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A concise proof of Gaussian smoothing

Hermann Singer
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Abstract

The nonlinear Rauch-Tung-Striebel smoother is derived by a gaussian
assumption. Using the general properties of conditional expectations and
variances, and the theorem on normal correlation, recursive formulas for
the conditional mean and covariance matrix are obtained. Furthermore,
in the nongaussian case, coupled smoother equations are derived.
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1 Introduction

The purpose of this note is to present a method of obtaining filtering and smoo-
thing results based on general properties of conditional expectations and vari-
ances. Then, concrete results are obtained by inserting gaussian approximations,
in which the conditional expectation is a linear function of the conditioning
variables and the conditional variance does not explicitly depend on this data
(linear regression, theorem on normal correlation; cf. Liptser and Shiryayev
(2001, ch. 13)). From this general setup, the well known nonlinear Rauch-
Tung-Striebel smoother follows immediately (Rauch et al.; 1965; Särkkä and
Hartikainen; 2010). In the nongaussian case, the regression is nonlinear and
coupled smoother equations are obtained.

We consider the nonlinear state space model with states yk ∈ Rp and measure-
ments zk ∈ Rd, k = 0, ..., T ,

yk+1 = f(yk, ζk) (1)

zk = h(yk, εk). (2)

∗Lehrstuhl für angewandte Statistik und Methoden der empirischen Sozialforschung, D-
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The error sequences ζk ∼ N(0, I), εk ∼ N(0, R) are assumed to be mutually
and temporally independent. We want to derive the fixed interval smoother
equations with measurements zk = (zk, ..., z0), z ≡ zT , k = T − 1, ..., 0,

E[yk|z] = E[yk|zk] +Gk{E[yk+1|z]− E[yk+1|zk]}
Var(yk|z) = Var(yk|zk) +Gk{Var(yk+1|z)−Var(yk+1|zk)}G′k

with a minimum of assumptions.

2 Gaussian smoothing

2.1 Conditional expectations

First we state general formulas regarding conditional expectations (cf. Rao;
1973, 2b.3)

E[y] = E[E[y|x]]

Var(y) = E[Var(y|x)] + Var(E[y|x]),

where y and x are arbitrary random vectors. The second equation is the well
known variance decomposition used, e.g., in regression analysis, where the first
term on the right side is the ’residual’ variance and the second is the ’explained’
variance (by the conditioning variable x). More generally, preconditioning on z,
one can write

E[y|z] = E[E[y|x, z]|z] (3)

Var(y|z) = E[Var(y|x, z)|z] + Var(E[y|x, z]|z). (4)

In the smoother equations, the variables will be chosen as y = yk, x = yk+1, z =
zT = (zT , ..., z0). Thus we have

E[yk|z] = E[E[yk|yk+1, z]|z]
Var(yk|z) = E[Var(yk|yk+1, z)|z] + Var(E[yk|yk+1, z]|z)

2.2 Markov property

Since yk is a Markov process, we can write

E[yk|yk+1, z
T ] = E[yk|yk+1, z

k]

Var(yk|yk+1, z
T ) = Var(yk|yk+1, z

k),

zk := (zk, ...z0), dropping measurements from the future (see appendix). Thus
we obtain

E[yk|z] = E[E[yk|yk+1, z
k]|z] (5)

Var(yk|z) = E[Var(yk|yk+1, z
k)|z] + Var(E[yk|yk+1, z

k]|z). (6)

This is the starting point for backward recursions involving E[yk+1|z] and
Var(yk+1|z).
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2.3 Gaussian assumption

For gaussian variables, one can express the conditional expectations using the
’theorem on normal correlation’, i.e.

E[y|x] = E[y] + Cov(y, x)Cov(x, x)−1[x− E(x)]

Var(y|x) = Var(y)− Cov(y, x)Cov(x, x)−1Cov(y, x)′

(Liptser and Shiryayev; 2001, ch. 13). This is also the best linear estimate of y,
given x. Note that the conditional variance does not depend explicitly on x (it
is not random). Preconditioning on z, one obtains

E[y|x, z] = E[y|z] + Cov(y, x|z)Cov(x, x|z)−1[x− E(x|z)]
Var(y|x, z) = Var(y|z)− Cov(y, x|z)Cov(x, x|z)−1Cov(y, x|z)′.

