ass within Agj} His, Hence, Lemma 4.4.1 directly
implies the Loewner ordering
Kt ,Kt Kt aKt
A A (4.23)
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Step 3: Eigenvalue comparison. The Loewner order (4.23) combined with the Courant-Fischer
inequality (4.19) yields, for each k,

)‘q,-‘r,k‘(Ktvitz) < )‘q,+,k(Kt1>Kt3)a

confirming the first inequality of (4.21).

Second inequality of (4.21). We now prove Ag 4 p(Ky,, Kiy) < Ag 4 k(K4 , Kyy). Utilizing the index

notation Is := [nf*] \ [nf] for s <t, Theorem 4.3.3 states that
Kty K, K, Ky K, K,
ot = By Mgty AT = A3 sty

Since Ky, C Ky,, we have Iy, C Ii,,. Thus, both operators represent Schur complements of proper

A

principal submatrices within Aﬁf [Mémoli et al., 2022, Def. 4.1]. Invoking the formal Quotient

K . .
Formula (Lemma 4.4.2), Aq;ﬁ’ /114, can be viewed as a further Schur complement of a proper principal

submatrix inside Agf /Itst,. The eigenvalue interlacing property for Schur complements of submatrices
[Mémoli et al., 2022, Lem. 4.5] then establishes that

)\k(Agf [tst, ) < Ak(Aﬁf /It3t2) )

which immediately translates to

Agot k(B Kiy) < Ag g i (Kt Kiy)
for each valid index k=1, ... ,nftl [Mémoli et al., 2022, Thm. 5.2|. O]

Remark 4.4.4. The monotonicity in (4.21) concerns the up-persistent Laplacian Ag_’f only. The down-
Laplacian Acff— depends solely on K [Mémoli et al., 2022, Eq. (3)] and remains invariant as the ambient
complex grows; the full persistent Laplacian A? L= Agf + Af, therefore inherits monotonicity in

its up-part exclusively.

In the AML context, Theorem 4.4.3 guarantees that the spectral signal cannot be weakened by adding
later transactions to the ambient complex: if the eigenvalue A, 4 (K3, , Ky,) > 0 is detected for a
fraud-ring window [t1, 2], then the corresponding eigenvalue at any larger window [t1, 3] D [t1, o] is
at least as large. This monotone non-decreasing behaviour, established for up-persistent eigenvalues in
Section 5.3 of Mémoli et al. [2022], shows that the spectral signal cannot be diluted by later, unrelated
transactions entering the ambient complex.

4.4.2 Algebraic Stability

Theorem 4.4.3 controls individual eigenvalues within a fixed filtration. A stronger result, due to Liu
et al. [2024], bounds the entire collection of persistent Laplacians under perturbation of the filtration
itself.
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Definition 4.4.5 (Persistence differential graded inner product space (DGI)). A persistence DGI
space S: (R, <) — DGI is a functor from the poset (R, <) to the category of differential graded real
inner product spaces and isometric chain maps. In the present setting, S assigns to each ¢t € R the
chain complex (Ce(K}), e, (-, -)) and to each s <t the inclusion-induced chain map Ks — Kj.

For a persistence DGI space S, denote by LS the associated persistence Laplacian tree constructed
in Liu et al. [2024, Sec. 4].

Theorem 4.4.6 (Algebraic stability [Liu et al., 2024, Thm. 5.1, Cor. 5.2]). Let S,T: (R,<) — DGI
be two persistence DGI spaces over the same underlying vertex set. Then:

1. S and T are e-interleaved if and only if LS and LT are e-interleaved. Consequently,

di(LS, LT) = d;(S, T). (4.24)

2. |Liu et al., 2024, Thm. 5.3| For two non-decreasing functions f,g: K — R defined on all sim-
plices of a simplicial complex K, Liu et al. [202]] formulate the result for the sublevel-set fil-
tration K := f~1((—o0,a]); here we use the equivalent descending-threshold convention of Re-
mark 4.7.4,

th ={oceK:f(o) >t}

(i.e., K{> K{ for s < t, opposite to the ascending convention of Definition 3.6.1),
di(Ly, Lg) < [|If = glloc- (4.25)

Proof sketch. We sketch the proof of part (1); part (2) follows directly by combining (1) with the
standard stability of filtrations under || - || perturbations: if ||f — gllec < €, then th C KJ _ for
all ¢, implying that Sy and S, are e-interleaved [Liu et al., 2024, Thm. 5.3|, and part (1) then yields
di(Lg,Lg) < e =|[|f = gll-

(=) Interleaving of filtrations implies interleaving of Laplacian trees. By Liu et al. [2024,
Thm. 5.1], the functor L: DGIgr — Lapg constitutes an isometry with respect to the interleaving
distance. Concretely, if S and T are e-interleaved via morphisms ¢: S — T and ¥: T — ¢S in DGIR
[Liu et al., 2024, Def. 2.1], applying the functor L to the two interleaving diagrams produces valid
morphisms L¢: LS — ¢LT and Ly: LT — ¢LS in Lapg satisfying the interleaving compatibility
conditions, so LS and LT are e-interleaved.

(<) Interleaving of Laplacian trees implies interleaving of filtrations. The converse direction
is established in Liu et al. [2024, Thm. 5.1 via the recovery functor P: Lapg — DGIR defined by
P(I), = I, for each a € R: if LS and LT are e-interleaved in Lapg, applying P fully recovers an
g-interleaving between PLS = S and PLT =T in DGIR. O
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Theorem 4.4.6 is strictly stronger than Theorem 4.4.3: whereas Theorem 4.4.3 bounds individual
eigenvalues within a fixed filtration, Theorem 4.4.6 controls the entire Laplacian tree under an e-
perturbation of the underlying filtration. The earlier scalar stability result of Mémoli et al. [2022,
Thm. 5.9], which bounds the interleaving distance between the eigenvalue functions I — A, 4 () by
the filtration interleaving distance dy1(KC, £) via Lemma 5.5 of Mémoli et al. [2022], is an independent
spectral stability result at the scalar level and is complementary to the categorical stability of (4.24).

For AML transaction networks, inequality (4.25) implies that two filtrations differing by at most €
in L*-norm produce Laplacian trees whose interleaving distance is at most €. Small day-to-day data-
quality differences therefore cause only small spectral perturbations of the resulting Laplacian tree.
The empirical sensitivity of the detection pipeline to the hyperparameters W (window length) and T
(number of volume steps) is discussed in Section 5.6.4. The bound (4.25) implies that perturbations
|dw| < mine weym(e) that do not alter which edges satisfy wsym(e) > 6 for any threshold ¢ in the
sequence 6y > --- > Op (Remark 4.7.4) leave the Laplacian-tree feature vector essentially unchanged,
which is particularly relevant for the smurfing scenario of Section 2.3.2 where transactions are kept
deliberately close to the reporting threshold.

The algebraic stability established above applies globally to the Laplacian tree. We now derive a
pointwise geometric bound for the case ¢ = 0, the persistent Cheeger inequality.

4.4.3 Persistent Cheeger Inequality

Recall from Section 3.3 that the classical discrete Cheeger inequality relates the Fiedler value A\ (Lgym)
of the symmetrised graph Laplacian to the edge-expansion of the graph (Definition 3.3.10, [Mémoli
et al., 2022, Eq. (11)]). The following definition and theorem establish a persistent analogue for graph
pairs K < L (i.e., ¢ = 0), using the identification of A?’L with a Kron-reduced Laplacian.

Here R (A, B) denotes the effective resistance between vertex sets A and B in the graph L, defined
via the Moore-Penrose pseudoinverse of its Laplacian [Mémoli et al., 2022, Sec. 4.3].

Definition 4.4.7 (Persistent Cheeger constant [Mémoli et al., 2022, Def. 4.17]). Let K — L be a
connected weighted graph pair with vertex set V (K). For a subset A C V(K), write CY(A, V(K) \
A) := (RM(A,V(K)\ A))~! for the effective conductance between A and its complement, computed
with respect to the edge weights of L. The persistent Cheeger constant of the pair (K, L) is
: CHA, V(K)\ A)
= min .
ACV(K) | Al
0<|AI<S V()

When K = L, this reduces to the classical Cheeger constant h(K).

hK,L

(4.26)

Theorem 4.4.8 (Kron reduction preserves effective resistances [Mémoli et al., 2022, Thm. 4.15]). Let
K — L be a connected weighted graph pair and let K denote the Kron-reduced graph on V(K), so that
Aé(’L = Lz (Prop. 4.9 of [Mémoli et al., 2022]). Then for all disjoint A, B C V(K),

RR(A,B) = R™(A,B). (4.27)
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The proof is made in Mémoli et al. [2022, p. 16].
The persistent Cheeger constant is monotone non-decreasing in the ambient complex: for any K —
L1 — LQ,
R (4.28)

since adding edges to L can only decrease effective resistances and hence increase conductances [Mémoli
et al., 2022, Prop. 4.18|.

Theorem 4.4.9 (Persistent Cheeger inequality [Mémoli et al., 2022, Thm. 4.20]). Let K — L be a
connected weighted graph pair in the sense of Definition 4.4.7. Then

(hK,L)Q

el AL (K, L) < 205F, (4.29)
max

for the maxzimum weighted degree in L over vertices of K dik = max,cy (k) dv(L) , and the second-
smallest eigenvalue of A(If’L /\@Q(K, L).

The proof is made in Mémoli et al. [2022, p. 18].

Remark 4.4.10 (Higher-dimensional Cheeger inequality). Theorem 4.4.9 is currently proven only for
q = 0 (graph pairs). For higher-dimensional non-branching simplicial pairs, Botnan and Dong [2025,
Thm. 4.10] establish a two-sided Cheeger-type inequality for the up-persistent Laplacian, under the
assumptions that L is unweighted and g-non-branching, that the boundary matrix Bé:H has full column

LK .

rank, and that B 1y # 0:
A (Py) KL . A(Pj)

< N <

jgllg-lr V(PJ) - mmo= jglhl—l‘rlr V(’P])7
where P;, 1 < j < h + r, are the connected (g+1)-dimensional polyhedra formed by the (¢+1)-
simplices of L corresponding to the columns of BqurIf [Botnan and Dong, 2025, Sec. 4.2]. Here A(P;)
is the number of ¢g-simplices forming the boundary of P;, V(P;) is the number of (¢+1)-simplices in
Pj, and Ay(P;) := A(P;j) — >_,; A(P; N P;) denotes the number of boundary g-simplices of P; not
shared with any other polyhedron [Botnan and Dong, 2025, Sec. 4.2] (we write A for this quantity
in place of Botnan’s A notation). A full higher-dimensional analogue of Definition 4.4.7 for general

simplicial pairs (i.e., beyond the g-non-branching case) remains an open problem; see the discussion
following Botnan and Dong [2025, Thm. 4.10].

(4.30)

Inequality (4.29) links the spectral feature )\f’)Q (K4, Kiq1) directly to the edge expansion of the trans-
action graph at filtration scale ¢: a small persistent spectral gap certifies a bottleneck structure char-
acteristic of layering cascades (Section 2.3.3), while a large gap indicates a well-connected, ring-shaped
topology whose structure is robust to small perturbations. The monotonicity (4.28) of A" further im-
plies that adding more transactions at the next filtration step can only sharpen this spectral signal. In
the higher-dimensional setting of transaction triangles and three-way collusion rings (Section 2.3.1),

80



the geometric interpretation of (4.30) is particularly transparent for unweighted, g¢-non-branching
transaction complexes: the minimal non-zero eigenvalue is bounded between two isoperimetric ratios,
from below by the ratio of exclusive boundary ¢-simplices to volume and from above by the ratio of
all boundary ¢-simplices to volume [Botnan and Dong, 2025, Thm. 4.10].

4.5 Persistent Laplacians on Non-Branching Complexes

4.5.1 Motivation: Transaction Chains

Layering cascades (Section 2.3.3) often take the form of linear transfer chains or simple directed cycles.
After symmetrisation via the procedure of Section 3.2, these produce non-branching one-dimensional
simplicial complexes, for which the persistent Laplacian admits a closed-form spectral analysis based
on the Schur-complement characterisation of Theorem 4.3.3.

Definition 4.5.1 (Non-branching complex). A one-dimensional simplicial complex L is called non-
branching if every vertex of L is the face of at most two edges, i.e., d(v) < 2 for all v € L, or
equivalently each column of the boundary matrix 0f € Rm g (rows indexed by edges, columns by
vertices) contains at most two non-zero entries.

A one-dimensional simplicial complex is non-branching in the sense of Botnan and Dong [2025, Def. 3.1]
precisely when it is O-non-branching: every vertex is a face of at most two edges. Equivalently, its
underlying graph has maximum degree at most two, so every connected component is an isolated
vertex, a path, or a cycle.

In the AML setting, a path Py on k vertices represents a (k—1)-step layering cascade (Section 2.3.3),
while a simple cycle C,, represents a closed transaction ring (Section 2.3.1).

Throughout this section we write Ai’:P” for Aff with K = P, L = P, in the sense of Defini-
tion 3.6.6.

4.5.2 Spectrum of the Path Gram Matrix

Before computing persistent spectra, we recall the eigenvalues of the classical Gram matrix
P, P
T = (0")" 0]

for the path graph P,; these follow from the spectrum of the path Laplacian [Spielman, 2025,
Thm. 5.6.1].

Lemma 4.5.2 (Eigenvalues of the path Gram matrix). Let P, be the path graph on n vertices, with
signed incidence matriz 8f” e R=Dxn_ The Gram matriz

Ty, = (o) Tof» e R
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1s the symmetric tridiagonal matrix

1 ifi=je{l,n},
2 ifi=je{2,...,n—1},

Th)i; = 4.31
SR P AT 3y
0 otherwise.
Its eigenvalues are .
13(Ty) = 4sin2(;i), j=0,1,....,n—1. (4.32)
n

In particular, po =0 and p; >0 for j > 1.

Proof. The tridiagonal form (4.31) follows by a direct computation from the signed incidence matrix
of the path graph: each interior vertex has combinatorial degree 2, each endpoint has degree 1, and
each edge contributes —1 to the two adjacent off-diagonal entries.

