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ABSTRACT. Freudenthal algebras over a field are basically the same as Jordan algebras of
degree 3 remaining simple under all base field extensions. These algebras are intimately
linked, via their automorphism groups and structure groups, to simple algebraic groups
over arbitrary fields. Our main concern here will be the question of when these algebras
are homogeneous in the sense that all their Jordan isotopes are isomorphic. We answer this
question by presenting various necessary and sufficient conditions for homogeneity and by
connecting it with the first Tits construction of cubic Jordan algebras, most notably through
investigating Freudenthal division algebras over complete fields under a discrete valuation.
We also study the first Tits construction in its own right by producing a local version of
it, deriving a local-global principle, and by connecting it with the embeddability of certain
rank-2-tori into the automorphism group scheme of an Albert division algebra.
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1. INTRODUCTION

In this paper, we will be concerned with the interplay of three important algebraic con-
cepts: Freudenthal algebras, homogeneous Jordan algebras, and the first Tits construction.

To begin with, Freudenthal algebras form a class of algebraic structures that may be
regarded as the analogue in degree 3 of (unital) composition algebras. Just as composition
algebras fit into the broader picture of alternative algebras whose elements satisfy a univer-
sal quadratic equation, Freudenthal algebras fit into the broader picture of Jordan algebras
whose elements satisfy a universal cubic equation. And, while composition algebras exist
only in dimensions 1, 2,4, 8, the dimensions of Freudenthal algebras are confined to the
numbers 1, 3,6,9, 15, and 27. Ignoring the low dimensions 1 (the base field) and 3 (the
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Jordan algebras of cubic étale algebras), Freudenthal algebras are twisted versions of the
Jordan algebra of 3-by-3 hermitian matrices with entries in a split composition algebra
and scalars down the diagonal, the latter condition being automatic if the base field has
characteristic not 2.

The similarity between composition algebras and Freudenthal algebras becomes most
striking when considering the connection with exceptional algebraic groups. As in the
case of octonion algebras and groups of type Gs, passing from an algebra to its automor-
phism group scheme gives a one-to-one correspondence between Albert algebras, that is,
Freudenthal algebras of dimension 27, and groups of type F4. For more on the analogy
between composition and Freudenthal algebras under their respective connections with the
corresponding automorphism group schemes, see [DG02] and [GPR24, §55]. Other im-
portant connections, though not quite as close as the preceding one, exist between Albert
algebras and groups of type Dy, Eg, E7, Eg. In particular, the Kneser-Tits conjecture for
groups of type E7% and EZ¥, was settled by proving R-triviality for the structure group of
an Albert division algebra [ACPZ], Tha22].

To continue, homogeneity of Jordan algebras is a property intimately tied up with the
notion of an isotope. Any invertible element p of a Jordan algebra J induces canonically
a new Jordan algebra structure on the underlying vector space, denoted by .J () and called
the p-isotope of J, whose identity element is the inverse of p in J. Isotopes of J will
not always be isomorphic to J but if they are, then .J is said to be homogeneous. The
importance of isotopes, and of the notion of homogeneity, derives from the fact that many
useful properties attached to Jordan algebras hold only up to isotopy, that is, they may
fail for the algebra itself but become valid when passing to an appropriate isotope. For
example, the question raised by Albert [Alb65] as to whether every Albert division algebra
contains a cyclic cubic subfield is open to this very day but has an affirmative answer in an
appropriate isotope [Tha21].

The two Tits constructions come into play when dealing with Freudenthal division alge-
bras. Here it is the first construction (as the more elementary of the two), with its remark-
able analogy to the Cayley-Dickson construction of composition algebras, that demands
our attention. A first instance of its interplay with the preceding concepts may be found
in [PR84b, Cor. 4.9] , which says that Albert division algebras arising from the first Tits
construction are always homogeneous. It is a natural question to ask for the converse: is
every homogeneous Albert division algebra a first Tits construction? Since, unfortunately,
we have not been able to settle this question one way or the other, we decided to undertake
a systematic investigation of homogeneous Freudenthal algebras. It is the purpose of this
paper to present the results of our investigation.

In the next two sections, besides fixing notation and terminology, we recall some basic
facts about the subject matter that will be needed to understand the subsequent development
of the paper. The emphasis is on (cohomological) invariants of Freudenthal algebras—a
tool we will make use of quite heavily later on. The question of which set of invariants
classifies a specific class of Freudenthal algebras up to isomorphism (resp., up to isotopy)
turns out to be particularly important. Along the way, we obtain first characterizations of
homogeneous Freudenthal algebras of dimension 9 (Prop. 3.6).

Section 4 is devoted to what could be called a local version of the first Tits construction
for Albert division algebras. We derive a local-global principle in this setting (Thm. 4.1)
and draw the connection with the embedibility of certain rank-2-tori in the automorphism
group scheme of the underlying algebra (Thm. 4.6).
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In section 5, we begin by showing that, contrary to the case of Albert division algebras,
nine-dimensional Freudenthal division algebras exist that are first Tits constructions but
not homogeneous (Example 5.3). We then proceed to derive necessary and sufficient con-
ditions for reduced (that is, non-division) Freudenthal algebras to be homogeneous. As the
main conclusion from these criteria, it will be shown that, loosely speaking, any sufficiently
rich class of homogeneous Freudenthal algebras having dimension < 27 can always be en-
larged to include higher-dimensional algebras with almost the same properties (Thm. 5.4).
In particular, if the Freudenthal algebra of symmetric 3-by-3 matrices over a given field is
homogeneous, then so are all Freudenthal algebras over that field (Thm. 5.4 (c)).

In section 6, we study Freudenthal algebras that are strictly homogeneous in the sense
that they remain homogeneous under all base field extensions. Our approach leads to
a complete classification of strictly homogeneous Freudenthal algebras (Cor. 6.3): they
are either split, or isomorphic to D(*) for some central associative division algebra D of
degree 3, or an Albert division algebra arising from the first Tits construction.

In sections 7 and 8, we take up the study of Freudenthal division algebras over a com-
plete field under a discrete valuation. Such a study had been undertaken before for Albert
division algebras only [Pet75]. Revisiting this study once more and extending its results to
arbitrary Freudenthal division algebras makes sense for the following reasons. On the one
hand, we obtain new examples of nine-dimensional Freudenthal division algebras that are
first Tits constructions and homogeneous (Cors. 8.4, 8.6) while on the other, we are able to
set the record straight with regard to the naive treatment of cubic forms adopted in [Pet75].
In developing the theory along the lines indicated, we take full advantage of the approach
to the two Tits constructions presented in [GPR24, Chap. VII] and here, in particular, of
the fact that this approach works not just over fields but, to a large extent, over arbitrary
commutative base rings.

The paper concludes with a brief excursion into homogeneous Jordan algebras of Clif-
ford type. We show, in particular, that the Jordan algebra of a pointed Pfister quadratic
form is strictly homogeneous (Cor. 9.3).

2. PROPER FREUDENTHAL ALGEBRAS AND THE TITS CONSTRUCTIONS

Throughout this paper, we fix a field k£ of arbitrary characteristic. The category of
unital commutative associative k-algebras will be denoted by k-alg. For notation, termi-
nology and basic facts about (unital) composition algebras, (cubic) Jordan (in particular,
Freudenthal) algebras and related algebraic groups, the reader is referred to [GPR24] and
[KMRT98]; when it comes to quadratic forms, our standard reference will be [EKMO08]. In
the following review, we will therefore confine ourselves to what is absolutely indispens-
able for understanding the subsequent development of the paper.

2.1. Homogeneous Jordan algebras. A Jordan k-algebra is a vector space J over k
together with a quadratic map U: J — Endg(J), 2 +— U,, (the U-operator) and a
distinguished quantity 1 = 1; € J (the unit element) such that the identities

Ul = 1Ja UUmy = UzUyUxa Uzvy,x = Va:,yUa:

hold in all scalar extensions, where V, y2 := U,y forz,y,z € Jand U, , := Upy, —
U, — U, is the bilinearization of the U-operator. An element p € .J is said to be invertible
if Up: J — J is bijective, in which case p~' := U, 'p is called the inverse of p in .J.
The set of invertible elements in J will be denoted by J*. For p € J*, the vector space
J together with the U-operator = +— Ué” ) = U,U, and the unit element 1®) = p-t
is again a Jordan algebra, called the p-isotope of .J and denoted by J(P). The isotopes
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J®), p € J*, are in general not isomorphic to J, but if they are, for all p € J*, then
J is called homogeneous. The autotopies of J, that is, the isomorphisms from J onto its
various isotopes, form a subgroup of GL(.J), denoted by Str(.J) and called the structure
group of J, so that J is homogeneous if and only if its structure group acts transitively on
its invertible elements, hence the name.

2.2. Cubic Jordan algebras. Following [GPR24, 34.1], we define a cubic Jordan algebra
over k as a Jordan k-algebra J together with a cubic form N;: J — k (the norm), that is,
a scalar polynomial law over k that is homogeneous of degree 3, satisfying the following
conditions.

(a) Nj permits Jordan composition in the sense that the equations
Ny(1;) =1, Nyj(Upy) = Ns(z)*N,(y)

hold strictly, i.e., in all base field extensions.
(b) For all field extensions K /k and all € Jk (the base change of .J from k to K),
the polynomial

mJ’x(t) = Nj(tle — .’B) =3 — TJ(.r)tQ + S](Qf)t - NJ(SU)
satisfies the equations
myq(z) =0= (tmy.)(z).

Here Ty: J — k (resp., S;j: J — k) is called the linear (resp., quadratic) trace of J,
which makes sense because 7'y (resp., Sy) is a linear (resp., quadratic) form. By contrast,
the symmetric bilinear form 77;: J x J — k defined by

Ty(x,y) = Ts(x)Ts(y) — Ss(z,y) (z,y € J)
in terms of the linear trace and the bilinearized quadratic one is called the bilinear trace of
J. The adjoint of J is defined as the quadratic map

J—J, xr—af =2 - Ty(x)z+ Ss(2)1,.

Note that if we know the adjoint and the bilinear trace of J, then we know its Jordan
structure, thanks to the formula

(2.1) Upy = Ty (x,y)z — a* x y

for the U-operator, where = x 3y = (z + y)* — ¥ — y* denotes the bilinearized adjoint.
Finally, we say that J is regular if its dimension is finite and the bilinear trace is a regular
symmetric bilinear form.

Straightforward modifications of the preceding set-up lead to the notion of cubic alter-
native algebras. We refer to [GPR24, 34.11] for details.

2.3. Proper reduced Freudenthal algebras. By a Freudenthal algebra over k we mean
a cubic Jordan k-algebra .J which either is isomorphic to E(*), for some cubic étale k-
algebra F, or makes the base change Jg, for any field extension K/k, a simple Jordan
K-algebra [GPR24, 34.17, 39.8]. A Freudenthal k-algebra is said to be proper if it has
dimension at least 6; it is said to be reduced if it contains an elementary frame, that is,
a complete orthogonal system of idempotents that are elementary in the sense that their
adjoint is 0 and their linear trace is 1, see [GPR24, §37] for details.

