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Abstract

We discuss the properties of strictly typed languages on the one hand and soft typing on the
other one and identify disadvantages of these approaches to type checking in the context
of powerful type languages. To overcome the problems we develop an approach that com-
bines ideas of both strict and soft typing. This approach is based on the concept of complete
typing that is guaranteed to accept every well-typed program. The main component of a
complete type checker is defined.



1 INTRODUCTION

Type checking with a very exact and powerful type language could be helpful in
detecting errors, but unfortunately too powerful type languages can cause prob-
lems for sound type systems. They tend to force the type checkestatieally

typed languagéo reject too many programs that should indeed be accepted.

Soft typingfor dynamically typed languages (e.g. [3]), employs static type
checking in order to identify function calls that might be ill-typed. Runtime type
checks for calls that can be statically proven to be well-typed can be dropped. Soft
typing does not rejecny programs. The type warnings, if ignored, may result
in runtime errors. Furthermore, for every warning the programmer has to decide
whether it results from a type error or from a weakness of the type checker.

In this paper we introduce the conceptooimplete type checkirthat is guar-
anteed to accept every well-typed program. It also extends soft typing by rejecting
programs that cannot be executed properly without generating a runtime error.
Our type checker supports powerful type languages including subtyping and is
applicable to dynamically typed languages like Scheme.

The paper is organized as follows: In Sec. 2 we give a motivation for complete
type checking. Section 3 defines the main component of a complete type checker
by abstract interpretation. Section 4 contains a summary of related work and some
conclusions.

2 THE USE OF COMPLETE TYPE CHECKING

2.1 Disadvantages of Sound Type Checking

The usual type checkers aeundand are used either in strongly typed languages
or as soft type checkers in dynamically typed languages. Soundness means to ac-
cept just programs that cannot cause runtime type errors. l.e. sound type checkers
follow Milner’s slogan [7] “Well-typed programs cannot go wrong”.

No matter in which way sound type checking is used the expressiveness of the
type language must be restricted in order not to reject too many correct programs:

Example 1Consider the following function definition.

(define (with-div x y)
(¢ x (fy)

Supposef is a function with result typaumand 0 is not part of the value set
of f. Suppose further that there is a sound type checker and that the type system
can express the type of all numbers excluding 0. We normally cannot prove that
does not yield zeros for all possible inputs fofe.g. [9]). Thus, we cannot prove
with-div free of type errors.

1Because of this problem, the division by zero normally lies out of the scope of a sound
type checker.



The example shows a program that cannot go wrong, but is ill-typed with respect
to the sound type checker. This can cause the following consequences:

e In a strongly typed language programs that cannot go wrong, but are not well-
typed with respect to the type checker are rejected. By increasing the number
of different subtypes in the type language the number of correct but rejected
programs might increase.

e A soft typing system raises a warning for a function call that is indeed well-
typed. When the number of warnings on runtime-correct calls increases the
system provides less help in finding real type errors quickly.

A further problem for soft typing is shown by the following example Ex. 2:

Example 2Consider the following erroneous implementation of reverse and its
use:

1 (define (reverse )
2 (if (null? 1)

3 ') ; reversed empty list is empty

4 (append (reverse (cdr 1))

5 ; reverse rest

6 (car 1)))) ; should be (list (car I))
7 ; first element to the end.

8 (define (generate n)
9 (if (=0n) 0
10 (cons n (generate (- n 1)))))

11 (define (f n)
12 (reverse (generate n)))

There is an error in the second argument (line 6) of the call to the predefined
function append(lines 4-7) because from the call teversein f (line 12) it can
be inferred thatcar ) in line 6 is not a list in every case. But although there is a
call that must go wrong in the given context the soft typing system does not reject
the program.

As this example shows soft typing reacts “too soft”mmovabletype errors. Al-
together, the user would have to check a lot of warnings of a soft typing system
with a powerful type language in order to detect a single type error.

2.2 Motivating the New Approach

Let f be a predefined function amtbm( f) the set of input value$ is applicable
to. A misapplicationof f is a call(f a) wherea ¢ donf).

Let P be a functional program arebn expression iR. e (always) goes wrong
if every evaluation ok causes a misapplication of some predefined functién
P goes wrondgf it contains an expressiomthat goes wrong.

2We assume the functional language to be strict and to use eager evaluation.