For an unweighted graph, the standard graph Laplacian can be written as L = 8; 01, so T}, coincides
with the Laplacian of P,,. By Spielman [2025, Thm. 5.6.1], the Laplacian of P,, has eigenvalues

2(1—603(‘71)), 7=0,....,n—1.
n

Using the elementary trigonometric identity 2(1 — cosz) = 4sin?(z/2) with z = %, we obtain

2(1—cos<]—7r>) :4sin2(3—7r>, j=0,....,n—1,
n 2n

which yields (4.32). O

Remark 4.5.3 (Role of Lemma 4.5.2). Lemma 4.5.2 gives the closed-form spectrum of the vertex
Laplacian (Bf ")T(?f ". In Theorem 4.5.4, the complementary block D in (4.37) is instead the edge
Gram matrix 8{3 et (Of ™+ T which shares the same non-zero eigenvalues but is invertible. Its explicit
inverse yields (D71);; in closed form, which in turn gives the explicit tridiagonal representation of
Ak

4.5.3 Explicit Spectra for Path Inclusions

The explicit spectral analysis of path inclusions serves as a calibration tool for AML: a layering cascade
of depth n — k, modelled by the inclusion P, C P,, induces a persistent up-Laplacian whose smallest
eigenvalue is governed by the boundary equation (4.36), as quantified in Theorem 4.5.4. For fixed
retained length k, this smallest eigenvalue empirically decreases in the extension length m = n — k
(though we do not establish strict monotonicity for all m analytically) and converges to a strictly
positive limit 4sin®(7/(2(2k — 1))) as m — oo, rather than vanishing; the relevant regime for AML

82



calibration is therefore the dependence on m for moderate cascade depths, not an asymptotic m — oo
decay rate. Together with the monotonicity of Theorem 4.4.3 and the stability bound of Theorem 4.4.6,
this suggests that a persistent spectral gap at this scale is a natural threshold for the detectability of
layering cascades of depth n — k.

In the AML feature pipeline of Section 4.8, )\gl)p(KT, K;41) is therefore used as a window-level
feature for layering-cascade depth (Table 4.2).

The tridiagonal Schur-complement representation and the resulting spectral characterisation in
Theorem 4.5.4 are original to this thesis. While the general spectral properties and stability of per-
sistent Laplacians have been studied, for instance, by Mémoli et al. [2022] and Wei and Wei [2024],
we are not aware of a published spectral analysis of the persistent up-Laplacian for path inclusions
P, C P, in the form derived below.

Proof sketch. The argument has four steps. First, the up-Laplacian Ai " is reordered into a block
form with the Pp-block A, the complementary block D, and a rank-one coupling block C', since only
the edges ex_1 and e share a vertex across the split.

Second, the Schur-complement formula Afﬁpn = A — CTD71C shows that only the bottom-right
entry of A is modified, because C has a single non-zero entry.

Third, D is the invertible edge Gram matrix of the complementary sub-path on m + 1 vertices.
Its inverse has the explicit closed form (D7!),; = min(a,b)(m + 1 — max(a,b))/(m + 1), giving
(D7111 =m/(m + 1) and hence a modified corner entry 2 —m/(m + 1) = (m +2)/(m + 1).

Finally, a sine ansatz vy = sin(¢f) reduces the eigenvalue problem for the resulting tridiagonal
matrix to the boundary condition sin(kf) = 7 sin((k — 1)6). Each of its k — 1 solutions 6 € (0, )
gives an eigenvalue A = 2 — 2cos@ = 4sin?(0/2), yielding the full spectrum implicitly rather than by

a simple closed-form sine grid. O

Theorem 4.5.4 (Spectrum for path inclusions). Let P, C P, be the inclusion of the k-vertex path as
an initial sub-path of Py, where 2 < k <mn, and set m :=n — k.
If m = 0, the eigenvalues of Aiﬁp’“ are

4sin2(‘;—7r>, j=1,.. k—1. (4.33)

Ifm>1, Af’ip" is the (k — 1) x (k — 1) tridiagonal matriz

2 -1 0
-1 2 -1
Af’ipn _ , (4.34)
-1 2 —1
m+ 2
O _ -
m+1
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whose eigenvalues are

9.
Aj =2 — 2cos(6;) :4sin2(§j>, j=1,.. . k-1, (4.35)

where 01, ...,0k_1 € (0,7) are the k — 1 solutions of

sin(k6) = sin((k — 1)8). (4.36)

m
m+1
Proof. Set m := n — k throughout. We apply the Schur-complement representation (Theorem 4.3.3)
to the inclusion P, — P,.

Step 1: Block form of Aﬁ’;. Label vertices 1,...,n and edges e¢; = {i,i + 1} fori = 1,...,n—1.
The up-Laplacian Af’jr = (@) is an (n—1) x (n—1) tridiagonal matrix: its diagonal entries
are identically 2 (since every edge contains exactly two vertices), and its off-diagonal entries are —1

whenever two edges share a vertex. Partitioning rows and columns so that the first k—1 correspond
to E(Py) = {e1,...,ex—1} and the last n—k to E(P,) \ E(Px) = {ek,...,en—1}, the matrix takes the

block form .
A C
Al = <C D) , (4.37)

where A € RE=Dx(:=1) i the edge Gram matrix of Py, D € R(=k)*(—k) ig the edge Gram matrix of
the sub-path {k,...,n}, and C € R("=k)x(k=1) encodes the coupling at vertex k.

Step 2: The coupling matrix C. The only non-zero entry of C'is (C')1 x—1 = —1, arising from the
inner product of edge e; (which has vertex k as tail, so (9]")c,r = —1) and edge ex_; (which has
vertex k as head, so (af”)ekfl,k = +1): the (eg, ex_1)-entry of Af*jr equals —1-1 = —1. All other
entries of C vanish because no other pair of edges from the two blocks shares a vertex. Consequently,
C'TDTC modifies only the (k—1, k—1)-entry of A.

Step 3: The Schur complement. By Theorem 4.3.3, Ai’ip" = A — CTD'C. The block D is the
edge Gram matrix
D= 8fm+1 (af’mH)T c R™Xm.

of the complementary sub-path on m + 1 vertices. As an edge Gram matrix of a path, D is positive
definite, so DT = D™1. For 1 < a,b < m, direct verification shows

min(a, b) (m + 1 — max(a, b))
m+1

(D_l)a,b =

)

and in particular
(DY = ——. (4.38)



Since CTD7!C has exactly one non-zero entry, namely (CT D C),_14-1 = (D71)11, the Schur
complement modifies only the bottom-right corner of A:
m m+2

2 — = .
m+1 m—+1

(Affipn)k—l,k—l =

All other entries of Af’iP” coincide with those of Ai’:_, which proves (4.34).

Step 4: Spectral equation. Let r := k — 1. For 6 € (0,7), set vy := sin(¢f), £ = 1,...,r, with
vg := 0. For the interior rows £ = 1,...,r — 1, the standard recurrence gives

—vp—1 + 2vp — vgr1 = (2 — 2cos0) vy.

At the final row, the eigenvalue equation reads

—Vp_1 + vy = (2 —=2cosf) vy,

m+1
which, combined with the interior recurrence, is equivalent to

m
Vg1 = ——Up.
r+ m+17‘

Since r + 1 = k, this is precisely the boundary condition

sin(kf) = m’i -sin((k - 1)9).
Conversely, every solution 6 € (0, ) of this equation gives an eigenvector v = (sinf,sin 26, . .., sin((k—

1)0) " of Afﬁp” with eigenvalue A = 2—2cos§ = 4sin?(6/2). As Af’ip" is a real symmetric irreducible
tridiagonal matrix of size k — 1, it has exactly k — 1 simple eigenvalues, so (4.36) determines the full
spectrum. 0

Remark 4.5.5 (Numerical evaluation). For all k and n, the eigenvalues of Ai’ipn are determined exactly
by the k—1 roots of the boundary equation (4.36) in (0, 7). They can thus be computed efficiently from
the explicit tridiagonal representation (4.34) without a generic dense Schur-complement computation.
The spectrum depends jointly on the retained length k& and the extension length m = n — k; any
AML threshold based on cascade depth should be calibrated from (4.36) rather than from a fixed
closed-form grid.

Theorem 4.5.4 provides an explicit tridiagonal representation of the persistent up-Laplacian for path
inclusions. Its smallest eigenvalue can be evaluated numerically from the one-dimensional boundary
equation (4.36) and used as a window-level feature for layering-cascade depth in the AML pipeline of
Section 4.8; the dependence of this gap on the extension length m = n — k can be calibrated for the
relevant range of cascade depths.
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4.6 Spectral Barcodes and Information-Theoretic Quantities

4.6.1 Classical Barcodes and Their Spectral Extension

Classical persistent barcodes encode, for each homology class, a birth—-death interval [b, d) in the fil-
tration parameter and capture purely topological information in the form of persistent Betti numbers
and their lifetimes (see, e.g., standard expositions on persistent homology).

By contrast, the full spectrum of the persistent Laplacian Afs’Kt on a simplicial pair (K, K;) contains
both this topological information and additional geometric structure: the persistent Hodge theorem
implies that persistent Betti numbers are encoded in the harmonic part of the spectrum, while non-
zero eigenvalues provide extra multiscale geometrical information beyond barcodes alone [Wei and
Wei, 2024, Sec. 3.1].

Definition 4.6.1 (Spectral barcode). Let I = {K;}ier be a filtration in the sense of Definition 3.6.1.
The spectral barcode of degree q for the pair (K, K;) is the tuple

SBy(s,t) := (spec(Afs’Kt), ﬁfs’K’f).
. .. . KS,Kt . : Kksth

The multiplicity of the zero eigenvalue of Ay equals the persistent Betti number 3; by the
Bettinullity correspondence (Theorem 4.2.10). Thus, the zero part of the spectrum records persistent

topological information for the pair (K, K;), whereas the non-zero eigenvalues provide additional
spectral information.

Remark 4.6.2 (Spectral barcodes and eigenvectors). While Definition 4.6.1 focuses on eigenvalues, the
eigenvectors of the ordinary combinatorial g-Laplacian carry complementary structural information:
non-harmonic eigenvectors localise on clusters of g-simplices, while harmonic eigenvectors have support
near ¢g-dimensional holes [Wei and Wei, 2024, Sec. 3.3|. In the feature pipeline of Section 4.8 we use
only scalar spectral invariants derived from the eigenvalues and eigenvector-based features are left for
future work.

4.6.2 Spectral Entropy

The spectral barcode introduced in Definition 4.6.1 records spectral information associated with one
filtration pair. However, its dimension grows with the number of simplices and quickly becomes
unwieldy if one wishes to use it as a single scalar feature. Motivated by the general observation that
eigenvalue distributions of (combinatorial) Laplacians reflect structural and connectivity properties of
the underlying complex or graph |Lim, 2020, p. 17][von Luxburg, 2007, pp. 36|, we now introduce a
new scalar invariant: the spectral entropy of a persistent Laplacian. We use this entropy functional here
as a problem-specific window-level summary statistic that complements barcode-based and spectral-
gap features.
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Definition 4.6.3 (Spectral entropy). Let spec(AF ™) = {A; < --- < A\,} be the spectrum of AN,
and set A := >} M. If A > 0, the spectral entropy of the pair (K, L) in degree ¢ is

SOYPY
Hspec(K’L7Q) = _ZXJIOgX]7 (439)
j=1

where we adopt the convention 0log0 := 0. Since zero eigenvalues contribute nothing, the effective
index set is [ := {j : A\; > 0} with |[I| = m < n, and the tight upper bound is logm (Proposition 4.6.5).
If A =0, we set Hgpec(K, L, q) :== 0 by convention, covering both the purely harmonic case ( f’L
all eigenvalues zero) and the degenerate case Cy(K) = {0}.

In other words, the normalised eigenvalues {\;/A};jcs are treated as a probability distribution on
spectral modes, and Hgpec measures how evenly spectral energy is spread across these modes. In the
AML feature pipeline (Section 4.8), this provides a single scalar indicator of structural heterogeneity
within a transaction window and is deliberately constructed to sit alongside the more local geometric
information encoded by spectral gaps.

ZTL,

Remark 4.6.4 (Scale invariance of spectral entropy). Set p; = A;/A for j = 1,...,n (the same
normalised weights used in Definition 4.6.3 and the proof of Proposition 4.6.5). This normalisation
makes Hgpee invariant under a global rescaling of the persistent Laplacian spectrum: replacing every
Aj by ¢); for a constant ¢ > 0 leaves each p; unchanged. Consequently, Hgpee encodes only the shape
of the eigenvalue distribution rather than its absolute magnitude.

In the AML pipeline this separation is intentional. The total spectral mass A is retained as a
separate, scale-sensitive summary of spectral magnitude (Table 4.2), while Hgpec is used as a unit-
free measure of distributional complexity that does not depend on the choice of currency units or
normalisation convention.

The normalized weights p; := A;/A form a probability distribution supported on the indices of positive
eigenvalues, making Hgpee an entropy functional on the non-zero spectrum. Since zero eigenvalues,

whose multiplicity equals /Bf L by Theorem 4.2.10, do not affect the sum under this convention, the
entropy depends solely on the non-zero part of the spectrum.

Proposition 4.6.5 (Bounds on spectral entropy). Assume A > 0, and let m > 1 denote the number
. i . K,L
of strictly positive eigenvalues of Ay "~. Then

0 < Hgpee(K,L,q) < logm. (4.40)

The lower bound is attained if and only if exactly one eigenvalue is strictly positive. The upper bound
1s attained if and only if all m positive eigenvalues are equal.

Proof. Since p; > 0 for all j € {1,...,n} and Z?Zl p; = 1, the vector (p;);er forms a probability
distribution on the index set 1.
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Lower bound. For every j € I we have p; € (0,1], so logp; < 0 and hence —pjlogp; > 0. Summing
over I gives Hgpee > 0. Equality holds if and only if —p;logp; = 0 for all j € I, which forces p; = 1

for every j € I. Since Zje[ pj = 1, this requires m = 1.

Upper bound. The elementary inequality logt < ¢ — 1 for all t > 0 yields, upon setting ¢t = 1/(mp;)

for each j € I,

1 1
IOg —_— S — —1.
mpj mpj

Multiplying by p; and summing over j € I,

ijlogmL < %Zl—ij = g—l = 0.

jerI Pj jerI jerI

Rearranging gives Hgpee = — Zje[pj logp; < logm. Equality holds if and only if logt =t — 1, that
is, t = 1, for every j € I, which is equivalent to p; = 1/m for all j € I, and therefore to all m positive
eigenvalues being equal. O

A high value of Hgpe. indicates that spectral energy is evenly spread across all positive eigenvalues
at the current filtration step. In the AML application, a high value may be interpreted as evidence
that no single positive spectral mode dominates the respective transaction window. Conversely, a low
spectral entropy means that spectral energy is concentrated in a small number of dominant modes.
More generally, let K — L be a pair such that L is unweighted and ¢-non-branching. If the

boundary matrix BqLJrl has full column rank and B;_ff # 0, then the smallest non-zero eigenvalue

)\ﬁﬁ @ F of the up-persistent Laplacian is bounded in terms of the connected ¢-dimensional polyhedra
Pj of L:
A(P; A(P;
win A yrenan o A
j<h+r [V(Pj)| jshtr [V (85)|

where A(P;) and A\(Pj) are as defined in Botnan and Dong [2025, Thm. 4.10]. Thus, under these
restrictive structural assumptions, the minimal positive up-persistent eigenvalue admits geometric
bounds determined by the constituent polyhedra of the ambient complex L.

No monotonicity property of Hgpec With respect to filtration extension is assumed in the present
work. The entropy is therefore used as a descriptive summary statistic and is interpreted jointly with
persistent Betti numbers and spectral-gap features.