By [GPR24, 41.1], proper reduced Freudenthal algebras over k up to isomorphism have
the form J := Her3(C,T"), where C' is a composition algebra over k and T € GL3(k) is a
diagonal matrix: T" = diag(~1, v2,73) With 1, 72,73 € k*. Recall that J consists of all 3-
by-3-matrices  with entries in C' that are I'-hermitian (i.e., z = I'"'Z'I") and have scalars
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down the diagonal, the latter condition being automatic for char(k) # 2. From [GPR24,
36.4] we deduce that norm, adjoint and bilinear trace of .J are given by the formulas

Ny(@) = &i&abs — Y vmbino(wi) + nyavsto(uausus),
at = Z ((fjfl —ynce(ui))ei + (— &Gui +vu) [41]),

2.2) Ty(a,y) = Y (&Gmi +vmno(ui, v;))

for xr = Z(fieii + Ui[jl]), Yy = Z(nieii + Ul[]l]) € J,&,n €k, u;,v; € C, where we
systematically adhere to the ternary cyclicity convention: Unadorned sums like the above
are to be taken over all cyclic permutations (i51) of (123).

Recall from [GPR24, Exc. 37.22 (b)] that up to isomorphism the diagonal entries of
I" may be multiplied by arbitrary non-zero square factors in k£ and that we may always
assume y3 = 1. In particular, we put Her3(C') := Her3(C, 13). We wish to understand the
isotopes of Hers(C'). To this end, we require a harmless variation of [GPR24, Exc. 37.23].

Proposition 2.3. Let C be a composition k-algebra, J := Her3(C') and

I' = diag(y1,72,73) € GL3(k).
With p := Y vieq € J*, the assignment

Z(ﬁieu, +u;[jl]) — Z ((vi€oew + (vymua)[51])

for& €k, u; € C, 1 < i <3, defines an isomorphism ¢ from Her3(C,T') onto the isotope
Jh.

Proof. By [GPR24, Exc. 37.23], ¢ is an isomorphism from Hers(C,T)®) onto .J, hence
also one from Her3(C,T) = (Hers(C,T)®)® ") to Je@™) = g™, O

Corollary 2.4. Assume in Prop. 2.3 that C has dimension at most two. Then Hers(C,T) &
J if and only if there exists g € GL3(C) such that gpg" € k1s.

Proof. By the proposition, Her3(C,T') 2 J if and only if J (*™") = J, which happens
if and only if some n € Str(J) has n(p) = 1, [GPR24, Thm. 31.22 (d)]. Since J, by
the hypothesis on C, is the full Jordan algebra of hermitian matrices with entries in C, the
structure group of .J consists of the transformations  + vgzg', fory € kX, g € GL3(O)
[Jac76, Thms. 6—8]. The assertion follows. O

Corollary 2.5. Letr C be a composition k-algebra and J := Her3(C'). Up to isomorphism,
the isotopes of J are precisely of the form Her3(C,T), for some diagonal matrix T' €
GL3(k).

Proof. If C' is regular, this is a special case of [GPR24, Thm. 40.10]. Otherwise, (2.2)
implies C' = k and char(k) = 2. Any p € J* may be viewed canonically as a ternary
regular symmetric bilinear form. By a theorem of Albert [Alb38, Thm. 8], p is either
diagonalizable or alternating. But an alternating ternary symmetric bilinear form over k
cannot be regular. Hence p is diagonalizable, and Prop. 2.3 can be applied toT" := p~1. O

Proper Freudenthal algebras that are not reduced are Jordan division algebras in the
sense that all of their non-zero elements are invertible [GPR24, Thm. 39.6]. Freudenthal
division algebras exist only in dimensions 1, 3,9, 27 [GPR24, Thm. 46.8]. Examples may
be found by means of the two Tits constructions [GPR24, Chap. VII]. The first Tits con-
struction, which is the more easily accessible of the two, plays a particularly important role
in the present investigation. Its main ingredients may be described as follows.
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2.4. The first Tits construction. The input of the first Tits construction consists of a
cubic alternative k-algebra A and a scalar p € k. The output is a cubic Jordan algebra
J = J(A, ) living on the direct sum A @® Aj; ® Ajs of three copies of A as a vector space
over k under the cubic Jordan algebra structure with identity element, adjoint and norm
given by

1y=14=14+04j1 + 0472,

ot = (xg — paywe) + (pah — oz )jr + (mﬁ — TaT0) o2,

(2.6) Ny(z) = Na(zo) + pNa(z1) + p>Na(zg) — pTa(zoxi20)
for x = z¢ + x17j1 + 242, T, 21,22 € A. The bilinear trace of .J is then given by
2.7) Ty(x,y) = Ta(xoyo) + pTa(x1y2) + pTa(x2y1),

where y = yo + y1J1 + Y272, Yo, Y1, Y2 € A.

Proposition 2.8. For a cubic alternative k-algebra A and | € k, the following conditions
are equivalent.

(i) J(A, p) is a regular Freudenthal algebra.
(i) J(A, p) is regular.
(iii) A is regular and p € k*.

Proof. (1)=(ii). Obvious.

(i)=(iii). Apply (2.7).

(ii))=-@). Put J := J(A, 1) and note that condition (iii) is stable under base change,
while condition (i) is stable under faithfully flat descent [GPR24, Cor. 39.32]. Hence we
may assume if necessary that k is algebraically closed. By [GPR24, Exc. 42.21], therefore,
it remains to consider the following cases.
1°. A = k, char(k) # 3. Then E = k[t]/(t — p) is cubic étale over k and J = E(F) is a
Freudenthal algebra.
2°. A = kx C, where C is a regular composition k-algebra. Then [GPR24, Exc. 42.27 (a)]
implies J = Hers(C,T"), I = diag(—1, —1, 1), and this is a reduced Freudenthal algebra.
3°. A is a central simple associative k-algebra of degree 3. Then J is an Albert algebra
[GPR24, Cor. 42.15]. ]

There are two important properties of the first Tits construction that will play a crucial
role in the present investigation. The first of these may be found in [GPR24, Cor. 46.12].

Proposition 2.9. For a cubic alternative k-algebra A and . € k, the first Tits construction
J(A, p) is a cubic Jordan division algebra if and only if A is a division algebra and 0 #
i Na(A%) 0

The second property we have in mind may be found in [Jac68, Thm. IX.22] for char(k) #
2 and in [McC70, Thm. 8] in general, see also [GPR26, Cor. A4.5].

Theorem 2.10. Let J be an Albert k-algebra and A a central simple associative algebra
of degree 3 over k such that A is a subalgebra of J. Then there exists a A\ € k* such
that the inclusion A —s J extends to an isomorphism from J(A, \) to J. g

2.5. The second Tits construction. In its most general form, the second Tits construc-
tion doesn’t show up in the present paper. Instead, it will be perfectly adequate to follow
[GPR24, 44.5] and consider
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e an associative involutorial system % = (K, B, T) over k, consisting by definition
of a composition k-algebra K of dimension r € {1,2}, a cubic associative K-
algebra B and a K /k-involution 7 of B; and

e an admissible scalar for %, that is, a pair (p, ) € Jg' x K* (Jo := H(A), the
Jordan k-algebra of T-symmetric elements in B), satisfying Ng(p) = ngk (1)

as input. The output will then be a cubic Jordan k-algebra J = J(Z, p, ) living on the
direct sum Jy ® Bj of Jy and B as a vector space over k under the cubic Jordan algebra
structure with identity element, adjoint and norm given by

1;=1p =1 +0pjJ,
ot = (af —upr(u)) + (ar(uf)p~! — zou)7,

2.11) Nj(x) = Ny, (x0) + pNp(u) + aNp(u) — Ty, (xo,upT(u))
for x = x¢ + uj, 9 € Jy, u € B. The bilinear trace of J is then given by
(2.12) Ts(x,y) = Tr, (20, 0) + T (upt(v)) + T (vpr(u)),

where y = yo + vj, yo € Jo, v € B. In this context, we refer to %, more specifically, as
an associative involutorial system of the r*" kind and call Core(%) := K its core.

Though the second Tits construction is much more delicate to handle than the first, there
are close connections between the two. For example, if Z as above is of the second kind,
then Jx = J(B, p) is a first Tits construction [GPR24, Cor. 44.20]. Since K is faithfully
flat over k, this and Prop. 2.8 imply

Proposition 2.13. Let # = (K, B, ) be an associative involutorial system of the second
kind over k and (p, i) an admissible scalar for . The second Tits construction J (%4, p, i)
is a regular Freudenthal algebra over k if and only B is regular over K. ([

The two important properties we have singled out for the first Tits construction have
natural analogues for the second as well, which may be found in [GPR24, Thm. 46.10]
(resp., [Jac68, Exc. IX.12.5] and [McC70, Thm. 9], see also [GPR26, Thm. A4.4]).

Proposition 2.14. If # = (K, B,7) is an associative involutorial system of the second
kind over k and (p, i1) is an admissible scalar for B, then J(A,p, 1) is a cubic Jordan
division k-algebra if and only if H() is and u ¢ Np(B*). O

Theorem 2.15. Let J be an Albert k-algebra and (B, T) a central simple associative
algebra of degree 3 with unitary involution over k such that H(B,T) is a subalgebra
of J. With K := Cent(B) abd # = (K, B,T), there is an admissible scalar (p, 1)
for P such that the inclusion H(B,T) < J can be extended for an isomorphism from
J(B,1,p, ) = J(B,p, ) onto J. O

3. INVARIANTS

In this section, following various sources in the literature, we attach invariants to any
proper Freudenthal algebra over k. The following concept will be of crucial importance.

3.1. Reduced models and the coordinate dimension. Let J be a proper Freudenthal k-
algebra. Following [PR96b], a reduced model of J is defined as a reduced Freudenthal
algebra Jyoq over k such that Jx = (J.q) k for all field extensions K /k making the base
change Ji reduced over K. Reduced models of J always exist and are unique up to iso-
morphism [PR96b, Thm. 2.8]. But note that this result is non-trivial only in dimensions 9
and 27 because proper Freudenthal algebras in the complementary dimensions 6 and 15 are
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reduced, hence their own reduced models. For any proper Freudenthal k-algebra .J, its re-
duced model J,q has a certain coordinate composition algebra, unique up to isomorphism,
whose dimension will henceforth be referred to as the coordinate dimension of J.

3.2. The invariants mod 2. Let C' be a composition k-algebra of dimension 2", 0 < r <
3,T' = diag(y1,72,7v3) € GL3(k) and J = Her3(C, I) the corresponding proper reduced
Freudenthal k-algebra. Then

(3.1 fr(J) :=nc

is an r-Pfister quadratic form and an isotopy invariant of .J that classifies proper reduced
Freudenthal algebras up to isotopy [GPR24, Thm. 41.8]; it is called the r-invariant mod 2
of J.

If J is regular, we put

(3.2) fre2(J) :=nc L Qy, Qi := (7273,7371,M172) ® e,

which is an (r+2)-Pfister quadratic form and also an invariant of .J [GPR24, Lemma 41.7],
called its (r 4 2)-invariant mod 2. Note for 73 = 1 that

(33) fT+2(‘]) = <<_’yla _72>> Qnc = <1571772771’YQ> nc,

which is indeed a Pfister quadratic form. For char(k) # 2, the invariants mod 2 may
be interpreted Galois cohomologically (via the Arason invariant) as elements f,.,;(J) €
H™(k,Z/2), i = 0,2. In the notation of [GPR24, 41.11] we have f.(J) = Pf,,
fria(J) = Pf1?, allowing us to conclude from [GPR24, Thm. 41.21] that the invariants
mod 2 are classifying invariants for regular proper reduced Freudenthal algebras.

If J is an arbitrary regular proper Freudenthal k-algebra of coordinate dimension 2" as
in 3.1, we recover the invariants mod 2 by passing to the reduced model:

(34) fr(J) = fr(Jred)7 fr+2(=]) = fr+2(Jred)-

But in this more general setting, the invariants mod 2 are no longer classifying and, in
fact, there is another important invariant, the invariant mod 3, that has to be called in for
help. We do so by discussing the dimensions 9 and 27 separately.