An expressiore in a progranP conditionally goes wroni an execution path
in P starting ate leads to the misapplication of a predefined functi®hcondi-
tionally goes wrondf an expressiorein P conditionally goes wrong.

Example 3In the program of Ex. 2 the call teeversein f conditionally goes
wrong because of the execution pattafipendin reverse

An example for a call that (always) goes wrong (with respect to the program
in Ex. 2) is(f 3); please note that the cdlF 0) does not cause a misapplica-
tion because the else-casadversecontaining the ill-typedppendcall is never
reached. Another example for a call that goes wrong f& 3) because the first
argument of« is not a number.

By completeness of a type checker we mean that a progrémat does not
go wrong is not rejected. A complete type checker circumvents the problem of a
strongly typed language to reject programs that cannot go wrong, but it is not as
weak as soft typing because it can reject provably ill-typed programs.

The combination of soft and complete typing yields bettors that cause the
rejection of the program anglarningsthat mark calls which could not be proven
to be well-typed, but are nqgtrovablywrong. This structure of messages has a
number of further advantages:

In debugging a program one can start correcting the errors of the program
before taking care of the warnings (i.e., either proving correctness of the calls
or correcting them). By the structure of errors and warnings the programmer is
guided through the increased number of calls that are not provably well-typed due
to a more powerful type language. In no case the program has to be changed just
to satisfy the type checker.

2.3 Realizing a Complete Type Checker

In powerful type languages type inference is often undecidable. When the exact
type of an expression cannot be inferred the usual approach is to infer a supertype,
i.e. a type that covers all values that are of the wanted exact typébedhe type
inferred for the argument of a function callthe expected input type of the called
function and let= denote the subtype relation. Then a sound type checker with
subtyping facility checks the call for an approximationtdf s. It accepts the
program if all calls fulfill this property and rejects it if one call does not. However,
maybe just the additional values that are coveretliyt not by the exact type of

the argument cause the t&$t sto fail and the program to be rejected (c.f. Ex. 1
with s= numandt the type of all numbers without 0).

In complete type checking a program should not be rejected just because of ad-
ditional values in an inferred argument type. Since we cannot distinguish the val-
ues of the exact type from those additionally in the inferred type the type checker
rejects only calls that must go wrong for every value of the inferred type. There-
fore, the complete type checker tests every call in the prograrftfon (s]) # 0
(where ([t]) is the set of values of typg. Every call that does not fulfill this
property is caused by an expression that conditionally goes wrong.



3 THE DEFINITION OF COMPLETE SUBTYPING

In this section we define the main component of a complete type checker for a
functional language like Scheme or SML with dynamic typing. We use:

e a setSymof symbols.

e lambda abstractionglambda(x; ... xx) €)

o function application(f e; ... &)

e tuple like data constructors likeonsfor pairs.

The standard semantics is the usual one. The set of all values is dendtaidiby

It contains as subsets a $#tuncof predefined functions and a 4% of lambda
closuredc(e(xy, ... ,X), E) whereeis an expressiorn, ... ,Xx € SymandE is an
environment. The domain of predefined functions and lambda clo$isdke set
dom(f) C Valueof valuesf is applicable to without error. Environmeris= Env

can be understood as functions from symbols to values. The set of symbols bound
in an environment (or abstract environment as given in DefE & denoted by

dom(E).

Definition 4 (type language).Type expressions are given by:
1. Afinite setB = { L, T,by,... bk} of type constants called base types.
2. Afinite setC = {U,N,y,c1,...,Cqy} of type constructors with arity 1.

Every finite term t generated from the type constants, type constructors and a set
of type variables as usual is a type expression. We call a type expression ground
if it does not contain a free (i.e. not bound by ) type variable. The set of all type
expressions (or types for short) is denoted®y 7 C 7 denotes the set of all
ground type expressions.

Due to lack of space we will omit the use of type variables in the following except
of the typings of predefined functions.