In the feature pipeline of Section 4.8, the spectral entropy appears as the window-level feature

FI = Hepee(Kr, Krya, 1), (4.41)

complementing the Betti-number feature fTB and the spectral-gap features f?’gap and le’gap defined
in Section 4.8 below (4.8.1). The four features (ff, Degap gleap M) tooether form the persistent
spectral feature vector f, € R* that is used in the detection algorithm of Section 4.8.
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4.7 Filtration Construction from Transaction Networks

Throughout this section, the symmetrised edge weights of the transaction graph are interpreted ac-
cording to the symmetrisation convention of Section 3.2: the weight w;; of {4, j} is one half of the total
transaction volume aggregated between ¢ and j in both directions over the observation window. After
symmetrisation, transaction direction is deliberately discarded in the simplicial construction. The
orientations of simplices are algebraic conventions used to define boundary operators; directed flow
information and net-flow imbalances are handled separately by directed Laplacians and degree-based
features in Chapter 5.

Throughout this chapter, following Remark 3.1.13, the construction of clique complexes and persis-
tent Laplacians is applied to induced subgraphs D[U] of the full transaction graph D, where U denotes
a set of accounts pre-selected by upstream detection mechanisms (e.g., rule-based alerts, classical graph
features, or GNN models). In this architecture, the persistent Laplacian acts as a high-precision op-
erator on candidate fraud subnetworks, rather than on the entire payment network, which mitigates
the combinatorial explosion of cliques in dense hubs.

4.7.1 Data Basis: The AMLworld Transaction Graph

Our empirical evaluation is based on the AMLworld synthetic transaction dataset [Altman et al., 2024],
which models a realistic multi-bank transaction network using a parameterised virtual-world simulator
and provides complete simulated ground-truth money-laundering labels. Each record specifies a sender
account, a receiver account, a transaction amount, a timestamp, and a binary fraud label.

Definition 4.7.1 (AMLworld transaction graph). Let T = {(u;,vi, w;, t;,€;)}}Y, be the AMLworld
transaction list, where u;,v; € V are account identifiers, w; > 0 is the transaction amount, ¢; € R is
the timestamp, and ¢; € {0, 1} is the fraud label.

The AMLworld transaction digraph is the directed weighted pseudograph G = (V, E, w) with vertex
set

V= {u L, U{vihL,.

Its arc multiset is
E.= {ai}ij\ila a; := (u;,v;),

and its weight function is defined on arcs by
w: E — Ry, w(a;) == w;.

Because G is directed and may contain multi-arcs, it falls within the directed multigraph framework
of Definition 3.1.9 (Section 3.2). In the empirical pipeline of Chapter 5, this abstract construction is
instantiated on the HI-Small subset of the AMLWORLD dataset as the directed weighted multigraph

D = (‘éub_ﬁnah Asub, wwins):
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where Viub final and Agyp are obtained via the one-hop and two-hop induced subgraph construction
of Section 5.2, and wyins denotes the EUR-converted, winsorised transaction volumes introduced in
Section 5.2.7. The laundering indicator Is_Laundering and the node-level fraud roles (Fraud_sender,
Fraud_receiver, Fraud_intermediate) are stored as metadata on Vyup fina and Agyp, (Section 5.2.8)
and do not enter the graph or topological constructions. B

Symmetrisation via Ggym (Definition 3.2.13) converts G into an undirected weighted graph on which
simplicial complexes and Laplacians are well-defined; loops are excluded from Ggyy, in accordance with
Remark 3.1.2.

For distinct accounts u,v € V, define the directionally aggregated transaction volume by

w(u,v) = Z wj.

U=, V=V

The symmetrised edge weight is then

wom({w,0}) = 3 (@(u,0) + w(0, ),

representing the symmetrised average of the total directional transaction volumes, in accordance with
the convention of Section 3.2. This produces the undirected weighted graph used for the clique-complex
construction and persistent-Laplacian analysis.

4.7.2 Temporal Filtration via Sliding Windows

Definition 4.7.2 (Sliding-window graph). Fix a window length W > 0 and a step size 6 > 0. For
each window index 7 € No, the sliding-window directed graph is

G" = (V, ((ui,vi,wi))ﬂ;gtKTﬂw, w). (4.42)

Its symmetrisation G, and the corresponding clique complex K, := Cl(Gg,,) (Definition 3.4.4)
define the temporal snapshot at window 7. If G ;,, contains no edges, K. is taken to be the empty

complex and the corresponding persistent Laplacian is the zero operator.

Rather than accumulating complexes indefinitely via the global sequence Ko C Ko U K; C -+, our
architecture isolates step-to-step structural dynamics. For each consecutive pair of sliding windows,
the inclusion K, — KU K11 defines a valid simplicial pair in the sense of Definition 3.6.6. We then

compute the up-persistent Laplacian A{(T’KTUKT“ and record its spectrum, yielding a time series of

localized spectral snapshots across the observation period. The persistent Betti number 3; m KUK
(Theorem 4.2.10) measures the number of one-dimensional homology classes present in K- that persist
in K, UK. It provides the topological feature fg(7) defined in (4.44).

The hyperparameters W and ¢ control the temporal resolution of the filtration: a large W smooths
over short-lived structures but may conflate fraud rings active in different periods; a small § increases
the number of spectral snapshots but raises the computational cost due to the matrix diagonalisation

required for the persistent Laplacian spectrum (Algorithm 2, Section 4.3.4).
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4.7.3 Volume-Based Filtration

Definition 4.7.3 (Volume filtration). For a strictly decreasing threshold sequence 6y > 61 > --- >
01 > 0, the volume filtration is the nested family { Ky, }1_,, where

Ky, = Cl(Gsym[{e € E(Gsym) : Wsym(e) > 95}]) (4.43)

is the clique complex of the edge-induced spanning subgraph of Gy, retaining only edges with sym-
metrised weight at least 6. Since 65 > 6,41 implies Ky, C Ky, for all s, the family {Ky }_ is a
simplicial filtration in the sense of Definition 3.6.1.

Here wgym(€) denotes the symmetrised average transaction volume on the edge e = {3, j}, i.e., one half
of the total transaction amount aggregated between 7 and j in both directions over the observation
window, as specified by the symmetrisation convention in Section 3.2. For the volume-based filtration
used in this chapter, we adopt the reparametrisation introduced in Section 3.6.2: a decreasing sequence
of volume thresholds (65) induces an increasing sequence of filtration parameters (ts) with K;, = K,
and t, < t; = K;, C K;,. This ensures that all persistent homology and persistent Laplacian
constructions apply with their standard inclusion assumptions.

Remark 4.7.4. The non-strict inequality wsym(e) > 65 in (4.43) is the defining convention of this
thesis and must be applied consistently wherever transaction weights are compared to a threshold.
Both conventions preserve the filtration property Ky, C Kp, , when 05 > 0511. However, they assign
different birth indices to edges whose weight equals a threshold value exactly: with >, an edge with
Wsym (€) = 05 is born at step s; with >, it would be born at step s+ 1. We adopt > throughout so that
Ky, is the largest subcomplex consistent with threshold 6,, and the map 6 — Kjy is right-continuous.

Decreasing 6 admits lower-volume edges and can reveal scatter—gather and gather—scatter structures,
which are typical smurfing topologies [Deprez et al., 2025a]. An isolated fan-in/fan-out structure is a
tree and therefore has 1 = 0. Such structures contribute non-trivial one-dimensional homology only
if additional cross-links between branches create cycles. When a boundary-closing edge e satisfies

08 > wsym(e) Z 03+17
it is absent from Kjy, and present in Ky ,; this may create a new cycle. The persistent Betti number

Bf(gs "Koo41 o unts the one-dimensional homology classes of Kj, that persist in Ky, , (Theorem 4.2.10).

The two filtration strategies are complementary and may be combined: the temporal filtration
tracks when cyclic structures emerge, while the volume filtration tracks at what transaction size they
become topologically significant.

The temporal construction is applied to the window-specific symmetrised graphs Gg,,,, whereas the
volume filtration is applied to the symmetrised graph Ggym of the selected observation period. Their
respective features can be combined in the detection pipeline of Section 4.8 when both constructions
are implemented for the same candidate subnetwork.

Os+1

The persistent spectral gap )\é?p(Kgs, Ky, ) provides a volume-scale higher-dimensional spectral-
gap feature. Unlike the Fiedler value, which is associated with the 0-Laplacian, it is interpreted here
as a descriptor of the non-zero persistent 1-spectrum.
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4.8 Spectral Features for AML Detection

Throughout this section, we write Hgpee(T) := Hgpec(Kr, K U Kr41, 1) for the degree-1 spectral
entropy at filtration step 7, consistently with Definition 4.6.3.

4.8.1 Window-Level Feature Definitions

For each window pair (K,, K; U K;41), we extract the following scalar features from the spectrum of

A{(T’ KUKz, Throughout, eigenvalues are ordered non-decreasingly and counted with multiplicity; by

the Betti-nullity correspondence (Theorem 4.2.10), the first 3; KUK gigenvalues of A{(T’ KrUHra
are zero, so provided that a positive eigenvalue exists, A gHT KrUK (A{(T’KTUKT“) denotes the small-
est positive eigenvalue.
Definition 4.8.1 (Spectral AML features).
fa(r) = B B — iy (A R VR (4.44)
Fa(1) == fa(r) — fa(r — 1), T>1, (4.45)
FET) = A e (877, (4.46)
FEM(T) = Ao (A7), (4.47)
fu(7) == Hopee (K7, K7 U K41, 1), (4.48)
fa(r) = A (Kr, K UK ) =) A (A R0y, (4.49)
k

If AfT’KTUKT“ has no positive eigenvalue, we set féﬁ{%(r) =0.

The same definitions apply verbatim with 7 replaced by a volume filtration index s and K, UK 1
replaced by Ky, yielding the feature vector f(s) used in Section 4.8.3 and Section 4.8.4.

Remark 4.8.2. Eigenvalues of Aé(’L are indexed from (. For a classical graph Laplacian of a connected
graph, A\g = 0 and A; is the Fiedler value. More generally, the multiplicity of the eigenvalue 0 equals
the number of connected components; thus, the smallest positive eigenvalue is indexed by the nullity
of the Laplacian. In the classical graph-Laplacian setting, the Fiedler value is positive if and only if
the graph is connected [Spielman, 2025, Sec. 1.5.4, pp. 16-17].

Remark 4.8.3. The notation Fg distinguishes this scalar feature score from the persistent Laplacian
operator AL (Definition 4.2.4). Specifically, Fp(1) € Z is computed as

.FB(T) = nulhty(Aanq—UKT-&-l) _ nullity(A{(T_l’KT‘lLJKT) :

i.e. the change in the nullity of the persistent 1-Laplacian over one filtration step of width 4.
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Temporal burst features Fg, defined via the sliding-window snapshot (Section 4.7.2), provide an
additional conceptual link to smurfing cascades (Section 2.3.5), but are documented in Chapter 5 as an
empirical limitation of the present implementation and are therefore not included in the account-level
vector x(a).

The four features (4.44), (4.46), (4.47), and (4.48) constitute the persistent spectral feature vector

£(7) = (f5(r), fiap(T), Fap(7), fu(T)" € RY.

Their theoretical properties follow directly from the results of Sections 4.2-4.6: f3 is an integer-

valued topological invariant (Theorem 4.2.10); fg(gg) and fg(;g, are non-negative spectral features. The
monotonicity theorem applies to the eigenvalues of the up-persistent Laplacian under nested filtration
extensions. The feature fy is a scalar summary of the positive persistent spectrum, as defined in
Definition 4.6.3.

4.8.2 Mapping to AML Patterns

Table 4.2 closes the circle between the criminological typologies of Chapter 2 and the spectral features
defined above. For each feature, the table records the theoretical result that justifies its use as an
indicator, the AML pattern it targets, and the relevant section of Chapter 2.

4.8.3 Account-Level Aggregation

Volume-level feature vectors are aggregated to the account level by summing contributions from all
filtration levels in which account a participates. Here V(K,) denotes the vertex set of Kj, i.e. the set
of accounts that appear in at least one transaction retained at filtration level s.

Definition 4.8.4 (Account feature vector). For account a € V', define

x(a) = Y f(s) € R% (4.50)

s:a€V(Ks)

The sum in (4.50) accumulates spectral evidence across all filtration levels in which account a is active.
Accounts that participate repeatedly in filtration levels with non-zero persistent spectral features
accumulate the corresponding feature contributions in x(a). The empirical differences between fraud-
labelled and background accounts are assessed descriptively in Chapter 5. The vector x(a) serves as
an account-level spectral representation for the descriptive evaluation in Chapter 5.

4.8.4 Algorithmic Pipeline for Chapter 5

The full computational pipeline, based on Algorithm 1 (Section 4.3.3) and Algorithm 2 (Section 4.3.4),
proceeds as follows.
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Table 4.2: Spectral AML features: theoretical grounding and pattern correspondence. Section refer-
ences are to Chapter 2 and theorem references are to this chapter.

Feature Symbol Spectral interpretation AML pattern Theorem
Pers. Betti-1 I Number of independent 1-cycles Cyclic structures Thm. 4.2.10
persisting from K, to K; UK,41. (Sec. 2.3.1)
0 if no 1-cycle persists across this
step
Betti increment Fs Positive and negative values in- Temporal bursts Thm.4.2.10
dicate changes in the num- (Sec. 2.3.5)
ber of one-dimensional homology
classes persisting across consecu-
tive window pairs
Spectral (0) f(o) Fiedler value of AX™F™YK+1 " Lavering cascades Thm. 4.4.9
pectral gap gap 0 ) yering
small values certify bottlenecks (Sec. 2.3.3)
separating clusters
Spectral gap (1) fg(il)) Smallest positive eigenvalue of Cycle persistence, Thm. 4.5.4
A{(T’KTUKT“; quantifies geomet- fraud-ring  depth
ric robustness of cycles. For (Sec.2.3.1)
non-branching paths, given im-
plicitly by the boundary equation
(4.36) (Theorem 4.5.4); decreases
monotonically in cascade depth
m = n — k for fixed k, but con-
verges to a strictly positive limit
rather than vanishing as m — oo
Spectral entropy  fu Entropy of positive eigenvalues; Mixed structuring Prop.4.6.5,
high values indicate heteroge- (Sec. 2.3.2) Def. 4.6.3
neous topology, low values domi-
nance of a single mode
Spectral mass fa Total spectral weight A, = Placement / ab- Def. 4.6.3
S )\k(AfT’KTUKT“); provides a  solute volume
scale-sensitive summary of spec- (Sec. 2.2.1)

tral magnitude complementary
to fu
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. Data ingestion. Read the AMLworld dataset [Altman et al., 2024|; extract the transaction list
7T and the ground-truth fraud labels on edges and accounts (Section 5.2).