3.3. Invariants: Freudenthal algebras of dimension 9. There is a close connection be-
tween Freudenthal algebras of dimension 9 and central simple associative algebras of de-
gree 3 with unitary involution. More specifically, we deduce from [GPR24, Exc. 55.12]
and [GPR26, Exc. 55.12] that a cubic Jordan k-algebra J is a Freudenthal algebra of di-
mension 9 if and only if there exists a central simple associative k-algebra (B, 7) of degree
3 with unitary involution [GPR24, 44.23, Exc. 9.33] such that

(3.5) J=H(B,7)={u€ B|71(u) =u}

as cubic Jordan k-algebras; in this case, (B, 7) is unique up to isomorphism.
Realizing J by means of (3.5), the invariants mod 2 as defined in 3.2 fit into this picture
as follows.

e f1(J) is the isomorphism class of K := Cent(B), the centre of B, a quadratic
étale k-algebra. K being a k-form of the split quadratic étale k x k, we may view
f1(J) also as an element f;(J) € H'(k,Z/2). Since composition algebras over
fields are classified by their norms, we can identify f(J) equally well with the
norm of K and thus with a Pfister 1-form over k, in agreement with 3.2.
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e f3(J) is the Pfister 3-form determined by 7 as defined in [KMRT98, (19.4)]; one
may also regard it as an octonion algebra over k, written as Oct(7), a point of
view adopted in [GPR24, Exc. 46.23 (a)].

We define the invariant mod 3 of J as

o the class go(J) of B in the Brauer group of K. If K is a field, then we may view
g2(J) as an element go(J) € H?(k, ;) [KMRT98, (30.16)].

According to [KMRT98, Thm. (30.21)] and [Pet04, Thm. 2.4], f1, f3, g2 are classifying
invariants of 9-dimensional Freudenthal algebras J over k. Note that J is a division algebra
if and only if go(J) # O..

3.4. Isotopes and distinguished involutions. If J is a Freudenthal k-algebra of dimen-
sion 9, then so are all its isotopes. More precisely, if J = H (B, ) for some central simple
associative k-algebra of degree 3 with unitary involution, then J(P) 2 H (B, r?) for any
invertible element p € J [GPR24, 31.15], where 77, u + p~'7(u)p is the p-twist of 7
[GPR24, 10.8]. It follows that f1, go are isotopy invariants of nine-dimensional Freuden-
thal algebras, i.e., remain unaffected by passing to isotopes. Setting K := Cent(B), we
also recall that the assignment p — 7P gives a surjection from J* to the set of K/k-
involutions on B [Sch85, Thm. 8.7.4]. Also, the K /k-involutions of B are classified by
the invariant f3 ((KMRT98, Thm. (19.6)], [Pet04, Thm. 2.4]).

A K /k-involution 7 of B is said to be distinguished if the 3-Pfister quadratic form f3(J)
is hyperbolic ((KMRT98, (19.8)], [Pet04, 2.6]), equivalently, the corresponding octonion
algebra is split. Distinguished K /k-involutions always exist on B provided B admits K /k-
involutions at all ([KMRT9S, (19.12)], [PetO4, Thm. 2.10]). Hence the results assembled
above yield the following conclusion.

Proposition 3.6. Let (B, T) be a central simple associative k-algebra of degree 3 with
unitary involution and put K := Cent(B). Then the following conditions are equivalent.

(i) The nine-dimensional Freudenthal k-algebra H(B,T) is homogeneous.
(ii) All K/k-involutions of B are conjugate.
(iii) All K/k-involutions of B are distinguished.
(iv) H(B,7)* = E*{br(b)|b € B*}.
(V) Every Albert k-algebra containing H(B,T) as a subalgebra is a first Tits con-
struction.
(vi) Every reduced Albert k-algebra containing H(B, 1) as a subalgebra is split.

Proof. The equivalence of (i), (ii) and (iii) is clear from the above. Setting Jy := H (B, 1),
it remains to settle the following implications.

(1)<(iv). By [Jac76, Thms. 6,7], the structure group of Jy consists of the transforma-
tions x +— Abx7(b) for some A € k>, b € B*. Hence (iv) is equivalent to the orbit of 15
under the action of the structure group being all of .J, hence to Jy being homogeneous.

(iii)=-(v). Assume (iii) and let A be an Albert algebra over k containing H (B, T) as a
subalgebra. Then, by Thm. 2.15, we can write A = J(B, 7, u, ) for a suitable admissible
scalar (u, 1). Now f3(A) = nc, where C'is the octonion algebra of H(B,7%), v :=u~!
[PRYS5, Thm. 1.8]. By (iii), 7" is distinguished, so C' must be split, forcing A to be a first
Tits construction.

(v)=(vi). Every reduced Albert algebra that is a first Tits construction is split [PR84b,
Cor. 4.2].

(vi)=>(iii). Assume u € B has norm 1. Then A := J(B,,v,1), v = u~!, by Prop. 2.9
is a reduced Albert algebra containing H (B, 7) as a subalgebra. By (vi), therefore, A is
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split. Hence so is its octonion algebra, which agrees with the octonion algebra of 7“. Thus
7% is distinguished. If v € B> is arbitrary, then w := Np(u) " 'u® = Np(u) " 'U,u has
norm 1 and Jéw) = Jé"'). Thus 7 is distinguished and conjugate to 7%, forcing 7" to be
distinguished as well. (]

This proposition turns out to be particularly useful in connection with the following
result, which may be found in [KMRT9S8, Thm. (19.14)] and [Pet04, Thm. 3.1].

Theorem 3.7. Let (B, T) be a central simple associative k-algebra of degree 3 with uni-
tary involution. The involution T is distinguished if and only if the Freudenthal k-algebra
H(B, ) is a first Tits construction: there exist a cubic étale k-algebra E and a scalar
€ k* suchthat H(B, 1) = J(E, ). O

3.5. Invariants: Albert algebras. In analogy to Freudenthal algebras of dimension 9,
Albert algebras, that is, Freudenthal algebras of dimension 27, have three important invari-
ants that allow cohomological interpretations if certain low characteristics are excluded.
Let A be an Albert k-algebra.

o f3(A) and f5(A) are the invariants mod 2 of A as defined in 3.2 for » = 3. Asin
the case of nine-dimensional Freudenthal algebras, f3(A) can be interpreted as an
octonion algebra, denoted by Oct(A) and called the octonion algebra of A. We
recall from [KMRT98, Prop. (40.5)] and [Pet04, Thm. 4.10] that Oct(A) is split if
and only if A is a first Tits construction.

o g3(A), the invariant mod 3 of A, belongs to H?(k,Z/3) provided char(k) # 3.
For a precise definition of this invariant, see [KMRT98, p. 537], [PR96a, PR9I7].
A particularly important property of gs is that it characterizes division algebras:
A is an Albert division algebra if and only if g3(A) # 0. [KMRT98, Thm. 40.8],
[PR96a, Thm. 3.2], [PR97, Thm. 7]

We note that f3 and g3 are isotopy invariants, while f5 is not [Pet19, Cor. 60]. If £ has
characteristic not 2 or 3, then fs, f5, g3 are cohomological invariants of Albert algebras
and, basically, there are no others [Gar09, Prop. 8.6], [GMS03, Thm. 22.5]. It is an open
question raised by Serre [Ser95] whether Albert algebras are classified by their invariants.

4. SUBALGEBRAS ARISING FROM THE FIRST TITS CONSTRUCTION

In this section, we study nine-dimensional subalgebras of Albert division algebras that
arise from the first Tits construction. For convenience, we formalize the situation as fol-
lows.

4.1. The first Tits construction at a separable cubic subfield. Let A be an Albert divi-
sion k-algebra and L. C A a separable cubic subfield. A is said to be a first Tits construction
at L if there exists a A € k> such that the inclusion L — A can be extended to an embed-
ding from the first Tits construction J(L, A) into A. In view of this terminology, our first
result of this section may be regarded as a local-global principle for first Tits constructions.

Theorem 4.1. An Albert division k-algebra is a first Tits construction if and only if it is a
first Tits construction at every separable cubic subfield of A.

For the proof we need an important result from [Tha21]:

Theorem 4.2. Let A be an Albert division algebra over k. Then there is v € A* such that
the isotope A") is cyclic, i.e., contains a cyclic cubic subfield. [
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Corollary 4.3. Let A be a homogeneous Albert division algebra over k. Then A is cyclic.
O

Proof of Thm. 4.1. The “only if”-direction has been established in [PR84b, Cor. 4.5].
To prove the converse, we assume A is a first Tits construction at every separable cubic
subfield and must show that A is a first Tits construction. Let v € A be an element that is
not a scalar, i.e., v ¢ k. Let L = k[v] be the subalgebra of A generated by v. By [GPR24,
Prop. 46.6], L is a cubic subfield of A. Assume first that L is separable. Let w := v~! and
R, : L — L denote the right homothety by w. Then R,,(v) = 1. Since A is a first Tits
construction at L, there exists A € k* such that L. C S := J(L,A\) C A. Letx : S — S
be the map given by

xX(lo + lj1 + laja) = wlp + (lLiw)jr + (W™ ow?)ja

for lg, 11,12 € L. Since x € Str(S) by [GPR24, Exc. 42.25], we conclude from [Thal9,
Thm. 4.4] that x can be extended to some element ¥ € Str(A). In other words, ¥ €
Str(A) is such that x(v) = 1. It follows that A(®") = A. If L is inseparable, then k has
characteristic 3 and T4 (v) = Ta(v*) = 0. Hence U,v = v> = a.14 for some o € k*.
It follows again that A(") = A. Hence A is homogeneous and therefore, by Cor. 4.3,
it follows that A contains a cubic cyclic subfield M. A being a first Tits construction at
M yields v € k* such that M C J(M,v) C A. But M is cyclic, so with a generator
o of its Galois group, we may form the cyclic k-algebra D := (M /k,o,v), which is a
central associative division algebra of degree 3 over k such that D(+) = J(M,v) [PRS6,
Prop. 5.1]. Hence D(*) is a subalgebra of A and A is a first Tits construction. O

Example 4.4. Generic matrices. Considering the Albert algebra of generic matrices over
an integeral domain as defined in [Pet99] and passing to its central closure, we obtain an
Albert division algebra A over an appropriate field F' that is a pure second Tits construction
[Pet99, Thm. 1]. In fact, it is as far removed from the first Tits construction as it could
possibly be. We claim: A does not contain any separable cubic subfield (over F') at which
it is a first Tits construction. Indeed, if L C A is a separable cubic subfield, the quadratic
trace of A restricted to L, the orthogonal complement of L relative t the bilinear trace, is
anisotropic on the one hand [Pet99, Thm. 2], and up to a sign the Scharlau transfer induced
by the linear trace of the Springer form of L on the other [GPR24, Exc. 42.16 (a)]. Hence
the Springer form of L is anisotropic as well, and the assertion follows from [PR84b,
Thm. 4.4]. (]

If A is an Albert division algebra not arising from the first Tits construction, Thm. 4.1
implies that A is not a first Tits construction at some separable cubic subfields of A. But it
may very well be one at others. It is therefore of interest to find criteria spelling out nec-
essary and sufficient conditions for A to be a first Tits construction at individual separable
cubic subfields. One of the conditions we are going to present below relates to certain
rank-2-tori in the algebraic group Aut(A) of automorphisms of A. The following lemma
will pave the way.