This is the form of the measurement update in the gaussian filter.

2.4 Smoother recursions

Inserting the variables y = yk, x = yk+1, z = zk = (zk, ..., z0) in the normal
correlation equations, one obtains

E[yk|yk+1, z
k] = E[yk|zk] +Gk{yk+1 − E[yk+1|zk]} (7)

Var(yk|yk+1, z
k) = Var(yk|zk)−GkVar(yk+1|zk)G′k, (8)

where

Gk := Cov(yk, yk+1|zk)Var(yk+1|zk)−1 (9)

is the smoother gain. Thus, using the gaussian assumption, the variable yk+1

appears linearly on the right hand side, which yields immediately a recursion for
E[yk|z] and Var(yk|z). Together with the update equations (5–6), one obtains
the nonlinear Rauch-Tung-Striebel smoother

E[yk|z] = E[yk|zk] +Gk{E[yk+1|z]− E[yk+1|zk]}
Var(yk|z) = Var(yk|zk)−GkVar(yk+1|zk)G′k +GkVar(yk+1|z)G′k.

With the usual notation µk|k = E[yk|zk], µk+1|k = E[yk+1|zk], µk|T = E[yk|zT ]
etc. this reads

µk|T = µk|k +Gk{µk+1|T − µk+1|k} (10)

Σk|T = Σk|k −GkΣk+1|kG
′
k +GkΣk+1|TG

′
k. (11)

Again, as in eqn. (4), we have the form ’residual variance plus explained vari-
ance’, where yk+1 is the predictor variable. In contrast to Särkkä and Har-
tikainen (2010), the variance equation (11) is explicitly derived.
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2.5 Filter recursions

The terms µk|k, µk+1|k,Σk|k,Σk+1|k are known from the filter recursions (time
update)

µk+1|k = E[f(yk, ζk)|zk]

Σk+1|k = Var(f(yk, ζk)|zk)

and (measurement update, normal correlation)

µk+1|k+1 = µk+1|k +Kk(zk+1 − E[zk+1|zk])

Σk+1|k+1 = Σk+1|k −KkVar(zk+1|zk)K ′k,

with the Kalman gain

Kk = Cov(yk+1, zk+1|zk)Var(zk+1|zk)−1

= Cov(yk+1, h(yk+1, εk+1)|zk)Var(h(yk+1, εk+1)|zk)−1.

Here, the state space equations (1–2) were inserted. The smoother gain is given
explicitly as

Gk = Cov(yk, f(yk, ζk)|zk)Σ−1k+1|k.

The conditional expectations in the filter and smoother can be evaluated us-
ing Taylor expansion (extended and second order Kalman filter) or numerical
integration (unscented, Gauss-Hermite or cubature Kalman filter).

3 Nongaussian case

As noted, the general equations (5–6) are basic for the smoothing algorithm.
The only assumption involved is the Markov property of the state yk. In the
nongaussian case, the conditional expectation E[yk|yk+1, z

k] will be a nonlinear
function of (yk+1, z

k) and Var(yk|yk+1, z
k) explicitly depends on the condition

(cf. equations 7–8). For example, the quadratic regression function

E[yk|yk+1, z
k] ≈ a+ b yk+1 + c (yk+1 − µk+1|T )2

(scalar notation, dropping the z dependence) gives the expression

µk|T = E[yk|z] = E[a+ b yk+1 + c (yk+1 − µk+1|T )2 | z]
= a+ b µk+1|T + cΣk+1|T ,

which yields a coupling of the backward recursions. Similarly, the variance
equation (6) will involve 4th moments which can be factorized approximately.
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4 Conclusion

The main advantage of the approach described in this note is the transparent
statement of assumptions (Markov property, normal correlation), which together
with the general properties of conditional expectations yields a short and com-
plete derivation of the backward smoother equations. In the case of a nonlinear
regression, coupled smoother equations are obtained.