Definition 5 (semantics of ground types)Let t € 7 be a ground type expres-
sion. t represents a set of valué) C Value defined as follow$:

e (L)) :={L} whereL € Value expresses non-termination.
e ([T]) := Value represents the set of all values.

e The base typesib... by represent sets of simple values with the following
property: If b b/ € B, (b)) N (b]) # 0 then there exists sonfec B with ([b]) =
(b)) N {0']).
3The semantics of types is denoted (b} instead off-] becausd].] will be used for

the (abstract) semantics of programs.
4The valuel is also element of every other type, but is usually omitted.




o (Ut ) = (U [ta]) - (b)), (Nt )] = (O (ta)) - ()

e uX.t with t containing X as free variable defines a recursive type as the least
fixed point of the equatiofit’]) = (t[X « t']]).>

e C1,...,Cn are free type constructors and correspond to tuple like data con-
structors. E.g. for pairg[(t1 - 2)]) :={(v1 . v2) | v1 € ({ta]),Vv2 € {t2]) }.

For v € ([t]) we also write vt. Every type contains an additional valueong de-
noting a type error. The type checker will detect an error for types not containing
any value except andwrong .

Definition 6 (type hierarchy). The subset relatio on the power set of Value
introduces a type hierarchy on the s@&t with the subtype relatioig by the
following definition:

ti Criz <= (tu]) C (to)).

Though there are subtyping procedures for quite powerful type languages (e.g.
[5]) we use approximations of the type hierarchy of Def. 3. By this we do not rely
on type languages for which an algorithm deciding this subtype relation exists.

Definition 7 (compatible subtype relation).A subtype relatioriC is compatible
to another subtype relation’ if the following condition holds:

tCth=tuC't

C is called compatible if it is compatible fOg. In the following we use the notion
t1iCtaforty Ctho Aty 2 1.

Our type language does not contain a function type constructor. The set of ab-
stract values used in abstract interpretation contains functions defined as follows:

Definition 8 (abstract functions). The set of abstract functions Funconsists
of:

e Abstract predefined functionsgf PFunc.

e Abstract lambda-closures A¢e(x1, ... , %), E) € LCa where e is an expres-
sion, %, ... ,Xx are symbols and E Env, is an abstract environment as given
in Def. 6.

When just the 1/0-Behaviour of an abstract function f is of interest we express
f by its I/O-representation [X), i.e. by a set of I/O-pairgIN;,OUT;) where
IN;,OUT; are types or further I/O-representations. The paitsl;,OUT;) are
calledtypingsof f.

5t[X « t'] is the typet with every free occurrence of the variablareplaced by’



The definition of abstract functions is unusual for type systems in distinguishing
between predefined functions and lambda closures. As we will see later type
errors are just detected in the callspgredefinedfunctions. A construct quite
similar to the usual function types is given by the 1/O-representation of types. But
their semantics as given in Def. 7 differs from the usual approach, too.

The set of abstract values is now giverMadue, := 7 UFunca.

Definition 9 (abstract environment). An abstract environmens a function E:
Sym— Valuen. The set of abstract environments is denoted by Env

Definition 10 (semantics of abstract functions)Let f be an abstract function
and r=D(f) =: {(IN1,0UTy),..., (INy,OUT)} the I/O-representation of f.

o If f € PFuna then([f)) := std(f) € PFunc where stff ) maps every abstract
predefined function to a standard predefined function.

o f =lca(e(x,...,X),Ea) = (f]) :={lc(e(xs,...,x),E) € LC| E € (Ea])}

o (r) :={gePFuncULC|3i{1,...,k}.dom(g) N {IN;]) # 0,Vi.g(dom(g) N
(INi])) < (OUTi])}

In contrast to usual function typds]) contains all functions whose domaimas
common elementsgith at least one input type and which transform these common
elements to values of the corresponding output type.

Definition 11 (semantics of abstract environments)The semantics of &/ Enva
is (Ea]) := {E € Env| Vx € dom(Ea) .E(x) € (EA(X)]) }.

The idea of complete type checking applies in particular to calls of predefined
functions. Whenf € PFuna is applied to an expressiawhere[€] (the ab-
stract value o€) and no input type of have common elements then a conditional
type error (precisely the misapplied call corresponding to an expression that con-
ditionally goes wrong) is detected. Otherwise, we select all input typéd<iudt
are most special and have a maximal number of common element§ejitive
type the call(f €) with the union of the corresponding output types.

Definition 12 (partial predefined application function). Let f € PFuna be an
abstract predefined function and Iébie an abstract value. The partial predefined
application function PPAFf ') is the set of all £ Value, with:

— —

1. (t,s) € D(f) whereD(f) is the set of ground instances of pairs ififD.