Recall from [KMRT98, p. 346] that for a central simple k-algebra (B, o) of degree 3
with a unitary involution, the special unitary group SU(B, o) defined by

SU(B,U)(R) = {1’ S BR|£CO'R((£) = ].BR, NB(ZL') = ]-R}
for R € k-alg is a simple, simply connected algebraic group of type As defined over k.

Maximal k-tori in SU(B, o) are precisely of the form 7' = SU(F,c), where E C Bisa
maximal commutative o-stable étale K -subalgebra [Rog90, 3.4].
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Lemma 4.5. Let (B, o) be a central associative division algebra of degree 3 with uni-
tary involution over K /k, where K is the center of B. Let T be the maximal k-torus
SU(E,0)/Z C PSU(B, o), where E C B is a o-stable separable cubic extension of K
and Z is the center of SU(B, o). Let g € T := T(k) be represented by p € SU(E, o).
Then p* € SU(E, o) (k).

Proof. LetT' = Gal(k,/k), where k is a separable closure of k. Since T is defined over k
and g € T, we have y(g) = g forall v € T'. Let g € T be represented by p € SU(FE, o),
i.e., g = pZ. It follows that p~1~(p) € Z for all v € T'. Since Z is a 3-torsion abelian
group, it follows that p3 is fixed by I" and hence p* € SU(E, o) (k). O

We recall from [KMRT98, p. 291 and Prop. (18.24)] that the discriminant of an étale k-
algebra L is a quadratic étale algebra over k, denoted by A(L). By an isogenic embedding
of algebraic groups we mean a homomorphism with finite (central) kernel. With this in
mind, we can now prove:

Theorem 4.6. Let A be an Albert division algebra over k and L C A a separable cubic
subfield. Writing LW for the torus of norm-1-elements in L, the following conditions are
equivalent.

(1) A is a first Tits construction at L.
(ii) The discriminant of L is a subalgebra of Oct(A).
(iii) The rank-2-torus LY embeds in Aut(A) isogenically over k.

Proof. (1)< (ii). Write A for the discriminant of L. By [PR84b, Thm. 4.4], (i) holds if and
only if the Galois closure of L is a splitting field of A. It therefore suffices to show that
this latter condition is equivalent to A being a subalgebra of Oct(A). Assume first that L
is cyclic. Then A is split, and L agrees with its own Galois closure. Now, L is a splitting
field of A iff Ay, is split iff so is Oct(Ap) = Oct(A) [Pet04, Thm. 4.10] iff Oct(A) is
split (by Springer’s theorem [EKMO8, Cor. 18.5] since [L : k] is odd) iff Oct(A) contains
A (since A is split). On the other hand, if L is not cyclic, then A is a field, and L is the
Galois closure of L. Now, La splits A iff it splits Ax over A iff Oct(Aa) = Oct(A)a is
split (by the previous case) iff A is a subfield of Oct(A).

(i)=(iii). Assume J(L,a) C A for some a € k*. From (3.5) we conclude J(L,a) =
H(B, o) for some central simple associative k-algebra (B, o) of degree 3 with unitary
involution, while Thm. 2.15 implies A = J(B, o, u, 41) for some admissible scalar (u, )
relative to (B, o). We have J(L,a) = L ® Lj; ® Ljs and, by ((KMRT98], 29.16, 37.B),

Aut(J(L,a))° = PGU(B, o) = SU(B, 0)/Z,

where Z is the center of SU(B, o) (see [KMRT98, 23.4]). For R € k-alg and p € L! (R),
the map
¢(R)p: J(L,a)g — J(L,a)r, xo+ T1j1r +T2jar — o+ (210~ )jir + (p2)j2r
for xg, 21,29 € Lpg fixes the unit element and by (2.6) preserves norms, hence is an
automorphism of J(L,a)r [GPR24, Exc. 34.18]. Thus we have an embedding of LW
in Aut(J(L,a)) over k. Maximal k-tori in Aut(J(L,a)) are of the form SU(FE,0)/Z
for E C B, a o-stable cubic étale subalgebra of B containing K and Z the center of
SU(B, o). It follows that L) = SU(E, ¢)/Z for a suitable o-stable E C B as above.
Let ¢ : LY = SU(E, o) /Z be an isomorphism defined over k. Recall that the center Z of
SU(B, o) is 3-torsion.

Let ¢(p) = apZ, where a, € SU(E,0). By Lemma 4.5, a} € SU(E,0)(k). By

Lemma 4.5, the map 7, : A = J(B,0,u, ) — A given by 1, (b, z) = (adba,?, alx) is
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an automorphism of A defined over k. It follows that the map LY — Aut(A) given by
p — 7y is a well defined isogenic embedding over k.

(iii)=-(i). This is proved in [Hool8, Thm. 4.12]. If the rank-2-torus L") embeds in
Aut(A) isogenically over k, then the discriminant of L is a subalgebra of Oct(A). Now
use (ii)=-(1). (Il

Corollary 4.7. For an octonion division k-algebra C' to be isomorphic to the octonion
algebra of some Albert division algebra over k it is necessary that there exist a separable
quadratic field extension of k that is not isomorphic to a subalgebra of C.

Proof. Let A be an Albert division algebra over k having C' = Oct(A). Arguing indi-
rectly, let us assume that every separable quadratic field extension of k is isomorphic to
a subalgebra of C'. By Thm. 4.6, A is a first Tits construction at every separable cubic
subfield. By Thm. 4.1, therefore, A is a first Tits construction, forcing C' = Oct(A) to be
split, a contradiction. O

Remark 4.8. The necessary condition spelled out in the preceding corollary is, of course,
not sufficient. Let C' be the unique octonion division algebra over QQ, the rationals [GPR24,
Cor. 23.23]. Albert division algebras over (Q having C' as associated octonion algebra
do not exist, for the simple reason that all rational Albert algebras are reduced [GPR24,
Cor. 46.17], and yet, (separable) quadratic field extensions of (Q not isomorphic to any
subalgebra of C' exist in abundance: all real quadratic number fields.

In Thm. 4.6, we can do without the assumption that L be a subalgebra of A. More
precisely, we have the following:

Corollary 4.9. Let A be an Albert division algebra over k. Then f5(A) = 0 if and only
if there is an isogenic k-embedding LM — Aut(A), where L is a cubic separable field
extension of k.

Proof. If fs(A) = 0, then we can write A = J(B, 0,u, i), as a second Tits construction,
with ¢ a distinguished unitary involution of B and (u, ;) an admissible scalar [Pet04,
Thm. 4.4]. By ([Pet04, Them. 3.1]), there exists a cubic separable field extension L/k,
L C H(B,o) with discriminant K = Cent(B). By Thm. 4.6, we have a k-isogenic
k-embedding L") — Aut(A). The converse is proved in [Hoo18]. O

Remark 4.10. In [Hool8, Thm. 4.3], it was shown that if A is an Albert algebra over k
such that Aut(A) allows an isogenic k-embedding L") — Aut(A) for a cubic cyclic field
extension L/k, then f3(A) = 0, i.e., A is a first construction. The preceding corollary can
be interpreted as a generalization of this. To be precise, if we have an isogenic embedding
LA — Aut(A) over k, where L is a cyclic cubic field extension of k, then A ®j L is
split. To see this note that since L is cyclic, the torus L(*) becomes split when extending
scalars from & to L, so Aut(Ay) contains a split torus of rank 2. But a group of type
F, containing a split torus of rank 2 must be necessarily split (see [Tit66], Table II of Tits
indices). Thus Aut (A}, ) is split, and so is A,. Hence, by [PR84a, Thm. 2], L embeds in an
isotope A’ of A and, by Thm. 4.6, the discriminant of L is a subalgebra of Oct(A’). Since
Oct(A) is unchanged by passing to an isotope of A, it follows that Oct(A) too contains the
discriminant of L as a subalgebra. But since L is cyclic over k, its discriminant is split,
hence Oct(A) splits, so A is a first construction.
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5. CRITERIA FOR HOMOGENEITY

We begin our list of criteria by recalling again, but this time on a more formal level, the
following result of [PR84b, Cor. 4.9].

Theorem 5.1. Every Albert division k-algebra arising from the first Tits construction is
homogeneous. ([

We will see in a moment that the analogue of this theorem for Freudenthal division algebras
of dimension 9 does not hold. In order to prove this, we combine (3.5) with the existence
of distinguished involutions in 3.4 and with Thm. 3.7 to obtain

Proposition 5.2. Every Freudenthal division k-algebra of dimension 9 has an isotope that
is a first Tits construction. O

Example 5.3. (a) How do we find Freudenthal division algebras of dimension 9 that do
not arise from the first Tits construction? In order to clarify this, we return to the Albert di-
vision algebra A over the field F' in Example 4.4 and pick a Freudenthal subalgebra J C A
of dimension 9 [GPR24, Thm. 45.11]. Given any separable cubic subfield L C J, A is not
a first Tits construction at L (Example 4.4), so in particular, there is no a € F'* having
J = J(L,a). Thus J is not a first Tits construction.

(b) If J is a Freudenthal division k-algebra which is not a first Tits construction, then,
by Prop. 5.2, neither J nor any of its isotopes is homogeneous. In particular, there are
Freudenthal division algebras of dimension 9 that are first Tits constructions but not homo-
geneous.

We now proceed to further criteria for Freudenthal algebras to be homogeneous. In order
to phrase the main result that we are going to obtain along the way in an adequate manner,
a conceptual preparation will be needed.

5.1. Quasi-homogeneous Freudenthal algebras. A proper Freudenthal k-algebra J is
said to be quasi-homogeneous if its invariants do not change when passing to an isotope.
Writing 2" for the co-ordinate dimension of J and noting that f,(J) as well as go(.J) for
r = 1, g3(J) for r = 3 are isotopy invariants, J is quasi-homogeneous if and only if
Fra2(J®) = frio(J) forall p € J*.

Homogeneous proper Freudenthal algebras are clearly quasi-homogeneous. Conversely,
since proper Freudenthal algebras that are reduced or have dimension < 27 are classified
by their invariants, they are quasi-homogeneous if and only if they are homogeneous. On
the other hand, since we do not know whether Albert algebras are classified by their in-
variants, we do not know, either, whether quasi-homogeneous Albert algebras that are not
homogeneous really exist; if they do, they must be division algebras.

With this terminology, we can now state the main result of this section.

Theorem 5.4. (a) If all Freudenthal k-algebras of dimension 15 are homogeneous, then
all Albert algebras over k are quasi-homogeneous.

(b) If all reduced Freudenthal k-algebras of dimension 9 are homogeneous, then so are all
Freudenthal algebras of dimension > 9 over k.

(c) If Hers (k) is homogeneous, then so are all Freudenthal algebras over k.

The proof of this theorem rests on a number of criteria spelling out necessary and/or suffi-
cient conditions for individual Freudenthal algebras to be (quasi-)homogeneous.
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Proposition 5.5. A proper Freudenthal k-algebra of coordinate dimension 2" is quasi-
homogeneous if and only if f..o(JP)) is hyperbolic for all p € J*.

Proof. Let J be a proper Freudenthal algebra over k£ that is quasi-homogeneous. It suffices
to show that £, »(J()) is hyperbolic for some p € J*. If .J is reduced, this follows from
[GPR24, Thm. 41.26]. If J is a division algebra of dimension 9 given in the form (3.5),
this follows from the existence of distinguished involutions (see 3.4). And finally, if J is
an Albert division algebra, this follows from [Pet04, Thm. 4.7]. ([l

Proposition 5.6. (a) Let J be a Freudenthal k-algebra of dimension 9. If J,eq is homoge-
neous, then J is homogeneous.