Appendix

i) The variance decomposition (4) is given as

Var(y|z) = E[y⊗2|z]− (E[y|z])⊗2

= E[E[y⊗2|x, z]|z]− (E[E[y|x, z]|z])⊗2

= E[Var[y|x, z]|z] + E[(E[y|x, z])⊗2|z]− (E[E[y|x, z]|z])⊗2

= E[Var(y|x, z)|z] + Var(E[y|x, z]|z),

where y⊗2 = y ⊗ y ∈ Rp×p.
ii) The Markov property for

E[yk|yk+1, z
T ] = E[yk|yk+1, z

k],

zT = (zT , ..., z0), is proved by considering the state space model (1–2). The
future measurements (zk+1, ..., zT ) can be expressed by (yk+1, ..., yT ) and the
measurements errors (εk+1, ..., εT ). Moreover, (yk+2, ..., yT ) is a function of
yk+1 and the process errors ζk+1, ..., ζT−1. Thus, the conditional expectation
E[yk|yk+1, z

k, εk+1, ..., εT , ζk+1, ..., ζT−1] = E[yk|yk+1, z
k], since yk does not de-

pend on future error variables. Also we have

Var(yk|yk+1, z
T ) = E[(yk − E[yk|yk+1, z

T ])⊗2|yk+1, z
T ]

= E[(yk − E[yk|yk+1, z
k])⊗2|yk+1, z

k]

= Var(yk|yk+1, z
k).
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Särkkä, S. and Hartikainen, J. (2010). On Gaussian Optimal Smoothing of
Non-Linear State Space Models, IEEE Transactions on Automatic Control
55(8): 1938–1941.

5



Die Diskussionspapiere ab Nr. 403 (2007) bis heute, können Sie im Internet unter  
http://www.fernuni-hagen.de/wirtschaftswissenschaft/forschung/beitraege.shtml einsehen  
und zum Teil downloaden.  
Ältere Diskussionspapiere selber erhalten Sie nur in den Bibliotheken. 
 
Nr  Jahr  Titel Autor/en 
420 
 

2008 Stockkeeping and controlling under game theoretic aspects Fandel, Günter 
Trockel, Jan 

421 
 

2008 On Overdissipation of Rents in Contests with Endogenous 
Intrinsic Motivation 

Schlepütz, Volker 

422 2008 Maximum Entropy Inference for Mixed Continuous-Discrete 
Variables 

Singer, Hermann 

423 2008 Eine Heuristik für das mehrdimensionale Bin Packing 
Problem 

Mack, Daniel 
Bortfeldt, Andreas 

424 
 

2008 Expected A Posteriori Estimation in Financial Applications Mazzoni, Thomas 

425 
 

2008 A Genetic Algorithm for the Two-Dimensional Knapsack 
Problem with Rectangular Pieces 

Bortfeldt, Andreas 
Winter, Tobias 

426 
 

2008 A Tree Search Algorithm for Solving the Container Loading 
Problem  

Fanslau, Tobias 
Bortfeldt, Andreas 

427 
 

2008 Dynamic Effects of Offshoring 
 

Stijepic, Denis 
Wagner, Helmut 

428 
 

2008 Der Einfluss von Kostenabweichungen auf das Nash-
Gleichgewicht in einem nicht-kooperativen Disponenten-
Controller-Spiel 

Fandel, Günter 
Trockel, Jan 

429 
 

2008 Fast Analytic Option Valuation with GARCH Mazzoni, Thomas 

430 
 

2008 Conditional Gauss-Hermite Filtering with Application to 
Volatility Estimation 

Singer, Hermann 

431 2008 Web 2.0 auf dem Prüfstand: Zur Bewertung von Internet-
Unternehmen 
 

Christian Maaß 
Gotthard Pietsch 

432 
 

2008 Zentralbank-Kommunikation und Finanzstabilität – Eine 
Bestandsaufnahme 

Knütter, Rolf 
Mohr, Benjamin 

433 
 

2008 Globalization and Asset Prices: Which Trade-Offs Do 
Central Banks Face in Small Open Economies? 

Knütter, Rolf 
Wagner, Helmut 

434 2008 International Policy Coordination and Simple Monetary 
Policy Rules 
 

Berger, Wolfram 
Wagner, Helmut 

435 
 

2009 Matchingprozesse auf beruflichen Teilarbeitsmärkten  Stops, Michael 
Mazzoni, Thomas 

436 2009 Wayfindingprozesse in Parksituationen - eine empirische 
Analyse 

Fließ, Sabine  
Tetzner, Stefan 

437 2009 ENTROPY-DRIVEN PORTFOLIO SELECTION 
a downside and upside risk framework 