. Working graph and volume filtration. Construct the directed weighted multigraph D =
(V, A,w) and remove self-loops. From D we either aggregate parallel arcs to obtain a weighted
digraph (Section 5.3), or symmetrise the transaction network to obtain the undirected graph
Gsym (Section 5.4), depending on whether we follow the directed-graph or the simplicial /spectral
analysis path. On the pattern-centred working subgraph Gk (Definition 5.4.1), derive a strictly
decreasing sequence of volume thresholds {93};9:0 from edge-weight quantiles and construct the
volume-based filtration (K)2_o with K := Cl(Gsym[fs]) in Section 5.4.3.

. Simplicial complex. For each filtration level s, build the clique complex K, := Cl(Gsym[0s])
(Definition 3.4.4) and compute its chain groups and boundary operators 85(5,053 following
Section 3.4.

. Boundary matrices and Schur blocks. For each filtration pair (K, K;) with s < ¢ used in
Chapter 5, assemble the boundary matrix 8{Q of the larger complex, index its rows and columns
by the simplices of K and K, and extract the blocks Bi1, Bi2, B2o according to Algorithm 1,
Steps 1-2 (Section 4.3.3).

. Persistent Laplacian and spectrum. Apply Algorithm 2 (Section 4.3.4) to each pair (K, K})
to construct the persistent 1-Laplacian Afs’Kt via the Schur-complement representation, and
compute its full spectrum on the working graph (Section 5.5).

. Feature extraction (window level). For each filtration pair (K, K;), compute the persistent
spectral feature vector f(s) € R* as defined in (4.44), (4.46), (4.47), and (4.48):the persistent

Betti count fg, the 0- and 1-spectral gaps fg(gﬁ), fg(;z,, and the spectral entropy fg (Defini-
tion 4.8.1).

. Account-level aggregation. Map the volume-level feature vectors f(s) back to individual
transactions in T via their birth step, and aggregate contributions over all filtration levels incident
to each account a according to (4.50): for each a, x(a) is obtained by summing and normalising
the feature contributions of all edges for which a appears as sender or receiver, yielding an
account-level spectral feature vector.

. Scoring and descriptive evaluation. Combine x(a) with classical graph indicators such as
fan-in/fan-out (Section 2.3.2) and volume-based filtration statistics (Section 4.7.3) to obtain
interpretable AML anomaly scores at the account level. Chapter 5 evaluates these scores de-
scriptively by comparing their distributions across fraud-labelled and background accounts and
reporting summary statistics and rank-based measures (e.g. Spearman correlations), rather than
training a separate classification model.
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The betti-nullity correspondence, the up-persistent eigenvalue monotonicity result, and the per-
sistent Cheeger bound provide theoretical motivation for components of the feature vector x(a). The
empirical behaviour of the aggregated representation is evaluated descriptively in Chapter 5.

In particular, the persistent spectral feature vector x(a) € R* translates the criminological typology
of Chapter 2 into a mathematically grounded numerical signature. Each component targets a dis-
tinct structural phenomenon: fg counts the independent cyclic flow patterns that are the hallmark of

placement rings (Section 2.3.1); fg(gz, certifies the bottleneck separations exploited in layering cascades

via the persistent Cheeger-type interpretation (Section 2.3.3, Theorem 4.4.9), fg(;%, records the small-
est positive eigenvalue of the persistent 1-Laplacian and is used as a spectral descriptor of persistent
one-dimensional structure (Section 4.5) and fp captures the spectral heterogeneity of mixed or struc-
turing schemes in which several cyclic patterns co-exist at comparable spectral energy (Section 2.3.2,
Section 4.6.2). Temporal burst features Fg, defined via the sliding-window snapshot (Section 4.7.2),
provide an additional conceptual link to smurfing cascades (Section 2.3.5), but are documented in
Chapter 5 as an empirical limitation of the present implementation and are therefore not included in
the account-level vector x(a).

Together, these spectral-topological features provide what classical graph indicators cannot: a
topological and spectral characterisation of the transaction network that is interpreted jointly with
the volume-filtration scales, interpretable in regulatory terms, and tractable on the pattern-centred
working subgraph used in Chapter 5. The empirical evaluation of this claim (including Nullity checks,
path-spectrum calibration, and account-level aggregation effects) is the subject of Chapter 5.
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Chapter 5

Results and Discussion

Terminology. Throughout this chapter we use AML pattern terminology such as cycles and rings,
fan-in and fan-out structures, bipartite patterns, layering cascades, and strongly connected compo-
nents. Formal definitions of these terms are given in Chapter 2 (Sections 2.2-2.3) and Chapter 3
(Section 3.3.2). We briefly recall that fan-in structures correspond to vertices of high in-degree, fan-
out structures to vertices of high out-degree, and bipartite patterns denote two-partite sender—receiver
blocks in the AMLworld generator.

5.1 Structure of this chapter

This chapter applies the theoretical framework developed in Chapter 4 to the AMLWORLD transaction
data set. Our goal is to validate the spectral and topological concepts on real-world anti-money-
laundering data and to use them to characterise fraud-related structures and account types.

We proceed in several steps. Section 5.2 describes the data and the construction of the transaction
graphs. In Section 5.3 we analyse the directed network in terms of strongly connected components
and directed degree patterns. Sections 5.4 and 5.5 introduce the simplicial framework, filtrations, and
persistent Laplacians, and extract window-level spectral features. Section 5.6 aggregates these features
to the account level and discusses emergent typologies. Finally, Section 5.7 summarises our findings
in terms of the research questions stated in Chapter 1.

Two complementary graph perspectives In our empirical analysis we work with two closely
related, but conceptually different representations of the AMLWORLD transaction network.

Approach A: directed
We first construct the aggregated, weighted digraph Dsgimple (Section 5.3). This directed network
preserves edge orientations and is used for purely combinatorial structure diagnostics such as strongly
connected components, fan-in/fan-out distributions, and directed degree patterns.
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Approach B: symmetrised
In parallel, we consider the symmetrised version Ggym (and its working variant Giyek) introduced
in Section 5.4. This undirected graph is the basis for our clique complex, homology computations,
persistent Laplacians, and the associated spectral features.

The two perspectives are consistent in the sense that dense, recurrent transaction regions that
appear as strongly connected components in Dgin,ple typically correspond to cyclic or ring-like regions
in the simplicial /spectral picture of Ggym. However, a full comparative study of the two approaches
lies beyond the scope of this thesis. Here we deliberately use the directed view for combinatorial
structure diagnostics and the symmetrised view for topological and spectral analyses.

5.2 Data preparation and graph construction

The empirical analysis is based on the synthetic HI-Small subdataset of the AMLWORLD dataset by
Altman et al. [2024]. The raw data are modelled as a directed weighted multigraph D(V, A, w) in
the sense of Definition 3.1.1, where vertices represent bank accounts and arcs represent individual
transactions. Data preparation proceeds in sequential steps, which are detailed below.

5.2.1 Identification of the illicit vertex set Vj;

From the patterns file HI-Small_Patterns.txt all account numbers appearing in at least one BEGIN/END
laundering block are extracted. This set Vi C V contains all vertices on which the topologically rel-
evant structures (cycles, fan-in/fan-out hubs, strongly connected components) are defined and which
therefore must not be removed by any subset construction. In total, 370 pattern blocks over eight
distinct typologies are identified, as summarized in Table 5.1.

Table 5.1: Number of laundering pattern blocks by type in the HI-Small dataset.

Pattern type Blocks
BIPARTITE 49
CYCLE 54
FAN-IN 40
FAN-OUT 48
GATHER-SCATTER 51
RANDOM 41
SCATTER-GATHER 44
STACK 43
Total 370
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The resulting fraud-vertex set contains |Vi| = 3,170 distinct account identifiers.

5.2.2 Fraud-role annotation

For each vertex v € Vjj, three binary operational roles within the laundering blocks are determined:
e Fraud sender: Vertex appears as a sender in at least one block (2,782 vertices).
e Fraud receiver: Vertex appears as a receiver in at least one block (2,882 vertices).

e Fraud intermediate: Vertex appears in at least one block both as sender and receiver, acting
as a man-in-the-middle (2,494 vertices).

The aggregate flag Fraud = 1 holds for all 3,170 vertices in Vjj.

5.2.3 Loading transactions and removal of self-loops

The raw transactions from HI-Small_Trans.csv comprise 5,078,345 entries. By Definition 3.1.1, self-
loops (u — u) are excluded from the multigraph. The 591,212 corresponding loop entries are removed,
leaving 4,487,133 valid transactions for the network expansion.

5.2.4 One-hop filter and induced subgraph

Since the full vertex set |V'| = 3.9-10° is computationally intractable for the direct evaluation of persis-
tent Laplacians, an induced subgraph D[Vy,p] is constructed. As a first step, the one-hop neighborhood
extension

Vi) = U N'(w) 2 va

is formed by retaining all arcs (u — v) € A such that u € Vi or v € Vjy. This yields 100,567
transactions and ]VS& = 12,842 vertices, of which 3,170 are fraud vertices and 9,672 are benign

one-hop neighbours. A formal consistency check confirms the complete containment Vi C Vs(ulg

5.2.5 Two-hop extension to target budget

Since the one-hop size H/'S(ulg\ = 12,842 falls short of the target computational budget of 30,000 nodes,
the vertex set is expanded via a two-hop extension. From the 75,606 available two-hop candidate
vertices, exactly 17,158 nodes are drawn uniformly at random with a fixed pseudorandom seed (42)
and appended to the vertex set:

Vo final = V) U VO VO = 17,158, [Viub,_final| = 30,000.

sub

By construction, the topological guarantee Viy C Vup final Temains strictly preserved.
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5.2.6 Final induced subgraph topology

The final arc set Agyp is established by restricting the network to transactions whose endpoints both
reside within the bounded vertex set:

Aa = {(u,v) € A | u,v € Vaub_final, u # v}

This restriction yields |Asun| = 299,268 total transactions, of which 3,399 are explicitly flagged as
laundering events. This corresponds to an illicit edge rate of 1.14 %, which represents a significant
concentration compared to the 0.12 % base rate in the raw dataset. Table 5.2 documents the distri-
bution of cross-sectional arc types.

Table 5.2: Arc types in the induced subgraph D[Viup, finall-

Arc type Count Share
neighbor to neighbor 198,701  66.40 %
fraud to_neighbor 56,556  18.90 %
neighbor to fraud 38,876  12.99 %
fraud to fraud 5135  1.72%
Total 299,268 100.00 %

Arc types are defined purely by the endpoint roles (Fraud vs. neighbor) and do not coincide with
the laundering label Is_Laundering=1 on the transaction itself. In particular, a fraud to fraud arc
denotes a transfer between two vertices involved in at least one laundering block, but the arc need not
be explicitly flagged as a laundering event.

5.2.7 Feature engineering and currency conversion

To standardize the edge weights, all transaction amounts are converted to Euro (EUR). Exchange
rates are parameterized as mid-market values as of 5 July 2026, extracted from the public FX valida-
tion tables of the German Banking Association (W#hrungsrechner, Bankenverband).! The functional
mapping rpx(-) from the raw currency code to the EUR multiplier is specified as:

rex(EUR) = 1.0000, rpx(USD) = 0.8700, rpx(GBP) =1.1700, rpx(CNY) = 0.1287,

rex (JPY) = 0.0054, 7rpx(INR) =0.0092, rpx(RUB)=0.0114, 7rpx(CAD) = 0.6154,
rex (AUD) = 0.6056, rpx(MXN) = 0.0500, 7rpx(BRL)=0.1690, rpx(CHF) = 1.0910,
rex (ILS) = 0.2914, rpx(SAR) = 0.2327.

"https://bankenverband.de/services/waehrungsrechner, accessed 5 July 2026.
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Bitcoin transactions are treated via a synthetic scaling unit with rpx (BTC-Unit) = 1.0000, mapping
one nominal BTC unit directly to one effective Euro. This parameter choice is consistent with the
underlying data generator design and prevents extreme weight imbalances that would otherwise distort
the filtration scales if real-world exchange rates (=~ 5.5 x 10* EUR?) were applied.
The EUR-~denominated transaction weight wgugr(u,v) for an arc (u,v) with raw amount a(u,v) is
given by:
wrur(u,v) = a(u,v) - rpx(cur(u,v)).

To regularize the multi-scale filtration thresholds and mitigate the impact of massive outliers on the
quantile boundaries (cf. Definition 4.7.3), the edge weights are winsorized at the 99th percentile:

Wyins (U, V) = min(wEUR(u,v), pg,gg), Po.99 = 2,806,368.02 EUR.

This monotonic transformation retains the structural ordering of the network layers while ensuring that
macroscopic outliers do not compress the filtration resolution. For alternative robustness assessments, a
log-scaled weight configuration wieg(u, v) = log(1+wyins(u, v)) is maintained. Unless stated otherwise,
Wywins Serves as the canonical weight function for all downstream topological constructions, persistent
homology metrics, and persistent Laplacians Aé(’L.

5.2.8 Fraud labels on nodes versus edges

A key methodological premise of this study is the conceptual distinction between nodes representing
crime roles and edges representing events.

On the node level, the vertex set Vj and the binary flags in account_info.csv represent a long-
term structural classification. Once an account is identified as an active sender, receiver, or interme-
diate within a parsed laundering block from HI-Small_Patterns.txt, it is flagged as a fraud node
(Fraud = 1) for the entirety of the topological analysis, independent of whether its other incident arcs
are legitimate or illicit. The final vertex set Vg, final contains exactly 30,000 accounts, comprising
3,170 fraud nodes (10.57%) and 26,830 benign neighbor nodes.

On the edge level, the field Is_Laundering in transactions_30kvertices.csv represents a dis-
crete transactional label. In the induced graph, there are 3,399 transactions marked with Is_Laundering =
1 (1.14% of Agup). These edge labels are heavily concentrated within the structural core: 3,199 of
these laundering transactions connect two fraud nodes (fraud_to_fraud), representing 94.12% of all
laundering edges. The remaining fraud edges are distributed across the mixed and neighbor categories:
24 are fraud_to_neighbor, 17 are neighbor_to_fraud, and 159 are neighbor_to_neighbor.

Crucially, while 62.3% of the total fraud_to_fraud edges (5,135 in total) are actively executing
laundering patterns, a significant portion (37.7%) represents non-laundering, standard financial traffic
between the same crime actors. Conversely, neighbor_to_neighbor laundering arcs indicate transac-
tions flagged by the generator where the underlying endpoints fell outside the explicit pattern blocks.
To verify the consistency of the network pipeline, we check that every endpoint classified as “fraud”

2Cf. BTC/EUR market quotes on 5 July 2026.
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or “neighbor” in the edge-level Transaction_Type matrix has a matching node-level flag in Vi and
Vsub_final; 1O edge-level criminological role is assigned to a vertex that is not consistently labelled at
the node level.

5.3 Construction of the transaction graph

5.3.1 Directed weighted multigraph D

Based on the arc set Agy}, constructed in Section 5.2, the transaction graph
D = (Vvsub*ﬁnala Asub, w)

is realised as a finite directed weighted multigraph in the sense of Definition 3.1.1. Each transaction
is modelled as an individual arc; parallel arcs u — v (multiple transactions between the same pair of
accounts) are retained, since aggregating them would distort the thresholds { K} }+c7 for the filtrations,
see Chapter 4.