(b) Let A be an Albert k-algebra. If A,cq is homogeneous, then A is quasi-homogeneous.

Proof. We treat both cases simultaneously by considering a Freudenthal k-algebra J of
coordinate dimension 27, 7 = 1,3. We must show that f, o(J®) = f..o(J) for all
p € J*. Since f, is an isotopy invariant, we may apply (3.4) and obtain

fr((J(p))red> = fr(J(p)) = fT(‘]) = fr(Jred)-

But f, is a classifying isotopy invariant of reduced proper Freudenthal algebras. It fol-
lows that (J (p))md and J,.q are isotopic, hence isomorphic since J,eq is homogeneous by
hypothesis. This implies

fr+2(J(p)) = fr+2((J(p))red) = fr+2(']red) = fr+2(J)a
as desired. O

In a way, Prop. 5.6 reduces the study of arbitrary proper homogeneous Freudenthal algebras
to that of reduced ones. For the rest of this section, we feel therefore justified to restrict
our attention to this special case.

We denote by I the fundamental ideal in the Witt ring W (k), i.e., the ideal generated by

the Pfister bilinear forms (1, —a) = ((a)), for a € k*. For a regular quadratic form ¢ over
k,

Annyy 1) (q) := {c € W(k)|c.q = 0 in the Witt group of £},
is the annihilator of ¢ in W (k). We can now prove:

Proposition 5.7. If C is a regular composition algebra over k and J := Her3(C), then
the following conditions are equivalent.

(i) J is homogeneous.
(ii) Forall~,d € k>, the Pfister quadratic form ((,9)) ® nc is hyperbolic.
(iii) For all v € k*, the Pfister quadratic form ((y)) ® nc = nc ® (—v)nc is
universal.
(iv) I? C Annyy iy (nc).

Proof. Letdimy(C) = 2" and note by Cor. 2.5 that the isotopes of .J up to isomorphism are
precisely of the form Herz(C,T') for some diagonal matrix I' € GL3(k). Hence (1)< (ii)
follows from Prop. 5.5 and (3.3). For v,6 € k™ and g := ({7)) ® nc we have ((,)) ®
no = ((6)) ® q. Hence (ii)<(iii) follows from [EKMO08, Prop. 9.8]. And, finally, (ii)<(iv)
follows from the fact that I? is generated by ((v, 8)), 7,46 € k*. O

Corollary 5.8. Split Freudenthal algebras of dimension other than 6 are homogeneous.
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Proof. Freudenthal algebras of dimension 1 or 3 are homogeneous even if they are not split.
We are thus reduced to considering split Freudenthal algebras of dimension at least 9, so let
J = Her3(C) with C a regular split composition algebra of dimension at least 2. Since n¢
is hyperbolic, condition (ii) of Prop. 5.7 holds trivially, forcing J to be homogeneous. [

Proposition 5.9. For a quaternion k-algebra B, the following conditions are equivalent.
(i) Hers(B) is homogeneous.
(ii) The norm of any octonion algebra over k containing B as a subalgebra is univer-
sal.

In this case, any Albert algebra over k whose octonion algebra contains B as a subalgebra
is quasi-homogeneous.

Proof. The norm of any octonion algebra as in (ii) has the form ((0)) ® np for some
0 € k*. Hence (i)<(ii) follows from Prop. 5.7 for C' = B. In the final statement, let A be
an Albert k-algebra such that B C C := Oct(A). Since C' = Oct(Aseq) » Prop. 5.6 (b)
allows us to assume that A is reduced. Since n¢ is universal by (ii), so is ((J)) ® n¢ for
all § € k*, and the assertion follows from Prop. 5.7. O

Proposition 5.10. For a quadratic étale k-algebra K, the following conditions are equiv-
alent.
(i) Hers(K) is homogeneous.
(ii) There are no octonion division k-algebras containing K as a subalgebra.
(iii) The norm of any quaternion k-algebra containing K as a subalgebra is universal.

In this case, Hers(C) is homogeneous for any composition algebra C over k containing
K as a subalgebra.

Proof. (1)< (ii). The norm of any octonion algebra C' over k containing K as a subalgebra
has the form ng = ({(y,0)) ® nk for some 7,4 € k*. By Prop. 5.7, therefore, any such C
is split if and only if (i) holds.

(i)<(iii). The norm of any quaternion algebra C' over k containing K as a subalgebra
has the form nc = ((v)) ® nk for some v € k*. By Prop. 5.7, n¢ for any such C is
universal if and only if (i) holds.

In the final statement, assume first that C' is an octonion algebra. By (ii), C' is split,
hence so is Hers(C') and thus, in particular, Her3(C) is homogeneous (Cor. 5.8). On
the other hand, if C' is a quaternion algebra, then n¢ is universal by (iii) and hence so is

({(v)) ® ne, for any v € k*. Thus, again, Her3(C) is homogeneous by Prop. 5.7. O

Proposition 5.11. If k has characteristic not two, then Hers(k) is homogeneous if and
only if there are no quaternion division algebras over k.

Proof. Since char(k) # 2, we identify quadratic and symmetric bilinear forms over k
in the usual way. For any v, € k*, the quadratic form ({7, d)) ® nj is the norm of
the quaternion algebra (v, d), hence hyperbolic if and only if (v, ) is split. Hence the
assertion follows from Prop. 5.7 for C' := k, which is a regular composition k-algebra by
our hypothesis on k. (]

Not only the preceding proof breaks down in characteristic two but also the result itself.
This will follow from the next proposition and the subsequent remark.

Proposition 5.12. If k has characteristic two, then Hers(k) is homogeneous if and only if
k is perfect. In this case, there are no quaternion division algebras over k.
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Proof. If k is perfect, then k2 = k. Since the diagonal entries of any diagonal matrix
I’ € GL3(k) can be changed by arbitrary non-zero square factors without changing the
isomorphism class of Hersg(k,I"), we conclude Hers(k,I') = J := Hers(k), so J is
homogeneous. If k is not perfect, then there exists v € k™ \ kE*2, and [GPR24, Exam-
ple 39.35] with T" := diag(1, 1,~) shows that Hers(k,T") is not isomorphic to J. Thus .J
is not homogeneous. The final statement follows from [GPR24, Exc. 19.27]. ([l

Remark 5.13. The converse of the final statement in Prop. 5.12 does not hold: let F' be an
algebraically closed field of characteristic two and k := F'((t)) the field of formal Laurent
series in the variable t over F'. Though k is not perfect, hence Her3 (k) is not homogeneous
by Prop. 5.12, there are no quaternion division algebras over k [Pet74, Props. 1, 2].

Proof of Thm. 5.4. (a) Let A be an Albert k-algebra, pick any quaternion subalgebra
B C Oct(A) and apply Prop. 5.9.

(b) By Prop. 5.6 (a), all Freudenthal k-algebras of dimension 9, reduced or division,
are homogeneous. Next let B be a quaternion algebra and A an Albert algebra over k.
Pick any quadratic étale subalgebra K C B in the first case, K C C' := Oct(A) in the
second. By hypothesis, Hers(K) is homogeneous, so Prop. 5.10 implies that Hers(B) is
homogeneous as well while C' is split. But this implies that A is a first Tits construction,
hence homogeneous by Thm. 5.1.

(c) By (b) it suffices to show that Hers(K') is homogeneous for all quadratic étale k-
algebras K. We have to show Hers(K,T") = J := Hers(K) for any diagonal matrix I" =
diag(v1, v2,v3) € GL3(k). From the hypothesis we conclude Hers(k,I') = Hers(k), so
Cor. 2.4 implies gpg" = gpg" € k13 for some g € GL3(k), p := > yies € Hers(k) C
J. Reading this in K rather than k and applying Cor. 2.4 again, the assertion follows. [

Example 5.14. It has already been observed in [PR84b] and now follows again from
Prop. 5.7 that a regular proper reduced Freudenthal algebra whose co-ordinate norm is
universal is homogeneous. The converse, however, does not hold, not even in the special
case of Abert algebras.

In order to see this, let k&, := C((ty,...,t,)) for any positive integer n be the field
of iterated formal Laurent-series in the variable t4, ..., t, with complex coefficients. By
the main results of [Pet74], there exist a ramified quadratic extension over ki, a ramified
quaternion algebra over ko, and a ramified octonion algebra over k3. Hence we find an un-
ramified octonion algebra C over k4 whose norm, therefore, is not universal. On the other
hand, Springer’s theory [Spr55] of residue forms over local fields implies that anisotropic
quadratic forms over k,, for any n have dimension at most 2”. In particular, the 5-Pfister
form f5(A) with A := Her3(C) is isotropic, hence hyperbolic, hence zero in W (k4),
forcing A to be homogeneous.

6. STRICTLY HOMOGENEOUS PROPER FREUDENTHAL ALGEBRAS

We define a Jordan algebra J over k to be strictly homogeneous if J ®;, L is homoge-
neous for all field extensions L of k. In this section we take up the study of such algebras.
By Thm. 5.1, first Tits construction Albert algebras are examples of such. In order to
deal with the question of which proper Freudenthal algebras are strictly homogeneous, we
require an elementary technical result.

Proposition 6.1. Let q : V' — k be an anisotropic quadratic form over k and suppose
s,t are independent indeterminates. Then the quadratic form qx ® sqx over the field
K := k(s,t) does not represent the element t € K.
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Proof. Given R € k-alg, S € R-alg and any quadratic form @) over R, we always write Q)
instead of Qg for simplicity. Following a suggestion of Skip Garibaldi, we then proceed in
two steps.

Our first aim is to show that ) := ¢ + sq is anisotropic over k(s). By [GPR24,
Exc. 12.38 (b)], it suffices to show that () is anisotropic over k[s]. We do so by considering
the discrete valuation ring (DVR) R := k[[s]] D k[s] and applying [GPR24, Exc. 12.39] to
the uniformizer 7 := s and fy := f; := ¢. Hence @ is anisotropic first over R and then
over k[s].

It remains to show that Q' := @Q @ (—t)quad is anisotropic over k(s, t), where it will
be enough, again by [GPR24, Exc. 12.38 (b)], to do so over k(s)[t]. Applying [GPR24,
Exc. 12.39] to the DVR R := k(s)[[t]] 2 k(s)[t], the uniformizer 7 := t and f; := Q,
f1 := (—=1)quaa, We conclude that @)’ is anisotropic over R, hence over k(s)[t]. O

We have, as an immediate consequence of the above proposition,

Theorem 6.2. Let J be a proper reduced Freudenthal algebra over k. Then J is strictly
homogeneous if and only if J is split of dimension at least 9.

Proof. The property of J being split of dimension at least 9 is stable under base field
extensions, hence Cor. 5.8 forces J to be strictly homogeneous. Conversely, let this be
so. We first assume that J is regular. Let C' denote the coordinate algebra of J and
ne its norm. For all field extensions K/k and all v € K*, the Pfister quadratic form
nc @K 1 v(ne® K) is universal over all field extensions L/ K (Prop. 5.7). By Prop. 6.1,
therefore, nc must be isotropic over k, hence C' must be split of dimension at least 2. It
remains to discuss the case that J is not regular. Then k has characteristic 2 and, up to
isotopy, J = Hers(k). We must show that J is not strictly homogeneous. Since there are
field extensions of k that are not perfect, this follows from Prop. 5.12. |

Corollary 6.3. (a) A Freudenthal algebra of dimension 9 over k is strictly homogeneous
if and only if it is isomorphic to A, for some central simple associative k-algebra A of
degree 3.

(b) An Albert algebra over k is strictly homogeneous if and only if it is a first Tits construc-
tion.