2. CE(t,t') is true where CE is a predicate approximating the test for common
elements with the propertyCE(t,t") = ({t)) N ({t']) = 0.

—

3. 1f (,8) € D(f) is a typing of f then the following holds:

(@ tnt’' zint.
)y tnt' =fnt’ =tZt.



Informally PPAF(f.t’) is the set of alk € Valuey that can occur as output from
f (1) where the corresponding expected inptd f is the most special one (3b)
that yields a maximal intersection with the provided ingug3a). The test for

common elements in (2) is the test of applicabilityfab t’. The other conditions

just enforce a result that is not more general than necessary.

Example 13Consider an applicatiof+ x y) and a seD(+) of typings for+
with:

(nat xnat,nat) € D(+) @)
(int xint ,int ) € D(+) @
(numx numnum) € D(+) 3)
(string xstring ,string ) € D(+) (4)

(1), (2) and (3) denote the sum of naturals, integers and arbitrary numbers, re-
spectively, withnat Cint C numand (4) denotes the concatenation of strings.
If x:nat andy:int we calculatePPAF(+,nat xint ) as follows®

e CE(t,t') istrue fort € {nat xnat ,int xint ,numx num}.
e The intersectionNt’ is most general for € {int xint ,numx num}.
e Because oint xint C numxnumwe have :=int xint .

As result we gePPAR(+,nat xint )= {int }.

If x: (Unatstring ) andy: (U int string ) then (2) of Def. 9 is also
fulfilled for t = string  x string  which fulfills (3a) and (3b), too. Thus, we
get

PPAF(+, (U natstring ) x (U int string ))={int ,string }.

If x:nat andy:string thent’ :=nat xstring , but the definition ot
fails since there is no input tygeof + with CE(t,t’). (Note that x | = | xt=
1)

As Ex. 4 showsPPAKf,t’) can have no, one or several elements. If it has
no element a type error has been detected. In the case of several elements the
function application has to be typed with the union of them:

Definition 14 (predefined application function).Let f and t be as in Def. 9.
Thepredefined application functids defined as

PAF(f,t') 1= UO‘GPPAF(f’t/)O- if PPAF(f,t") £ 0
7 ) error clse

With a compatible subtype relatian a simple complete (with respect to pro-
grams that conditionally go wrong) type checker is given by the abstract semantic
function [-](-) presented in Tab. 1 where the first argument is an expression and
the second argument is an abstract environrgeatEnva.

6AxBor(x A; ... Ay) denotes a product type with 2 belements.



xeSym=__ [X](E) =E(x) (Sym)

(lambda(x; ... xx) e)J(E) =
(Ica(e (;1, . ,i;(k),E) (Lambda)

[(ca(eta, .. x0).E er ... al](E) = ]
[E)E' %1 — [ (E)..... .x — [a(E))) APP-Lambda)
f € PFung — L €1 )]]](E) = oo Pre)

PAF(E (x [](E) ... [8(E))

TABLE 1. Abstract semantics for a simple complete type checker

A program is checked by starting the abstract interpretation of its main func-
tion with an abstract representation of the possible arguments as input and an
abstract environment that binds the symbols used for predefined functions.

The new idea of completeness can be found in the semanticApfeRre. It in-
ferserror for exactly those calls for which the inferred argument type contains
no values the function is applicable to.

The type checker presented in Tab. 1 is a basic one. Further semantic rules
e.g. for processingget or for if in a manner comparable to conditional types as
presented in [1] should be easy to include.

Theorem 15 (completeness of type checkinget CC be a type checker based

on the abstract semantics presented in Tab. 1 with a compatible subtype relation
C. When CC only reports those calls=( f ) with f € PFunc with[[(f e)](E) =

error for the actual environment E then CC reports only calls in programs that
conditionally go wrong.

Example 16Consider the program from Ex. 2. Evaluatingauses the evaluation
of reversewith the inputl — (list num), which in turn causes a message to be gen-
erated forappend (From the control flow information available during abstract
interpretation one can identify the céleverse(generate i) in f as conditionally
going wrong with the execution path &ppend The condition for this path to be
executed ignot (null? (generate 1)).)

One should note that the system described here does not (yet) egtarn
messages. This is the case because of the following two reasons:

e An expression that goes wrong need not be executed in a program. E.g. in Ex.
2 the functionf may never be called in a larger context.

e An expression that is reported by our system can still be executable without
a runtime error if the control reached the expression on a different path. If
e.g. the context of Ex. 2 contains a cakversée ((1) (2) (3))) the expression
(append...) will not generate a misapplication eppendon this path.