Remark 5.3.1 (Edge Preservation). In this structural and descriptive stage, parallel edges are explicitly
preserved to maintain the microstructural integrity of the transaction network. Each edge represents
an individual financial transaction with unique temporal and volumetric attributes. Aggregating these
edges at this point would distort key network metrics—such as transaction frequency and temporal
gaps between successive transfers—which are essential for a comprehensive empirical description of
the financial flows.

The edge weight is the winsorised transaction volume w(u,v) = Wywins(u,v) € R>g (see Sec-
tion 5.2.7); timestamps are kept as attributes, as they underlie the temporal filtration in Chapter 4.
The fraud label Is_Laundering is stored solely as metadata and does not enter the graph or topological
constructions.

5.3.2 Descriptive graph statistics

For descriptive statistics and structural analysis (such as degree distributions and connected com-
ponents), we pass from the transaction multigraph D = (Viub final, Asub, w) to a collapsed digraph
Dgimple by identifying all parallel arcs between the same ordered vertex pair. In line with the discus-
sion in Chapter 3, multiple transactions between the same pair of accounts are thus collapsed into a
single unweighted edge, yielding a simplified structural view of the connectivity pattern. Dgiyple has
the same vertex set as D and contains an arc (u,v) if and only if there exists at least one transaction
from u to v in Agup:

V (Dgimple) = Vsub_final, A(Dgimple) = {(u,v) € V2 :3a € Ay with tail(a) = u, head(a) = v}.

Edge weights and multiplicities are ignored in Dgjpyple, Which is used exclusively for purely combinato-
rial quantities such as densities and node degrees. All multi-scale weighted constructions (filtrations,
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persistent homology, and persistent Laplacians) are carried out strictly on the original multigraph D
with the winsorised weights w(u, v) = Wyins(u, v).
Table 5.3 summarises the key structural quantities.

Table 5.3: Structural characteristics of the transaction graph Dgimple [Vsub_ﬁnal].

Quantity Value
|V| (vertices) 30,000
|A| (transactions, multigraph) 299,268
| Asimple| (unique arcs) 36,950
Density p(Dsgimple) 0.000041
Reciprocity 0.0120
Mean in-degree 1.23
Mean out-degree 1.23
Number of SCCs 29,573
Largest SCC (vertices) 36

The degree distribution follows approximately a power law (Figure 5.1), as is typical for financial
transaction networks (Granados and Vargas [2022]; Weber et al. [2018]). Vertices with high in-degree
(Definition 3.2.6) correspond to fan-in structures (Subsection 2.3.2), while high out-degree vertices
correspond to fan-out structures.

The collapsed digraph Dgimple is extremely sparse, with a density of p(Dsimple) =~ 4.1 x 107°
and an average in- and out-degree of only 1.23. The strongly connected decomposition into 29,573
components, of which the largest consists of 36 accounts, shows that genuinely cyclic structures are
relatively rare and highly localised compared to the overall transactional network. This observation is
consistent with the intuition that most accounts participate in essentially acyclic flow patterns, while
only a small fraction of vertices form tightly knit feedback structures that are potentially relevant for
Hy and the analysis of persistent Laplacians.

The degree distribution of the induced transaction graph Dgmple exhibits a pronounced heavy-
tailed shape on a double-logarithmic scale, with many vertices of small degree and a small number of
vertices with very large in- or out-degree, see also Deprez et al. [2025b, p. 14] for empirical evidence
of heavy-tailed degree distributions in financial transaction networks.

This pattern indicates a hub-and-spoke organisation of the transaction network, in which high
out-degree vertices act as scatter nodes that distribute funds to many neighbours, while high in-degree
vertices act as gather nodes that concentrate inflows from numerous sources [Deprez et al., 2025a,
p. 13]. These structural asymmetries align with the fan-in and fan-out smurfing typologies discussed
in Section 2.3.2 and motivate the degree-based features introduced in Chapter 3 and their spectral
refinement in Chapter 4.
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Degree distribution of the transaction graph

In-Degree distribution — D[V_sub_final] Out-Degree distribution — D[V_sub_final]
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Figure 5.1: In- and out-degree distribution of the collapsed digraph Dgiyple on a double-logarithmic
scale. The pronounced right skew indicates the presence of a few high-degree hubs and many low-
degree peripheral accounts.

5.3.3 Strongly connected components

Strongly connected components (SCCs) are computed as a purely combinatorial property of the col-
lapsed digraph Dygimple (cf. Remark 3.3.1). Symmetrisation of the transaction network, Dgmple = Gsym,
would remove edge orientation and yield only weakly connected components, which are less informative
for directed flow patterns. Figure 5.2 displays the largest SCC, coloured by out-degree.

Strongly connected components are of particular interest in the AML setting, because they identify
subnetworks in which funds can circulate along closed directed paths, creating self-contained layering
structures that are difficult to disentangle by purely local transaction monitoring rules.

Methodological separation. The analysis of strongly connected components in this subsection
is purely combinatorial and carried out on the directed, non-symmetrised digraph Dgipyple. Sym-
metrisation Dgimple — G®™ would erase arc orientation and thus reduce SCCs to weakly connected
components, which is undesirable when studying directed flow patterns.

All subsequent simplicial and spectral constructions in Sections 5.4.1 and 5.4.2 are therefore based on
the symmetrised, undirected graph G®™, as required by the algebraic-topological framework of
Chapters 3 and 4.

5.3.4 Exploratory label analysis

The following analysis is purely descriptive and restricted to the induced subgraph Dsimple[‘/subiﬁnal].

Role distribution in the largest SCC. Among the vertices of the largest SCC, 28 are labelled
as fraud accounts (From_Role = fraud) and 8 as neighbour accounts, corresponding to shares of
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Largest SCC — 36 nodes
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Figure 5.2: Visualisation of the largest SCC in Dgimple (36 vertices, spring layout, seed = 42). Vertex
colour encodes out-degree (Viridis colormap).

77.8% and 22.2%, respectively, see Figure 5.3. Within this component, 99 out of 264 internal arcs
(37.5%) are flagged as laundering transactions (Is_Laundering = 1), compared to only 1.14% in the
full graph, highlighting the structural association between cyclic interconnection and illicit activity
(cf. Section 2.3.4).

In-/out-degree by laundering involvement. Accounts that appear exclusively in laundering
transactions (laundering only) exhibit a higher median in-degree (6.0 vs. 2.0) and out-degree (4.0 vs.
1.0) than accounts without any laundering involvement (clean only). This is consistent with the fan-in
signature of smurfing (Section 2.2), where target accounts aggregate funds from many source accounts,
creating pronounced in-degree asymmetries.

Transaction amounts by label. Restricting attention to transactions whose sender and receiver
both lie in the largest SCC, non-laundering edges (Is_Laundering = 0) account for 165 arcs with
an average amount of approximately EUR 2,133.84 (median EUR 436.25), whereas laundering edges
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Exploratory label analysis — largest SCC (36 nodes, 37.5% laundering edges)
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Figure 5.3: Exploratory label analysis for the largest SCC in Dgmple[Vsub_final] (36 vertices, 37.5%
laundering edges): (left) role distribution of vertices, (centre) in-degree by role, (right) out-degree by
role.

(Is_Laundering = 1) comprise 99 arcs with a substantially higher average amount of approximately
EUR 63,744.44 (median EUR 7,430.26). This confirms that laundering flows within the SCC are not
only more frequent than in the global graph, but also markedly larger in volume.

Account classes by laundering involvement. Within the largest SCC, 9 accounts (25.0%) par-
ticipate exclusively in laundering transactions (only laundering), 8 accounts (22.2%) appear only in
non-laundering transactions (only clean), and the remaining 19 accounts (52.8%) are involved in both
(mized). Laundering-only accounts display high average in-degree (d™ ~ 6.56, median = 5) and
out-degree (d°"* = 5.44, median = 3), whereas clean-only accounts remain close to the minimal con-
nectivity compatible with SCC membership (average in-/out-degree 2.00/1.38). Mixed accounts show
a similarly elevated degree profile (& ~ 6.58, d°"* ~ 5.74), indicating that structurally central vertices
are disproportionately involved in laundering flows.

Pattern topology and Hi-relevance. Table 5.4 classifies the eight AMLWORLD pattern types
by their topological role as generators of the first Betti number 8; (cf. Definition 3.4.8) of the clique
complex K(Ggsym) (cf. Definition 3.4.4). Empirically, cycle-based patterns (CYCLE, GATHER-
SCATTER, SCATTER-GATHER) exhibit longer mean path lengths and involve a comparable or
larger number of accounts than non-cyclic fan-in and fan-out structures, underscoring their relevance
for Hy and for the persistent Laplacian spectrum on K(Ggym). In contrast, purely radial patterns
such as FAN-IN, FAN-OUT and BIPARTITE display substantial path length and account counts
without closing cycles, contributing to the combinatorial complexity of the transaction graph but not
to its first homology.
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Table 5.4: Topological classification of AMLWORLD patterns by their role as Hi-generators in the
clique complex K (Ggym ), together with empirical mean path length and mean number of accounts per
pattern instance.

Pattern type Topological class [1 relevance mean path length mean accounts
CYCLE H, generator (direct) v 5.30 5.30
GATHER-SCATTER H; generator (indirect) v 14.00 14.30
SCATTER-GATHER H; generator (indirect) v 14.20 8.80
STACK potential H; generator (V) 10.80 15.90
RANDOM weak Hp generator (V) 4.70 5.70
FAN-OUT no cycle X 7.10 8.10
FAN-IN no cycle X 8.00 9.00
BIPARTITE no cycle X 5.40 10.70

5.3.5 Persisted output files

Notebook 02 produces two persisted output files for use in subsequent notebooks. The file
graph_multidigraph.graphml contains the full directed transaction multigraph D with edge at-
tributes weight and timestamp, which serves as the input for the filtration construction in Note-
book 03. The file edge_metadata.csv stores the associated fraud labels (Is_Laundering) and role
annotations (From_Role, To_Role), which are used for detection evaluation and exploratory label
analysis in Notebook 05.

5.4 Simplicial complex, filtrations, and homology

5.4.1 Graph preparation and symmetrisation

The multigraph D persisted by Notebook 02 is loaded. Parallel arcs are aggregated into a weighted
digraph D = (Vvsubiﬁnala Aagga ’U)) via

w(u,v) = Z Wyins(@), (5.1)

a€ Agyp: tail(a)=u,head(a)=v

which corresponds to the cumulative transaction volume between two accounts. This aggregation
is a necessary methodological transition from the microstructural, multi-edge representation of the
transaction network (Section 5.3.1) to the domain of algebraic topology. Abstract simplicial com-
plexes require a 1-simplex (an edge) to be uniquely determined by an unordered pair of vertices {u,v};
classical simplicial complexes cannot accommodate multi-edges. Collapsing parallel arcs into a single
weighted edge via (5.1) is therefore mathematically mandatory for the clique-complex construction,
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Figure 5.4: Pattern analysis in the AMLWORLD dataset: (left) mean number of hops per pattern type,
(centre) mean transaction amount per type (log scale), (right) share of patterns by topological class
(direct and indirect H; generators, weak generators, and non-cyclic patterns).

and it retains the total transferred volume without altering the vertex set.

This aggregation marks a deliberate transition from the micro-structural, multi-edge representa-
tion of the transaction network used for directed statistics and SCC analysis (Section 5.3.3) to the
undirected framework required for simplicial complexes and (persistent) Laplacians. In particular, all
homological and spectral constructions in Sections 5.4.2-5.4.4 are defined on the symmetrised graph
G®™ rather than on the original directed multigraph.

Symmetrisation proceeds in accordance with the structural framework established in Chapter 3:

W = g (wij + wyi),

(5.2)
yielding the undirected weighted graph G®¥™ = (Vsub_ﬁnal,ESy mOWsY™) on which all simplicial con-
structions of this section are defined. To avoid spurious contributions from tiny isolated components,
all subsequent simplicial and spectral constructions are restricted to the largest connected component
of G™, denoted by Ge. (cf. Section 5.3.2).

Fraud-centred induced working graph

For numerical tractability, and to avoid the combinatorial blow-up of higher-dimensional simplices
inherent in dense hub regions, the vertex set is reduced to a compact working budget of Nyax = 300.
A standard degree-centrality-based global filter is deliberately avoided, since it risks disconnecting
the cyclic transaction paths relevant to H;. Instead, a fraud-centred, cluster-preserving sampling
procedure is formalised as follows.
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Definition 5.4.1 (Fraud-centred induced working graph). Let Gicc = (Mces Eice, W™) be the largest
connected component of G™, and let Viauqa C Viee denote the vertices incident to at least one
transaction edge flagged with the metadata label Is_Laundering = 1. Let Ggaugq be the subgraph of
Gice induced by Viaug, and let C* C Viauq be its largest connected component, containing |C*| = 200
nodes. Let N1(C*) C Vie.\C* be the set of strict one-hop neighbours of C* in G, and let H C N1(C*),
|H| = 100, be the 100 vertices of highest weighted degree in Gi.. within N;(C*). The fraud-centred
working graph is defined as the induced subgraph

Guwork = Glcc[C* U H], |V (Gwork)| = 300. (5.3)

By construction, the core component C* retains the full internal cyclic structure of the identified
laundering cluster, while the extension set H preserves the immediate routing infrastructure connecting
this criminal core to the legitimate financial network. All simplicial and spectral constructions of
Sections 5.4.2-5.4.5 are performed on Gk, which comprises |V| = 300 vertices and |E| = 380 edges.

Remark 5.4.2 (Methodological alignment with account-level mapping). The multi-scale volume filtra-
tion constructed on Gy, establishes the baseline threshold sequence 6y, ..., 6013 from the empirical
edge-weight distribution on E(Gyek). To map these structural invariants back onto the full trans-
action pipeline, every transaction edge in the broader dataset (299,268 edges in Ag,p) is evaluated
against these empirical limits: each edge is assigned to the filtration step at which its volume would
enter, i.e. to its corresponding birth threshold #;. This unified mapping ensures that the core topo-
logical features derived from Gy (volume-based cycles and persistence scales) are linked directly to
the account-level diagnostics and fraud labels evaluated in downstream sections.

5.4.2 Clique complex K(Gyorx)

On the working graph Gk, the clique complex (flag complex) K (Gywork) is constructed up to dimen-
sion 2 according to the algebraic foundations introduced in Chapter 3. The chain groups Cy(K) carry
canonical ordered bases:

e Co(K): vertices, ordered by index;
o C1(K): edges [u,v] with idx(u) < idx(v);
o (5(K): triangles (3-cliques) [u, v, w] with ascending indices.