Proof. The “if”’-direction is clear in (a), and follows from Thm. 5.1 in (b). Conversely, let
J be any strictly homogeneous Freudenthal k-algebra of dimension 9 (resp., 27). If J is
reduced, then it is split by Thm. 6.2, and (a) (resp., (b)) holds. On the other hand, if J is
a division algebra, pick any separable cubic subfield L C J. Then the extended algebra
Jr, over L is still strictly homogeneous but also reduced, hence split by what we have just
seen. If J has dimension 9, we may write J = H (B, 7) for some central simple associatve
k-algebra (B, ) with unitary involution. Since H (B, ) becomes split after extending
scalars from k to L, so does the centre of B, which therefore, being quadratic étale over £,
must have been split to begin with. Thus (B, 7) = (A x A°P, ¢) for some central simple
associative algebra A of degree 3 over k, ¢ being the exchange involution. Thus .J 2 A(+),
as claimed in (a). If J has dimension 27, put C' := Oct(A). Since Jy, is split, so is C,,
hence C since the degree of L over k is odd. But then A must be a first Tits construction,
as claimed in (b). ([l

Example 6.4. Let F = Q(+/2) and (By, ) be a degree 3 central division algebra over F
with an involution o of second kind over F'/Q, these always exist [Kne69, Chap. 5, Prop. 1].
Let Jy := H(By,0). Then J; is a Freudenthal division algebra over QQ of dimension 9.
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Let B = By ®g Q(i) and 7 = ¢ ® 1. Then (B, ) is a central division algebra over
K := Q(+/2)(i) with an involution 7 of the second kind over K /k, where k = Q(i). Con-
sider J := Jy ®q k. Then J = H (B, 7) is a 9-dimensional Freudenthal division algebra
over k. Since k has no real embeddings, any octonion algebra over k must be split [GPR24,
Cor. 23.21]. Hence the involution 7 on B must be distinguished, as is any involution of
second kind on B. Hence .J is a homogeneous Freudenthal division algebra over £ which,
however, thanks to Cor. 6.3, is not strictly homogeneous.

7. FREUDENTHAL DIVISION ALGEBRAS AND VALUATIONS

Throughout the next two sections, we fix a field F' that is complete under a discrete
valuation. We begin by collecting a number of technicalities that will be necessary for
establishing the main results in the penultimate section of the paper.

7.1. Complete fields. Let us begin by fixing some notation. The discrete valuation be-
longing to F' will be denoted by A, so A\: F' — Z U {00} is a surjective map satisfying
the usual properties; for basic facts about discrete valuations, see [Efr06]. We denote by
0:={a € F | A(a) > 0} the valuation ring of F' (X always being understood), which is
alocal PID, by p := {a € F' | A(a) > 0} the valuation ideal, i.e., the unique maximal
ideal, of o, and by F:=o0 /p the residue field of F. The natural map from o to F will be
indicated by a — a.

7.2. Cubic Jordan division algebras over complete fields. Let J be a cubic Jordan di-
vision algebra over F', always assumed to be finite-dimensional. Note that J has either
degree 3 or dimension 1. Free use will be made of the valuation theory for Jordan division
rings developed in [Pet73]. In particular, by [Pet73, Satz 5.1], A has a unique extension to
a discrete valuation Ay: J — Q U {oo} given by

1) (@) = %A(NJ(JC)) (e J)
and satisfying the following conditions, for all z,y € J.
)\,](LU) =< Tr= 07
As(z+y) = min{A;(x), As(y)},

As(Uzy) = 2A5(2) + Ay (y)-
In particular,

oy :={xeJ|A(x)>0}
is an o-subalgebra of J, called the valuation algebra of A\ ; (or of .J), containing

pr={zeJ|(z)>0}

as its unique maximal ideal, called the valuation ideal of ) ;. The invertible elements of
0y may be described as

of ={zeJ|A(z) =0} =0s\ps

and, therefore, J := 0;/ps is a Jordan division algebra over F. We call J the residue
algebra of J. The natural map from o ; to J will again be denoted by = — Z. We also note
that A\ ; preserves arbitrary powers and

(7.2) Aj(af) =27, ()

for all z € J since we may assume x # 0, so A\y(z#) = A\;(Ny(z)z™) = AM(Ny(z)) —
As(@) =35 (x) = As(x) = 2A;(2).



20 H.P. PETERSSON AND M. THAKUR

7.3. Examples. Let A be a finite-dimensional cubic associative division algebra over F'.
The preceding considerations apply to .J := A(*) and show, in obvious notation, Ay = A4,

0y = UE:), ps=pa,and J = A,

7.4. Ramification. Returning to the cubic Jordan division F'-algebra J of 7.2, we deduce
from [Pet73, Korollar of Lemma 3.1] that A ;(J*) is an additive subgroup of @ which
in turn contains Z as a subgroup of finite index [Pet73, 5.3]. This index is called the
ramification index of J over F, denoted by e J/F- By [Pet73, Kor. 1 of Prop. 6.4], the
ramification index divides the degree of J and hence is either 1 or 3; in particular, it is odd,
so we may conclude from [Pet73, Satz 6.3(c)] that the residue degree of J over F', denoted
by f;/r and defined as in [Pet73, 6.3], agrees with the dimension of J over F. Moreover,
by [Pet73, Satz 6.3(d)] it satisfies the fundamental equality

(7.3) €J/FfJ/F = dimg(J).

We clearly have po; C p, and since o is a free module of rank dimg(.J) over the PID o
[Pet73, Satz 6.3(a)], one checks that

(7.4 eyyp =1 \j(J*) =L p;=ypo,.

J is said to be unramified (resp., ramified) if e j;p = 1 (resp., e ;;p = 3) and J is separable
over F.

7.5. Extending the cubic structure. Our first aim in this section will be to close a gap in
the proof of [Pet75, Prop. 3]' by deriving a canonical cubic structure on .J over F' from the
given one on J over F'. We proceed in two steps, the first one passing from J over F' to
0 over o, the second from o0 ; over o to .J over F. The following lemma paves the way for
the first step.

Lemma 7.5. Let R be a commutative ring, M, N, N’ be R-modules, f: M — N a
polynomial law over R and i: N — N’ an injective R-linear map. Ifio f = 0 as a
polynomial law over R, then f = 0 as a polynomial law over R.

Proof. Let T = (t;);cn be a family of indeterminates. The corresponding polynomial ring
S := R[T] is free, hence flat, as an R-module, so the S-linear extension ig: Ng — N, ’S
continues to be injective. Hence ig o fg = 0 implies fg = 0 as a set map Mg — Ng, and

the lemma follows from [GPR24, Cor. 12.11]. [l

Proposition 7.6. Let J be a cubic Jordan division algebra over F. Writing i: 0 — F for
the inclusion, there is a unique structure of a cubic Jordan o-algebra on oy such that the
inclusion iy: 0y — J is an i-semi-linear homomorphism of cubic Jordan algebras.

Proof. By [GPR24, 34.10(b)], the assertion amounts to the following: there exists a unique
cubic form N, , : 0; — o making o a cubic Jordan o-algebra and rendering

UJC,—>J

iy
(7.7 N“J\L J{NJ
oC—i> F

a commutative ¢-semi-linear polynomial square in the sense that .40 Ny, = 4450 N as
polynomial laws over o; here the left-hand index “o” refers to the restriction of scalars for
polynomial laws [GPR24, 12.27]. Hence uniqueness follows from Lemma 7.5.

IThe gap reveals itself in the sloppy definition of a cubic form.
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In order to prove existence, we begin by showing
(7.8) of C oy, Ny(og)+Ts(0s) +Ts(05,05) +Ss(0s) Co.

While the first relation follows from (7.2), we have N;(0;) C o by (7.1), and the proof of
[Pet73, Satz 5.1] yields Ty(o;) + Sy(05) C 0, hence S;(0s,0;) C o after linearization.
Now [GPR24, (33a.13)] also implies T';(0s,07) C o0 and completes the proof of (7.8).

We have noted before that 0 ; is a free o-module of rank n := dimp (J). Let (eq, . .., €,)
be an o-basis of 07, hence an F-basis of J. For R € 0-alg, define a set map

(NUJ)RZ (OJ)R — R
by

(No,)r(x) := ZNJ(ei)rf’ + ZTJ(eg,ej)rfrj + Z Ty(e; X €j,e)ririr
i=1 i#j i<j<l

forall 71,...,7, € Randz := Y. | €; ®, 75 € (07)g. By (7.8), the right-hand side
of the displayed equation belongs to R, and one checks that the set maps (N, ,)r vary
functorially with R € o-alg, hence define a cubic form N, ,: oy — o. There is a natural
identification of 0y ®, F' with J as Jordan F'-algebras matching z ®, o for x € o0; and
o € F with ax € J. One checks that, under this identification, N,, ®, F' = N, and
(7.7) follows from [GPR24, (12.29.2)]. By (7.8), restricting the adjoint of J to o; gives
a quadratic map oy — 05, T — 2t called the adjoint of o7, and it suffices to show
that oy together with the base point 1, , its adjoint, and the norm N, , is a cubic norm
structure over o. It is certainly a cubic array by [GPR24, 33.1] since o is a free o-module.
Moreover, the identities of [GPR24, Exc. 33.14], being valid in all of J, in particular hold
in 07, and the assertion follows. O

Corollary 7.9. We have (0;)r = J as cubic Jordan F-algebras, and adjoint, (bi-)linear
trace, quadratic trace of the cubic Jordan o-algebra o; are obtained by restricting the
corresponding objects for J to 0.

Proof. This follows either by consulting the preceding proof or by combining the results
of [GPR24, 12.29 and 34.10]. ]

Remark 7.10. A result for Dedekind domains that is analogous to Prop. 7.6 and Cor. 7.9
combined may be found in [GPR26, Prop. A2.4].

For our second step, we require a lemma that is surely well known but seems to lack a
convenient reference.

Lemma 7.11. Let E/F be a finite separable field extension. Then Ty r(pE) C p.

Proof. Write 0;: E — FE', 1 < i < n := [E : F], for the n distinct F-embeddings
of E into its Galois closure E'/F. For each i, the F-embedding o; extends to some
element o € Gal(E'/F), and we have Ag: o o) = Aps. For u € pg we therefore
conclude Mg/ (0;(u)) = Ap/(0i(v)) = Ap/(u) = Ag(u) > 0, hence o;(u) € ppr. Thus
TE/F(U):ZLlJZ(u)GpE/ﬁF:p [l
Proposition 7.12. Let J be a cubic Jordan division algebra over F. Then (p,pJ) is a
cubic ideal of 0 j in the sense of [GPR24, Exc. 34.21], i.e,,

(i) pos Coy.
(i) Ty(z,y), Ty(zt,y), Ny(x) Epforallz € py, y € 0.
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(iii) There exists an o-linear map V: oy — F satisfying 9(1;) = 1p and 9(p;) =
{0}.
In particular, writing o: o — F, o5: 05 — J for the canonical projections, there is a
unique cubic Jordan algebra structure on J making o a o-semi-linear homomorphism of
cubic Jordan algebras in the sense of [GPR24, 34.10(b)].

Proof. (i) is obvious. In the first relation of (ii), applying Cor. 7.9, we may assume y € 0.
Passing to the y-isotope of o; and invoking [GPR24, (33.11.5)], we may even assume
y=1o,, ¢ ¢ Flyand Tj(z) # 0. Then E := F[z] C J is a separable cubic subfield
[GPR24, Prop. 46.6], and Lemma 7.11 implies Ty(x, 1,,) = Tg/r(x) € p, yielding the
first relation of (ii). The second and third now follow immediately from the relations of
7.2. In (iii), since 15 € J is trivially unimodular, there exists a linear form v’ : J— F
satisfying ¢/ (15) = 1, and ¢ := ¢ o g does the job. O

Here is a first application of the preceding result.