Rödder, Wilhelm 
Gartner, Ivan Ricardo 
Rudolph, Sandra 

438 2009 Consulting Incentives in Contests Schlepütz, Volker 
 

http://www.fernuni-hagen.de/wirtschaftswissenschaft/forschung/beitraege.shtml


439 2009 A Genetic Algorithm for a Bi-Objective Winner-
Determination Problem in a Transportation-Procurement 
Auction" 

Buer, Tobias 
Pankratz, Giselher 

440 
 

2009 Parallel greedy algorithms for packing unequal spheres into a 
cuboidal strip or a cuboid 
 

Kubach, Timo 
Bortfeldt, Andreas 
Tilli, Thomas 
Gehring, Hermann 

441 2009 SEM modeling with singular moment matrices Part I: ML-
Estimation of time series 
 

Singer, Hermann 

442 2009 SEM modeling with singular moment matrices Part II: ML-
Estimation of sampled stochastic differential equations  
 

Singer, Hermann 

443 2009 Konsensuale Effizienzbewertung und -verbesserung – 
Untersuchungen mittels der Data Envelopment Analysis 
(DEA) 

Rödder, Wilhelm 
Reucher, Elmar 

444 2009 Legal Uncertainty – Is Hamonization of Law the Right 
Answer? A Short Overview 

Wagner, Helmut 

445 
 

2009 Fast Continuous-Discrete DAF-Filters Mazzoni, Thomas 

446 2010 Quantitative Evaluierung von Multi-Level 
Marketingsystemen 
 

Lorenz, Marina 
Mazzoni, Thomas 

447 2010 Quasi-Continuous Maximum Entropy Distribution 
Approximation with Kernel Density 
 

Mazzoni, Thomas 
Reucher, Elmar 

448 2010 Solving a Bi-Objective Winner Determination Problem in a 
Transportation Procurement Auction 

Buer, Tobias  
Pankratz, Giselher  
 

449 2010 Are Short Term Stock Asset Returns Predictable? An 
Extended Empirical Analysis 
 

Mazzoni, Thomas 

450 2010 Europäische Gesundheitssysteme im Vergleich – 
Effizienzmessungen von Akutkrankenhäusern mit DEA – 
 

Reucher, Elmar 
Sartorius, Frank 

451 2010 Patterns in Object-Oriented Analysis 
 

Blaimer, Nicolas 
Bortfeldt, Andreas 
Pankratz, Giselher 
 

452 2010 The Kuznets-Kaldor-Puzzle and  
Neutral Cross-Capital-Intensity Structural Change 
 

Stijepic, Denis 
Wagner, Helmut 

453 2010 Monetary Policy and Boom-Bust Cycles: The Role of 
Communication 
 

Knütter, Rolf 
Wagner, Helmut 

454 2010 Konsensuale Effizienzbewertung und –verbesserung mittels 
DEA – Output- vs. Inputorientierung – 
 

Reucher, Elmar 
Rödder, Wilhelm 

455 2010 Consistent Modeling of Risk Averse Behavior with Spectral 
Risk Measures 
 

Wächter, Hans Peter 
Mazzoni, Thomas 



456 2010 Der virtuelle Peer 
– Eine Anwendung der DEA zur konsensualen Effizienz-
bewertung – 
 

Reucher, Elmar 

457 
 

2010 A two-stage packing procedure for a Portuguese trading 
company 
 

Moura, Ana  
Bortfeldt, Andreas 

458 
 

2010 A tree search algorithm for solving the  
multi-dimensional strip packing problem  
with guillotine cutting constraint 
 

Bortfeldt, Andreas  
Jungmann, Sabine 
 

459 2010 Equity and Efficiency in Regional Public Good Supply with 
Imperfect Labour Mobility – Horizontal versus Vertical 
Equalization 
 

Arnold, Volker 

460 2010 A hybrid algorithm for the capacitated vehicle routing 
problem with three-dimensional loading constraints 
 