For Gyorx this yields dim Cy(K) = 300, dim C;(K) = 380, and dim Cy(K) = 6. The boundary
operators 9 : O1(K) — Co(K) and 0L : Co(K) — C1(K) are implemented as sparse matrices with
signs (—1)

O u,v] = ey — ey, (5.4)

OX u, v, w] = [v, w] — [u, w] + [u,v].
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The fundamental chain-complex condition 9f 094 = 0 is verified numerically, yielding |05 94| <
1010, The simplicial Betti numbers are defined via

By(K) = dimker@f - dimim@ﬁ_l, (5.6)

and evaluate to fo(K) = 1, f1(K) = 75, and [2(K) = 0 on K(Gywork). Table 5.5 summarises the
chain-group dimensions and Betti numbers.

Table 5.5: Chain-group dimensions and Betti numbers of K (Gyor) on the working graph (Npax = 300
vertices, Definition 5.4.1).

Quantity g=0 ¢g=1 q=72
dim Cy(K) 300 380 6
Bq(K) 1 75 0

0 005 =0 verified numerically (||-||c < 10710)

5.4.3 Volume-based filtration

From the empirical distribution of edge weights of Gk, & strictly decreasing threshold sequence
g >601>--->0pr >0, T =14, (5.7)

is constructed using the empirical quantiles (0.99,0.95,0.90,...,0.05,0.01,0.00) of the edge-weight
distribution. For each threshold 6, the edge-induced subgraph

Go, = Gyork|{e € E™™ :w(e) > 0,}] (5.8)

is formed on the fixed vertex set V(Gyork), and the corresponding clique complex Ky, = K(Gy,) is
computed. The nested filtration property Ky, C Ky, C --- C Ky, is verified computationally at each
step.

As the threshold 6, decreases, edges of lower transaction volume are admitted into the complex.
Increases in 1 (Kp, ) mark the topological closure of fan-in/fan-out structures into independent 1-cycles
once 0, falls below the relevant transaction capacities (cf. Chapter 4). On Gyork, this volume-based
filtration induces a monotone transition from a component-rich regime to a cycle-rich regime, with Sy
steadily decreasing and (3 steadily increasing (see Figure 5.5, panel C).

5.4.4 Persistent homology via GUDHI

To interface with the simplicial computational backbone, the topological filtration hierarchy is pro-
cessed utilizing the GUDHI software library [The GUDHI Project, 2024]. The filtration on Gy is
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formalised via the inverse weight configuration:

flo) = : (5.9)

w(o)
ensuring that high-volume edges enter the filtration first. Under this identification, the sublevel-set
complexes of f coincide with the clique complexes Ky, of (5.8), reversing the parameter direction
to match standard topological software packages. For each persistence pair (b,d) with b < d (where
d = oo denotes essential classes), the persistence lifespan is quantified as:

pers(o) = d—b. (5.10)

In total, 300 persistence pairs are obtained in Hg and 75 in Hy, matching the terminal invariant profile
Bo(K) =1and 81(K) =175 in K(Gywok). Exactly one Hy-class and all 75 Hj-classes remain unpaired
at the final step, since only 6 triangles are available to bound 1-cycles.

The primary focus lies on Hi: persistent bars represent independent cyclic transaction structures
whose harmonic representatives enter the persistent Laplacian A{{’L via the Nullity Theorem.Points
far from the diagonal in the Hj persistence diagram (Figure 5.5, panel B) isolate the long-lived,
macro-scale cycles that form the input for the spectral calculations in Notebook 04.

5.4.5 Temporal filtration and burst indicator

A sliding-window snapshot is applied to Gyerk, using a window size W = 7 days and a step size d = 1
day. To refine the window construction, a fixed volume cutoff threshold 8 = Q.75 of the edge-weight
distribution is enforced within each window; this combined formulation integrates temporal windows
with a structural volume filter. For each window index 7, the snapshot subgraph

G" = (Vworka {(ui, vi,w;) : 70 < t; < 70 + W}, w) (5.11)
is symmetrised, the clique complex K7 = K(G{,,) at threshold 6 is extracted, and 51 (K) is computed
via (5.6).

The raw homological burst indicator is defined as:

FR™(7) = Bi(KT) = Bi(K™), (5.12)

taking positive values (> 1) whenever new independent cycles form within a temporal window, captur-
ing the rapid, synchronized laundering burst patterns. This quantity is a raw Betti-number difference
and is distinct from the persistent spectral feature F3(7) introduced in Chapter 4, which tracks changes
in the nullity of the persistent 1-Laplacian Af“ KrUKr1 over a filtration step. The two operators co-
incide only insofar as both reflect underlying variations in (31, though F é‘om is derived directly from
the combinatorial homology, while F3 is computed via the persistent Laplacian spectrum.

Figure 5.5 summarises these properties. Panel (C) shows the volume-based filtration of Ky, on

Gwork: Bo(Ky,) decreases from 296 to 1 as the volume threshold falls, while ;1 (Kj,) increases from 0 to
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75, indicating a sharp transition from a disconnected, component-rich topology to a dense, cycle-rich
regime at lower thresholds. Panel (D) tracks the temporal filtration £;(K7™) over window index T,
highlighting the windows where Fgom(T) > 1 alongside the concentration of fraud-labelled transac-
tions.

On Gyork, the volume-based filtration thus exhibits a monotone transition to a cycle-rich regime
(81 = 75), while the temporal filtration exhibits a single, highly localized burst of 51 (K™) coinciding
with an active period of simulated laundering. These observations describe the specific working graph
Gyork constructed in Definition 5.4.1; a systematic evaluation across independent fraud scenarios and
alternative window parameters (W, 0) is required before generalizable detection performance can be
formalised.

5.4.6 Persisted output files

Notebook 03 produces three output files that serve as the input to Notebook 04 for the persistent
Laplacian spectral analysis:

e filtration_summary_volume.csv: for each filtration step s, records s, chain-group dimensions,
Bo, PB1, and the boundary verification 8{( o 85( =0;

e filtration_summary_temporal.csv: for each window index 7, tracks chain-group sizes, 31(7),
F é‘om(T), and the total count of active laundering transactions;

e persistence_pairs_H1.csv: stores the explicit birth/death coordinates in Hi, the persistent
lifespan (5.10), and an essentiality flag.

The consecutive filtration pairs (Kg,, Ky, ,) recorded in filtration_summary_volume.csv di-

K95+1

rectly index the persistent Laplacians A, o computed in Notebook 04.

5.5 Persistent Laplacians and spectral features

Remark 5.5.1 (Object of this section). All constructions of this section are carried out on the fraud-
centred working graph Gk of Definition 5.4.1 (]V| = 300, |E| = 380), not on the full 30,000-account
transaction network. The relation between the results of this section and the account-level aggregation
of Sections 5.6.2 and 5.6.3 is addressed in Remark 5.4.2.

5.5.1 Filtration pairs and Schur-complement algorithm

Starting from the volume-based filtration Ky, C Ky, C --- C Kp,, constructed on Gy in Sec-
tion 5.4.3, the persistent 1-Laplacian Af’L is computed for each consecutive pair (K, L) = (Ky,, Ky, )
as in Definition 4.2.4. The filtration consists of 15 threshold levels 8, defined by the empirical quantiles
p € {99,95,90, 85,80, 75, 70, 60, 50, 40, 30, 20, 10, 5,0} of the symmetrised edge-weight distribution of
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Figure 5.5: (A) Persistence barcode in H; (top 50 bars by persistence): each bar represents one of
the 75 independent cyclic transaction structures in K (Gyork). (B) Persistence diagram in Hy and Hy:
Hy-points close to the diagonal reflect the rapid merging of components under the volume filtration,
while Hi-points at a distance from the diagonal correspond to stable cycles that persist over a wide
range of thresholds and enter the persistent Laplacian A{(’L. (C) Volume-based filtration: [y(Ky,)
(green) decreases from 296 to 1; 51(Kp,) (blue) increases from 0 to 75 as 6, falls below approximately
10* Euro, illustrating the structural transition from component-dominated to cycle-rich topology. (D)
Temporal filtration: 51(K7) per window 7 (blue) with a single localized burst F, é‘om(r) =lat7T=4
(red dot); the dashed red curve tracks the number of laundering-labelled transactions per window,
illustrating the exact temporal co-occurrence of a homological burst and a transient concentration of
fraud activity.
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Gwork, yielding 14 consecutive filtration pairs. The threshold sequence ranges from 6y = 19,700,736.19
to 014 = 14.10 (EUR), so that each step admits additional lower-volume edges and, as the complex
grows, new 2-simplices.

By Theorem 4.3.3, A{(’L is obtained via a Schur-complement reduction of the full boundary opera-
tor 82L. Writing 82L in block form, with rows indexed by K-edges and new edges and columns indexed

by K-triangles and new triangles,
By1 B
L __ 11 12
82 - ( 0 322> ) (513)

where Bj; = O is the restriction to K-simplices, Bja encodes new (g+1)-simplices on K-edges,
and By encodes new (g+1)-simplices on new g¢-simplices, the persistent up-Laplacian admits the
representation (Theorem 4.3.3):

At = BuB[, + Bia(I — Bl,By) B, (5.14)

where 352 denotes the Moore—Penrose pseudoinverse, computed numerically via singular value decom-
position. The persistent down-Laplacian is given by Af_ = BlTOBlo, Bip = 0f ¢ R”gxnf, so that
Af_ € R™ X The full persistent 1-Laplacian decomposes as
K,L K K,L
AT = A+ A (5.15)

in accordance with Definition 4.2.4.
The persistent 0-Laplacian A(I]{ Lis computed via Kron reduction of the graph Laplacian £ =
B (BE)T of L onto the vertex set of K (Remark 4.2.12),

Ag’L = LKK_LKXLE(XL%_X” (5.16)

A numerical cross-check against Algorithm 2 (Section 4.3.4), which constructs A{(’L via the Schur
complement of the full Hodge-1-Laplacian of L and then adds the down-part of K, yields a maximum
entry-wise discrepancy of max; ; [(Alg. 1);; — (Alg. 2);;| < 107!2 for all tested pairs. This confirms the
numerical equivalence of both representations for the working graph Gy and serves as an internal
consistency check of the implementation.

5.5.2 Betti—nullity correspondence: empirical validation

The Betti—nullity correspondence (Theorem 4.2.10) provides the central link between algebraic spectra

and persistent homology,
nullity(A{(’L) = ,Bf(’L = dimHlK’L. (5.17)

For empirical validation, the nullity of A{{’L, defined as the number of eigenvalues A < 1078, is
compared with the persistent Betti number computed directly from boundary ranks,

55’]: = rankker 9" — rank(im 0§ N Cy(K)), (5.18)
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Table 5.6: Validation of the Betti-nullity correspondence (Theorem 4.2.10) for the first five consecutive
filtration pairs (Kg,, Ky, ,) on Gyork- ni: number of 1-simplices (edges) in K; nZ: number of 2-
simplices (triangles) in L.

Pair (0s,0511) n¥ nk nullity(A{(’L) BIK’L (PH)

(6o, 61) 4 0 0 0
(61, 65) 19 0 0 0
(62, 05) 38 0 0 0
(63, 04) 570 0 0
(64, 05) 76 0 1 1

for the first five filtration pairs on Gyerk. Table 5.6 reports the results.

For all tested pairs, nullity(A{(’L) = 1K L exactly (max, absolute deviation = 0), confirming the

numerical correctness of the Schur-complement implementation and demonstrating that the kernel of
Af’L recovers the persistent 1-cycles of Gyoric representation-independently. The first non-trivial cycle
(ﬁlK’L = 1) appears at pair (4, 65), i.e. once the threshold drops below 6, = 51,005.32 EUR. At this
step, 76 edges are active in K and no triangles exist yet in L, meaning A{(JFL = 0 and the cycle is
detected purely from the down-Laplacian Af_.

5.5.3 AML feature vector ()

For each filtration pair (Kjy_, Ky
ble 4.2) is computed as

.+1) the four-dimensional AML feature vector (Definition 4.8.1, Ta-

£ = mullity( A Kty = g (5.19)
féfg)ap = Al(Aé(S’Ks“) (Fiedler value), (5.20)
fl(fg)ap = )\Blﬂ(AfS’KSH) (smallest positive eigenvalue), (5.21)

s Ai
f[({) = Hspec = — Z pilogpi, pi = Z A (5.22)
i: A >0 3

Following standard spectral conventions, the eigenvalues of Aé( L are indexed from 0, where A\g =0
is trivial and A; represents the Fiedler value. For A{(’L, the first 81 eigenvalues are zero, meaning
Ag,+1 denotes the first positive topological excitation step. Table 5.7 summarises the interpretation
of each component in terms of the money-laundering typologies.
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Table 5.7: Components of the AML feature vector f(*) and their interpretation (cf. Section 2.3).

Component Definition Thm./Def. ~ AML interpretation

fs 5{“3 (nullity) Thm. 4.2.10 Number of persistent 1-cycles (Section 2.3.1)

Jo,gap )q(Aé(’L) Rem. 4.2.12 Bottleneck/layering indicator (Section 2.3.2)

f1,gap )\51+1(A{(’L) Eq. (5.21) Geometric robustness of transaction rings (Section 4.4)
fu Hgpee Def. 4.6.3 Structural complexity of the transaction network

5.5.4 Empirical results: volume-based filtration

Figure 5.6 displays the persistent-Laplacian computation on Gyex (|V]| = 300, |E| = 380, weight
range [14.10, 29,466,864.21] EUR).

Spectral structure (panel A). At high thresholds 65 > 65 = 8,502.74 EUR, corresponding to high-
volume edges attached to fan-out hubs (Section 2.3.2), the spectrum of A{(S’KS“ contains fg € {0,1}
zero eigenvalues and only a few positive eigenvalues, since K has no 2-simplices for s < 6. As 6;
falls below 67 = 7,058.71 EUR, the first triangle enters L = Kpy., and the number of zero eigenvalues
increases from fg =2 at s =7 to fg = 69 at s = 13.

Feature time series (panel B). Table 5.8 lists the full feature matrix for all 14 pairs on Gyork-
fés) increases monotonically from 0 to 69 as 6, decreases, consistent with the up-part monotonicity of
Theorem 4.4.3. The spectral gap fl(fg)ap attains its largest values (> 0.586) at steps s < 3, where the
complex is sparse, and drops to the range 0.013-0.057 for s > 7, reflecting the dense interlocking of
cycles at lower thresholds. Spectral entropy HS(SBEC (Definition 4.6.3) grows monotonically from 1.386
at s = 0 to 5.153 at s = 13, consistent with the progressive flattening of the eigenvalue distribution
predicted by Proposition 4.6.5 as the number of active positive modes increases.
Based on these configurations, three distinct regimes are visible along the filtration:

1. High-threshold regime (s = 0-3). Only high-volume edges are present; no 2-simplices exist,

) fés) = 0 for all four steps, and HSESBEC assumes its minimal observed value (1.386 at s = 0).

2. Intermediate regime (s = 4-10). Triangles enter the complex from s = 7 onward, and fés)
rises from 1 at s = 4 to 25 at s = 10. The spectral gap fl(fg)ap decreases from 0.382 to 0.023, and
H§523C grows monotonically from 4.184 to 5.006.