As a result we cannot be sure whether a detected problem in the program will
really cause a runtime error. But to every reported@ale can additionally com-
pute the corresponding callthat conditionally goes wrong (i.e. the entry point of



a path that causes a runtime error) and the error condition (i.e. the conjunction of
all conditions an argument & must fulfill to result in a call ta). These can be

used to determine whether the program must be rejected. This is the case if a call
(always) goes wrong, i.e. its error condition is always fulfilled. Further reasons
for rejecting a program can be error conditions that are always fulfilled except for
special cases like empty lists (like in Ex. 16). The motto behind this would be
that one is not interested in functions that go wronglircases except for special
cases like the empty list.

4 CONCLUSION AND FUTURE WORK

This paper motivated a new approach to type checking with the focus on com-
pleteness and defined the main component of a complete type checker. By ac-
cepting every well-typed program and rejecting only provably ill-typed programs
we can use more powerful type languages without restricting the set of accepted
programs due to inaccuracies of the type checker. Subtyping as a step towards
powerful type languages can be found in e.g. [2], [8]. Our type checker is de-
scribed as an abstract interpretation (as is justified by [4]) and yields detailed
support in detecting type errors. Further warnings of an additional sound soft typ-
ing system [3], [11] or a system with output similar to soft typing [6] can spot on
those parts of the program that could not be proven to be well-typed.

A first approach to overcome the disadvantage of soft typing not to reject any
programs is given in [10], but it depends strongly on a restricted type language.
The work presented here is applicable to a wide range of type languages and it
allows the building of powerful type checkers with subtyping that benefit from
both strongly typed languages and soft typing.

The formal definition of conditions that make a progranacceptabl@nd the
implementation of the corresponding checks are a subject of our current work.



REFERENCES

[1] A. Aiken, E. L. Wimmers, and T. K. Lakshman. Soft Typing with Conditional Types.
In Conference Record of POPL '94: 21st ACM SIGPLAN-SIGACT Symposium on
Principles of Programming Languaggsages 163-173, Portland, Oregon, Jan. 1994.

[2] A. S. Aiken and E. L. Wimmers. Type Inclusion Constraints and Type Inference.
In Functional Programming and Computer Architectupages 31-41. ACM Press,
June 1993.

[3] R. Cartwright and M. Fagan. Soft Typing. Froceedings of the SIGPLAN '91
Conference on Programming Language Design and Implemeniqatimes 278-292,
June 1991.

[4] P. Cousot. Types as Abstract InterpretationsCtmference Record of the 24th ACM
SIGACT-SIGMOD-SIGART Symposium on Principles of Programming Languages
pages 316-331, Jan. 1997.

[5] F. M. Damm. Subtyping with Union Types, Intersection Types and Recursive Types.
In M. Hagiya and J. C. Mitchell, editor§heoretical Aspects of Computer Software:
International Symposiupvolume 789 ofLecture Notes in Computer Scienpages
687-706. Springer-Verlag, Apr. 1994.

[6] C. Flanagan, M. Flatt, S. Krishnamurthi, S. Weirich, and M. Felleisen. Catching
Bugs in the Web of Program Invariants. Broceedings of the ACM SIGPLAN '96
Conference on Programming Language Design and Implementaiimges 2332,
Philadelphia, Pennsylvania, 21-24 May 1996GPLAN Notice81(5), May 1996.

[7] R. Milner. A Theory of Type Polymorphism in Programmind). Comput. Syst. Sci.
17(3):348-375, Dec. 1978.

[8] G. S. Smith. Principal type schemes for functional programs with overloading and
subtyping.Science of Computer Programmir2f(2—3):197-226, Dec. 1994.

[9] P. S. Wang. The Undecidability of the Existence of Zeros of Real Elementary Func-
tions. J. ACM 21(4):586-589, Oct. 1974.

[10] A. K. Wright. Practical Soft Typing PhD thesis, Rice University, Houston, Texas,
Aug. 1994,

[11] A. K. Wright and R. Cartwright. A Practical Soft Type System for Scheme. In
Proceedings of the 1994 ACM Conference on Lisp and Functional Programming
pages 250-262, June 1994.