Proposition 7.13. Let J be a cubic Jordan division algebra over F. With the natural
identification (0;) = 05 /po, we have

Nil ((05)7) = ps/pos = {z € (o)) | 2° = 0} = { € (04)F | @ is nilpotent}.

Proof. We show cyclically that each link of the preceding chain is contained in the next.
To begin with, since p; C o0 is the unique maximal ideal, so is p;/po; C (0;) 7. Hence
Nil((os)7) C ps/poy. Next, let p: 05 — (07)7 be the natural map and 0 # u € p.
Then u® = Nj(u)(Ny(u)~tu?), where the first factor belongs to p and the second one
to o’y. Hence u® € po., so o(u)® = 0. And finally, suppose u € o, has o(u) € (0)5
nilpotent. If u ¢ p, the u € o7, forcing o(u) € (0,) 7, a contradiction. Hence u € p,
and we conclude that the set of nilpotents in (07) 7, being the same as p y/po s, is an ideal
in (07) 7 and thus belongs to Nil((0;) 7). O

Proposition 7.14. For a Freudenthal division F'-algebra J of dimension > 1, the following
conditions are equivalent.

(1) J is unramified.
(ii) oy is a regular Freudenthal algebra over o.
(iii) oy is a Freudenthal algebra over o.
(iv) oy is a regular cubic Jordan algebra over o.
(v) There exists a regular cubic Jordan o-algebra o'; C J such that the inclusion
o', — Jis an (0 — F)-semi-linear embedding and canonically induces an iden-
tification o'; @, F' = J as cubic Jordan F-algebras.

In this case, o'y = 0, for any cubic Jordan o-algebra o'; satisfying the hypotheses of (v).
Proof. We will establish the following chain of implications:
(i) = (i) = (iil) = (i) = (iv) = (v) = (iv) = (i).

()=(ii). If J is unramified, then (7.4) shows p; = poy, and (0;)z = J is a regular
Freudenthal division algebra [GPR24, Thm. 46.8]. Letting (ei)ibe a basis of 0 as an o-
module, the determinant of (T, , (e;, e;)) becomes non-zero (in F) after reduction mod p,
hence is a unit in o, forcing 0 to be a regular cubic Jordan o-algebra. Given any field
K € o-alg, the unit homomorphism o — K factors th_rough F' (resp., F'), so Cor. 7.9
(resp., Prop. 7.12) yields (05)x = Jk (resp., (05)x = JK), and this is either cubic étale
or simple as a cubic Jordan K-algebra since J (resp., JJ) is Freudenthal. By definition
[GPR24, 39.8], therefore, 0 ; is a regular Freudenthal algebra over o.
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(ii) = (iii). Obvious.

(iii) = (ii). Since J is not of rank 6 over F' [GPR24, Thm. 46.8], neither is 0 over o.
Hence the assertion follows from [GPR24, Cor. 39.15].

(i) = (iv) = (v). Obvious.

(v) = (iv). The set map N;: J — F restricts to the set map NO/J : 0o/, = 0. Hence
o/, C o is a cubic Jordan o-subalgebra. By regularity, therefore, 0, = o, @ o [GPR24,
Lemma 11.10]. But both 0; and o’ ', are free o-modules of rank dimg(J), and (iv) holds.

(iv) = (i). If oy is a regular cubic Jordan o-algebra, then (o) is a regular cubic
Jordan F-algebra, so its nil radical, which agrees with p ; /po s by Prop. 7.13, must be zero
[GPR24, Exc. 34.23]. Hence e/ = 1 by (7.4), and J = (o) p is a regular cubic Jordan
division algebra. Thus J is unramified. Moreover, the final statement of the proposition
also holds, thanks to the proof of the implication (v)=-(iv). O

Remark 7.15. The argument in the proof of the implication (i)=-(ii) in Prop. 7.14 to show
that o7 is a regular cubic o-algebra can be repeated verbatim to show that a quadratic field
extension K/ F is unramified if and only if 0k is a quadratic étale o-algebra.

Example 7.16. Let A be an unramified cubic associative division F-algebra.

(a) We deduce from Pop. 7.14 (applied to A()) that 04 is a regular cubic associative o-
algebra. For p € 0\ N4 (A), therefore, the first Tits construction J := J(A, p) is a
regular Freudenthal division algebra over F' [GPR24, Cors. 42.14 and 46.12] which, since
first Tits constructions are stable under base change, contains o', := J(04, ) in such a
way that the hypotheses of Prop. 7.14 (v) are fulfilled. Thus .J is unramified, o/, = 0, and
(7.4) implies J = 07 /pos = 05 ®, F' = J(A, i) over F.

(b) On the other hand, if 7 is a prime element of o, then we claim that the first Tits construc-
tion J := J(A, ) = A® Aj, ® Ajs is a ramified Freudenthal division F-algebra. Indeed,
since A is unramified, we have A(N4(z)) = 0 mod 3 for all x € A*, while A\(7) = 1.
Thus m ¢ N4(A*), so J is a Freudenthal division F-algebra, which must be ramified
since A;(j1) = 3. By the fundamental equality (7.3), J and A(*) C J have the same
F-dimension, and we conclude J = A(T). We will see in Cor. 8.4 below that, conversely,
every ramified Freudenthal division algebra over F' has the form described above.

Lemma 7.17. Let K/F be a quadratic field extension and J a cubic Jordan division
algebra over F having e ;;p = 1. Then Jk is a cubic Jordan division algebra over K and

erx /K = 1. More precisely, there is a natural identification Jix = Jg as cubic Jordan
K -algebras.

Proof. Jg is a cubic Jordan division algebra over K [GPR24, Cor. 46.3] containing J as
a cubic Jordan division F'-subalgebra such that A, 7 = AJ. Hence there is a natural
F-homomorphism J — Jg, which in turn determines a canonical K -homomorphism

Jg — Ik
of cubic Jordan K -algebras [GPR24, Exc. 34.22 (a)]. But J % 1s a cubic Jordan division

algebra, so this homomorphism is injective. On the other hand, since e;/r = 1, and by
[Pet73, 5.3], we have

dimp(J) = dimp(J) = dimg (Jz) < dimg (Jx) < dimg (Jx) = dimp(J),

hence equality everywhere, and the lemma follows. (]
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8. CLASSIFICATION THEOREMS

Using the preparations assembled in the preceding section, we will now be able to tackle
the problem of classifying Freudenthal division algebras over F', more precisely, of reduc-
ing the classification problem to the corresponding problem over the residue field F'. In
the important special case of Albert division algebras, this reduction has been carried out
already in [Pet75].The approach adopted here will allow for a uniform treatment of all
Freudenthal division algebras over F. Special attention will be paid to the question of
which Freudenthal division F'-algebras are homogeneous.

The main ingredients of the reduction procedure needed for our results may be described
as follows.

Remark 8.1. Let # := (K, B, 7) be an associative involutorial system over F as in 2.5
such that K is a field. Unless K /F is an inseparable quadratic field extension, % :=
(K, B,7), where 7 stands for the K /F-involution canonically induced by 7 on B, is an
associative involutorial system over F. Moreover, if (p, ) is an admissible scalar for 4,
then without changing %, there is no harm in assuming Np(p) = nx () = 1 ((KMRT9S,
(39.2)(2)]), [GPR24, Exc. 44.33(c)]), and then (p, jz) is an admissible scalar for A.

In our subsequent considerations, in order to avoid confusion with residue homomor-
phisms, we deviate from the notation of [GPR24] by indicating the conjugation of a conic
algebra not by x — & but by x +— x*.

Theorem 8.2. Let B = (K, B, T) be an associative involutorial system over F and (p, )
an admissible scalar for 8. Assume that the second Tits construction J := J(%,p, n) is
a division algebra, that the F-subalgebra Jy := H(%) C J is unramified, and that K is
a field. Then
(a) B is an unramified cubic associative division algebra over K.
(b) K/F is an unramified quadratic field extension.
(€) 0 := (0K, 0p,T|oy) is an associative involutorial system over o, and if we as-
sume Np(p) = nk(n) = 1 as in Remark 8.1, then
(cl) (p, ) is an admissible scalar for 04 such that the corresponding second Tits
construction satisfies

(8.3) o;=J(oz,p,p) =05, Dopj
as regular Freudenthal o-algebras. -
(c2) B = (K, B,T) is an associative involutorial system over F allowing (p, [i)

as an adrzzissible scalar, J is unramiﬁed, and there is a natural isomorphism
J =2 J(AB,p, i) as cubic Jordan F-algebras.

Proof. (a) K/F is a separable quadratic field extension by [GPR24, Cor. 46.11]. From
[GPR24, Exc. 44.29(a)] we therefore deduce that there is a natural identification Jyx =
B as cubic Jordan K -algebras, so Lemma 7.17 implies ep/k = 1 and B ~ Jok-
Since .J, is separable over F' by hypothesis, so is B over K, and we have shown (a).

(b) Arguing indirectly, assume that K is not unramified over . Then K = F or K /F
is an inseparable quadratic field extension. In any event, the conjugation of K as a conic
F-algebra is the identity. We may assume Ng(p) = 1 = ng(u) as in (c) and conclude
1 = pup*, hence 1 = ji* = ji%, i.e., i = 1. Thus u = +1 mod px, and [Pet75, Cor. of
Lemma 8] shows y = Npg(w) for some w € B*, a contradiction to [GPR24, Thm. 46.10]
and J being a division algebra. This completes the proof of (b).

(c1) Since ok is quadratic étale over o by (b) and Remark 7.15, it follows that 05 :=
(0k,0B,T|op) is an associative involutorial system over o allowing (p, £+) as an admissible
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scalar. Hence o} := J (0, p, 1) makes sense as a cubic Jordan o-algebra, which is regular
by [GPR24, Cor. 44.22]. The associative valuation Ap of B restricts to a Jordan valuation
on Jy extending A and thus agrees with A ;, [Pet73, Satz 5.1]. Thus H (05) = 0,,, and the
second equation of (8.3) holds. Moreover, since the second Tits construction displayed in
(8.3) is stable under base change, we have (0/;) 7 = J, so the hypotheses of Prop. 7.14 (v)
are fulfilled, and we conclude o’; = 0. This completes the proof of (c1).

(c2) The first assertion about B, P, i1 being obvious, we combine (c1) with Prop. 7.14
to conclude that .J is unramified. We clearly have Jo C H(B,7), and combining [GPR24,
Exc. 44.29] with Lemma 7.17, we obtain

H(B,7)g = B™M = (Jo)k = (Jo)x-
Comparing F-dimensions, this implies Jo = H(28). Now (8.3) yields po; = po s, ®popj,

and we conclude J = .Jo ® Bj = H(%) ® Bj = J(B,p, ji), as claimed. O

Corollary 8.4. For any cubic Jordan division algebra J over F, precisely one of the fol-
lowing conditions holds.

(@) J = E'™Y), for some purely inseparable field extension E'|F of characteristic 3
and exponent at most 1.

(b) J is unramified.

(c) J is a ramified first Tits construction.

Moreover, in case (c), there exist an unramified cubic associative division algebra A over
F and a prime element w € o such that J = J(A, ).