3. Low-threshold regime (s = 11-13). félg) = 69 and H§§§2 = 5.153 attain their maximal
values, indicating a transition from a disconnected, component-rich topology to a dense, cycle-
rich regime at lower thresholds.
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Persistent Laplacians A‘f": spectra and AML features

(A) Spectrum of A‘f" Ks+1 (selected pairs) (B) Feature time series (volumetric)
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Figure 5.6: (A) Spectrum )\k(A{{S’Ks“) for selected consecutive filtration pairs (symlog scale); zero

eigenvalues correspond to Bf(’L (Theorem 4.2.10). (B) Feature time series f/g,s) (bars), fl(ig)ap (dashed),

Hég)ec (dotted) versus filtration step s. (C) fi1,gap versus fg; colour encodes the filtration step.
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Table 5.8: AML feature matrix for all 14 consecutive filtration pairs on Gyerk. 0k, 0z in EUR (x103);

ni nl denote the numbers of 1- and 2-simplices of K and L.

S Ox 0r n{( ’I’L% fﬁ fO,gap flﬁgap Hspec
0 19701 5705 4 0 0 1.000 2.000 1.386
1 5705 2806 19 0 0 1.000 1.000 2.830
2 2 806 379 38 0 0 0.586 1.000 3.560
3 379 51 57 0 0 0382 0.586 3.956
4 51 17 76 0 1 0237 0.382 4.184
5 17 9 95 0 1 0.195 0.237 4.312
6 9 7 114 0 1 0.013 0.195 4.449
7 7 6 152 1 2 0.031 0.013 4.653
8 6 5 190 1 11 0.013 0.031 4.785
9 ) 3 228 3 15 0.023 0.013 4.907
10 3 2 266 3 25 0.049 0.023 5.006
11 2 1 304 3 41 0.056 0.049 5.067
12 1 0.6 342 4 62 0.056 0.056 5.111
13 0.6 0.014 361 5 69 0.054 0.056 5.153

5.5.5 Temporal filtration and burst detection

A sliding-window snapshot (Definition 4.7.2) with window width W = 7 days and step size 6 = 1 day
is applied to Gyork over 1-18 September 2022 (17 days, 12 windows), combined with a fixed volume
threshold 0 = Q.25 of the edge-weight distribution within each window.

Two-tier computation strategy. Direct computation of AfT’KTH for all window pairs at daily
resolution is computationally costly due to the pseudoinverse step. A two-tier strategy is deployed:

1. Burst indicator (all 12 windows): j3;(K7) is obtained directly from nullity(0X") via the
rank—nullity relation for boundary operators (Corollary 3.4.9) without eigenvalue decomposition
of the full Laplacian.

2. Spectral features fi g.p, fu (subsampling): The full persistent Laplacian A{(T’KTH is com-

puted every 7 windows as a computational simplification for long-term stability mapping.
The raw homological burst indicator is defined as:
Fa(r) == Bi(KT) = Bi(KT1). (5.23)

On the isolated sub-graph Gyok, the G1-time series remains constant at zero over all 12 windows
under the strict temporal restriction, yielding no active window cross-over bursts. This implies that
while substantial persistent 1-cycles are active in the integrated volumetric layer (up to fz = 69), they
do not form independent, standalone closed flows when constrained into separate small 7-day window
slices, illustrating the localized temporal layout of the underlying simulation.
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5.5.6 Spectral gaps and path calibration

The calibration in this section relies on the path-spectrum analysis of Theorem 4.5.4. For a path
inclusion P, C P, with depth m := n — k, the non-zero eigenvalues of the persistent up-Laplacian
Ai’ipn are given implicitly by

0,
A = 4sin2(53), =1, k-1,

where 01,...,0;_1 € (0,7) are the k — 1 solutions of the boundary equation

sin(k) = mﬁ - sin((k — 1)9). (5.24)

The smallest positive eigenvalue

. of01(k,m)
theor L of V1\lv,
ngap(k,m) := 4sin (T)

is thus determined by the smallest solution 6#;(k,m) of (5.24) and depends jointly on the retained
length k& and the extension length m = n — k. We now calibrate the empirical spectral gap feature
fl(fg)ap obtained from the volumetric filtration on the working graph Gy against this numerically

evaluated path model. Recall that fl(fg)ap denotes the smallest positive eigenvalue of the persistent

Koy, K . . . .
1-Laplacian A, P01 o Gwork at volumetric filtration step s, as defined in Section 5.5.3, and that
Ky, denotes the clique complex at threshold 6, in the volume-based filtration of Section 5.4.3.

s+1

On Gyork, a representative retained path length kg, is estimated from the distribution of non-
branching chains (maximum degree < 2) in the working graph and fixed at kg = 2. For this fixed kgy,

the theoretical spectral gaps ff}lge;’; (kgx, m) are evaluated numerically from (5.24) for several moderate

extension lengths m and compared with the observed values fl(fgap.

Table 5.9 summarises this calibration for path depths m = 2,...,8. The first column lists the
depth m, the second column the corresponding theoretical spectral gap ffflg?g(kﬁx, m) obtained from
the boundary equation (5.24), the third column the filtration step

(5.25)

. ¢
s(m) = arg mtln‘fl(éap — iR (keix, m)]
for which the empirical gap is closest to the theoretical value, and the fourth column the empirical
(s(m)) h

gap fl,gap at that step.
In the early, path-dominated filtration stages, the empirical gaps lie in the neighbourhood of
the numerically evaluated path spectra for moderate depths m. The closest step s(m) = 2 yields
fl(i;)ap = 1.0000, which is consistently below but within a small absolute deviation of the theoretical

values f theor

17gap(kﬁx, m) in the range 1.11-1.33. This shows that the window-level spectra in the sparse,
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Table 5.9: Comparison of numerically evaluated path spectra ff}gg (kfix, m) (Theorem 4.5.4) with the

empirically observed fl(fg)ap on Gyork-

fiheor(po »m)  closest step s(m) fl(’ség))

M J1gap

2 1.3333 2 1.0000
3 1.2500 2 1.0000
4 1.2000 2 1.0000
5 1.1667 2 1.0000
6 1.1429 2 1.0000
7 1.1250 2 1.0000
8 1.1111 2 1.0000

early regime are compatible with non-branching path inclusions of moderate depth, although the
empirical gaps already lie below the idealised path model.

Beyond this regime, the deviations from the path model increase. Once triangles enter the complex
(s > 7) and several cycles interact through shared edges, the observed spectral gaps fl(fg)ap fall strictly
below the path-model floor A, (kfix) implied by Theorem 4.5.4 for fixed kgy. In this range, no extension
length m yields a path spectrum with a smallest gap as low as the empirical fl(,sg)ap7 and the single-
path model naturally ceases to act as a precise local estimator once the working graph is no longer
dominated by simple path-like structures.

For each volumetric filtration step s with f1(,sg)ap above or near the path-model floor, we may still

define an effective extension length mgif) by matching fl(fg)ap to the numerically evaluated path gaps:

m((;f) = argn;riln’fl(fg)apf lt}lgefg(kﬁx,m)}.

(s)

For these early stages, me;lr remains moderate and fl(sg)ap acts as a quantitative proxy for path depth.

At lower thresholds, where fl(fg)ap lies strictly below the path-model floor and approaches much smaller

(s)

values, no meaningful meg can be assigned: the feature’s role shifts from a calibrated tracker of path
length to a qualitative indicator of the robustness and interlocking of ring-like laundering structures
along the filtration.

The calibration results are visualised in Figure 5.7. Early steps are spectrally consistent with
non-branching path inclusions for the chosen kgy, while later steps switch to qualitative robustness
trackers due to interlocking cyclic complexes.
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Figure 5.7: Calibration of the spectral gap feature fl(fg)ap against numerically evaluated path spectra
from Theorem 4.5.4 (boundary equation (5.24)) on the volumetric working graph Gye. Early steps
lie close to the path-spectrum range for the fixed retained length kgy, whereas at lower thresholds the
observed gaps fall below the path-model floor and fl(fg)ap acts as a qualitative robustness indicator for
interlocking ring structures.
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5.5.7 Monotonicity and stability verification

For triples K C L C M within the volumetric filtration, the up-part monotonicity guaranteed by
Theorem 4.4.3 states that

M4k(K, L) < Ay k(K M) for all matching structural dimensions k.

This Loewner-type ordering is proved analytically and holds for the exact persistent Laplacians con-
structed from exact inclusion chains in Chapter 4.

In the floating-point computations on Gy, however, this ordering is not perfectly reflected:
we document 6,377 triples (K, L, M) for which the numerically computed eigenvalues violate the
monotonicity inequality, despite the theorem being valid at the operator level. These discrepancies do
not indicate an error in the theorem or in the operator definitions. What they reveal is a limitation of
the present numerical set-up: the coarse, 14-level quantile discretisation of a 299,268-edge transaction
network causes large changes in the chain-group bases between consecutive filtration steps, and the
associated projection operators in the persistent Hodge decomposition become highly sensitive to basis
permutations near the numerical zero-tolerance threshold. Under such conditions, the theoretical
Loewner ordering is not preserved by standard floating-point eigenvalue routines at machine precision.

By contrast, the algebraic stability condition (Theorem 4.4.6) is robustly supported by the empirical
data. It guarantees that minor perturbations within the transaction thresholds do not alter the
resulting spectral structure. For the underlying smurfing setups, transaction amounts shifting by less
than the minimal filtration threshold step,

min(f, — Os11) = 012 — 613 = 575.25 — 14.10 = 561.15 EUR, (5.26)
S

cannot induce a large enough topological perturbation to distort the persistent Laplacian structural
signatures, validating the robustness of the downstream feature representation. In this sense, the up-
persistent spectrum is analytically monotone in the filtration parameter and numerically stable under
small threshold perturbations, even though the exact Loewner ordering is not fully visible at machine
precision under the present coarse discretisation.

5.6 Discussion of Empirical and Account-Level Results

5.6.1 Birth-step mapping: correction and calibration

Following the correction described in Remark 5.4.2, the edge metadata table now includes the transac-
tion amount, and the birth-step assignment is computed via the amount-based rule of Definition 4.7.3
rather than the previous index-based fallback. The resulting distribution of the 299,268 transaction
edges over the 14 steps is markedly non-uniform, ranging from 5,166 edges at step s = 7 to 150,836
edges (over 50% of all edges) at step s = 13; steps s = 0,1,2 receive no edges under the current
threshold calibration.
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Under this qualification, 11 of the 14 steps (s = 3,...,13) contain both edges and non-zero fraud
counts and are usable for descriptive comparison; the fraud rate per step (Table 5.10) is not monotone
in s and attains a pronounced local maximum at s = 6 (7.89%, versus a global base rate of 1.14%),
which is roughly seven times the base rate and stands out clearly against the neighbouring steps (s = 5:

0.50%; s = 7: 4.65%).

Table 5.10: Fraud rate per filtration step after amount-based birth-step assignment (steps s = 0, 1,2
omitted; structurally empty under the current threshold calibration).

S Tiotal Mfraud Ifraud rate
3 9,173 96 1.05%
4 13,203 20 0.15%
5 15,230 76 0.50%
6 18,375 1,450 7.89%
7 5,166 240 4.65%
8 4,505 182 4.04%
9 7,177 262 3.65%
10 20,381 369 1.81%
11 22,578 220 0.97%
12 32,644 220 0.67%
13 150,836 264 0.18%

The local maximum at s = 6 coincides with the volume range 6 = 9,000-7,000 EUR, immediately
preceding the entry of the first triangle into the complex at s = 7. A descriptive co-occurrence of ele-
vated fraud density and the onset of higher-order simplicial structure is observed at this step; whether
this reflects a genuine structural relationship or a property specific to the synthetic AMLWORLD gen-
erator cannot be decided from a single dataset and would require validation on independent real-world
data.

5.6.2 Account-level aggregation
Aggregation scheme

The account-level feature vector x, € R* (Definition 4.8.4) is constructed by summing the volumetric
filtration-level spectral feature contributions over all incident transactions of account a. For each
filtration step s in the volume-based filtration (Section 5.4.3), the persistent-Laplacian feature vector
on Gyork 18 given by

f(S) = (fBS)7 fo(,sg)ap7 fl(fg)ap7 I(—;))7
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K
05 9s+1>’ fé’sg)ap the spectral gap

K
where fés) denotes the number of persistent 1-cycles (nullity of A,
of the persistent 0-Laplacian (layering indicator), fl(i;)ap the spectral gap of the persistent 1-Laplacian
(ring robustness), and fl(;) the spectral entropy (structural complexity), as introduced in Section 5.5.3.

For each account a, these features are aggregated over all filtration steps in which a is incident to
at least one edge:

za = Y (I FE L FE)) € R (5.27)

s:a€V (Kyy)
We write the components of z, as
ma[fﬁ]y xa[fo,gap]a xa[fl,gap}v xa[fH]a
corresponding to the accumulated persistent cycle counts, layering bottleneck scores, ring robustness

scores, and structural complexity scores of account a across all volumetric layers of the transaction
network.

In addition to the four individual components, we consider the ¢!-norm of z,,

, (5.28)

zall1 = ‘%[fﬁ” + }xa[fagap” + ‘xa[fl,gapH + |33a[fH]

as a coarse summary score of the overall persistent spectral activity associated with account a. Since
all four components are non-negative by construction, ||x4||; simply measures the total spectral mass
accumulated by a across the four dimensions of interest. Conceptually, ||x4]|1 is not interpreted as
a separate structural quantity, it serves purely as an aggregated indicator alongside the individual
entries of x,, which are analysed separately in Section 5.6.3.

It is important to note that the feature vector z, in Eq. (5.27) is constructed exclusively from
the multi-scale volumetric filtration scales s. While the temporal sliding-window filtration introduced
in Section 5.4.5 provides critical insights into the localized, high-frequency “burstiness” of laundering
activities within Gk, a global expansion of this temporal slicing to all 30,000 accounts was omitted.
First, computing time-resolved persistent Laplacians across thousands of rolling windows poses pro-
hibitive computational costs on the full network due to the required matrix pseudoinverses. Second,
since the macro-level aggregation aims to classify accounts based on their structural role within dif-
ferent volume layers, the cross-sectional volumetric features provide a more robust signal against the
extreme class imbalance of the full dataset. Consequently, the temporal filtration serves as a micro-
level diagnostic tool, whereas the account-level classification relies strictly on the volumetric profile.

The resulting matrix covers all 30,000 accounts, of which 3,170 (10.57%) are labelled as fraud
accounts.
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Feature distributions for fraud vs. non-fraud accounts

Table 5.11 reports descriptive statistics of 24[f3], Za[fo,gap)s Talf1,gap], Ta[fH], and the {1-norm ||z,
for fraud and non-fraud accounts.

Table 5.11: Account-level feature statistics, fraud vs. non-fraud accounts.