Bortfeldt, Andreas 

461 2010 A tree search procedure for the container relocation problem 
 

Forster, Florian 
Bortfeldt, Andreas 
 

462 
 

2011 Advanced X-Efficiencies for CCR- and BCC-Modell  
– Towards Peer-based DEA Controlling 
 

Rödder, Wilhelm 
Reucher, Elmar 

463 
 

2011 The Effects of Central Bank Communication on Financial 
Stability: A Systematization of the Empirical Evidence 

Knütter, Rolf 
Mohr, Benjamin 
Wagner, Helmut 
 

464 2011 Lösungskonzepte zur Allokation von Kooperationsvorteilen 
in der kooperativen Transportdisposition 
 

Strangmeier, Reinhard 
Fiedler, Matthias 

465 2011 Grenzen einer Legitimation staatlicher Maßnahmen 
gegenüber Kreditinstituten zur Verhinderung von Banken- 
und Wirtschaftskrisen 
 

Merbecks, Ute 

466 2011 Controlling im Stadtmarketing – Eine Analyse des Hagener 
Schaufensterwettbewerbs 2010 
 

Fließ, Sabine 
Bauer, Katharina 

467 2011 A Structural Approach to Financial Stability: On the 
Beneficial Role of Regulatory Governance 
 

Mohr, Benjamin 
Wagner, Helmut 

468 2011 Data Envelopment Analysis - Skalenerträge und 
Kreuzskalenerträge 
 

Wilhelm Rödder 
Andreas Dellnitz 

469 2011 Controlling organisatorischer Entscheidungen: 
Konzeptionelle Überlegungen 
 

Lindner, Florian 
Scherm, Ewald 

470 2011 Orientierung in Dienstleistungsumgebungen – eine 
explorative Studie am Beispiel des Flughafen Frankfurt am 
Main  
 

Fließ, Sabine 
Colaci, Antje 
Nesper, Jens 



471 
 

2011 Inequality aversion, income skewness and the theory of the 
welfare state 
 

Weinreich, Daniel 

472 
 

2011 A tree search procedure for the container retrieval problem Forster, Florian 
Bortfeldt, Andreas 
 

473 
 

2011 A Functional Approach to Pricing Complex Barrier Options Mazzoni, Thomas 

474 2011 Bologna-Prozess und neues Steuerungsmodell – auf 
Konfrontationskurs mit universitären Identitäten 
 

Jost, Tobias 
Scherm, Ewald 

475 2011 A reduction approach for solving the rectangle packing area 
minimization problem 
 

Bortfeldt, Andreas 

476 2011 Trade and Unemployment with Heterogeneous Firms: How 
Good Jobs Are Lost 
 

Altenburg, Lutz 

477 2012 Structural Change Patterns and Development: China in 
Comparison 
 

Wagner, Helmut 

478 2012 Demografische Risiken – Herausforderungen für das 
finanzwirtschaftliche Risikomanagement im Rahmen der  
betrieblichen Altersversorgung 

Merbecks, Ute 

479 
 

2012 “It’s all in the Mix!” – Internalizing Externalities with R&D 
Subsidies and Environmental Liability 

Endres, Alfred 
Friehe, Tim 
Rundshagen, Bianca 

480 2012 Ökonomische Interpretationen der Skalenvariablen u in der 
DEA 

Dellnitz, Andreas 
Kleine, Andreas 
Rödder, Wilhelm 

481 2012 Entropiebasierte Analyse 
von Interaktionen in Sozialen Netzwerken 

Rödder, Wilhelm 
Brenner, Dominic 
Kulmann, Friedhelm  

482 
 

2013 Central Bank Independence and Financial Stability: A Tale of 
Perfect Harmony? 

Berger, Wolfram 
Kißmer, Friedrich 

483 2013 Energy generation with Directed Technical Change 
 

Kollenbach, Gilbert 

484 2013 Monetary Policy and Asset Prices: When Cleaning Up Hits 
the Zero Lower Bound 