Proof. We may assume that J is a ramified Freudenthal division F'-algebra, of dimen-
sion 3", 1 < n < 3, and must show that the final statement of the corollary holds. By
definition, .J is a Freudenthal division algebra over F, of dimension 3"~ !. Note that .J
has n — 1 generators as a cubic Jordan algebra, which is clear for n = 1,2 and follows
from [Pet75, Cor. of Lemma 9] for n = 3. Lifting these generators from J to o7, the
resulting quantities by [GPR24, Exc. 33.15] and the fundamental equality (7.3), generate
an unramified Freudenthal division F-algebra Jy C J having dimension 3"=1 and residue
algebra J. Thus (., Jo) is a Freudenthal pair over F in the sense of [GPR24, 45.1], hence,
by [GPR24, Thm. 45.10], admits étale elements. Combining [GPR24, Cor. 44.17] with
[GPR26, Lemma A4.3], we find an associative involutorial system % = (K, B, ) over F'
as well as an admissible scalar (p, ) for & such that J = J(Z, p, 1) under an isomor-
phism matching Jy with H(Z). Here K is quadratic étale over F' [GPR24, Cor. 46.11]
and, thanks to Thm. 8.2 (c2), cannot be a field because, otherwise, J would be unramified.
Summing up, therefore, K = F' x F is split quadratic étale over F', B = A x A°P for some
cubic associative F-algebra A, and J = J(A, ) for some x € F'* is a first Tits construc-
tion [GPR24, Cor. 44.21]. Since Jy = H (%) = A), we conclude that A is unramified.
We may multiply x by an appropriate invertible norm of A [GPR24, Exc. 42.22 (a)] to
assume 0 < A(k) < 2, where we can rule out A(k) = 0, i.e., kK € 0%, since this would
imply by Example 7.16 (a) that .J is unramified. Thus A(k) € {1, 2}. Replacing A by A°P
if necessary, we may assume A(x) = 1 [GPR24, Exc. 42.22 (c), (d)], i.e., 7 :=  is a prime
element of o. (I

Corollary 8.5. If J is a ramified Freudenthal division F'-algebra, then so is every isotope
of J.

Proof. For any p € J*, we deduce from [Pet73, Satz 6.3 (b)] that J (P) has ramification
index 3, so it suffices to show that its residue algebra is separable. In order to see this, we
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apply Cor. 8.4 and realize
J=J(A7)=A® Aj ® Aja

as a first Tits construction, where A is an unramified cubic associative division algebra and
7w € o is a prime element. We may clearly assume A;(p) € {0,1,2}, where A;(p) = 0
implies p € 0%, and J() = J(P) =2 A+)(P) = A(+) j5 separable. Hence, passing to A°P if
necessary, we may assume A (p) = 1 [GPR24, Exc. 42.22 (c), (d)]. From (2.1), (2.7) and
(2.12) we deduce Uj,1; = 7j;. By [GPR24, Cor. 31.23], therefore, JU1) = J On the
other hand, setting ¢ := Ujl—lp, [GPR24, Thm. 31.10] implies we have J(P) o (J(jl))q and
g€o

X

761 - Thus we are reduced to the caseA 7(p) = 0, which has been settled before. [

Corollary 8.6. Ramified Freudenthal division algebras over F' are homogeneous.

Proof. Let J be a ramified Freudenthal division algebra over F', of dimension 3", 0 < n <
3. For n = 0, 1, there is nothing to prove. If n = 3, J is an Albert algebra, and the result
holds under far more general circumstances (Thm. 5.1) since J by Cor. 8.4 is a first Tits
construction. We are thus left with the case that J has dimension 9. Writing J = H (B, 1)
for some central simple associative F-algebra (B, ) of degree 3 with unitary involution,
and setting K := Cent(B), we must show by Prop. 3.6 that all K/F- involutions of B
are distinguished. Let 7/ be any K/F-involution of B. By 3.4, we have 7/ = 7P for
some p € J*, hence H(B,7') = J), But J®) is ramified by Cor. 8.5, hence a first Tits
construction by Cor. 8.4. By Thm. 3.7, therefore, 7’ is distinguished. |

It remains to investigate unramified Freudenthal division F'-algebras of dimension 9, the
case of dimension 1 (i.e., the base field) being trivial, of dimension 3 (i.e., separable cubic
field extensions) being part of ordinary valuation theory, and of dimension 27 (i.e., Albert
division algebras) having been settled in [Pet75]. As before, the question of homogeneity
will be of central importance in our investigation. We begin by setting the terminology
straight.

Terminology 8.7. Let k& be an arbitrary field. In analogy to [Pet75, §4], we define a
central associative division algebra of degree 3 with unitary involution over % as a pair
(B, T), where B is an associative division k-algebra having degree 3 over its center K :=
Cent(B), a separable quadratic extension field of k, and 7 is a K /k-involution of B.
Specializing k to our complete field F', we say that (B, 7) is unramified if B is unramified
over F. In this case, Z = AF*) C Ag(K*) C Ap(B*), and B being unramified
over F' implies that the extension K/F has ramification index 1. Moreover, by [Pet73,
Satz 5.2], B is a central associative division algebra of degree 3 over K. Assuming that
7 induces the identity on K would imply that 7 itself is an involution of the first kind
of B, a contradiction ([Sch85, Chap. 8, Thm. 8.4], [GS06, Prop. 4.5.13]). Thus K/F is
unramified, and (B, 7) is a central associative division algebra of degree 3 with unitary
involution over F. Tt follows that J := H(B,7) is an unramified Freudenthal division
F-algebra of dimension 9 satisfying .J = H (B, 7) [Pet75, Prop. 2].

Theorem 8.8. If J is an unramified Freudenthal division algebra of dimension 9 over F),
then J is a Freudenthal division algebra of dimension 9 over F. Conversely, let J' be a
Freudenthal division algebra over F. Then there exists an unramified Freudenthal division
algebra J of dimension 9 over F, unique up to isomorphism, such that J = J'.

Proof. The first part follows directly from the definitions. For the second part, write
J' = H(B',7") for some central simple associative algebra (B’,7’) of degree 3 with
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unitary involution over . We may assume that K’ := Cent(B’) is a field, forcing
(B’,7") to be a central associative division algebra of degree 3 with unitary involution
over F. Applying [Pet75, Thm. 1], we find an unramified central associative division al-
gebra (B, 1) of degree 3 with unitary involution over F, unique up to isomorphism, such
that (B,7) = (B',7'). By 8.7, therefore, J := H(B,) is an unramified Freudenthal
division algebra of dimension 9 over F satisfying .J = .J’. Uniqueness of .J follows from
uniqueness of (B, 7). O

Corollary 8.9. If (B, ) is an unramified associative division algebra of degree 3 with
unitary involution over I, then T is distinguished if and only if T is distinguished.

Proof. J := H(B, ) is an unramified Freudenthal division algebra of dimension 9 for
which 8.7 implies J = H(B, 7). Assume first 7 is distinguished. Then .J is a first Tits
construction (Thm. 3.7), so J = J(E', ui'), for some separable cubic field extension £’/ F
and some y' € F*\ Ng/(E™). Lifting E’ to an unramified cubic extension E/F [Ser68,
II, Thm. 2] and ' to a scalar u € 0, we clearly have u ¢ Ng(E*), and the first Tits
construction J' := J(E, u) by Example 7.16 is an unramified Freudenthal division F-
algebra of dimension 9 having .J’ = .J. Hence Thm. 3.7 implies that .J = .J’ is a first Tits
construction, forcing the involution 7 to be distinguished (Thm. 3.7). Conversely, assume 7
is distinguished. Combining 3.4 with [Pet04, Thm. 2.10], we find an element p € o} such
that 77 = 7P is a distinguished involution of B. By what we have just proved, therefore,
7P is a distinguished involution of B. But distinguished involutions are essentially unique,
and we conclude (B, 7) = (B, 7P), hence (B, 7) = (B, 7P). Thus 7 is distinguished. [

Combining Cor. 8.9 with Prop. 3.6, we finally obtain

Corollary 8.10. An unramified Freudenthal division F-algebra J of dimension 9 is homo-
geneous if and only if J is homogeneous. (I

The analogue of this result for Albert division algebras may be found in [Pet75, Thm. 6].

9. EPILOGUE: JORDAN ALGEBRAS OF CLIFFORD TYPE

In this final section, we describe those Jordan algebras of Clifford type that are homo-
geneous. We begin by recalling the basic definitions.

9.1. Jordan algebra of a pointed quadratic module. Let (V, ¢, e) be a pointed quadratic
module over k, so V' is a finite dimensional k-vector space, ¢ : V' — k a quadratic form
and e € V is a distinguished element, the base point, satisfying g(e) = 1. The conjugation
on V is defined by  — T := ¢(e,x)e — x. Then V with the unit element e and the
U-operator defined by

UT(y> = Q(xay)z - Q(x)ya

is a Jordan algebra over k, denoted by J := J(V,q,e) and called the Jordan algebra
associated with (V, q, e). The invertible elements of J are precisely the anisotropic vectors
of V relative to ¢ [GPR24, Exc. 31.33]. If dimy (V') > 1, then the generic norm of .J equals
q, and it follows from [GPR24, Exc. 31.34 (c)] that the structure group of J is the group
GO(q) = Sim(q) of similitudes of ¢. Jordan algebras associated with pointed quadratic
modules are said to be of Clifford type.
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9.2. Round quadratic forms. Recall from [EKMOS, p. 52] that a quadratic form ¢ is said
to be round if D(q) = G(q). Here D(q) is the set of nonzero values of ¢ and G(g) denotes
the subgroup of £* of similitudes of ¢q. For example, Pfister forms, hyperbolic forms are
round.

We now prove

Theorem 9.1. Let (V, g, €) be a pointed quadratic module over k and J := J(V, q, ¢) the
associated Jordan algebra. If J is homogeneous, then q is round. Conversely, if q is round
and regular, then J is homogeneous.

Proof. Assume J is homogeneous. Since 1 = ¢(e) € D(q), we have G(q) C D(q)
[EKMO8, Lemma 9.1]. Conversely, let « € D(q). Then @ = ¢(v) for some v € V.
Since Str(J) acts transitively on the invertible elements of J, there exists ¢ € Str(J) with
P(v) = e. Let v(¢)) € k™ be the factor of similitude for ¢). Then, taking norms, we get

v()a =v()q(v) = q(¥(v) = qle) = 1,
hence o = v(¢)) =1 = v(¢=1) € G(q). Therefore we have G(q) = D(q) and g is round.
Conversely suppose ¢ is round and regular, so D(g) = G(g) and let v € V with a :=
q(v) # 0. We then have ¢ € G(q) with v(¢)) = «. Hence ¢(¢(e)) = a. By Witt’s
extension theorem [EKMO08, Thm. 8.3], there exists an isometry ¢ : (V. q) — (V, q) with
#(v) = 1(e). Hence 0 := ¢p~1¢ € Str(J) satisfies 0(v) = e. Hence Str(.J) is transitive
on the set of invertible elements of J and .J is homogeneous. (]

Remark 9.2. Round quadratic forms and, more generally, round scalar polynomial laws
have been defined over arbitrary commutative rings in [GPR24, 40.1]. With this definition,
the first part of Thm. 9.1 and its proof carry over verbatim to arbitrary commutative rings.
Since Witt cancelation is valid over arbitrary LG rings [GN25, Application 6.5], the second
part and its proof carry over to LG rings in which 2 is invertible.

Since Pfister quadratic forms are not only round but also stable under base field exten-
sions, the following conclusion is immediate.

Corollary 9.3. Let q: V — k be a Pfister quadratic form and suppose e € V satisfies
q(e) = 1. Then the Jordan algebra J(V, q, e) is strictly homogeneous. O
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