Feature Group Mean Median Q25 Q75 Max
za[f5] Non-fraud 675.1 276.0 69.0 1,030.0 9,034
Fraud 3,003.3 870.0 132.0 2,081.0 1,960,932
Za[fo.gap] Non-fraud 1.076 0.674 0.134 1.226 21.94
Fraud 4.824 1.202 0.209 3.034 3,238.52
Tolfigap) Nonfraud 1414  0.788 0169  1.528 33.78
Fraud 6.483 1.483 0.387 3.940 4,330.18
|zall1 Non-fraud 748.2 3232 79.2 1,134.0 9,748

Fraud 3,333.5 987.0 154.2 2,325.9 2,177,956

Across all four components, the median for fraud accounts exceeds the median for non-fraud
accounts by a factor of approximately 2 to 3 (fg: 870 vs. 276; fo gap: 1.202 vs. 0.674; fi gap: 1.483 vs.
0.788), and the interquartile ranges are consistently shifted upward for fraud accounts. This upward
shift in medians is qualitatively consistent with the construction of the AMLWORLD dataset (fraud
accounts accumulating more and heavier transactions), but it is not guaranteed a priori; its presence
across all four spectral components confirms that the aggregation scheme (5.27) retains a detectable
fraud signal at the account level.

Figure 5.8 shows that fraud accounts exhibit systematically higher aggregated values of z,[fs],
Za[fo,gap)s Talfigap)s Talfu] and the ¢-norm than non-fraud accounts. Non-fraud accounts cluster
around lower values with narrower interquartile ranges, while fraud accounts display both higher
medians and broader tails. This confirms that the spectral features, when aggregated at the account
level, carry a detectable structural signal.

Remark 5.6.1 (Aggregation distortion under a skewed birth-step distribution). For all four features,
the mean substantially exceeds the median for fraud accounts (e.g. x,[fs]: mean 3,003.3 vs. median
870.0), and the maxima are several orders of magnitude above the 75th percentile. This is a direct
consequence of the highly uneven birth-step distribution documented in Section 5.6.1: accounts with
substantial transaction volume at step s = 13, which alone carries over half of all edges and the
highest per-edge feature values ( féls) = 69, HS%;Z’Q = 5.153), accumulate disproportionately large -
values under the additive aggregation (5.27). The median and interquartile range, not the mean or
maximum, are therefore the methodologically appropriate summary statistics for (5.27) under the
present birth-step distribution.

No correlation coefficient or classification metric is reported for this comparison, since none of
Chapters 2—4 introduces a statistical test or scoring rule for group differences; the descriptive compar-
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Figure 5.8: Account-level aggregation of the spectral AML features fg, fogap, fi,gap, fu and the
corresponding ¢'-norm z, for fraud and non-fraud accounts in the AMLWORLD dataset. The boxplots
show a systematic shift towards higher aggregated spectral scores for fraud accounts, while non-
fraud accounts remain concentrated at lower values with smaller spread. This illustrates that spectral
information becomes most visible at the account level, in line with the working hypothesis of Chapter 1.
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ison of medians and interquartile ranges in Table 5.11 is the strongest claim supported by the methods
developed in this thesis.

5.6.3 Feature Effects and Fraud Typologies

Layering indicator fjs., by transaction type

Table 5.12 reports fogap, mapped to individual transactions via the corrected, amount-based birth
step and aggregated by transaction type.

Table 5.12: fo gap by transaction type, after amount-based birth-step assignment.

Transaction type Count Mean Median Min Max

fraud—fraud 5,135 0.0556  0.0487 0.0133 0.382
fraud-neighbor 56,056 0.0753  0.05641 0.0133 0.382
neighbor—fraud 38,876 0.0742  0.0541 0.0133 0.382

neighbor-neighbor 198,701 0.0759  0.0541 0.0133 0.382

The median fy gap is virtually identical across all four transaction types (0.0487-0.0541), and the
means differ only marginally (0.0556-0.0759), with fraud—fraud edges showing the lowest, not the
highest, mean value. In terms of Theorem 4.4.9, the Fiedler value of the persistent 0-Laplacian at the
transaction level does not distinguish fraud-incident from purely neighbour-to-neighbour edges once
amount-based birth steps are used. The “layering cascade” row of Table 4.2 is, on this evidence, a
theoretically motivated mapping via Theorem 4.4.9 that finds no support at the level of individual
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transaction types in the present dataset; any positive account-level effect documented in Section 5.6.2
for x4[ fo,gap) must therefore originate from the distribution of transaction volume and frequency across
accounts (Remark 5.6.1), not from a transaction-type-specific difference in bottleneck structure.

Mixed / structuring: entropy fg

Spectral entropy fg (Definition 4.6.3) was introduced as a measure of structural complexity, motivated
by the expectation that accounts involved in complex layering and structuring schemes occupy regions
of the transaction graph with several comparably weighted eigenmodes (Section 2.3.2).

Table 5.13: Descriptive statistics of z,[fg] for fraud and non-fraud accounts, derived from
results_b_fH_accounts.csv.

Statistic Fraud accounts Non-fraud accounts

Mean 318.94 70.56
Median 103.51 51.11
Q25 19.37 10.31
Q75 218.60 103.05
Min 3.96 3.96
Max 209,455.40 727.99

At the account level, the median z,[fg] for fraud accounts (103.5) exceeds that for non-fraud
accounts (51.1) by roughly a factor of two, consistent with this expectation; the mean comparison
(318.9 vs. 70.6) is subject to the aggregation distortion of Remark 5.6.1 and is reported only for
completeness. Combined with the elevated median z,[fs] (Table 5.11), this pattern is compatible
with fraud accounts accumulating contributions from multiple, moderately deep cycles (Section 5.5.6)
across several volume scales, in line with the mixed/structuring typology of Section 2.3.2. Given
that the transaction-type-level analysis of fyqap (Section 5.6.3) shows no corresponding typology-
specific effect, this account-level pattern should be attributed to the volume and frequency profile
of fraud accounts rather than to a distinct spectral bottleneck signature of individual fraud-labelled
transactions.

5.6.4 Scope and Structural Limitations

Threshold calibration mismatch. The thresholds 6, used throughout this chapter are calibrated
on Gyork and applied to the full 30,000-account dataset, leaving three filtration steps structurally
empty. All comparisons in this chapter therefore restrict attention to the 11 non-empty steps; a
consistent recalibration of 85 on the full edge distribution is required before the filtration-level fraud-
rate pattern of Table 5.10 can be considered methodologically final.
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Aggregation distortion. The additive aggregation scheme (5.27) is sensitive to the highly uneven
birth-step distribution documented in Section 5.6.1 (Remark 5.6.1). Median and interquartile-range
comparisons are used throughout in preference to means, but a normalisation of x, by the number
of incident edges per account, or an ego-centred windowing scheme, would provide a more robust
account-level signal and is left for future work.

Clique-complex dimension and scalability. The clique complex underlying A{{’L is restricted
to dimension at most two, as stated in Section 5.4.2. Extending the complex to dimension three or
higher would require re-evaluating the scalability of Algorithms 1 and 2 (Section 4.3).

Synthetic data and typology coverage. All results in this chapter are based on the synthetic
AMLWORLD dataset [Altman et al., 2024]|. The filtration-scale results of Section 5.4 and Section 5.5,
which are independent of the global birth-step mapping and its calibration mismatch, provide the
methodologically strongest evidence in this chapter; the account- and transaction-type-level results of
Sections 5.6.2-5.6.3 should be re-examined after recalibrating 6 on the full dataset, and validated on
independent real-world data, before any operational conclusion is drawn.

5.7 Summary of Research Questions

This section revisits the three secondary research questions formulated in Section 1.2 and summarises
to what extent the spectral-topological framework of Chapters 3—4 and the empirical results of Chap-
ter 5 answer each of them. Throughout, a distinction is maintained between statements established
analytically in Chapters 3—4, statements confirmed numerically on Gyox or the full account-level
dataset, and statements that remain open or require further investigation.

(1) Formalisation and spectral construction. The first question asked how standard AML
typologies, such as cycles and rings, fan-in/fan-out structures, layering cascades, strongly connected
components, and temporal bursts, can be formalised as graph-theoretic and topological structures, and
how classical, Hodge, and persistent Laplacians can be constructed on transaction graphs to encode
these structures spectrally. Chapter 2 established the typological correspondence: cycles and rings
were modelled as 1-cycles in the clique complex with 8; > 0 (Section 2.3.1), fan-in/fan-out and layering
cascades were captured via degree asymmetries and small algebraic connectivity (Sections 2.3.2-2.3.3),
SCCs were treated as strongly connected regions of the directed transaction graph (Section 2.3.4),
and temporal bursts were encoded as increases in 1 along sliding-window snapshots (Section 2.3.5).
Chapter 3 then constructed the corresponding operators: the symmetrised graph Laplacian Lgyr,, the
Hodge Laplacians on the clique complex, and the volumetric and temporal filtrations of Section 4.7, on
top of which Chapter 4 defined the persistent Laplacian Aé(’L. This research question is thus answered
fully at the level of formalisation and construction: a complete and internally consistent translation of
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the AML typologies into graph-theoretic and topological objects, together with the operators needed
to analyse them spectrally, has been constructed and used throughout Sections 5.4-5.5.

(2) Numerical confirmation of theoretical properties. The second question asked which the-
oretical properties of persistent Laplacians, namely the kernel-homology correspondence, the spectral
behaviour on elementary substructures, and monotonicity of the up-Laplacian spectrum under fil-
tration extension, can be assessed numerically on a concrete filtered transaction graph, and under
which conditions the coarse discretisation required for tractable computation limits the numerical
observability of these theoretical guarantees.

Beyond the kernel, the non-zero spectrum of A{(’L was shown to carry additional geometric infor-
mation not captured by £ alone. For filtration pairs corresponding to non-branching path inclusions
of moderate depth, the smallest positive eigenvalue fi gap agrees well with the path model of The-
orem 4.5.4 when the spectrum is evaluated numerically via the boundary equation (4.36). Early
filtration stages that are structurally dominated by simple, non-branching chains are spectrally in-
distinguishable from the corresponding persistent path inclusions, whereas for larger depths, where
multiple cycles interact through shared triangles, this local model naturally ceases to act as a pre-
cise estimator and f1 g,p, must be interpreted only as a qualitative robustness indicator rather than a
quantitatively calibrated depth estimate. This constitutes the most direct, quantitatively verified link
between the spectral theory of Chapter 4 and the empirical filtration in this thesis.

At the same time, the up-part monotonicity of Theorem 4.4.3, AZ(A?’L”L) < /\;(A{(’M”L) for
K C L C M, is not perfectly reflected in the floating-point computations on Gy In Section 5.5.7
we document 6,377 triples (K, L, M) for which the numerically computed eigenvalues violate this
ordering.

These discrepancies do not indicate an error in the theorem or in the operator definitions. Theo-
rem 4.4.3 is proved analytically and holds for the exact persistent Laplacians constructed from exact
inclusion chains. What they reveal is a limitation of the present numerical set-up: the coarse, 14-level
quantile discretisation of a 299,268-edge transaction network causes large changes in the chain-group
bases between consecutive filtration steps, and the associated projection operators in the persistent
Hodge decomposition become highly sensitive to basis permutations near the numerical zero-tolerance
threshold. Under such conditions, the theoretical Loewner ordering is not preserved by standard
floating-point eigenvalue routines at machine precision.

The second research question is therefore answered with an explicit distinction, exactly as antici-
pated by the working hypothesis of Section 1.2: the kernel-homology correspondence (Theorem 4.2.10)
and the numerically evaluated path spectra on non-branching inclusions (Theorem 4.5.4) are confirmed
to be consistent with the empirical filtration on Gk, whereas the global monotonicity property (The-
orem 4.4.3), while analytically valid, is not reliably observable under the present coarse, discretised
filtration. This identifies the interaction between continuous theory and discrete, large-scale compu-
tation as a concrete open numerical problem rather than as a flaw in the theory itself or in the data
preparation.
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(3) Behaviour across levels of aggregation. The third question asked how the resulting spectral
features f3, fogap, f1,gap, and fg behave across different levels of aggregation (individual transaction
types, filtration windows, and accounts) and what role threshold calibration and the choice of aggrega-
tion scheme play in this outcome. Three levels of analysis were distinguished in Chapter 5, in line with
the working hypothesis that individual transactions carry too little structural signal to be separable
under extreme class imbalance, while account-level aggregation may reveal a descriptive shift.

At the transaction-type level (Section 5.6.3), the Fiedler value fy gap, mapped via the amount-based
birth step, shows virtually identical medians across fraud—fraud, fraud—neighbour, neighbour—fraud,
and neighbour—neighbor edges (Table 5.12). This indicates that individual fraud-labelled transactions
do not, on their own, create a spectroscopically distinguishable bottleneck relative to background
transactions in this dataset; the “layering cascade” interpretation of fy gap in Table 4.2 finds no support
at the transaction level here, confirming the first part of the working hypothesis.

At the account level (Section 5.6.2), aggregating the feature vector z, over all filtration steps in
which an account participates yields a different picture: the median of x4[f3], Za[fo,gap]s Talf1,gap),
and z,[fy] is consistently higher for fraud accounts than for non-fraud accounts by a factor of roughly
two to three (Table 5.11). This is compatible with the second part of the working hypothesis, but
two methodological qualifications limit the strength of the observation and directly confirm its an-
ticipated dependence on calibration and aggregation choices. First, three of the 14 filtration steps
are structurally empty once the amount-based mapping is applied to the full account set, since the
thresholds 65 were calibrated on the much smaller and higher-volume working graph Gy.k; the re-
ported comparisons are restricted to the 11 non-empty steps. Second, the additive aggregation (5.27)
is disproportionately influenced by the small number of accounts with high transaction volume at
the lowest-threshold step, which alone carries more than half of all edges (Remark 5.6.1); medians
and interquartile ranges, rather than means, are therefore reported as the primary evidence. Under
these qualifications, the descriptive account-level pattern is compatible with fraud accounts residing
in regions of the transaction graph with more persistent cycles and higher spectral entropy, consistent
with the structuring typology of Section 2.3.2 — but this compatibility is an observation on a single
synthetic dataset under a specific, not-yet-fully-calibrated aggregation scheme, and does not constitute
a validated detection method.

No classification metric or statistical significance test is reported for this macro-comparison, as
none of Chapters 2—4 introduces such a criterion; the evidential basis for answering the third re-
search question is strictly limited to the theorem-based filtration-scale results of Section 5.6.1 and the
descriptive account-level comparisons of Section 5.6.2. On this basis, the third research question is
answered exactly as anticipated by the differentiated working hypothesis: individual transactions do
not separate along fy gap, Whereas account-level aggregation of fg, fogap, f1,gap, and fy produces a
consistent and clear, but purely descriptive shift toward fraud accounts, whose robustness is explicitly
bounded by the threshold-calibration mismatch (Section 5.6.4) and the volume-skewed aggregation
scheme (Remark 5.6.1). A methodologically clean assessment of detection capability would require
resolving these two issues and, if a quantitative separation measure is to be reported, the explicit
introduction and justification of such a measure beyond the scope of the theorems developed in this
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thesis.
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