Berger, Wolfram 
Kißmer, Friedrich 

485 2013 Superknoten in Sozialen Netzwerken – eine entropieoptimale 
Analyse 

Brenner, Dominic, 
Rödder, Wilhelm, 
Kulmann, Friedhelm  

486 2013 Stimmigkeit von Situation, Organisation und Person: 
Gestaltungsüberlegungen auf Basis des 
Informationsverarbeitungsansatzes 

Julmi, Christian 
Lindner, Florian 
Scherm, Ewald 

487 2014 Incentives for Advanced Abatement Technology Under 
National and International Permit Trading 

Endres, Alfred 
Rundshagen, Bianca 

488 2014 Dynamische Effizienzbewertung öffentlicher 
Dreispartentheater mit der Data Envelopment Analysis 

Kleine, Andreas 
Hoffmann, Steffen 



489 2015 Konsensuale Peer-Wahl in der DEA -- Effizienz vs. 
Skalenertrag 

Dellnitz, Andreas 
Reucher, Elmar 

490 2015 Makroprudenzielle Regulierung – eine kurze Einführung und 
ein Überblick 

Velauthapillai, 
Jeyakrishna 

491 2015 SEM modeling with singular moment matrices 
Part III: GLS estimation 

Singer, Hermann 

492 2015 Die steuerliche Berücksichtigung von Aufwendungen für ein 
Studium − Eine Darstellung unter besonderer 
Berücksichtigung des Hörerstatus 

Meyering, Stephan 
Portheine, Kea 

493 2016 Ungewissheit versus Unsicherheit in Sozialen Netzwerken Rödder, Wilhelm 
Dellnitz, Andreas 
Gartner, Ivan 

494 2016 Investments in supplier-specific economies of scope with two 
different services and different supplier characters: two 
specialists 

Fandel, Günter 
Trockel, Jan 

495 2016 An application of the put-call-parity to variance reduced 
Monte-Carlo option pricing 

Müller, Armin 

496 2016 A joint application of the put-call-parity and importance 
sampling to variance reduced option pricing 

Müller, Armin 

497 2016 Simulated Maximum Likelihood for Continuous-Discrete 
State Space Models using Langevin Importance Sampling 

Singer, Hermann 

498 2016 A Theory of Affective Communication Julmi, Christian 
499 2016 Approximations of option price elasticities for importance 

sampling 
Müller, Armin 

500 2016 Variance reduced Value at Risk Monte-Carlo simulations Müller, Armin 
501 2016 Maximum Likelihood Estimation of Continuous-Discrete 

State-Space Models: Langevin Path Sampling vs. Numerical 
Integration 

Singer, Hermann 

502 2016 Measuring the domain-specificity of creativity Julmi, Christian 
Scherm, Ewald 

503 2017 Bipartite Strukturen in Sozialen Netzen – klassische versus 
MaxEnt-Analysen 

Rödder, Wilhelm 
Dellnitz, Andreas 
Kulmann, Friedhelm 
Litzinger, Sebastian 
Reucher, Elmar 

504 2017 Langevin and Kalman Importance Sampling for Nonlinear 
Continuous-Discrete State Space Models 

Singer, Hermann 

505 2017 Horizontal versus vertical fiscal Equalization Anetsberger, Georg 
Arnold, Volker 

506 2017 Formative and Reflective Measurement Models Singer, Hermann 
507 2017 Identifizierung von führenden Köpfen in terroristischen 

Netzwerken – ein entropiebasiertes Verfahren – 
Dellnitz, Andreas 
Litzinger, Sebastian  
Rödder, Wilhelm 

508 2017 Die Bedeutung der steuerlichen Norm § 5 Abs. 2 EStG für 
die handelsrechtliche Rechnungslegung 

Meyering, Stephan 

509 2018 Ein erweitertes Effizienzmaß für DMUs im BCC-Modell – 
eine ökonomiegerechte DEA-Anpassung – 

Rödder, Wilhelm 
Dellnitz, Andreas 
Litzinger, Sebastian  



510 2018 A concise proof of Gaussian smoothing Singer, Hermann 
 


	deckblatt_510
	smoother
	Introduction
	Gaussian smoothing
	Conditional expectations
	Markov property
	Gaussian assumption
	Smoother recursions
	Filter recursions

	Nongaussian case
	Conclusion

	Diskussionsab2008-2018

